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To the Student 


With the hope that this work will stimulate 
an interest in Engineering Mechanics 
and provide an acceptable guide to its understanding. 


| {| PREFACE 


The main purpose of this book is to provide the student with a clear and thorough 
presentation of the theory and application of engineering mechanics. To achieve this 
objective, this work has been shaped by the comments and suggestions of hundreds of 
reviewers in the teaching profession, as well as many of the author’s students. The twelfth 
edition of this book has been significantly enhanced from the previous edition and it is hoped 
that both the instructor and student will benefit greatly from these improvements. 


New Features 


Fundamental Problems. These problem sets are located just after the example 
problems. They offer students simple applications of the concepts and, therefore, provide 
them with the chance to develop their problem-solving skills before attempting to solve any 
of the standard problems that follow. You may consider these problems as extended examples 
since they all have partial solutions and answers that are given in the back of the book. 
Additionally, the fundamental problems offer students an excellent means of studying for 
exams; and they can be used at a later time as a preparation for the Fundamentals in 
Engineering Exam. 


Content Revisions. Each section of the text was carefully reviewed and, in many areas, 
the material has been redeveloped to better explain the concepts. This has included adding or 
changing several of the examples in order to provide more emphasis on the applications of the 
important concepts. 


Conceptual Problems. Throughout the text, usually at the end of each chapter, there 
is a set of problems that involve conceptual situations related to the application of the 
mechanics principles contained in the chapter. These analysis and design problems are 
intended to engage the students in thinking through a real-life situation as depicted in a photo. 
They can be assigned after the students have developed some expertise in the subject matter. 


Additional Photos. The relevance of knowing the subject matter is reflected by the 
real world applications depicted in over 120 new and updated photos placed throughout the 
book. These photos are generally used to explain how the principles of mechanics apply to 
real-world situations. In some sections, photographs have been used to show how engineers 
must first make an idealized model for analysis and then proceed to draw a free-body 
diagram of this model in order to apply the theory. 


New Problems. There are approximately 50%, or about 1600, new problems added to 
this edition including aerospace and petroleum engineering, and biomechanics applications. 
Also, this new edition now has approximately 17% more problems than in the previous edition. 


Hallmark Features 


Besides the new features mentioned above, other outstanding features that define the 
contents of the text include the following. 


Organization and Approach. Each chapter is organized into well-defined 
sections that contain an explanation of specific topics, illustrative example problems, and a set 
of homework problems. The topics within each section are placed into subgroups defined by 
boldface titles. The purpose of this is to present a structured method for introducing each new 
definition or concept and to make the book convenient for later reference and review. 


Chapter Contents. Each chapter begins with an illustration demonstrating a broad- 
range application of the material within the chapter. A bulleted list of the chapter contents is 
provided to give a general overview of the material that will be covered. 


Em phasis on Free-Body Diag raMs. Drawing a free-body diagram is 
particularly important when solving problems, and for this reason this step is strongly 
emphasized throughout the book. In particular, special sections and examples are devoted to 
show how to draw free-body diagrams. Specific homework problems have also been added to 
develop this practice. 


Procedures for Analysis. A general procedure for analyzing any mechanical 
problem is presented at the end of the first chapter. Then this procedure is customized to 
relate to specific types of problems that are covered throughout the book. This unique feature 
provides the student with a logical and orderly method to follow when applying the theory. 
The example problems are solved using this outlined method in order to clarify its numerical 
application. Realize, however, that once the relevant principles have been mastered and 
enough confidence and judgment have been obtained, the student can then develop his or her 
own procedures for solving problems. 


Importa nt Points. This feature provides a review or summary of the most important 
concepts in a section and highlights the most significant points that should be realized when 
applying the theory to solve problems. 


Conceptual Understanding. Through the use of photographs placed throughout 
the book, theory is applied in a simplified way in order to illustrate some of its more 
important conceptual features and instill the physical meaning of many of the terms used in 
the equations. These simplified applications increase interest in the subject matter and better 
prepare the student to understand the examples and solve problems. 


Homework Problems. Apart from the Fundamental and Conceptual type problems 
mentioned previously, other types of problems contained in the book include the following: 


e Free-Body Diagram Problems. Some sections of the book contain introductory 
problems that only require drawing the free-body diagram for the specific problems within a 
problem set. These assignments will impress upon the student the importance of mastering 
this skill as a requirement for a complete solution of any equilibrium problem. 


¢ General Analysis and Design Problems. The majority of problems in the book 
depict realistic situations encountered in engineering practice. Some of these problems 
come from actual products used in industry. It is hoped that this realism will both stimulate 
the student’s interest in engineering mechanics and provide a means for developing the 
skill to reduce any such problem from its physical description to a model or symbolic 
representation to which the principles of mechanics may be applied. 


Throughout the book, there is an approximate balance of problems using either SI or FPS 
units. Furthermore, in any set, an attempt has been made to arrange the problems in order 
of increasing difficulty except for the end of chapter review problems, which are presented 
in random order. 


¢ Computer Problems. An effort has been made to include some problems that may be 
solved using a numerical procedure executed on either a desktop computer or a programmable 
pocket calculator. The intent here is to broaden the student’s capacity for using other forms of 
mathematical analysis without sacrificing the time needed to focus on the application of the 
principles of mechanics. Problems of this type, which either can or must be solved using 
numerical procedures, are identified by a “square” symbol (m) preceding the problem number. 
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Vi 


PREFACE 


With so many homework problems in this new edition, they have now been placed in three 
different categories. Problems that are simply indicated by a problem number have an answer 
given in the back of the book. If a bullet (¢) proceeds the problem number, then a suggestion, 
key equation, or additional numerical result is given along with the answer. Finally, an asterisk 
(*) before every fourth problem number indicates a problem without an answer. 


Accu racy. As with the previous editions, apart from the author, the accuracy of the text 
and problem solutions has been thoroughly checked by four other parties: Scott Hendricks, 
Virginia Polytechnic Institute and State University; Karim Nohra, University of South 
Florida; Kurt Norlin, Laurel Tech Integrated Publishing Services; and finally Kai Beng, a 
practicing engineer, who in addition to accuracy review provided content development 
suggestions. 


Contents 


Statics 


The subject of Statics is covered in the first 11 chapters, in which the principles are first 
applied to simple, then to more complicated situations. In a general sense, each principle is 
applied first to a particle, then a rigid body subjected to a coplanar system of forces, and 
finally to three-dimensional force systems acting on a rigid body. 

Chapter 1 begins with an introduction to mechanics and a discussion of units. The vector 
properties of a concurrent force system are introduced in Chapter 2. This theory is then applied 
to the equilibrium of a particle in Chapter 3. Chapter 4 contains a general discussion of both 
concentrated and distributed force systems and the methods used to simplify them. The principles 
of rigid-body equilibrium are developed in Chapter 5 and then applied to specific problems 
involving the equilibrium of trusses, frames, and machines in Chapter 6, and to the analysis of 
internal forces in beams and cables in Chapter 7. Applications to problems involving frictional 
forces are discussed in Chapter 8, and topics related to the center of gravity and centroid are 
treated in Chapter 9. If time permits, sections involving more advanced topics, indicated by stars 
(*), may be covered. Most of these topics are included in Chapter 10 (area and mass moments 
of inertia) and Chapter 11 (virtual work and potential energy). Note that this material also 
provides a suitable reference for basic principles when it is discussed in more advanced courses. 
Finally, Appendix A provides a review and list of mathematical formulas needed to solve the 
problems in the book. 


Alternative Coverage. At the discretion of the instructor, some of the material may 
be presented in a different sequence with no loss of continuity. For example, it is possible to 
introduce the concept of a force and all the necessary methods of vector analysis by first 
covering Chapter 2 and Section 4.2 (the cross product). Then after covering the rest of 
Chapter 4 (force and moment systems), the equilibrium methods of Chapters 3 and 5 can be 
discussed. 


Dynamics 

The kinematics of a particle is discussed in Chapter 12, followed by a discussion of particle 
kinetics in Chapter 13 (Equation of Motion), Chapter 14 (Work and Energy), and Chapter 15 
(Impulse and Momentum). The concepts of particle dynamics contained in these four 
chapters are then summarized in a “review” section, and the student is given the chance to 
identify and solve a variety of problems. A similar sequence of presentation is given for the 
planar motion of a rigid body: Chapter 16 (Planar Kinematics), Chapter 17 (Equations of 
Motion), Chapter 18 (Work and Energy), and Chapter 19 (Impulse and Momentum), 
followed by a summary and review set of problems for these chapters. 


If time permits, some of the material involving three-dimensional rigid-body motion may be 
included in the course. The kinematics and kinetics of this motion are discussed in Chapters 20 
and 21, respectively. Chapter 22 (Vibrations) may be included if the student has the necessary 
mathematical background. Sections of the book that are considered to be beyond the scope of 
the basic dynamics course are indicated by a star (*) and may be omitted. Note that this material 
also provides a suitable reference for basic principles when it is discussed in more advanced 
courses. Finally, Appendix A provides a list of mathematical formulas needed to solve the 
problems in the book, Appendix B provides a brief review of vector analysis, and Appendix C 
reviews application of the chain rule. 


Alternative Coverage. At the discretion of the instructor, it is possible to cover 
Chapters 12 through 19 in the following order with no loss in continuity: Chapters 12 and 16 
(Kinematics), Chapters 13 and 17 (Equations of Motion), Chapter 14 and 18 (Work and 
Energy), and Chapters 15 and 19 (Impulse and Momentum). 
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Resources to Accompany Engineering Mechanics: Statics, Twelfth Edition 


_—™ ™ 
MasterIngENGINEERING 


MasteringEngineering is the most technologically advanced online tutorial and 
homework system. It tutors students individually while providing instructors 
with rich teaching diagnostics. 


MasteringEngineering is built upon the same platform as MasteringPhysics, the only 
online physics homework system with research showing that it improves student 
learning. A wide variety of published papers based on NSF-sponsored research and 
tests illustrate the benefits of MasteringEngineering. To read these papers, please visit 
www.masteringengineering.com. 


MasteringEngineering for Students 


MasteringEngineering improves understanding. As an Instructor-assigned homework 
and tutorial system, MasteringEngineering is designed to provide students with 
customized coaching and individualized feedback to help improve problem-solving skills. 
Students complete homework efficiently and effectively with tutorials that provide 
targeted help. 


Vv Immediate and specific feedback on wrong answers coach 
students individually. Specific feedback on common errors helps 
explain why a particular answer is not correct. 
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A Hints provide individualized 
coaching. Skip the hints you don’t 
need and access only the ones that 
you need, for the most efficient path 
to the correct solution. 


MasteringEngineering for Instructors 


Incorporate dynamic homework into your course with automatic grading and 
adaptive tutoring. Choose from a wide variety of stimulating problems, including 
free-body diagram drawing capabilities, algorithmically-generated problem sets, 
and more. 


MasteringEngineering emulates the instructor’s office-hour environment, 
coaching students on problem-solving techniques by asking students simpler 
sub-questions. 
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Contact your Pearson Prentice Hall representative for more information. 


xX RESOURCES FOR INSTRUCTORS 


Resources for Instructors 


e Instructor's Solutions Manuals. These supplements provide complete solutions supported by problem statements 
and problem figures. The twelfth edition manuals were revised to improve readability and was triple accuracy checked. 

e Instructor's Resource CD-ROM. Visual resources to accompany the text are located on this CD as well as on the Pearson 
Higher Education website: www.pearsonhighered.com. If you are in need of a login and password for this site, please contact your 
local Pearson representative. Visual resources include all art from the text, available in PowerPoint slide and JPEG format. 

e Video Solutions. Developed by Professor Edward Berger, University of Virginia, video solutions are located on the 
Companion Website for the text and offer step-by-step solution walkthroughs of representative homework problems from 
each section of the text. Make efficient use of class time and office hours by showing students the complete and concise 
problem-solving approaches that they can access any time and view at their own pace. The videos are designed to be a 
flexible resource to be used however each instructor and student prefers. A valuable tutorial resource, the videos are also 
helpful for student self-evaluation as students can pause the videos to check their understanding and work alongside the 
video. Access the videos at www.prenhall.com/hibbeler and follow the links for the Engineering Mechanics: Statics and 
Dynamics, Twelfth Edition text. 


Resources for Students 


¢ Statics and Dynamics Study Packs. These supplements contains chapter-by-chapter study materials, a Free-Body 
Diagram Workbook and access to the Companion Website where additional tutorial resources are located. 
¢ Companion Website. The Companion Website, located at www.prenhall.com/hibbeler, includes opportunities for practice 
and review including: 
© Video Solutions—Complete, step-by-step solution walkthroughs of representative homework problems from each 
section. Videos offer: 

¢ Fully worked Solutions—Showing every step of representative homework problems, to help students make vital 
connections between concepts. 

¢ Self-paced Instruction— Students can navigate each problem and select, play, rewind, fast-forward, stop, and jump-to- 
sections within each problem’s solution. 

e 24/7 Access—Help whenever students need it with over 20 hours of helpful review. An access code for the 
Engineering Mechanics: Statics and Dynamics, Twelfth Edition website is included inside the Statics Study Pack or the 
Dynamics Study Pack.To redeem the code and gain access to the site, go to www.prenhall.com/hibbeler and follow 
the directions on the access code card. Access can also be purchased directly from the site. 

¢ Statics and Dynamics Practice Problems Workbooks. These workbooks contain additional worked problems. 
The problems are partially solved and are designed to help guide students through difficult topics. 


Ordering Options 
The Statics Study Pack and MasteringEngineering resources are available as stand-alone items for student purchase and are also 
available packaged with the texts. The ISBN for each valuepack is as follows: 

e Engineering Mechanics: Statics with Study Pack: 0-13-246200-1 

e Engineering Mechanics: Statics with Study Pack and MasteringEngineering Student Access Card: 0-13-701629-8 
The Dynamics Study Pack and MasteringEngineering resources are available as stand-alone items for student purchase and are 
also available packaged with the texts. The ISBN for each valuepack is as follows: 

e Engineering Mechanics: Dynamics with Study Pack: 0-13-700239-4 

e Engineering Mechanics: Dynamics with Study Pack and MasteringEngineering Student Access Card: 0-13-701630-1 


Custom Solutions 


New options for textbook customization are now available for Engineering Mechanics, Twelfth Edition. Please contact your local 
Pearson/Prentice Hall representative for details. 
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|_|ENGINEERING MECHANICS 


STATICS 


TWELFTH EDITION 


The design of this rocket and gantry structure requires a basic knowledge of 
both statics and dynamics, which form the subject matter of engineering 
mechanics. 


General Principles 


CHAPTER OBJECTIVES 


® To provide an introduction to the basic quantities and idealizations 
of mechanics. 


© To give a statement of Newton's Laws of Motion and Gravitation. 
© To review the principles for applying the SI system of units. 


© To examine the standard procedures for performing numerical 
calculations. 


© To present a general guide for solving problems. 


1.1. Mechanics 


Mechanics is a branch of the physical sciences that is concerned with the 
state of rest or motion of bodies that are subjected to the action of forces. 
In general, this subject can be subdivided into three branches: rigid-body 
mechanics, deformable-body mechanics, and fluid mechanics. In this book 
we will study rigid-body mechanics since it is a basic requirement for the 
study of the mechanics of deformable bodies and the mechanics of fluids. 
Furthermore, rigid-body mechanics is essential for the design and analysis 
of many types of structural members, mechanical components, or electrical 
devices encountered in engineering. 

Rigid-body mechanics is divided into two areas: statics and dynamics. 
Statics deals with the equilibrium of bodies, that is, those that are either 
at rest or move with a constant velocity; whereas dynamics is concerned 
with the accelerated motion of bodies. We can consider statics as a 
special case of dynamics, in which the acceleration is zero; however, 
statics deserves separate treatment in engineering education since many 
objects are designed with the intention that they remain in equilibrium. 
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Historical Development. The subject of statics developed very 
early in history because its principles can be formulated simply from 
measurements of geometry and force. For example, the writings of 
Archimedes (287-212 B.c.) deal with the principle of the lever. Studies of 
the pulley, inclined plane, and wrench are also recorded in ancient 
writings—at times when the requirements for engineering were limited 
primarily to building construction. 

Since the principles of dynamics depend on an accurate measurement 
of time, this subject developed much later. Galileo Galilei (1564-1642) 
was one of the first major contributors to this field. His work consisted of 
experiments using pendulums and falling bodies. The most significant 
contributions in dynamics, however, were made by Isaac Newton 
(1642-1727), who is noted for his formulation of the three fundamental 
laws of motion and the law of universal gravitational attraction. Shortly 
after these laws were postulated, important techniques for their 
application were developed by such notables as Euler, D’Alembert, 
Lagrange, and others. 


1.2 Fundamental Concepts 


Before we begin our study of engineering mechanics, it is important to 
understand the meaning of certain fundamental concepts and principles. 


Basic Quantities. The following four quantities are used throughout 
mechanics. 


Length. Length is used to locate the position of a point in space and 
thereby describe the size of a physical system. Once a standard unit of 
length is defined, one can then use it to define distances and geometric 
properties of a body as multiples of this unit. 


Time. Time is conceived as a succession of events. Although the 
principles of statics are time independent, this quantity plays an 
important role in the study of dynamics. 


Mass. Mass is a measure of a quantity of matter that is used to compare 
the action of one body with that of another. This property manifests itself 
as a gravitational attraction between two bodies and provides a measure 
of the resistance of matter to a change in velocity. 


Force. In general, force is considered as a “push” or “pull” exerted by 
one body on another. This interaction can occur when there is direct 
contact between the bodies, such as a person pushing on a wall, or it can 
occur through a distance when the bodies are physically separated. 
Examples of the latter type include gravitational, electrical, and magnetic 
forces. In any case, a force is completely characterized by its magnitude, 
direction, and point of application. 
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Idealizations. Models or idealizations are used in mechanics in 
order to simplify application of the theory. Here we will consider three 
important idealizations. 


Particle. A particle has a mass, but a size that can be neglected. For 
example, the size of the earth is insignificant compared to the size of its 
orbit, and therefore the earth can be modeled as a particle when studying 
its orbital motion. When a body is idealized as a particle, the principles of 
mechanics reduce to a rather simplified form since the geometry of the 
body will not be involved in the analysis of the problem. 


Rigid Body. A rigid body can be considered as a combination of a 
large number of particles in which all the particles remain at a fixed 
distance from one another, both before and after applying a load. This 
model is important because the material properties of any body that is 
assumed to be rigid will not have to be considered when studying the 
effects of forces acting on the body. In most cases the actual deformations 
occurring in structures, machines, mechanisms, and the like are relatively 
small, and the rigid-body assumption is suitable for analysis. 


Concentrated Force. A concentrated force represents the effect of a 
loading which is assumed to act at a point on a body. We can represent a 
load by a concentrated force, provided the area over which the load is 
applied is very small compared to the overall size of the body. An example 
would be the contact force between a wheel and the ground. 


Three forces act on the hook at A. Since these Steel is a common engineering material that does not deform 
forces all meet at a point, then for any force very much under load. Therefore, we can consider this railroad 
analysis, we can assume the hook to be wheel to be a rigid body acted upon by the concentrated force 


represented as a particle. of the rail. 
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Newton's Three Laws of Motion. Engineering mechanics is 
formulated on the basis of Newton’s three laws of motion, the validity of 
which is based on experimental observation. These laws apply to the 
motion of a particle as measured from a nonaccelerating reference 
frame. They may be briefly stated as follows. 


First Law. A particle originally at rest, or moving in a straight line with 
constant velocity, tends to remain in this state provided the particle is not 
subjected to an unbalanced force, Fig. 1—1a. 

F, F 


v 
— 


F; 
Equilibrium 


(a) 


Second Law. A particle acted upon by an unbalanced force F 
experiences an acceleration a that has the same direction as the force 
and a magnitude that is directly proportional to the force, Fig. 1-1b.* 
If F is applied to a particle of mass m, this law may be expressed 
mathematically as 


F=ma (1-1) 


Accelerated motion 


(b) 


Third Law. The mutual forces of action and reaction between two 
particles are equal, opposite, and collinear, Fig. 1—1c. 


force of A on B 
F U F 
A B force of Bon A 


Action — reaction 


(c) 


Fig. 1-1 


*Stated another way, the unbalanced force acting on the particle is proportional to the 
time rate of change of the particle’s linear momentum. 
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Newton's Law of Gravitational Attraction. Shortly after 
formulating his three laws of motion, Newton postulated a law governing the 
gravitational attraction between any two particles. Stated mathematically, 


mm 


r2 


F=G (1-2) 


= force of gravitation between the two particles 


G = universal constant of gravitation; according to 
experimental evidence, G = 66.73(10'”) m3/(kg - s”) 


m,,M> = mass of each of the two particles 


r = distance between the two particles 


Weight. According to Eq. 1-2, any two particles or bodies have a 
mutual attractive (gravitational) force acting between them. In the case 
of a particle located at or near the surface of the earth, however, the only 
gravitational force having any sizable magnitude is that between the 
earth and the particle. Consequently, this force, termed the weight, will be 
the only gravitational force considered in our study of mechanics. 

From Eq. 1-2, we can develop an approximate expression for finding the 
weight W of a particle having a mass m, = m. If we assume the earth to be 
a nonrotating sphere of constant density and having a mass m, = M,, then 
if r is the distance between the earth’s center and the particle, we have 


mM, 
W=G 2 The astronaut is weightless, for all 
7 practical purposes, since she is far 
: _ 23 removed from the gravitational field of 
Letting g = GM,/r’ yields the earth. 
Wag (1-3) 


By comparison with F = ma, we can see that g is the acceleration due to 
gravity. Since it depends on r, then the weight of a body is not an absolute 
quantity. Instead, its magnitude is determined from where the measurement 
was made. For most engineering calculations, however, g is determined at 
sea level and at a latitude of 45°, which is considered the “standard location.” 


1.3 Units of Measurement 


The four basic quantities—length, time, mass, and force—are not all 
independent from one another; in fact, they are related by Newton’s second 
law of motion, F = ma. Because of this, the units used to measure these 
quantities cannot all be selected arbitrarily. The equality F = ma is 
maintained only if three of the four units, called base units, are defined 
and the fourth unit is then derived from the equation. 
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SI Units. The International System of units, abbreviated SI after the 
French “Systéme International d’Unités,” is a modern version of the metric 
system which has received worldwide recognition. As shown in Table 1-1, 
the SI system defines length in meters (m), time in seconds (s), and mass in 
kilograms (kg). The unit of force, called a newton (N), is derived from 
F = ma.Thus, 1 newton is equal to a force required to give 1 kilogram of 
mass an acceleration of 1 m/s* (N = kg- m/s’). 

If the weight of a body located at the “standard location” is to be 
determined in newtons, then Eq. 1-3 must be applied. Here measurements 
give g = 9.806 65 m/s”; however, for calculations, the value g = 9.81 m/s” 
will be used. Thus, 


W=mg  (g = 9.81 m/s’) (1-4) 


Therefore, a body of mass 1 kg has a weight of 9.81 N, a 2-kg body weighs 
19.62 N, and so on, Fig. 1-2a. 


U.S. Customary. In the U.S. Customary system of units (FPS) length 


32.2 Ib is measured in feet (ft), time in seconds (s), and force in pounds (Ib), 
(b) Table 1-1. The unit of mass, called a slug, is derived from F = ma. Hence, 
Fig. 1-2 1 slug is equal to the amount of matter accelerated at 1 ft/s” when acted 


upon by a force of 1 lb (slug = Ib+s”/ft). 
Therefore, if the measurements are made at the “standard location,” 
where g = 32.2 ft/s’, then from Eq. 1-3, 


kes (g = 32.2 ft/s”) (1-5) 


And so a body weighing 32.2 Ib has a mass of 1 slug, a 64.4-lb body has a 
mass of 2 slugs, and so on, Fig. 1-2b. 


TABLE 1-1 Systems of Units 


Name Length Time Mass Force 
International meter second kilogram newton* 
System of Units N 
SI m S kg kg-m 
( Sy ) 
U.S. Customary foot second pound 
FPS lb- <2 
ft s ( ft ) Ib 


*Derived unit. 
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Conversion of Units. Table 1-2 provides a set of direct conversion 
factors between FPS and SI units for the basic quantities. Also, in the 
FPS system, recall that 1 ft = 12 in. (inches), 5280 ft = 1 mi (mile), 
1000 lb = 1 kip (kilo-pound), and 2000 Ib = 1 ton. 


TABLE 1-2 Conversion Factors 


Unit of Unit of 
Quantity Measurement (FPS) Equals Measurement (SI) 
Force lb 4.448 N 
Mass slug 14.59 kg 
Length ft 0.304 8 m 


1.4 The International System of Units 


The SI system of units is used extensively in this book since it is intended 
to become the worldwide standard for measurement. Therefore, we will 
now present some of the rules for its use and some of its terminology 
relevant to engineering mechanics. 


Prefixes. When a numerical quantity is either very large or very 
small, the units used to define its size may be modified by using a prefix. 
Some of the prefixes used in the SI system are shown in Table 1-3. Each 
represents a multiple or submultiple of a unit which, if applied 
successively, moves the decimal point of a numerical quantity to every 
third place.* For example, 4 000 000 N = 4 000 KN (kilo-newton) = 4 MN 
(mega-newton), or 0.005 m = 5 mm (milli-meter). Notice that the SI 
system does not include the multiple deca (10) or the submultiple centi 
(0.01), which form part of the metric system. Except for some volume 
and area measurements, the use of these prefixes is to be avoided in 
science and engineering. 


TABLE 1-3 Prefixes 


Exponential Form Prefix SI Symbol 

Multiple 

1 000 000 000 10° giga G 

1 000 000 10° mega M 

1 000 103 kilo k 
Submultiple 

0.001 10° milli m 
0.000 001 10-6 micro m 
0.000 000 001 10° nano n 


* The kilogram is the only base unit that is defined with a prefix. 
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Computers are often used in engineering for 
advanced design and analysis. 


Rules for Use. Here are a few of the important rules that describe 
the proper use of the various SI symbols: 


e Quantities defined by several units which are multiples of one another 
are separated by a dot to avoid confusion with prefix notation, as 
indicated by N = kg- m/s? = kg-m-s 2. Also, m-s (meter-second), 
whereas ms (milli-second). 

e The exponential power on a unit having a prefix refers to both the 
unit and its prefix. For example, wN* = (uN)? = uN: uN. Likewise, 
mm? represents (mm)? = mm-mm. 

e With the exception of the base unit the kilogram, in general avoid 
the use of a prefix in the denominator of composite units. For 
example, do not write N/mm, but rather kN/m; also, m/mg should 
be written as Mm/kg. 


e When performing calculations, represent the numbers in terms of 
their base or derived units by converting all prefixes to powers of 10. 
The final result should then be expressed using a single prefix. Also, 
after calculation, it is best to keep numerical values between 0.1 and 
1000; otherwise, a suitable prefix should be chosen. For example, 


(50 KN)(60 nm) = [50(10°) N][60(10°°) m] 
= 3000(10°°) N-m = 3(10°) N-m = 3mN-m 


1.5 Numerical Calculations 


Numerical work in engineering practice is most often performed by using 
handheld calculators and computers. It is important, however, that the 
answers to any problem be reported with both justifiable accuracy and 
appropriate significant figures. In this section we will discuss these topics 
together with some other important aspects involved in all engineering 
calculations. 


Dimensional Homogeneity. The terms of any equation used to 
describe a physical process must be dimensionally homogeneous; that is, 
each term must be expressed in the same units. Provided this is the case, 
all the terms of an equation can then be combined if numerical values 
are substituted for the variables. Consider, for example, the equation 
s=vtt Sat’, where, in SI units, s is the position in meters, m, f is time in 
seconds, s, v is velocity in m/s and ais acceleration in m/s”. Regardless of 
how this equation is evaluated, it maintains its dimensional homogeneity. 
In the form stated, each of the three terms is expressed in meters 
[m,(m/s) s, (m/s) s*,] or solving for a, a = 2s/t* — 2v/t, the terms are 
each expressed in units of m/s” [m/s”, m/s”, (m/s)/s]. 
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Keep in mind that problems in mechanics always involve the solution 
of dimensionally homogeneous equations, and so this fact can then be 
used as a partial check for algebraic manipulations of an equation. 


Significant Figures. The number of significant figures contained in 
any number determines the accuracy of the number. For instance, the 
number 4981 contains four significant figures. However, if zeros occur at 
the end of a whole number, it may be unclear as to how many significant 
figures the number represents. For example, 23 400 might have three (234), 
four (2340), or five (23 400) significant figures. To avoid these ambiguities, 
we will use engineering notation to report a result. This requires that 
numbers be rounded off to the appropriate number of significant digits 
and then expressed in multiples of (10%), such as (10°), (10°), or (10-°). For 
instance, if 23 400 has five significant figures, it is written as 23.400(10°), but 
if it has only three significant figures, it is written as 23.4(10°). 

If zeros occur at the beginning of a number that is less than one, then the 
zeros are not significant. For example, 0.00821 has three significant figures. 
Using engineering notation, this number is expressed as 8.21(10-°). 
Likewise, 0.000582 can be expressed as 0.582(10-) or 582(10~). 


Rounding Off Numbers. Rounding off a number is necessary so 
that the accuracy of the result will be the same as that of the problem 
data. As a general rule, any numerical figure ending in five or greater is 
rounded up and a number less than five is rounded down. The rules for 
rounding off numbers are best illustrated by examples. Suppose the 
number 3.5587 is to be rounded off to three significant figures. Because 
the fourth digit (8) is greater than 5, the third number is rounded up to 
3.56. Likewise 0.5896 becomes 0.590 and 9.3866 becomes 9.39. If we 
round off 1.341 to three significant figures, because the fourth digit (1) is 
less than 5, then we get 1.34. Likewise 0.3762 becomes 0.376 and 9.871 
becomes 9.87. There is a special case for any number that has a 5 with 
zeroes following it. As a general rule, if the digit preceding the 5 is an 
even number, then this digit is not rounded up. If the digit preceding the 
5 is an odd number, then it is rounded up. For example, 75.25 rounded off 
to three significant digits becomes 75.2, 0.1275 becomes 0.128, and 0.2555 
becomes 0.256. 


Calculations. When a sequence of calculations is performed, it is 
best to store the intermediate results in the calculator. In other words, do 
not round off calculations until expressing the final result. This 
procedure maintains precision throughout the series of steps to the final 
solution. In this text we will generally round off the answers to three 
significant figures since most of the data in engineering mechanics, such 
as geometry and loads, may be reliably measured to this accuracy. 
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1.6 General Procedure for Analysis 


The most effective way of learning the principles of engineering mechanics 
is to solve problems. To be successful at this, it is important to always 
present the work in a /ogical and orderly manner, as suggested by the 
following sequence of steps: 


e Read the problem carefully and try to correlate the actual physical 
situation with the theory studied. 
e Tabulate the problem data and draw any necessary diagrams. 


e Apply the relevant principles, generally in mathematical form. When 
writing any equations, be sure they are dimensionally homogeneous. 

e Solve the necessary equations, and report the answer with no more 
than three significant figures. 


When solving problems, do the work as ® Study the answer with technical judgment and common sense to 
neatly as possible. Being neat will stimulate determine whether or not it seems reasonable. 
clear and orderly thinking, and vice versa. 


Important Points 


Statics is the study of bodies that are at rest or move with 
constant velocity. 


A particle has a mass but a size that can be neglected. 

A rigid body does not deform under load. 

Concentrated forces are assumed to act at a point on a body. 
Newton’s three laws of motion should be memorized. 


Mass is measure of a quantity of matter that does not change 
from one location to another. 

Weight refers to the gravitational attraction of the earth on a 
body or quantity of mass. Its magnitude depends upon the 
elevation at which the mass is located. 

In the SI system the unit of force, the newton, is a derived unit. 
The meter, second, and kilogram are base units. 

Prefixes G,M,k, m, w, and n are used to represent large and small 
numerical quantities. Their exponential size should be known, 
along with the rules for using the SI units. 

Perform numerical calculations with several significant figures, 
and then report the final answer to three significant figures. 
Algebraic manipulations of an equation can be checked in part by 
verifying that the equation remains dimensionally homogeneous. 


Know the rules for rounding off numbers. 


1.6 GENERAL PROCEDURE FOR ANALYSIS 


EXAMPLE |1.1 


Convert 2 km/h to m/s How many ft/s is this? 


SOLUTION 
Since 1 km = 1000 m and 1 h = 3600s, the factors of conversion are 
arranged in the following order, so that a cancellation of the units can 


be applied: 
2 kant (1000 m\/ 1% 
ears ( lan \(45) 


2000 m 
3600 s 


= 0.556 m/s 


From Table 1-2, 1 ft = 0.3048 m. Thus, 


0.556 at 1ft 
oS ( s cat =) 


= 1.82 ft/s Ans. 


NOTE: Remember to round off the final answer to three significant 
figures. 


EXAMPLE |1.2 
Convert the quantities 300 Ib - s and 52 slug/ft* to appropriate SI units. 


SOLUTION 
Using Table 1-2, 1 lb = 4.4482N. 


4.448 ‘) 
1b 


300 Ib+s = 300 15-s( 


= 13345 N-s = 1.33 kN°s 


Since 1 slug = 14.593 8 kg and 1 ft = 0.304 8 m, then 

52 skrg (“2 xe 1H ) 
ed 1skrg /\0.3048m 

= 26.8(10%) kg/m? 

= 26.8 Mg/m? 


52 slug/ft? = 


13 
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EXAMPLE | 1.3 


Evaluate each of the following and express with SI units having an 
appropriate prefix: (a) (50 mN)(6 GN), (b) (400 mm)(0.6 MN)?, 
(c) 45 MN?/900 Gg. 


SOLUTION 
First convert each number to base units, perform the indicated 
operations, then choose an appropriate prefix. 
Part (a) 
(50 mN)(6 GN) = [50(10~°) N][6(10”) N] 
= 300(10°) N? 


_ ‘ 1 N( il = 
my y>( 10° /\103 & 


= 300 kN? 
NOTE: Keep in mind the convention kN? = (kN)? = 10°N?. 


Part (b) 
(400 mm)(0.6 MN)? = [400(10-3) m][0.6(10°) N]? 
[400(10-3) m][0.36(10!7) N?] 
= 144(10°) m: N? 
144 Gm: N* 


We can also write 
1MN\/1M 
144(10°) m- N? = 144(10°) m( )( : ) 
10° /\ 10° 
= 0.144 m: MN? 


45MN? _ 45(10° N)? 
900 Gg — 900(10°) kg 
= 50(10°) X3/kg 


= 5010") ~( zy ) z 


10°x/ kg 


= 50 kN*/kg 
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TPROBLEMS 


1-1. Round off the following numbers to three significant 
figures: (a) 4.65735 m, (b) 55.578 s, (c) 4555 N, and 
(d) 2768 kg. 


1-2. Represent each of the following combinations of units 
in the correct SI form using an appropriate prefix: (a) wMN, 
(b) N/wm, (c) MN/ks’, and (d) KN/ms. 


1-3. Represent each of the following quantities in the 
correct SI form using an appropriate prefix: (a) 0.000431 kg, 
(b) 35.3(10%) N, and (c) 0.00532 km. 


*1-4. Represent each of the following combinations of 
units in the correct SI form: (a) Mg/ms, (b) N/mm, and 


(c) mN/(kg* 1s). 


1-5. Represent each of the following combinations of 
units in the correct SI form using an appropriate prefix: 
(a) KN/ps, (b) Mg/mN, and (c) MN/(kg + ms). 


1-6. Represent each of the following to three significant 
figures and express each answer in SI units using an 
appropriate prefix: (a) 45 320 KN, (b) 568(10°) mm, and (c) 
0.005 63 mg. 


1-7. A rocket has a mass of 250(10°) slugs on earth. 
Specify (a) its mass in SI units and (b) its weight in SI units. 
If the rocket is on the moon, where the acceleration due to 
gravity is g,, = 5.30 ft/s’, determine to three significant 
figures (c) its weight in SI units and (d) its mass in SI units. 


*1-8. Ifacar is traveling at 55 mi/h, determine its speed in 
kilometers per hour and meters per second. 


1-9. The pascal (Pa) is actually a very small unit of 
pressure. To show this, convert 1 Pa = 1 N/m” to Ib/ft’. 
Atmospheric pressure at sea level is 14.7 Ib/in?. How many 
pascals is this? 


1-10. What is the weight in newtons of an object that has a 
mass of: (a) 10 kg, (b) 0.5 g, and (c) 4.50 Mg? Express the 
result to three significant figures. Use an appropriate prefix. 


1-11. Evaluate each of the following to three significant 
figures and express each answer in Sl units using 
an appropriate prefix: (a) 354 mg(45 km)/(0.0356 kN), 
(b) (0.004 53 Mg)(201 ms), and (c) 435 MN/23.2 mm. 


*J-12. The specific weight (wt./vol.) of brass is 520 lb/ft’. 
Determine its density (mass/vol.) in SI units. Use an 
appropriate prefix. 


1-13. Convert each of the following to three significant 
figures: (a) 20 lb-ft to N+ m, (b) 450 lb/ft? to KN/m3, and 
(c) 15 ft/h to mm/s. 


1-14. The density (mass/volume) of aluminum is 
5.26 slug/ft?. Determine its density in SI units. Use an 
appropriate prefix. 


1-15. Water has a density of 1.94 slug/ft®. What is the 
density expressed in SI units? Express the answer to three 
significant figures. 


*1-16. Two particles have a mass of 8 kg and 12 kg, 
respectively. If they are 800 mm apart, determine the force 
of gravity acting between them. Compare this result with 
the weight of each particle. 


1-17. Determine the mass in kilograms of an object that 
has a weight of (a) 20 mN, (b) 150 KN, and (c) 60 MN. 
Express the answer to three significant figures. 


1-18. Evaluate each of the following to three significant 
figures and express each answer in SI units using an 
appropriate prefix: (a) (200 KN)’, (b) (0.005 mm)’, and 
(c) (400 m)°. 


1-19. Using the base units of the SI system, show that 
Eq. 1-2 is a dimensionally homogeneous equation which 
gives F in newtons. Determine to three significant figures 
the gravitational force acting between two spheres that 
are touching each other. The mass of each sphere is 200 kg 
and the radius is 300 mm. 


*1-20. Evaluate each of the following to three significant 
figures and express each answer in SI units using an 
appropriate prefix: (a) (0.631 Mm)/(8.60 kg)’, and 
(b) (35 mm)*(48 kg)’. 


1-21. Evaluate (204 mm)(0.00457 kg)/(34.6 N) to three 
significant figures and express the answer in SI units using 
an appropriate prefix. 


This bridge tower is stabilized by cables that exert forces at the points of connection. 
In this chapter we will show how to express these forces as Cartesian vectors and then 
determine the resultant force. 


Force Vectors 


CHAPTER OBJECTIVES 


¢ To show how to add forces and resolve them into components 
using the Parallelogram Law. 


© To express force and position in Cartesian vector form and explain 
how to determine the vector’s magnitude and direction. 


© To introduce the dot product in order to determine the angle 
between two vectors or the projection of one vector onto another. 


2.1. Scalars and Vectors 


All physical quantities in engineering mechanics are measured using either 
scalars or vectors. 


Scalar. A scalar is any positive or negative physical quantity that can 
be completely specified by its magnitude. Examples of scalar quantities 
include length, mass, and time. 


Vector. A vector is any physical quantity that requires both a 
magnitude and a direction for its complete description. Examples of 
vectors encountered in statics are force, position, and moment. A vector 
is shown graphically by an arrow. The length of the arrow represents the 
magnitude of the vector, and the angle 6 between the vector and a fixed 
axis defines the direction of its line of action. The head or tip of the arrow 
indicates the sense of direction of the vector, Fig. 2-1. 

In print, vector quantities are represented by bold face letters such as 
A, and its magnitude of the vector is italicized, A. For handwritten work, 
it is often convenient to denote a vector quantity by simply drawing an 
arrow on top of it, A. 


Sense Pie yee 


9 Direction 


Fig. 2-1 
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Scalar multiplication and division 


Fig. 2-2 


2.2 Vector Operations 


Multiplication and Division of a Vector by a Scalar. Ifa 
vector is multiplied by a positive scalar, its magnitude is increased by that 
amount. When multiplied by a negative scalar it will also change the 
directional sense of the vector. Graphic examples of these operations are 
shown in Fig. 2-2. 


Vector Addition. All vector quantities obey the parallelogram law 
of addition. To illustrate, the two “component” vectors A and B in 
Fig. 2-3a are added to form a “resultant” vector R = A + B using the 
following procedure: 


e First join the tails of the components at a point so that it makes 
them concurrent, Fig. 2—3b. 


e From the head of B, draw a line parallel to A. Draw another line 
from the head of A that is parallel to B. These two lines intersect at 
point P to form the adjacent sides of a parallelogram. 


e The diagonal of this parallelogram that extends to P forms R, which 
then represents the resultant vector R = A + B, Fig. 2-3c. 


cS 


R=A+B 
Parallelogram law 


(a) (b) (c) 


Fig. 2-3 


We can also add B to A, Fig. 24a, using the triangle rule, which is a 
special case of the parallelogram law, whereby vector B is added to 
vector A in a “head-to-tail” fashion, i.e., by connecting the head of A to 
the tail of B, Fig. 2-4b. The resultant R extends from the tail of A to the 
head of B. In a similar manner, R can also be obtained by adding A to B, 
Fig. 2-4c. By comparison, it is seen that vector addition is commutative; 
in other words, the vectors can be added in either order, i.e., 
R=A+B=B+A. 


2.2 VECTOR OPERATIONS 


R 
oe B * 
B 
R=A+B R=B+A 
Triangle rule Triangle rule 
(a) (b) (c) 
Fig. 2-4 


As a special case, if the two vectors A and B are collinear, i.e., both 
have the same line of action, the parallelogram law reduces to an 
algebraic or scalar addition R = A + B,as shown in Fig. 2-5. 


R=A+B 
Addition of collinear vectors 


Fig. 2-5 


Vector Subtraction. The resultant of the difference between two 
vectors A and B of the same type may be expressed as 


R= A —-B =A + (-B) 


This vector sum is shown graphically in Fig. 2-6. Subtraction is therefore 
defined as a special case of addition, so the rules of vector addition also 
apply to vector subtraction. 


-B 
A 
———_——_—_—_—_—_—_—__> 
B -B 


Parallelogram law Triangle construction 


Vector subtraction 


Fig. 2-6 
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The parallelogram law must be used to 
determine the resultant of the two 
forces acting on the hook. 


Using the parallelogram law force F 
caused by the vertical member can be 
resolved into components acting along 
the suspension cables a and b. 


2.3 Vector Addition of Forces 


Experimental evidence has shown that a force is a vector quantity since 
it has a specified magnitude, direction, and sense and it adds according to 
the parallelogram law. Two common problems in statics involve either 
finding the resultant force, knowing its components, or resolving a known 
force into two components. We will now describe how each of these 
problems is solved using the parallelogram law. 


Finding a Resultant Force. The two component forces F, and F, 
acting on the pin in Fig. 2—7a can be added together to form the resultant 
force Fp = F, + Fy, as shown in Fig. 2—7b. From this construction, or using 
the triangle rule, Fig. 2-7c, we can apply the law of cosines or the law of 
sines to the triangle in order to obtain the magnitude of the resultant 
force and its direction. 


(b) (c) 
Fig. 2-7 


Finding the Components of a Force. Sometimes it is 
necessary to resolve a force into two components in order to study its 
pulling or pushing effect in two specific directions. For example, in 
Fig. 2-8a, F is to be resolved into two components along the two 
members, defined by the wu and v axes. In order to determine the 
magnitude of each component, a parallelogram is constructed first, by 
drawing lines starting from the tip of F, one line parallel to u, and the 
other line parallel to v. These lines then intersect with the v and u axes, 
forming a parallelogram. The force components F,, and F,, are then 
established by simply joining the tail of F to the intersection points on 
the u and v axes, Fig. 2-85. This parallelogram can then be reduced to a 
triangle, which represents the triangle rule, Fig. 2—8c. From this, the law of 
sines can then be applied to determine the unknown magnitudes of the 
components. 
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u u 


(a) (b) (c) 


Addition of Several Forces. If more than two forces are to be 
added, successive applications of the parallelogram law can be carried 
out in order to obtain the resultant force. For example, if three forces F,, 
F,, F; act at a point O, Fig. 2-9, the resultant of any two of the forces is 
found, say, F; + F,—and then this resultant is added to the third force, 
yielding the resultant of all three forces; ie., Fr = (F, + F,)+F3. Using 
the parallelogram law to add more than two forces, as shown here, often 
requires extensive geometric and trigonometric calculation to determine 
the numerical values for the magnitude and direction of the resultant. 
Instead, problems of this type are easily solved by using the “rectangular- Fig. 2-9 
component method,” which is explained in Sec. 2.4. 


The resultant force Fr on the hook 
requires the addition of F, + F), then this 
resultant is added to F3. 
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Cosine law: 


C =VA? + B? — 2ABcosc 
Sine law: 


sina sinb- sinc 


(c) 


Fig. 2-10 


FORCE VECTORS 


Procedure for Analysis 


Problems that involve the addition of two forces can be solved as 
follows: 


Parallelogram Law. 


Two “component” forces F; and F, in Fig. 2-10a add according to 
the parallelogram law, yielding a resultant force Fr that forms the 
diagonal of the parallelogram. 


If a force F is to be resolved into components along two axes u 
and v, Fig. 2-105, then start at the head of force F and construct 
lines parallel to the axes, thereby forming the parallelogram. The 
sides of the parallelogram represent the components, F,, and F,. 


Label all the known and unknown force magnitudes and the 
angles on the sketch and identify the two unknowns as the 
magnitude and direction of Fr, or the magnitudes of its 
components. 


Trigonometry. 


Redraw a half portion of the parallelogram to illustrate the 
triangular head-to-tail addition of the components. 


From this triangle, the magnitude of the resultant force can be 
determined using the law of cosines, and its direction is 
determined from the law of sines. The magnitudes of two force 
components are determined from the law of sines. The formulas 
are given in Fig. 2-10c. 


Important Points 
A scalar is a positive or negative number. 


A vector is a quantity that has a magnitude, direction, and sense. 


Multiplication or division of a vector by a scalar will change the 
magnitude of the vector. The sense of the vector will change if the 
scalar is negative. 


As a special case, if the vectors are collinear, the resultant is 
formed by an algebraic or scalar addition. 


2.3 VECTOR ADDITION OF FORCES 


EXAMPLE | 2.1 


The screw eye in Fig. 2—1la is subjected to two forces, F,; and F. 
Determine the magnitude and direction of the resultant force. 


10° 
__A F, = 150N 


(a) 


SOLUTION 


Parallelogram Law. The parallelogram is formed by drawing a line 
from the head of F, that is parallel to Fy, and another line from the 
head of F, that is parallel to F,. The resultant force Fr extends to where 
these lines intersect at point A, Fig. 2-11b. The two unknowns are the 
magnitude of Fr and the angle 6 (theta). 


Trigonometry. From the parallelogram, the vector triangle is 
constructed, Fig. 2-11c. Using the law of cosines 


Fr = V(100N)* + (150 N)? — 2(100 N)(150 N) cos 115° 


= V/10 000 + 22 500 — 30 000(—0.4226) = 212.6N 
= 213N 


Applying the law of sines to determine 0, 
ISON — 212.6N : 150 N 
5 = > SUN OS eee 
sin 6 sin 115° 212.6 N 


0 = 39.8° 


(sin 115°) 


Thus, the direction (phi) of Fr, measured from the horizontal, is 
db = 39.8° + 15.0° = 54.8° Ans. 


NOTE: The results seem reasonable, since Fig. 2-11b shows Fp to have 
a magnitude larger than its components and a direction that is 
between them. 


152 
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EXAMPLE |2.2 


FORCE VECTORS 


Resolve the horizontal 600-lb force in Fig. 2-12a into components 
acting along the u and v axes and determine the magnitudes of these 
components. 


Fig. 2-12 


SOLUTION 


The parallelogram is constructed by extending a line from the head of 
the 600-lb force parallel to the v axis until it intersects the u axis at 
point B, Fig. 2-12b. The arrow from A to B represents F,,. Similarly, 
the line extended from the head of the 600-lb force drawn parallel to 
the u axis intersects the v axis at point C, which gives F,,. 


The vector addition using the triangle rule is shown in Fig. 2—12c. The 
two unknowns are the magnitudes of F,, and F,. Applying the law of 
sines, 


E6001 
sin 120° sin 30° 


F,, = 1039 Ib 


Fy 6001b 


sin 30° sin 30° 
F,, = 600 Ib Ans. 


NOTE: The result for F,, shows that sometimes a component can have 
a greater magnitude than the resultant. 


2.3 VECTOR ADDITION OF FORCES 


EXAMPLE | 2.3 


Determine the magnitude of the component force F in Fig. 2-13a and 
the magnitude of the resultant force Fr if Fp is directed along the 
positive y axis. 


Fig. 2-13 


SOLUTION 


The parallelogram law of addition is shown in Fig. 2-135, and the 
triangle rule is shown in Fig. 2-13c. The magnitudes of Fz and F are the 
two unknowns. They can be determined by applying the law of sines. 


Fp 200 Ib 
sin 75° sin 45° 
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EXAMPLE |2.4 


It is required that the resultant force acting on the eyebolt in 
Fig. 2-14a be directed along the positive x axis and that F, have a 
minimum magnitude. Determine this magnitude, the angle @ and the 
corresponding resultant force. 


SOLUTION 


The triangle rule for Fr = F, + F, is shown in Fig. 2-145. Since the 
magnitudes (lengths) of Fp and F, are not specified, then F, can actually 
be any vector that has its head touching the line of action of Fp, 
Fig. 2-14c. However, as shown, the magnitude of F, is a minimum or the 
shortest length when its line of action is perpendicular to the line of 
action of Fp, that is, when 


6 = 90° Ans. 


Since the vector addition now forms a right triangle, the two unknown 
magnitudes can be obtained by trigonometry. 


FR = (800 N)cos 60° = 400 N Ans. 


F» = (800 N)sin 60° = 693 N 
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ei FUNDAMENTAL PROBLEMS* 


F2-1. Determine the magnitude of the resultant force 
acting on the screw eye and its direction measured 
clockwise from the x axis. 


2kN 
6 kN F2-1 


F2-2. Two forces act on the hook. Determine the 
magnitude of the resultant force. 


200 N 


F2-2 


F2-3. Determine the magnitude of the resultant force 
and its direction measured counterclockwise from the 


positive x axis. % 


F2-3 


F2-4. Resolve the 30-lb force into components along the 
u and V axes, and determine the magnitude of each of these 
components. v 


15° 30 Ib 
30° 
—_1—§_  u 
F2-4 


F2-5. The force F = 450 Ib acts on the frame. Resolve 
this force into components acting along members AB and 
AC, and determine the magnitude of each component. 


F2-5 


F2-6. If force F is to have a component along the u axis of 
F, = 6kKN, determine the magnitude of F and the 
magnitude of its component F, along the v axis. 


F2-6 


* Partial solutions and answers to all Fundamental Problems are given in the back of the book. 
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[PROBLEMS 


e2-1. If @ = 30° and T = 6kN, determine the magnitude 
of the resultant force acting on the eyebolt and its direction 
measured clockwise from the positive x axis. 


2-2. If 6 = 60° and T = SKN, determine the magnitude 
of the resultant force acting on the eyebolt and its direction 
measured clockwise from the positive x axis. 


2-3. If the magnitude of the resultant force is to be 9 KN 
directed along the positive x axis, determine the magnitude of 
force T acting on the eyebolt and its angle 0. 


8kN 


Probs. 2-1/2/3 


*2-4. Determine the magnitude of the resultant force 
acting on the bracket and its direction measured 
counterclockwise from the positive u axis. 


e2-5. Resolve F; into components along the u and v axes, 
and determine the magnitudes of these components. 


2-6. Resolve F, into components along the u and v axes, 
and determine the magnitudes of these components. 


Fy = 150 Ib 


F, = 200 Ib 


Probs. 2-4/5/6 


2-7. If Fs = 2kN and the resultant force acts along the 
positive wu axis, determine the magnitude of the resultant 
force and the angle 0. 


*2-8. If the resultant force is required to act along the 
positive u axis and have a magnitude of 5 KN, determine the 
required magnitude of Fz and its direction 6. 


Probs. 2-7/8 


e2-9. The plate is subjected to the two forces at A and B 
as shown. If 6 = 60°, determine the magnitude of the 
resultant of these two forces and its direction measured 
clockwise from the horizontal. 


2-10. Determine the angle of 6 for connecting member A 
to the plate so that the resultant force of F4 and Fg is 
directed horizontally to the right. Also, what is the magnitude 
of the resultant force? 


F,=8kN 


mm om om « oc 


F,=6kN 
Probs. 2-9/10 


2-11. If the tension in the cable is 400 N, determine the 
magnitude and direction of the resultant force acting on 
the pulley. This angle is the same angle @ of line AB on the 
tailboard block. 


Prob. 2-11 


*2-12. The device is used for surgical replacement of the 
knee joint. If the force acting along the leg is 360 N, 
determine its components along the x and y’ axes. 


e2-13. The device is used for surgical replacement of the 
knee joint. If the force acting along the leg is 360 N, 
determine its components along the x’ and y axes. 


60° 


360 N 


Probs. 2-12/13 
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2-14. Determine the design angle 6 (0° = 6 = 90°) for 
strut AB so that the 400-lb horizontal force has a 
component of 500 lb directed from A towards C. What is the 
component of force acting along member AB? Take 
ob = 40°. 


2-15. Determine the design angle (0° =¢= 90°) 
between struts AB and AC so that the 400-lb horizontal 
force has a component of 600 Ib which acts up to the left, in 
the same direction as from B towards A. Take 6 = 30°. 


400 lb A 


Probs. 2-14/15 


*2-16. Resolve F; into components along the u and v axes 
and determine the magnitudes of these components. 


e2-17. Resolve F, into components along the u and v axes 
and determine the magnitudes of these components. 


F, = 250N 


Probs. 2-16/17 
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2-18. The truck is to be towed using two ropes. Determine 
the magnitudes of forces F, and Fz acting on each rope in 
order to develop a resultant force of 950 N directed along 
the positive x axis. Set @ = 50°. 


2-19. The truck is to be towed using two ropes. If the 
resultant force is to be 950 N, directed along the positive x 
axis, determine the magnitudes of forces F, and Fg acting 
on each rope and the angle 6 of Fz so that the magnitude of 
Fp is a minimum. F 4 acts at 20° from the x axis as shown. 


2-23. If 6 = 30° and F, = 6kN, determine the magnitude 
of the resultant force acting on the plate and its direction 
measured clockwise from the positive x axis. 


*2-24. If the resultant force Fr is directed along a 
line measured 75° clockwise from the positive x axis and 
the magnitude of F is to be a minimum, determine the 
magnitudes of Fr and F) and the angle 6 = 90°. 


Prob. 2-18/19 


*2-20. If d = 45°, F, = SKN, and the resultant force is 
6 kN directed along the positive y axis, determine the required 
magnitude of F, and its direction 0. 


02-21. If ¢ = 30° and the resultant force is to be 6 kN 
directed along the positive y axis, determine the magnitudes 
of F, and F) and the angle 6 if F> is required to be a minimum. 


2-22. If ¢ = 30°, F, = 5 KN, and the resultant force is to 
be directed along the positive y axis, determine the 
magnitude of the resultant force if Fy is to be a minimum. 
Also, what is Fy and the angle 0? 


Probs. 2—20/21/22 


Probs. 2—23/24 


e2-25. Two forces F, and F) act on the screw eye. If their 
lines of action are at an angle @ apart and the magnitude 
of each force is F, = F, = F, determine the magnitude of 
the resultant force Fz and the angle between Fz and Fj. 


Prob. 2-25 


2-26. The log is being towed by two tractors A and B. 
Determine the magnitudes of the two towing forces F, and 
Fz if it is required that the resultant force have a magnitude 
Fr = 10 KN and be directed along the x axis. Set 9 = 15°. 


2-27. The resultant Fp of the two forces acting on the log is 
to be directed along the positive x axis and have a magnitude 
of 10 KN, determine the angle 6 of the cable, attached to B such 
that the magnitude of force Fg in this cable is a minimum. 
What is the magnitude of the force in each cable for this 
situation? 


y 


Probs. 2—26/27 


*2-28. The beam is to be hoisted using two chains. Deter- 
mine the magnitudes of forces F, and Fz acting on each chain 
in order to develop a resultant force of 600 N directed along 
the positive y axis. Set @ = 45°. 


e2-29. The beam is to be hoisted using two chains. If the 
resultant force is to be 600 N directed along the positive y 
axis, determine the magnitudes of forces F, and F, acting on 
each chain and the angle 6 of F, so that the magnitude of Fz 
is a minimum. F , acts at 30° from the y axis, as shown. 


y 


Probs. 2-28/29 
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2-30. Three chains act on the bracket such that they create 
a resultant force having a magnitude of 500 Ib. If two of the 
chains are subjected to known forces, as shown, determine 
the angle @ of the third chain measured clockwise from the 
positive x axis, so that the magnitude of force F in this chain 
is a minimum. All forces lie in the x-y plane. What is the 
magnitude of F? Hint: First find the resultant of the two 
known forces. Force F acts in this direction. 


200 Ib Prob. 2-30 


2-31. Three cables pull on the pipe such that they create a 
resultant force having a magnitude of 900 lb. If two of the 
cables are subjected to known forces, as shown in the figure, 
determine the angle 6 of the third cable so that the 
magnitude of force F in this cable is a minimum. All forces 
lie in the x-y plane. What is the magnitude of F? Hint: First 
find the resultant of the two known forces. 


400 lb 
Prob. 2-31 


32 


< 


CHAPTER 2 


FORCE VECTORS 


2.4 Addition of a System of Coplanar 
Forces 


When a force is resolved into two components along the x and y axes, the 
components are then called rectangular components. For analytical work 
we can represent these components in one of two ways, using either scalar 
notation or Cartesian vector notation. 


Scalar Notation. The rectangular components of force F shown in 
Fig. 2-15a are found using the parallelogram law, so that F = F, + F,. 
Because these components form a right triangle, their magnitudes can be 
determined from 


F, = Fcosé and Fy = Fsino 


Instead of using the angle 0, however, the direction of F can also be 
defined using a small “slope” triangle, such as shown in Fig. 2-155. Since 
this triangle and the larger shaded triangle are similar, the proportional 
length of the sides gives 


Fe _a 
F Cc 
or 
nor( 
Cc 
and 
ee 
F Cc 
or 


col) 


Here the y component is a negative scalar since F, is directed along the 
negative y axis. 

It is important to keep in mind that this positive and negative scalar 
notation is to be used only for computational purposes, not for graphical 
representations in figures. Throughout the book, the head of a vector 
arrow in any figure indicates the sense of the vector graphically; 
algebraic signs are not used for this purpose. Thus, the vectors in 
Figs. 2-15a and 2-15b are designated by using boldface (vector) 
notation.* Whenever italic symbols are written near vector arrows in figures, 
they indicate the magnitude of the vector, which is always a positive quantity. 


“Negative signs are used only in figures with boldface notation when showing equal but 
opposite pairs of vectors, as in Fig. 2-2. 


2.4 ADDITION OF A SYSTEM OF COPLANAR FORCES 33 


Cartesian Vector Notation. It is also possible to represent the x y 
and y components of a force in terms of Cartesian unit vectors i and j. 
Each of these unit vectors has a dimensionless magnitude of one, and so if 
they can be used to designate the directions of the x and y axes, 
respectively, Fig. 2-16. * 

Since the magnitude of each component of F is always a positive 
quantity, which is represented by the (positive) scalars F, and F,, then we 
can express F as a Cartesian vector, 


|+—_—_F, i> 
F= F,i+ Fj 
Fig. 2-16 
Coplanar Force Resultants. We can use either of the two 
methods just described to determine the resultant of several coplanar 
forces. To do this, each force is first resolved into its x and y components, 
and then the respective components are added using scalar algebra since 
they are collinear. The resultant force is then formed by adding the 
resultant components using the parallelogram law. For example, consider 
the three concurrent forces in Fig. 2-17a, which have x and y components y 
shown in Fig. 2-17b. Using Cartesian vector notation, each force is first 
represented as a Cartesian vector, i.e., 
F, = Fit Fyj = F, 
KF, = —F,i + Fyyj 
F; = F3y 1 ~~ F3yj * 
The vector resultant is therefore 
F; 
Fr=F,+Kh+ F (a) 
= F,yi + Fiyj = Fi + Fyyj + F3, i- F3, j 
= (Fig fy? Beg) + Pig Py > Fy) ‘f 
= (Frx)i + (Fry)j 
Fy 
If scalar notation is used, then we have ee Fy - 
F,, a Fi, 
(4) Fre = Fix — Fay + Fox >F,, * 
Get) Fry = Fiy + Pry — Bay F; *s 
These are the same results as the i and j components of Fr determined (b) 
above. 
Fig. 2-17 


_ *For handwritten work, unit vectors are usually indicated using a circumflex, e.g., i and 
j. These vectors have a dimensionless magnitude of unity, and their sense (or arrowhead) 
will be described analytically by a plus or minus sign, depending on whether they are 
pointing along the positive or negative x or y axis. 
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Fp 


Fig. 2-17 


The resultant force of the four cable forces 
acting on the supporting bracket can be 
determined by adding algebraically the 
separate x and y components of each cable 
force. This resultant Fp produces the same 
pulling effect on the bracket as all four cables. 


We can represent the components of the resultant force of any number 
of coplanar forces symbolically by the algebraic sum of the x and y 
components of all the forces, i.e., 


(2-1) 


Once these components are determined, they may be sketched along 
the x and y axes with their proper sense of direction, and the resultant 
force can be determined from vector addition, as shown in Fig. 2-17. 
From this sketch, the magnitude of Fr is then found from the 
Pythagorean theorem; that is, 


fe V Fey + Fry 


Also, the angle 6, which specifies the direction of the resultant force, is 
determined from trigonometry: 


Pry 
Fry 


6 = tan! 


The above concepts are illustrated numerically in the examples which 
follow. 


Important Points 
The resultant of several coplanar forces can easily be determined 
if an x, y coordinate system is established and the forces are 


resolved along the axes. 


The direction of each force is specified by the angle its line of 
action makes with one of the axes, or by a sloped triangle. 


The orientation of the x and y axes is arbitrary, and their positive 
direction can be specified by the Cartesian unit vectors i and j. 


The x and y components of the resultant force are simply the 
algebraic addition of the components of all the coplanar forces. 


The magnitude of the resultant force is determined from the 
Pythagorean theorem, and when the components are sketched 
on the x and y axes, the direction can be determined from 
trigonometry. 
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EXAMPLE | 2.5 


Determine the x and y components of F, and F) acting on the boom 
shown in Fig. 2-18a. Express each force as a Cartesian vector. 


SOLUTION 


Scalar Notation. By the parallelogram law, F, is resolved into x and 
y components, Fig. 2-18b. Since F;, acts in the —x direction, and F,, acts 
in the +y direction, we have 


F,, = —200 sin 30° N = —100N = 100N<— Ans. 


Fy = 200 cos 30° N = 173N = 173 NT Ans. Fy = 260N 


The force F, is resolved into its x and y components as shown in 
Fig. 2-17c. Here the slope of the line of action for the force is 
indicated. From this “slope triangle” we could obtain the angle 0, e.g., 
0= tan (3), and then proceed to determine the magnitudes of the 
components in the same manner as for F,. The easier method, how- 
ever, consists of using proportional parts of similar triangles, L.e., 
F, 2x 12 WZ, 

%0N LB Fy, 260 N( 72) 240 N 

F,, = 200 sin 30° N 
Similarly, (b) 


5) 
Fy, = 260 n(3) = 100N 


Notice how the magnitude of the horizontal component, F>,, was 
obtained by multiplying the force magnitude by the ratio of the 
horizontal leg of the slope triangle divided by the hypotenuse; 
whereas the magnitude of the vertical component, Fy,, was obtained 
by multiplying the force magnitude by the ratio of the vertical leg 
divided by the hypotenuse. Hence, 


F,, = 240N = 240N—> Ans. 
F,, = —100N = 100N] Ans. 


y 


Cartesian Vector Notation. Having determined the magnitudes 
and directions of the components of each force, we can express each 
force as a Cartesian vector. 


F, = {—100i + 173j}N Ans. 


F, = {240i — 100j} N Ans. 
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EXAMPLE | 2.6 


The link in Fig. 2-19a is subjected to two forces F; and F,. Determine 
the magnitude and direction of the resultant force. 


SOLUTION | 


Scalar Notation. First we resolve each force into its x and y 
components, Fig. 2-195, then we sum these components algebraically. 


SF rx = 2R Fr, = 600 cos 30° N — 400 sin 45° N 
= 236.8 N > 
Fry = 600 sin 30°N + 400 cos 45° N 


= 582.8NT 
The resultant force, shown in Fig. 2-18c, has a magnitude of 


Fr = V(236.8N)* + (582.8N/) 
= 629N 
From the vector addition, 


+} Fry = IF; 


2.8N 
oe tar g ) = 679° 


236.8 N 


SOLUTION II 
Cartesian Vector Notation. From Fig. 2-195, each force is first 
expressed as a Cartesian vector. 

F, = {600 cos 30°% + 600 sin 30°] } N 

F, = {—400 sin 45° + 400 cos 45°j} N 


Fr = F, + F, = (600 cos 30° N — 400 sin 45° N)i 
+ (600 sin 30° N + 400 cos 45° N)j 


= {236.81 + 582.8]} N 


The magnitude and direction of Fr are determined in the same 
manner as before. 


NOTE: Comparing the two methods of solution, notice that the use of 
scalar notation is more efficient since the components can be found 
directly, without first having to express each force as a Cartesian vector 
before adding the components. Later, however, we will show that 
Cartesian vector analysis is very beneficial for solving three-dimensional 
problems. 
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EXAMPLE | 2.7 


The end of the boom O in Fig. 2—20a is subjected to three concurrent 
and coplanar forces. Determine the magnitude and direction of the 
resultant force. 


SOLUTION 
Each force is resolved into its x and y components, Fig. 2-20b. Summing 
the x components, we have 
+ Fy, = BE; Fr, = —400N + 250 sin 45° N — 200(3) N 
= —383.2 N = 383.2 N<— 


The negative sign indicates that Fr, acts to the left, i.e., in the negative 
x direction, as noted by the small arrow. Obviously, this occurs 
because F, and F; in Fig. 2-20b contribute a greater pull to the left 
than F, which pulls to the right. Summing the y components yields 


+ Fry = 2F;; Fr 


= 250 cos 45° N + 200(2) N 


y 


296.8 NT 


The resultant force, shown in Fig. 2—20c, has a magnitude of 


Fr = V(—383.2 N)2 + (296.8 N)? 


= 485 N 


From the vector addition in Fig. 2—20c, the direction angle 6 is 


296.8 
= tan || ——— ] = 37.8° Ans. 
6 = tan (255) Si ns 


NOTE: Application of this method is more convenient, compared to 
using two applications of the parallelogram law, first to add F,; and F, 
then adding F; to this resultant. 


37 


38 CHAPTER 2. FORCE VECTORS 


fe FUNDAMENTAL PROBLEMS 


F2-7. Resolve each force acting on the post into its x and 
y components. y 


| F, = 300N 
Fy) = 450N 


F2-7 


F2-8. Determine the magnitude and direction of the 
resultant force. 


400 N 


300 N 


F2-8 


F2-9. Determine the magnitude of the resultant force 
acting on the corbel and its direction @ measured 
counterclockwise from the x axis. 

y 


Fs = 400 Ib 
F; = 700 Ib 


F; = 600 Ib 


30° 


F2-10. Ifthe resultant force acting on the bracket is to be 
750 N directed along the positive x axis, determine the 
magnitude of F and its direction 0. 


F2-10 


F2-11. If the magnitude of the resultant force acting on 
the bracket is to be 80 Ib directed along the w axis, 
determine the magnitude of F and its direction 0. 


90 Ib 
F2-11 


F2-12. Determine the magnitude of the resultant force 
and its direction 6 measured counterclockwise from the 
positive x axis. 
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[PROBLEMS 


*2-32. Determine the magnitude of the resultant force 
acting on the pin and its direction measured clockwise from 
the positive x axis. 


Prob. 2-32 


e2-33. If F,=600N and = 30°, determine the 
magnitude of the resultant force acting on the eyebolt and 
its direction measured clockwise from the positive x axis. 


2-34. If the magnitude of the resultant force acting on 
the eyebolt is 600 N and its direction measured clockwise 
from the positive x axis is @ = 30°, determine the magni- 
tude of F, and the angle ¢. 


F; = 450N 


Probs. 2—33/34 


2-35. The contact point between the femur and tibia 
bones of the leg is at A. If a vertical force of 175 Ib is applied 
at this point, determine the components along the x and y 
axes. Note that the y component represents the normal 
force on the load-bearing region of the bones. Both the x 
and y components of this force cause synovial fluid to be 
squeezed out of the bearing space. 
y 


Prob. 2-35 


*2-36. If = 30° and F, = 3 kN, determine the magnitude 
of the resultant force acting on the plate and its direction 6 
measured clockwise from the positive x axis. 


e2-37. If the magnitude for the resultant force acting on 
the plate is required to be 6 KN and its direction measured 
clockwise from the positive x axis is 9 = 30°, determine the 
magnitude of F) and its direction ¢. 


2-38. If @ = 30° and the resultant force acting on the 
gusset plate is directed along the positive x axis, determine 
the magnitudes of F, and the resultant force. 


y F, = 4kN 


yr 


Pca es 


Probs. 2-36/37/38 
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2-39. Determine the magnitude of F, and its direction 0 
so that the resultant force is directed vertically upward and 
has a magnitude of 800 N. 


*2-40. Determine the magnitude and direction measured 
counterclockwise from the positive x axis of the resultant 
force of the three forces acting on the ring A. Take 
F, = 500 N and 6 = 20°. 


Probs. 2—39/40 


e2-41. Determine the magnitude and direction 0 of Fz so 
that the resultant force is directed along the positive y axis 
and has a magnitude of 1500 N. 


2-42. Determine the magnitude and angle measured 
counterclockwise from the positive y axis of the resultant 
force acting on the bracket if Fz = 600 N and @ = 20°. 


y 


Probs. 2—41/42 


2-43. If @ = 30° and F,=2501b, determine the 
magnitude of the resultant force acting on the bracket and 
its direction measured clockwise from the positive x axis. 


*2-44. If the magnitude of the resultant force acting on 
the bracket is 400 lb directed along the positive x axis, 
determine the magnitude of F, and its direction @. 


02-45. If the resultant force acting on the bracket is to be 
directed along the positive x axis and the magnitude of F; is 
required to be a minimum, determine the magnitudes of the 
resultant force and F). 


Fy = 300 1b 


Probs. 2—43/44/45 


2-46. The three concurrent forces acting on the screw eye 
produce a resultant force Fp = 0. If F, = 5 F, and F, is to 
be 90° from F) as shown, determine the required magnitude 
of F; expressed in terms of F; and the angle 6. 


Prob. 2-46 


2-47. Determine the magnitude of F, and its direction 0 
so that the resultant force is directed along the positive x 
axis and has a magnitude of 1250 N. 


*2-48. Determine the magnitude and direction measured 
counterclockwise from the positive x axis of the resultant 
force acting on the ring at O if Fy = 750 N and 6 = 45°. 


Probs. 2—47/48 


e2-49. Determine the magnitude of the resultant force 
and its direction measured counterclockwise from the 
positive x axis. 


Prob. 2-49 
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2-50. The three forces are applied to the bracket. 
Determine the range of values for the magnitude of force P 
so that the resultant of the three forces does not exceed 
2400 N. 


800 N 


Prob. 2-50 


2-51. If F, = 150 N and ¢ = 30°, determine the magnitude 
of the resultant force acting on the bracket and its direction 
measured clockwise from the positive x axis. 


*2-52. If the magnitude of the resultant force acting on 
the bracket is to be 450 N directed along the positive u axis, 
determine the magnitude of F, and its direction ¢. 


e2-53. If the resultant force acting on the bracket is 
required to be a minimum, determine the magnitudes of F, 
and the resultant force. Set @ = 30°. 


Probs. 2—51/52/53 
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2-54. Three forces act on the bracket. Determine the e2-57. Determine the magnitude of force F so that the 
magnitude and direction @ of F) so that the resultant force is resultant force of the three forces is as small as possible. 
directed along the positive u axis and has a magnitude of 50 Ib. What is the magnitude of this smallest resultant force? 


2-55. If F,=150lb and 6@= 55°, determine the 

magnitude and direction measured clockwise from the 

positive x axis of the resultant force of the three forces 14kN 

acting on the bracket. 

30° 45° 
t 8 kN 


Prob. 2-57 


2-58. Express each of the three forces acting on the 
bracket in Cartesian vector form with respect to the x and y 
axes. Determine the magnitude and direction 6 of F; so that 
Probs. 2-54/55 the resultant force is directed along the positive x’ axis and 
has a magnitude of Fr = 600 N. 


*2-56. The three concurrent forces acting on the post 
produce a resultant force Fr = 0. If F2 = 5 F,, and F; is to 
be 90° from F, as shown, determine the required magnitude 
of F3 expressed in terms of F; and the angle 6. 


Prob. 2-56 Prob. 2-58 


2.5 Cartesian Vectors 


The operations of vector algebra, when applied to solving problems in 
three dimensions, are greatly simplified if the vectors are first represented 
in Cartesian vector form. In this section we will present a general method 
for doing this; then in the next section we will use this method for finding 
the resultant force of a system of concurrent forces. 


Right-Handed Coordinate System. We will use a right- 
handed coordinate system to develop the theory of vector algebra that 
follows. A rectangular coordinate system is said to be right-handed if the 
thumb of the right hand points in the direction of the positive z axis 
when the right-hand fingers are curled about this axis and directed from 
the positive x towards the positive y axis, Fig. 2-21. 


Rectangular Components of a Vector. A vector A may have 
one, two, or three rectangular components along the x, y, z coordinate 
axes, depending on how the vector is oriented relative to the axes. In 
general, though, when A is directed within an octant of the x, y, z frame, 
Fig. 2-22, then by two successive applications of the parallelogram law, 
we may resolve the vector into components as A = A’ + A, and then 
A’ = A, + A,. Combining these equations, to eliminate A’, A is 
represented by the vector sum of its three rectangular components, 


A=A,+A,+A, (2-2) 


Cartesian Unit Vectors. In three dimensions, the set of Cartesian 
unit vectors, i, j, k, is used to designate the directions of the x, y, z axes, 
respectively. As stated in Sec. 2.4, the sense (or arrowhead) of these 
vectors will be represented analytically by a plus or minus sign, 
depending on whether they are directed along the positive or negative x, 
y, or z axes. The positive Cartesian unit vectors are shown in Fig. 2-23. 


Fig. 2-23 
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Fig. 2-21 


Fig. 2-22 
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Cartesian Vector Representation. Since the three components 
of A in Eq. 2-2 act in the positive i, j, and k directions, Fig. 2-24, we can 
write A in Cartesian vector form as 


A=Ajit Ayj+ Ak (2-3) 


There is a distinct advantage to writing vectors in this manner. 
Separating the magnitude and direction of each component vector will 
simplify the operations of vector algebra, particularly in three 
dimensions. 


Magnitude of a Cartesian Vector. It is always possible to 
obtain the magnitude of A provided it is expressed in Cartesian vector 
form. As shown in Fig. 2-25, from the blue right triangle, 
A= VA” + Az, and from the gray right triangle, A’ = VA? + Aj. 
Combining these equations to eliminate A’, yields 


A=VA +4 +4 (2-4) 


Hence, the magnitude of A is equal to the positive square root of the sum 
of the squares of its components. 


Direction of a Cartesian Vector. We will define the direction 
of A by the coordinate direction angles a (alpha), # (beta), and 
y (gamma), measured between the tail of A and the positive x, y, z axes 
provided they are located at the tail of A, Fig. 2-26. Note that regardless 
of where A is directed, each of these angles will be between 0° and 180°. 

To determine @, f, and y, consider the projection of A onto the x, y, z 
axes, Fig. 2-27. Referring to the blue colored right triangles shown in 
each figure, we have 


These numbers are known as the direction cosines of A. Once they 
have been obtained, the coordinate direction angles a, f, y can then be 
determined from the inverse cosines. 


ca 


x 


Fig. 2-26 


An easy way of obtaining these direction cosines is to form a unit 
vector uy in the direction of A, Fig. 2-26. If A is expressed in Cartesian 
vector form, A = A,i + A,j + Ak, then uy, will have a magnitude of 
one and be dimensionless provided A is divided by its magnitude, i.e., 


(2-6) 


where A = V AZ + As + A?. By comparison with Eqs. 2-7, it is seen that 
the i,j, k components of uy, represent the direction cosines of A,i.e., 


u,4 = cosai + cos Bj + cos yk (2-7) 


Since the magnitude of a vector is equal to the positive square root of 
the sum of the squares of the magnitudes of its components, and uy, has a 
magnitude of one, then from the above equation an important relation 
between the direction cosines can be formulated as 


Here we can see that if only two of the coordinate angles are known, 
the third angle can be found using this equation. 

Finally, if the magnitude and coordinate direction angles of A are 
known, then A may be expressed in Cartesian vector form as 


= Au, 
= Acosai+ Acos Bj + Acos yk (2-9) 


= Ajit Ajj+ Ak 
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B | 90° 


90° 


Fig 2-27 
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Zz 


(A, + Bk 
R 
|Z 
(Ay + By)j 
A 
(A, + B,)i 
Fig. 2-29 


Sometimes, the direction of A can be specified using two angles, 6 and 
é (phi), such as shown in Fig. 2-28. The components of A can then be 
determined by applying trigonometry first to the blue right triangle, 
which yields 


A, = Acos¢@ 
and 
A'=Asngd 
Now applying trigonometry to the other shaded right triangle, 
A, = A’ cos@ = Asin ¢ cos 6 
A, = A’ siné = Asin g sin é 
Therefore A written in Cartesian vector form becomes 
A = Asin¢cosdi+ Asingsindj + Acos dk 


You should not memorize this equation, rather it is important to 
understand how the components were determined using trigonometry. 


2.6 Addition of Cartesian Vectors 


The addition (or subtraction) of two or more vectors are greatly simplified 
if the vectors are expressed in terms of their Cartesian components. For 
example, if A = A,i + A,j + A,k and B = B,i+ B,j + Bk, Fig. 2-29, 
then the resultant vector, R, has components which are the scalar sums of 
the i,j,k components of A and B,i.e., 


R=A+B=(A, + B,)i + (A, + B,)j + (A, + Bk 
If this is generalized and applied to a system of several concurrent 


forces, then the force resultant is the vector sum of all the forces in the 
system and can be written as 


Fp = =F = 3Fi+ 3Fj+ =Fk (2-10) 


Here LF, ZF,, and LF, represent the algebraic sums of the respective x, 
y, z or i,j, k components of each force in the system. 
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Important Points 


Cartesian vector analysis is often used to solve problems in three 
dimensions. 


The positive directions of the x, y, z axes are defined by the 
Cartesian unit vectors i,j, k, respectively. 


The magnitude of a Cartesian vector is A = WE ap A; + A2. 


The direction of a Cartesian vector is specified using coordinate 
direction angles a, B, y which the tail of the vector makes with the 
positive x, y, z axes, respectively. The components of the unit 
vector uy, = A/A represent the direction cosines of a, B, y. Only 
two of the angles a, B, y have to be specified. The third angle is 
determined from the relationship cos” a + cos” B + cos’ y = 1. 


The resultant force acting on the bow the 
ship can be determined by first 
representing each rope force as a Cartesian 


Sometimes the direction of a vector is defined using the two vector and then summing the i, j, and k 
angles @and ¢ as in Fig. 2-28. In this case the vector components SEIAPORGAIS: 
are obtained by vector resolution using trigonometry. 


To find the resultant of a concurrent force system, express each 
force as a Cartesian vector and add the i, j, k components of all 
the forces in the system. 


EXAMPLE | 2.8 


Express the force F shown in Fig. 2-30 as a Cartesian vector. 


SOLUTION 


Since only two coordinate direction angles are specified, the third angle 
a must be determined from Eq. 2-8; Le., 


cos* a + cos? B + cos’ y = 1 
cos* a + cos” 60° + cos” 45° = 1 
cosa = V1 — (0.5)? — (0.707)? = +0.5 


Hence, two possibilities exist, namely, 


a = cos (05) = 60° or a = cos !(—0.5) = 120° 


By inspection it is necessary that a = 60°, since F, must be in the +x 
direction. 
Using Eq. 2-9, with F = 200 N, we have 
F = Fcosai + F cos Bj + F cos yk 
= (200 cos 60° N)i + (200 cos 60° N)j + (200 cos 45° N)k 
= {100.0i + 100.0j + 141.4k} N Ans. 


Show that indeed the magnitude of F = 200N. 
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EXAMPLE | 2.9 


Determine the magnitude and the coordinate direction angles of the 
resultant force acting on the ring in Fig. 2-31a. 


z Fp = {50i — 40j + 180k} Ib 


F, = {50i — 100j + 100k} 1b | F, = {60j + 80k} Ib 


(a) 
Fig. 2-31 
SOLUTION 


Since each force is represented in Cartesian vector form, the resultant 
force, shown in Fig. 2-315, is 


Fp = SF = F, + F, = {60j + 80k} lb + {50i — 100j + 100k} Ib 


= {50i — 40j + 180k} Ib 
The magnitude of Fp is 
Fr = V(50 Ib)? + (—40 Ib)? + (180 Ib)? = 191.0 Ib 
= 191 lb Ans. 


The coordinate direction angles a, &, yare determined from the 
components of the unit vector acting in the direction of Fp. 


Fr 50m 40 , 180 
= = | Vie Vt k 
Ee 1910 191.0 191.0 


= 0.26171 — 0.2094j + 0.9422k 


Up 


so that 
cos a = 0.2617 a = 74.8° 
cos B = —0.2094 B = 102° 
cos y = 0.9422 y = 19.6° 
These angles are shown in Fig. 2-315. 
NOTE: In particular, notice that B > 90° since the j component of 


Up, is negative. This seems reasonable considering how F; and F, add 
according to the parallelogram law. 
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EXAMPLE | 2.10 


Express the force F shown in Fig. 2-32a as a Cartesian vector. 


F = 1001b 
SOLUTION 


The angles of 60° and 45° defining the direction of F are not coordinate 
direction angles. Two successive applications of the parallelogram law 
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are needed to resolve F into its x, y, z components First F = F’ + F,, 
then F’ = F, + F,, Fig. 2-32b. By trigonometry, the magnitudes of the 
components are 


= 100 sin 60° lb = 86.6 lb 
= 100 cos 60° Ib = 50 Ib 
= F’ cos 45° = 50 cos 45° lb = 35.4 1b 
= F' sin 45° = 50 sin 45° Ib = 35.4 Ib 
ae ae : : F= 100 Ib 
Realizing that F, has a direction defined by —j, we have 
F = {35.41 — 35.4j + 86.6k} Ib Ans. 


To show that the magnitude of this vector is indeed 100 lb, apply 
Eq. 2-4, 


Fa VE, te, 
= V'(35.4)2 + (—35.4)? + (86.6)? = 100 Ib 


If needed, the coordinate direction angles of F can be determined 
from the components of the unit vector acting in the direction of F. 
Hence, F = 1001b 


35.4. 35.4, | 86.6 
100' 1007" 100 


= 0.3541 — 0.354j + 0.866k 


k 


so that 
@ = cox (0.354) — 69 3° 
B = cos 1(—0.354) = 111° 
y = cos !(0.866) = 30.0° 


These results are shown in Fig. 2—31c. 
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EXAMPLE | 2.11 


Two forces act on the hook shown in Fig. 2-32a. Specify the magnitude 
of F, and its coordinate direction angles of F, that the resultant force 
Fz acts along the positive y axis and has a magnitude of 800 N. 


y SOLUTION 
To solve this problem, the resultant force Fp and its two components, 
F, and F,, will each be expressed in Cartesian vector form. Then, as 
shown in Fig. 2—33a, it is necessary that Fp = F, + F). 
Applying Eq. 2-9, 
F, = F, cos ai + F, cos B,j + F, cos yk 
= 300 cos 45° i + 300 cos 60° j + 300 cos 120° k 
= {212.1i + 150j — 150k} N 
F, = F,i+ Ryj+ hk 
Since Fr has a magnitude of 800 N and acts in the +j direction, 
Fr = (800 N)(+j) = {800j} N 
We require 
Fr a F, oF KF, 
800j = 212.11 + 150j — 150k + B,i + yj + Fk 
SFa=S800N  go0j = (212.1 + F,)i + (150 + Ry)j + (-150 + Ak 
To satisfy this equation the i,j, k components of Fr must be equal to 
the corresponding i, j, k components of (F, + F,). Hence, 
0 = 212.1 + Fo, Bo, = —2121N 
$00 = 150 + F;, #5, — 050)N 
0= —150 + F;, Fy, = 150N 
The magnitude of F, is thus 
F, = V(—212.1N)* + (650 N)? + (150 N)* 
= 700 N 


We can use Eq. 2-9 to determine a 9, B 2, y 2. 


—212.1_ 


700 5 (b= 108 


COS Q) = 


65 
cos Bz = Bo = 21.8° 


COS y2 = ¥2 = 77.6° 


700° 


These results are shown in Fig. 2-32b. 
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a FUNDAMENTAL PROBLEMS 


F2-13. Determine its coordinate direction angles of the F2-16. Express the force as a Cartesian vector. 
force. 


F2-17. Express the force as a Cartesian vector. 


F=75 lb 
F2-13 


F2-14. Express the force as a Cartesian vector. 


re F=500N 


F2-17 


F2-18. Determine the resultant force acting on the hook. 


F2-14 


F2-15. Express the force as a Cartesian vector. 


F=S500N 


F2-15 
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P| PROBLEMS 


2-59. Determine the coordinate angle y for F, and then 
express each force acting on the bracket as a Cartesian 
vector. 


*2-60. Determine the magnitude and coordinate direction 
angles of the resultant force acting on the bracket. 


Zz 


F, = 450N 


F, = 600 N 


Probs. 2-59/60 


e2-61. Express each force acting on the pipe assembly in 
Cartesian vector form. 


2-62. Determine the magnitude and direction of the 
resultant force acting on the pipe assembly. 


Probs. 2-61/62 


2-63. The force F acts on the bracket within the octant 
shown. If F = 400 N, B = 60°, and y = 45°, determine the 
x, y,Z components of F. 


*2-64. The force F acts on the bracket within the octant 
shown. If the magnitudes of the x and z components of F 
are F, = 300 N and F, = 600N, respectively, and B = 60°, 
determine the magnitude of F and its y component. Also, 
find the coordinate direction angles a and y. 


Probs. 2-63/64 


2-65. 
resultant force of Fr = {—100k} lb. Determine 
magnitude and coordinate direction angles of F). 


2-66. Determine the coordinate direction angles of the 


force F, and indicate them on the figure. 


Probs. 2-65/66 


The two forces F, and F, acting at A have a 
the 


2-67. The spur gear is subjected to the two forces caused 
by contact with other gears. Express each force as a 
Cartesian vector. 


*2-68. The spur gear is subjected to the two forces caused 
by contact with other gears. Determine the resultant of the 
two forces and express the result as a Cartesian vector. 


Fy = 180 Ib 


F, =501b 


Probs. 2-67/68 


e2-69. If the resultant force acting on the bracket is 
Fr = {—300i + 650j + 250k} N, determine the magnitude 
and coordinate direction angles of F. 


2-70. If the resultant force acting on the bracket is to be 
Fr = {800j} N, determine the magnitude and coordinate 
direction angles of F. 


2-71. 


2.6 ADDITION OF CARTESIAN VECTORS 53 


If a = 120°, B < 90°, y = 60°, and F = 400 lb, 


determine the magnitude and coordinate direction angles 


of 


*2-72. 


FR 


the resultant force acting on the hook. 


If the resultant force acting on the hook is 
{—200i + 800j + 150k} lb, determine the magnitude 


and coordinate direction angles of F. 


Probs. 2-71/72 


e2-73. The shaft S exerts three force components on the 
die D. Find the magnitude and coordinate direction angles 
of the resultant force. Force F, acts within the octant shown. 


Probs. 2-69/70 


Prob. 2-73 
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2-74. The mast is subjected to the three forces shown. 
Determine the coordinate direction angles a, By, y, of 
F, so that the resultant force acting on the mast is 


Fr = {350i} N. 


2-75. The mast is subjected to the three forces shown. 
Determine the coordinate direction angles aj, Bi, y; of 
F, so that the resultant force acting on the mast is zero. 


Probs. 2—74/75 


*2-76. Determine the magnitude and _ coordinate 
direction angles of F) so that the resultant of the two forces 
acts along the positive x axis and has a magnitude of 500 N. 


e2-77. Determine the magnitude and coordinate direction 
angles of F, so that the resultant of the two forces is zero. 


F, = 180N 


Probs. 2—76/77 


2-78. Ifthe resultant force acting on the bracket is directed 
along the positive y axis, determine the magnitude of the 
resultant force and the coordinate direction angles of F so 
that B < 90°. 


F, = 600N 
Prob. 2-78 
2-79. Specify the magnitude of F3 and its coordinate 


direction angles a3, B3,y3 so that the resultant force 
Fz = {9j} KN. 


Prob. 2-79 
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*2-80. If F, =9kN,@ = 30°, and ¢ = 45°, determine the 2-83. Three forces act on the ring. If the resultant force Fp 
magnitude and coordinate direction angles of the resultant has a magnitude and direction as shown, determine the 
force acting on the ball-and-socket joint. magnitude and the coordinate direction angles of force F3. 


*2-84. Determine the coordinate direction angles of F, 


1 F, = 8kN and Fr. 
z 
F; 
Fp =120N 
= F, = 110N 
F, = 80N@_5 45° 
7 y 
y 3/%4 
30° 
Prob. 2-80 

e2-81. The pole is subjected to the force F, which has x 
components acting along the x, y, z axes as shown. If the 
magnitude of F is 3 kN, 8 = 30°, and y = 75°, determine Pro es 
the magnitudes of its three components. 
2-82. The pole is subjected to the force F which has e2-85. Two forces F, and F, act on the bolt. If the resultant 
components F, = 1.5kN and F, = 1.25kN. If B = 75°, force Fr has a magnitude of 50 lb and coordinate direction 
determine the magnitudes of F and F,. angles a = 110° and B = 80°, as shown, determine the 


magnitude of F, and its coordinate direction angles. 


Probs. 2-81/82 Prob. 2-85 


56 CHAPTER 2. FORCE VECTORS 


B 
o|~2m 7 
‘a 4m 
x 
4m A | 
ye 
Im 6m 
| 
aa 
Fig. 2-34 


2.7 Position Vectors 


In this section we will introduce the concept of a position vector. It will be 
shown that this vector is of importance in formulating a Cartesian force 
vector directed between two points in space. 


x, y, Z Coordinates. Throughout the book we will use a right- 
handed coordinate system to reference the location of points in space. We 
will also use the convention followed in many technical books, which 
requires the positive z axis to be directed upward (the zenith direction) so 
that it measures the height of an object or the altitude of a point. The x, y 
axes then lie in the horizontal plane, Fig. 2-34. Points in space are located 
relative to the origin of coordinates, O, by successive measurements along 
the x, y, z axes. For example, the coordinates of point A are obtained by 
starting at O and measuring x, = +4 m along the x axis, then y, = +2 m 
along the y axis, and finally z,4 =—6 m along the z axis. Thus, A(4 m, 2 m, 
—6 m). In a similar manner, measurements along the x, y, z axes from O 
to B yield the coordinates of B,i.e., B(6 m,—1 m, 4m). 


Position Vector. A position vector r is defined as a fixed vector 
which locates a point in space relative to another point. For example, if r 
extends from the origin of coordinates, O, to point P(x, y, z), Fig. 2-35a, 
then r can be expressed in Cartesian vector form as 


r= xi+ yj + zk 


Note how the head-to-tail vector addition of the three components 
yields vector r, Fig. 2-355. Starting at the origin O, one “travels” x in the 
+i direction, then y in the +j direction, and finally z in the +k direction to 
arrive at point P(x, y, z). 


P(x, y, Z) 


(b) 


In the more general case, the position vector may be directed from 
point A to point B in space, Fig. 2-36a. This vector is also designated by 
the symbol r. As a matter of convention, we will sometimes refer to this 
vector with two subscripts to indicate from and to the point where it is 
directed. Thus, r can also be designated as r,,. Also, note that r, and rg in 
Fig. 2-36a are referenced with only one subscript since they extend from 
the origin of coordinates. 

From Fig. 2-36a, by the head-to-tail vector addition, using the triangle 
rule, we require 


rg tr=rp 
Solving for r and expressing r, and rg in Cartesian vector form yields 
r=fg—¥4 = (xpi + yj + zak) — (Xai + yaj + Zak) 


or 


Thus, the i, j, k components of the position vector r may be formed by 
taking the coordinates of the tail of the vector A(x,, ya, Za) and 
subtracting them from the corresponding coordinates of the head 
B(x, yp, Zp). We can also form these components directly, Fig. 2-36b, by 
starting at A and moving through a distance of (xg — x4) along the 
positive x axis (+i), then (yg — y,) along the positive y axis (+j), and 
finally (zg — z,4) along the positive z axis (+k) to get to B. 


If an x, y, z coordinate system is established, then the coordinates 
of points A and B can be determinded. From this the position 
vector r acting along the cable can be formulated. Its magnitude 
represents the length of the cable, and its unit vector, u = r/r, 
gives the direction defined by a, B, y. 


A(Xa, Yas Za) 
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| zo 


B(Xz, Ys Z8) 


(a) 


Fig. 2-36 
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EXAMPLE | 2.12 


An elastic rubber band is attached to points A and B as shown in 
Fig. 2-37a. Determine its length and its direction measured from A 
toward B. 


SOLUTION 


We first establish a position vector from A to B, Fig. 2-37b. In 
accordance with Eq. 2-11, the coordinates of the tail A(1 m, 0,-3 m) are 
subtracted from the coordinates of the head B(-2 m, 2 m,3 m), which 
yields 


r=[-2m-—1mji+ [2m — 0]j + [3m —- (-3m)|k 
= {-3i + 2j + 6k} m 


These components of r can also be determined directly by realizing 
that they represent the direction and distance one must travel along 
each axis in order to move from A to B,i.e., along the x axis {—3i} m, 
along the y axis {2j} m, and finally along the z axis {6k} m. 

The length of the rubber band is therefore 


r= V(-3m) + (2m) + (6m)? =7m 


Formulating a unit vector in the direction of r, we have 


ee 372 Oo) 
: ee nae | 


The components of this unit vector give the coordinate direction 
angles 


NOTE: These angles are measured from the positive axes of a localized 
coordinate system placed at the tail of r, as shown in Fig. 2-37c. 
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2.8 Force Vector Directed Along a Line 


Quite often in three-dimensional statics problems, the direction of a force 
is specified by two points through which its line of action passes. Such a 
situation is shown in Fig. 2-38, where the force F is directed along the cord 
AB.We can formulate F as a Cartesian vector by realizing that it has the 
same direction and sense as the position vector r directed from point A to 
point B on the cord. This common direction is specified by the unit vector 
u = r/r. Hence, 


F=-Fu-Flt)=F (xg — Xa)i+ (ya — yaj + (a — Za)k 
" (;) Cr = Kay + = yay eee ~) 


Although we have represented F symbolically in Fig. 2-38, note that it 
has units of force, unlike r, which has units of length. 


The force F acting along the chain can be represented as a Cartesian vector by establishing 
x, y, z axes and first forming a position vector r along the length of the chain. Then the 
corresponding unit vector u = r/r that defines the direction of both the chain and the force 
can be determined. Finally, the magnitude of the force is combined with its direction, 
F = Fu. 


Important Points 
e A position vector locates one point in space relative to another 


point. 
The easiest way to formulate the components of a position vector is 


to determine the distance and direction that must be traveled along 
the x, y, z directions — going from the tail to the head of the vector. 


A force F acting in the direction of a position vector r can be 
represented in Cartesian form if the unit vector u of the position 
vector is determined and it is multiplied by the magnitude of the 
force, i.e., F = Fu = F(r/r). 


Fig. 2-38 
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EXAMPLE | 2.13 


The man shown in Fig. 2-39a pulls on the cord with a force of 70 Ib. 
Represent this force acting on the support A as a Cartesian vector and 
determine its direction. 


SOLUTION 


Force F is shown in Fig. 2-39b. The direction of this vector, u, is 
determined from the position vector r, which extends from A to B. 
Rather than using the coordinates of the end points of the cord, r can 
be determined directly by noting in Fig. 2-39a that one must travel from 
A {-24k} ft, then {—8j} ft, and finally {12i} ft to get to B. Thus, 


r= {12i — 8j — 24k} ft 


The magnitude of r, which represents the /ength of cord AB, is 


r= V(12 ft) + (—8 ft)? + (—24 ft)? = 28 ft 


Forming the unit vector that defines the direction and sense of both 
r and F, we have 


Je 
p08) 28) = oe 
Since F, has a magnitude of 70 lb and a direction specified by u, then 


u= 


y |A 


B 12, 8, 24 
pom F = Fu = 7000( 325 al A) 
Qa 


= {30i — 20j — 60k} Ib Ans. 


fi 


The coordinate direction angles are measured between r (or F) and 
the positive axes of a localized coordinate system with origin placed at 
A, Fig. 2-39b. From the components of the unit vector: 


12 
Fell = ° 
cos ( =) 64.6 


8 
= 107° 
p ~ oo'( =) 


Sal 
y= cos( =) = 149° 


NOTE: ‘These results make sense when compared with the angles 
identified in Fig. 2-39b. 


2.8 Force VECTOR DIRECTED ALONG A LINE 61 


EXAMPLE | 2.14 


The force in Fig. 2-40a acts on the hook. Express it as a Cartesian vector. 


B(-2 m, 3.464 m, 3 m) 


(3)(5m) — A(2m,0,2m) 


(4)(5 m) 


SOLUTION 
As shown in Fig. 2-405, the coordinates for points A and B are 


A(2 m, 0,2 m) 


Je eae ome ak eos 
a|-(2)s sin30 m.(2)s cos 30 m.(2)5m| 


B(—2 m, 3.464 m, 3 m) 


and 


Therefore, to go from A to B, one must travel {4i} m, then {3.464 j} m, 
and finally {1 k} m. Thus, 


(<2) {—4i + 3.464j + 1k} m 
* Mee) V(-4m)? + (3.464 m)? + (1m)? 


TB 
= —0.7428i + 0.6433j + 0.1857k 
Force Fz expressed as a Cartesian vector becomes 
Fz = Fgug = (750 N)(—0.74281i + 0.6433j + 0.1857k) 


= {—557i + 482j + 139k} N Ans. 
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EXAMPLE | 2.15 


The roof is supported by cables as shown in the photo. If the cables 
exert forces F4g = 100N and Fyc = 120N on the wall hook at A as 
shown in Fig. 2—40a, determine the resultant force acting at A. Express 
the result as a Cartesian vector. 


SOLUTION 


The resultant force Fp is shown graphically in Fig. 2-41b. We can express 
this force as a Cartesian vector by first formulating F,, and Fyc as 
Cartesian vectors and then adding their components. The directions of 
F,, and Fy are specified by forming unit vectors uy, and uyc along 
the cables. These unit vectors are obtained from the associated position 
vectors rz and ryc. With reference to Fig.2—41a, to go from A to B, we 
must travel {—4k} m and, then {—4i} m . Thus, 


rag = {4i — 4k} m 


rap = V(4m) + (—-4m/y = 5.66 m 


Cr 
5.66 5.66 


Yas 
Fug = Fas (£42) 
TAB 


F 4g = {70.7i — 70.7k} N 


To go from A to C, we must travel {—4k} m , then {2j} m, and finally 
{4j}. Thus, 


LAG = {4i =F 2j me 4k} m 


rac = V(4my + (2m) + (-4m)? = 6m 
Tc 4, 2, 4 ) 
bn — — ]}] = (120N)(—i+ —j -— —-k 
‘AC ac (45) (120 (4 S16 
= {80i + 40j — 80k} N 
The resultant force is therefore 
Fe = Fag + Fac = {70.7i — 70.7k} N + {80i + 40j — 80k} N 


= {151i + 40j — 151k} N Ans. 
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ae FUNDAMENTAL PROBLEMS 


F2-19. Express the position vector r,, in Cartesian vector F2-22. Express the force as a Cartesian vector. 
form, then determine its magnitude and coordinate 
direction angles. 
B 
ae my 
F2-19 
F2-20. Determine the length of the rod and the position F2-23. Determine the magnitude of the resultant force 
vector directed from A to B. What is the angle 0? at A. 


F2-20 F2-23 


3m 


al 
ae 
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[PROBLEMS 


2-86. Determine the position vector r directed from point 
A to point B and the length of cord AB. Take z = 4m. 


coordinate position +z of point B 


Probs. 2-86/87 


*2-88. Determine the distance between the end points A 
and B on the wire by first formulating a position vector 


from A to B and then determining its magnitude. 


Prob. 2-88 


2-87. If the cord AB is 7.5 m long, determine the 


e2-89. Determine the magnitude and _ coordinate 
direction angles of the resultant force acting at A. 


Fo = 750 Ib 


Prob. 2-89 


2-90. Determine the magnitude and coordinate direction 
angles of the resultant force. 


2m 


600 N 500 N ih 


8m 2 G 


Prob. 2-90 
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2-91. Determine the magnitude and coordinate direction e2-93. The chandelier is supported by three chains which 

angles of the resultant force acting at A. are concurrent at point O. If the force in each chain has a 
magnitude of 60 lb, express each force as a Cartesian vector 
and determine the magnitude and coordinate direction 
angles of the resultant force. 


2-94. The chandelier is supported by three chains which 
are concurrent at point O. If the resultant force at O has a 
magnitude of 130 Ib and is directed along the negative z axis, 
determine the force in each chain. 


y 
Prob. 2-91 
Probs. 2-93/94 
*2-92. Determine the magnitude and coordinate direction 2-95. Express force F as a Cartesian vector; then 
angles of the resultant force. determine its coordinate direction angles. 
Zz Zz 
F=1351by4 
10 ft 
102 
30° 
y 
5 ft, 
ZO 
Be _7 ft 
x 


Prob. 2-92 Prob. 2-95 
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*2-96. The tower is held in place by three cables. If the 
force of each cable acting on the tower is shown, determine 
the magnitude and coordinate direction angles a, B, y of 
the resultant force. Take x = 20m, y = 15m. 


Prob. 2-96 


e2-97. The door is held opened by means of two chains. If 
the tension in AB and CD is F, = 300 N and Fe = 250N, 
respectively, express each of these forces in Cartesian 
vector form. 


Prob. 2-97 


2-98. The guy wires are used to support the telephone 
pole. Represent the force in each wire in Cartesian vector 
form. Neglect the diameter of the pole. 


Prob. 2-98 


2-99. Two cables are used to secure the overhang boom in 
position and support the 1500-N load. If the resultant force 
is directed along the boom from point A towards O, 
determine the magnitudes of the resultant force and forces 
F; and Fc. Set x = 3mand z = 2m. 


*2-100. Two cables are used to secure the overhang boom 
in position and support the 1500-N load. If the resultant 
force is directed along the boom from point A towards O, 
determine the values of x and z for the coordinates of point 
C and the magnitude of the resultant force. Set 
Fs = 1610 N and Fc = 2400N. 


Probs. 2-99/100 


e2-101. The cable AO exerts a force on the top of the pole 
of F = {—120i — 90j — 80k} lb. If the cable has a length of 
34 ft, determine the height z of the pole and the location 
(x, y) of its base. 


Prob. 2-101 


2-102. Ifthe force in each chain has a magnitude of 450 lb, 
determine the magnitude and coordinate direction angles 
of the resultant force. 


2-103. If the resultant of the three forces is 
Fr = {—900k} lb, determine the magnitude of the force in 
each chain. 


Probs. 2-102/103 
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*2-104. The antenna tower is supported by three cables. If 
the forces of these cables acting on the antenna are 
Fp, = 520N, Fc = 680N, and Fp = 560 N, determine the 
magnitude and coordinate direction angles of the resultant 
force acting at A. 


Prob. 2-104 


e2-105. If the force in each cable tied to the bin is 70 Ib, 
determine the magnitude and coordinate direction angles 
of the resultant force. 


2-106. If the resultant of the four forces is 
Fr = {—360k} lb, determine the tension developed in each 
cable. Due to symmetry, the tension in the four cables is the 
same. 


Probs. 2-105/106 
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2-107. The pipe is supported at its end by a cord AB. If the e2-109. The cylindrical plate is subjected to the three cable 

cord exerts a force of F = 12 lb on the pipe at A, express forces which are concurrent at point D. Express each force 

this force as a Cartesian vector. which the cables exert on the plate as a Cartesian vector, 
and determine the magnitude and coordinate direction 
angles of the resultant force. 


Prob. 2-107 


Prob. 2-109 
*2-108. The load at A creates a force of 200 N in wire AB. 2-110. The cable attached to the shear-leg derrick exerts a 
Express this force as a Cartesian vector, acting on A and force on the derrick of F = 350 lb. Express this force as a 
directed towards B. Cartesian vector. 


F = 350 lb 


Prob. 2-108 Prob. 2-110 


2.9 Dot Product 


Occasionally in statics one has to find the angle between two lines or the 
components of a force parallel and perpendicular to a line. In two dimensions, 
these problems can readily be solved by trigonometry since the geometry is 
easy to visualize. In three dimensions, however, this is often difficult, and 
consequently vector methods should be employed for the solution. The dot 
product, which defines a particular method for “multiplying” two vectors, 
will be is used to solve the above-mentioned problems. 

The dot product of vectors A and B, written A - B, and read “A dot B” 
is defined as the product of the magnitudes of A and B and the cosine of 
the angle 6 between their tails, Fig. 2-41. Expressed in equation form, 


A:B = ABcos 6 (2-12) 


where 0° = 6 = 180°. The dot product is often referred to as the scalar 
product of vectors since the result is a scalar and not a vector. 


Laws of Operation. 

1. Commutative law: A-B = B-A 

2. Multiplication by a scalar: a(A-B) = (aA)-B = A; (aB) 
3. Distributive law: A-(B + D) = (A-B) + (A:D) 


It is easy to prove the first and second laws by using Eq. 2—12. The proof of 
the distributive law is left as an exercise (see Prob. 2—111). 


Cartesian Vector Formulation. Equation 2-12 must be used to 
find the dot product for any two Cartesian unit vectors. For example, 
i-i = (1)(1) cos 0° = 1 andi-j = (1)(1) cos 90° = 0. If we want to find 
the dot product of two general vectors A and B that are expressed in 
Cartesian vector form, then we have 


A-B = (A,i + A,j + Ak): (Bi + Byj + BK) 
= A,B,(i-i) + A,By(i-j) + A,B-i-k) 
+ AyB(jri) + (AyByG-j) + AyBG*k) 


+ A,B,(k:i) + A,By(k-j) + A,B(k-k) 


x 


Carrying out the dot-product operations, the final result becomes 


A-B = A,B, + AyBy + A,B, (2-13) 


Thus, to determine the dot product of two Cartesian vectors, multiply their 
corresponding x, y, Z components and sum these products algebraically. 
Note that the result will be either a positive or negative scalar. 


2.9 


Dot PRODUCT 


Fig. 2-41 


69 


70 CHAPTER 2. FORCE VECTORS 


Applications. The dot product has two important applications in 
mechanics. 


e The angle formed between two vectors or intersecting lines. ‘The 
angle 6 between the tails of vectors A and B in Fig. 2-41 can be 
determined from Eq. 2-12 and written as 


A:B 
0= (A 8) 0° < 6 < 180° 
cos | AaB 
Here A-B is found from Eq. 2-13. In particular, notice that if 
A-B = 0,0 = cos !0 = 90° so that A will be perpendicular to B. 


e¢ The components of a vector parallel and perpendicular to a 
line. The component of vector A parallel to or collinear with the line 
aa' in Fig. 2-43 is defined by A, where A, = A cos 6. This component 
is sometimes referred to as the projection of A onto the line, since a 


The angle 6 between the rope and the 


connecting beam can be determined by right angle is formed in the construction. If the direction of the line is 
formulating unit vectors along the beam and specified by the unit vector u,, then since u, = 1, we can determine the 
rope and then using the dot product magnitude of A, directly from the dot product (Eq. 2-12);i.e., 


u,*u, = (1)(1) cos 6. 
A, = Acosé = A:u, 


Hence, the scalar projection of A along a line is determined from the 
dot product of A and the unit vector u, which defines the direction of 
the line. Notice that if this result is positive, then A, has a directional 
sense which is the same as u,, whereas if A, is a negative scalar, then 
A, has the opposite sense of direction to u, 

The component A, represented as a vector is therefore 


A, = Ag U, 


The component of A that is perpendicular to line aa can also be 
obtained, Fig. 2-43. Since A= A, + A,, then A, = A-—A,. 
There are two possible ways of obtaining A ,. One way would be to 
determine 6 from the dot product, 6 = cos ‘(A-u,/A), then 
A, = Asin @. Alternatively, if A, is known, then by Pythagorean’s 
theorem we can also write A, = V A? — A,”. 


Ay 


The projection of the cable force F along the a 
beam can be determined by first finding the 
unit vector u, that defines this direction. Then 
apply the dot product, F, = F- uy. Fig. 2-43 


A, = A cos 6 uy i 
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Important Points 


The dot product is used to determine the angle between two 
vectors or the projection of a vector in a specified direction. 


If vectors A and B are expressed in Cartesian vector form, the 
dot product is determined by multiplying the respective x, y, z 
scalar components and algebraically adding the results, Le., 
ASB Ab, Ale, tee 


From the definition of the dot product, the angle formed between 
the tails of vectors A and B is 6 = cos '(A-B/AB). 


The magnitude of the projection of vector A along a line aa 
whose direction is specified by u, is determined from the dot 
product A, = A-u,. 


Determine the magnitudes of the projection of the force F in Fig. 2—44 
onto the wu and v axes. 


(ED pro) 


Fig. 2-44 
SOLUTION 
Projections of Force. The graphical representation of the projections 
is shown in Fig. 2-44. From this figure, the magnitudes of the projections 
of F onto the u and v axes can be obtained by trigonometry: 


(F,,)proj = (100 N)cos 45° = 70.7 N Ans. 
(Foro — (LUO Njcos 15" = 96.6 N Ans. 
NOTE: These projections are not equal to the magnitudes of the 
components of force F along the wu and v axes found from the 


parallelogram law. They will only be equal if the u and v axes are 
perpendicular to one another. 
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EXAMPLE 


The frame shown in Fig. 2—45a is subjected to a horizontal force 
F = {300j}. Determine the magnitude of the components of this 
force parallel and perpendicular to member AB. 


B F=(300j)N 


= 


3m A 
7 | 


(b) 


SOLUTION 


The magnitude of the component of F along AB is equal to the dot 
product of F and the unit vector ug, which defines the direction of AB, 
Fig. 2-44b. Since 


tpi + 6j + 3k 
ra V2)" + (6) + GY 


ug = = 0.2861 + 0.857j + 0.429k 


then 
Faz = F cos0 = F-ug = (300j) : (0.2861 + 0.857j + 0.429k) 
= (0)(0.286) + (300)(0.857) + (0)(0.429) 
= 271 IN| Ans. 


Since the result is a positive scalar, F, has the same sense of direction 
as Up, Fig. 2-45b. 
Expressing F4, in Cartesian vector form, we have 


Fug = Fagug = (257.1 N)(0.286i + 0.857) + 0.429k) 
= {73.5i + 220j + 110k}N 
The perpendicular component, Fig. 2-455, is therefore 
F, = F — Fag = 300j — (73.5i + 220j + 110k) 
= {—73.5i + 80j — 110k} N 
Its magnitude can be determined either from this vector or by using 
the Pythagorean theorem, Fig. 2-45b: 
F, = VF? - F4y = V(300N)? — (257.1 N)* 
= 155N 
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EXAMPLE | 2.18 


The pipe in Fig. 2—46a is subjected to the force of F = 80 lb. Determine 
the angle 0 between F and the pipe segment BA and the projection of 
F along this segment. 


uy 
(a) 

SOLUTION 
Angle 6. First we will establish position vectors from B to A and B 
to C; Fig. 2-46b. Then we will determine the angle 6 between the tails Zz 
of these two vectors. 

rea = {21 a 2j at 1k} ft, LEN = 3 ft 

L326 = {-3j a 1k} ft, (ee = NY 10ft 
Thus, 

. (Or (2) (3) yd 
pay ote DO) Nea OC) a 
Tpal pc 3V/10 
6 = 42.5° Ans. (b) 


Components of F. The component of F along BA is shown in 
Fig. 246b. We must first formulate the unit vector along BA and force 
F as Cartesian vectors. 


ty (eal iia) ee 
= Esa ae 
mea 5 a gl 3 
—3j + 1k 
F = 80 wo( 2°) = s0( u ) = —75,89j + 25.30k 
BC V'10 
Thus, 
; 2 3. 1 
Fea = F: ug, = (—75.89j at 250k): (= 34 = 34 “+ sk) 
2 2 1 
= (-2) = (-75.89)(- 2) + (25.30) (3) : 
= 59.0 Ib Ans. Fig. 2-46 


NOTE: Since 6 is known, then also, Fz, = F cos 0 = 80 Ib cos 42.5° = 59.0 Ib. 
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hei FUNDAMENTAL PROBLEMS 


F2-25. Determine the angle 6 between the force and F2-29. Find the magnitude of the projected component of 


=. the line AO. the force along the pipe. 
z 


F= {-61+9j+3k}kN 


F2-25 


F2-26. Determine the angle 6 between the force and the 
line AB. 


F2-29 


F2-30. Determine the components of the force acting 
parallel and perpendicular to the axis of the pole. 


F2-26 


F2-27. Determine the angle @ between the force and 
the line OA. 


F2-28. Determine the component of projection of the 
force along the line OA. 


F=650N 
8 13 


F2-30 


F2-27/28 
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ETPROBLEMS 


2-111. Given the three vectors A, B, and D, show that 2-114. Determine the length of side BC of the triangular 
A:(B + D) = (AB) + (AD). plate. Solve the problem by finding the magnitude of rgc; 
then check the result by first finding 0, r4g, and rac and 
then using the cosine law. 


*2-112. Determine the projected component of the force 
F 4p = 560 N acting along cable AC. Express the result as a 
Cartesian vector. 


x 
Prob. 2-114 
Prob. 2-112 
e2-113. Determine the magnitudes of the components of 2-115. Determine the magnitudes of the components of 
force F = 56 N acting along and perpendicular to line AO. F = 600 N acting along and perpendicular to segment DE 


of the pipe assembly. 


Prob. 2-115 
Prob. 2-113 
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*2-116. Two forces act on the hook. Determine the angle 2-119. The clamp is used on a jig. If the vertical force 
@ between them. Also, what are the projections of F; and F, acting on the bolt is F = {—500k}N, determine the 
along the y axis? magnitudes of its components F and F, which act along the 


. OA axis and perpendicular to it. 
e2-117. Two forces act on the hook. Determine the 


magnitude of the projection of F) along F). 


Zz A 
z 
40 mm 
O, | y 
F, = 600N [20 mm 
P 40 mm | a 
F = {500k} N 
Prob. 2-119 
y 
* F, = {120i + 90j — 80k]N 
Probs. 2-116/117 
*2-120. Determine the magnitude of the projected 
component of force F4z acting along the z axis. 
2-118. Determine the projection of force F = 80 N along e2-121. Determine the magnitude of the projected 
line BC. Express the result as a Cartesian vector. component of force F 4c acting along the z axis. 


36 ft 


Al 
Fc = 600 Ib /\ 


raeeeE 


Prob. 2-118 Probs. 2-120/121 


2-122. Determine the projection of force F = 400N 
acting along line AC of the pipe assembly. Express the result 
as a Cartesian vector. 


2-123. Determine the magnitudes of the components of 
force F = 400 N acting parallel and perpendicular to 
segment BC of the pipe assembly. 


F=400N 


Probs. 2—122/123 


*2-124. Cable OA is used to support column OB. 
Determine the angle @ it makes with beam OC. 


e2-125. Cable OA is used to support column OB. 
Determine the angle @ it makes with beam OD. 


Probs. 2-124/125 


2.9 Dot PRoDucT Td 


2-126. The cables each exert a force of 400 N on the post. 
Determine the magnitude of the projected component of F, 
along the line of action of F). 


2-127. Determine the angle 6 between the two cables 
attached to the post. 


F, = 400N 


Probs. 2-126/127 


*2-128. A force of F = 80N is applied to the handle of 
the wrench. Determine the angle 0 between the tail of the 
force and the handle AB. 


Prob. 2-128 


78 CHAPTER 2. FORCE VECTORS 


e2-129. Determine the angle 0 between cables AB and AC. *2-132. Determine the magnitude of the projected 
. ; component of the force F = 300 N acting along line OA. 
2-130. If F has a magnitude of 55 lb, determine the 


magnitude of its projected components acting along the x 
axis and along cable AC. 


ft 


—— 


: Prob. 2-132 
Probs. 2-129/130 
2-131. Determine the magnitudes of the projected e2-133. Two cables exert forces on the pipe. Determine 
components of the force F = 300 N acting along the x and the magnitude of the projected component of F, along the 


y axes. line of action of F). 


2-134. Determine the angle @ between the two cables 
attached to the pipe. 


F, = 301b 


Prob. 2-131 Probs. 2-133/134 


CHAPTER REVIEW 


A scalar is a positive or negative 
number; e.g., mass and temperature. 


A vector has a magnitude and direction, 
where the arrowhead represents the 
sense of the vector. 


Multiplication or division of a vector by 
a scalar will change only the magnitude 
of the vector. If the scalar is negative, 
the sense of the vector will change so 
that it acts in the opposite sense. 


If vectors are collinear, the resultant 
is simply the algebraic or scalar 
addition. 


Parallelogram Law 


Two forces add according to the 
parallelogram law. The components 
form the sides of the parallelogram and 
the resultant is the diagonal. 


To find the components of a force along 
any two axes, extend lines from the head 
of the force, parallel to the axes, to form 
the components. 


To obtain the components or the 
resultant, show how the forces add by 
tip-to-tail using the triangle rule, and 
then use the law of cosines and the law 
of sines to calculate their values. 


CHAPTER REVIEW 


Resultant 


Components 


Fr= VFi2 + Fo? — 2 FiF) 008 Op 


F, F, Fr 


sin@,; sin@, sin@p 
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Rectangular Components: Two Dimensions 


Vectors F, and Fy, are rectangular components 
of F. 


The resultant force is determined from the 
algebraic sum of its components. 


FR, = =F, 


LF, 


Fr h 


y 
ath (Fry) oF (Fry) 


Fry 
Fry 


= tan! 


Cartesian Vectors 


The unit vector u has a length of one, no units, 
and it points in the direction of the vector F. 


A force can be resolved into its Cartesian 
components along the x, y, z axes so that 
1) = JAS se Jet) ae 1 


The magnitude of F is determined from the 


positive square root of the sum of the squares of F=VF. + Te Pe 
its components. : 


The coordinate direction angles a,B,y are 
determined by formulating a unit vector in the 
direction of F. The x, y, z components of u 
represent cos a, cos B, cos y. 


The coordinate direction angles are 
related so that only two of the three 
angles are independent of one another. 


To find the resultant of a concurrent force 
system, express each force as a Cartesian 
vector and add the i, j, k components of 
all the forces in the system. 


Position and Force Vectors 


A position vector locates one point in 
space relative to another. The easiest way 
to formulate the components of a position 
vector is to determine the distance and 
direction that one must travel along the x, 
y, and z directions—going from the tail to 
the head of the vector. 


If the line of action of a force passes 
through points A and B, then the force 
acts in the same direction as the position 
vector r, which is defined by the unit 
vector u. The force can then be 
expressed as a Cartesian vector. 


Dot Product 


The dot product between two vectors A 
and B yields a scalar. If A and B are 
expressed in Cartesian vector form, then 
the dot product is the sum of the 
products of their x, y, and z components 


The dot product can be used to 
determine the angle between A and B. 


The dot product is also used to 
determine the projected component of a 
vector A onto an axis aa defined by its 
unit vector u,. 
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cos? a + cos’ B + cos*y = 1 


SF, 


j+ Ek 
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r= (Xp — Xy)i 


+ (yp — ya)j 


ar (Gap = Bs 


A-B= ABcos@ 
= Al, Je. 


A, = Acos @u, = (A: u,)U, A, =Acos 6 


lean, — 
Ug 
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Pe REVIEW PROBLEMS 


2-135. Determine the x and y components of the 700-lb 2-138. Determine the magnitude and direction of the 
force. resultant Fp = F, + F, + F, of the three forces by first 
finding the resultant F’ = F, + F; and then forming 
Fp = F’ + F,. Specify its direction measured counter- 
clockwise from the positive x axis. 


700 Ib 


y 


Fy=75N 


Prob. 2-135 


*2-136. Determine the magnitude of the projected Prob. 2-138 

component of the 100-lb force acting along the axis BC of 

the pipe. 2-139. Determine the design angle @ (6 < 90°) between 
: . the two struts so that the 500-lb horizontal force has a 

°2-137. Determine the angle @ between pipe segments component of 600 lb directed from A toward C. What is the 


BA and BC. component of force acting along member BA? 


c F = 1001b y 


Probs. 2-136/137 Prob. 2-139 


*2-140. Determine the magnitude and direction of the 
smallest force F3 so that the resultant force of all three 
forces has a magnitude of 20 lb. 


F,=5lb 


Prob. 2-140 


e2-141. Resolve the 250-N force into components acting 
along the wu and v axes and determine the magnitudes of 
these components. 


Prob. 2-141 
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2-142. Cable AB exerts a force of 80 N on the end of the 
3-m-long boom OA. Determine the magnitude of the 
projection of this force along the boom. 


B 


4m 
O 


me 80 N 
s 3m 
A 


Prob. 2-142 


2-143. The three supporting cables exert the forces shown 
on the sign. Represent each force as a Cartesian vector. 


Prob. 2-143 


Whenever cables are used for hoisting loads, they must be selected so that they do 
not fail when they are placed at their points of attachment. In this chapter, we will 
show how to calculate cable loadings for such cases. 


Bi 


Equilibrium of a 
Particle 


CHAPTER OBJECTIVES 


© To introduce the concept of the free-body diagram for a particle. 


© To show how to solve particle equilibrium problems using the 
equations of equilibrium. 


3.1. Condition for the Equilibrium 
of a Particle 


A particle is said to be in equilibrium if it remains at rest if originally at rest, 
or has a constant velocity if originally in motion. Most often, however, the 
term “equilibrium” or, more specifically, “static equilibrium” is used to 
describe an object at rest. To maintain equilibrium, it is necessary to satisfy 
Newton’s first law of motion, which requires the resultant force acting on a 
particle to be equal to zero. This condition may be stated mathematically as 


SF =0 (341) 


where =F is the vector sum of all the forces acting on the particle. 

Not only is Eq. 3-1 a necessary condition for equilibrium, it is also a 
sufficient condition. This follows from Newton’s second law of motion, 
which can be written as 2F = ma. Since the force system satisfies Eq. 3-1, 
then ma=0, and therefore the particle’s acceleration a= 0. 
Consequently, the particle indeed moves with constant velocity or 
remains at rest. 
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3.2 The Free-Body Diagram 


To apply the equation of equilibrium, we must account for al/ the known 
and unknown forces (2F) which act on the particle. The best way to do 
this is to think of the particle as isolated and “free” from its surroundings. 
A drawing that shows the particle with all the forces that act on it is called 
a free-body diagram (FBD). 

Before presenting a formal procedure as to how to draw a free-body 
diagram, we will first consider two types of connections often 
encountered in particle equilibrium problems. 


Springs. Ifa linearly elastic spring (or cord) of undeformed length J, 
is used to support a particle, the length of the spring will change in direct 
proportion to the force F acting on it, Fig. 3-1. A characteristic that 
defines the “elasticity” of a spring is the spring constant or stiffness k. 

The magnitude of force exerted on a linearly elastic spring which has a 
stiffness k and is deformed (elongated or compressed) a distance 
s = 1 — [,,measured from its unloaded position, is 


If s is positive, causing an elongation, then F must pull on the spring; 
whereas if s is negative, causing a shortening, then F must push on it. For 


F example, if the spring in Fig. 3-1 has an unstretched length of 0.8 m anda 
. stiffness k = 500 N/m and it is stretched to a length of 1 m, so 
Fig. 3-1 that s=/—1,=1m —08m=02m, then a force F=ks= 


500 N/m(0.2 m) = 100 N is needed. 


Cables and Pulleys. Unless otherwise stated, throughout this 
book, except in Sec. 7.4, all cables (or cords) will be assumed to have 
negligible weight and they cannot stretch. Also, a cable can support only 
a tension or “pulling” force, and this force always acts in the direction of 
the cable. In Chapter 5, it will be shown that the tension force developed 
in a continuous cable which passes over a frictionless pulley must have a 
constant magnitude to keep the cable in equilibrium. Hence, for any 
angle 6, shown in Fig. 3-2, the cable is subjected to a constant tension T 
throughout its length. 


T 
Cable is in tension 


Fig. 3-2 


Procedure for Drawing a Free-Body Diagram 


Since we must account for all the forces acting on the particle when 
applying the equations of equilibrium, the importance of first drawing 
a free-body diagram cannot be overemphasized. To construct a free- 
body diagram, the following three steps are necessary. 


Draw Outlined Shape. 


Imagine the particle to be isolated or cut “free” from its surroundings 
by drawing its outlined shape. 


Show All Forces. 


Indicate on this sketch all the forces that act on the particle. These 
forces can be active forces, which tend to set the particle in motion, 
or they can be reactive forces which are the result of the constraints 
or supports that tend to prevent motion. To account for all these 
forces, it may be helpful to trace around the particle’s boundary, 
carefully noting each force acting on it. 


Identify Each Force. 


The forces that are known should be labeled with their proper 
magnitudes and directions. Letters are used to represent the 
magnitudes and directions of forces that are unknown. 


Tz Te 
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The bucket is held in equilibrium by 
the cable, and instinctively we know 
that the force in the cable must equal 
the weight of the bucket. By drawing 
a free-body diagram of the bucket we 
can understand why this is so. This 
diagram shows that there are only 
two forces acting on the bucket, 
namely, its weight W and the force T 
of the cable. For equilibrium, the 
resultant of these forces must be 
equal to zero, and so T = W. 


The spool has a weight W and is suspended from 
the crane boom. If we wish to obtain the forces in 
cables AB and AC, then we should consider the 
free-body diagram of the ring at A. Here the cables 
AD exert a resultant force of W on the ring and 
the condition of equilibrium is used to obtain Tz 
and Tc. 
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EXAMPLE |3.1 


Fc, (Force of cord CE acting on sphere) 


58.9 N (Weight or gravity acting on sphere) 
(b) 


Frc (Force of knot acting on cord CE) 


Fc, (Force of sphere acting on cord CE) 


(c) 


The sphere in Fig. 3-3a has a mass of 6 kg and is supported as shown. 
Draw a free-body diagram of the sphere, the cord CE, and the knot at C. 


SOLUTION 


Sphere. By inspection, there are only two forces acting on the 
sphere, namely, its weight, 6 kg (9.81 m/s”) = 58.9 N, and the force of 
cord CE. The free-body diagram is shown in Fig. 3—3b. 


Cord CE. When the cord CE is isolated from its surroundings, its 
free-body diagram shows only two forces acting on it, namely, the 


force of the sphere and the force of the knot, Fig. 3-3c. Notice that 
Fc, shown here is equal but opposite to that shown in Fig. 3-3b, a 
consequence of Newton’s third law of action-reaction. Also, Fc; and 
Fc pull on the cord and keep it in tension so that it doesn’t collapse. 
For equilibrium, Fog = F gc. 


Knot. The knot at C is subjected to three forces, Fig. 3-3d. They are 
caused by the cords CBA and CE and the spring CD. As required, 
the free-body diagram shows all these forces labeled with their 
magnitudes and directions. It is important to recognize that the weight 
of the sphere does not directly act on the knot. Instead, the cord CE 
subjects the knot to this force. 

F cg, (Force of cord CBA acting on knot) 


Fp (Force of spring acting on knot) 


Fc, (Force of cord CE acting on knot) 
(d) 


Fig. 3-3 


3.3. COPLANAR FORCE SYSTEMS 


3.3  Coplanar Force Systems 


If a particle is subjected to a system of coplanar forces that lie in the x—y 
plane as in Fig. 3-4, then each force can be resolved into its i and j 
components. For equilibrium, these forces must sum to produce a zero 
force resultant, i.e., 


=F =0 
DFAt+ =F,j = 0 


For this vector equation to be satisfied, the force’s x and y components 
must both be equal to zero. Hence, 


(3-3) 


These two equations can be solved for at most two unknowns, generally 
represented as angles and magnitudes of forces shown on the particle’s 
free-body diagram. 

When applying each of the two equations of equilibrium, we must 
account for the sense of direction of any component by using an 
algebraic sign which corresponds to the arrowhead direction of the 
component along the x or y axis. It is important to note that if a force has 
an unknown magnitude, then the arrowhead sense of the force on the 
free-body diagram can be assumed. Then if the solution yields a negative 
scalar, this indicates that the sense of the force is opposite to that which 
was assumed. 

For example, consider the free-body diagram of the particle subjected 
to the two forces shown in Fig. 3-5. Here it is assumed that the unknown 
force F acts to the right to maintain equilibrium. Applying the equation 
of equilibrium along the x axis, we have 


4 YF. =0; +F+10N=0 


Both terms are “positive” since both forces act in the positive x direction. 
When this equation is solved, F = —10N. Here the negative sign 
indicates that F must act to the left to hold the particle in equilibrium, 
Fig. 3-5. Notice that if the +x axis in Fig. 3-5 were directed to the left, 
both terms in the above equation would be negative, but again, after 
solving, F = —10N, indicating that F would be directed to the left. 


y 
F 
F, . 
F, 7 
4 
Fig. 3-4 
F 10N 
Fig. 3-5 
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Procedure for Analysis 


Coplanar force equilibrium problems for a particle can be solved using 
the following procedure. 


Free-Body Diagram. 


e Establish the x, y axes in any suitable orientation. 


Label all the known and unknown force magnitudes and directions 
on the diagram. 


The sense of a force having an unknown magnitude can be 
assumed. 


Equations of Equilibrium. 


e Apply the equations of equilibrium, >F, = 0 and =F, = 0. 


e Components are positive if they are directed along a positive axis, 
and negative if they are directed along a negative axis. 


If more than two unknowns exist and the problem involves a spring, 
apply F = ks to relate the spring force to the deformation s of the 
spring. 


Since the magnitude of a force is always a positive quantity, then 
if the solution for a force yields a negative result, this indicates its 
sense is the reverse of that shown on the free-body diagram. 


| 
Tp 
AQ}——x — The chains exert three forces on the ring at A, 
as shown on its free-body diagram. The ring 
Tp T will not move, or will move with constant 
c 


velocity, provided the summation of these 
forces along the x and along the y axis is zero. 
If one of the three forces is known, the 
magnitudes of the other two forces can be 
obtained from the two equations of 
equilibrium. 
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EXAMPLE 


Determine the tension in cables BA and BC necessary to support the 
60-kg cylinder in Fig. 3-6a. 


Tgp = 60 (9.81) N 


60 (9.81) N 
(b) 


SOLUTION 

Free-Body Diagram. Due to equilibrium, the weight of the cylinder 
causes the tension in cable BD to be Tgp = 60(9.81) N, Fig. 3-6). The 
forces in cables BA and BC can be determined by investigating 
the equilibrium of ring B. Its free-body diagram is shown in Fig. 3-6c. The 
magnitudes of T, and T; are unknown, but their directions are known. 


Equations of Equilibrium. Applying the equations of equilibrium 
along the x and y axes, we have 


+4 SF, = 0; Tc cos 45° — (3\T, = 0 (1) 


+ TIF, =0; Tosin 45° + (3)T, — 60(9.81) N = 0 (2) 


Equation (1) can be written as T, = 0.88397. Substituting this into 
Eq. (2) yields 


Tc sin 45° + (3)(0.8839Tc) — 60(9.81) N = 0 
So that 
Tc = 475.66 N = 476N Ans. 
Substituting this result into either Eq. (1) or Eq. (2), we get 
T, = 420N Ans. 


NOTE: The accuracy of these results, of course, depends on the 
accuracy of the data, i.e., measurements of geometry and loads. For 
most engineering work involving a problem such as this, the data as 
measured to three significant figures would be sufficient. 
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EXAMPLE 


Fp = 1962 N 


EQUILIBRIUM OF A PARTICLE 


The 200-kg crate in Fig. 3-7a is suspended using the ropes AB and AC. 
Each rope can withstand a maximum force of 10 KN before it breaks. If 
AB always remains horizontal, determine the smallest angle 6 to which 
the crate can be suspended before one of the ropes breaks. 


SOLUTION 


Free-Body Diagram. We will study the equilibrium of ring A. There 
are three forces acting on it, Fig. 3-7b. The magnitude of Fp is equal to 
the weight of the crate, i.e., Fp = 200 (9.81) N = 1962 N < 10KN. 


Equations of Equilibrium. Applying the equations of equilibrium 
along the x and y axes, 

Fp 
cos 6 


+ SF, = 0; — Focos6 + Fg =0; Fo= 
+ TIF, = 0, Fcsin @ — 1962N = 0 (2) 


(1) 


From Eq. (1), Fc is always greater than Fg since cos@ <1. 
Therefore, rope AC will reach the maximum tensile force of 10 KN 
before rope AB. Substituting F¢ = 10 KN into Eq. (2), we get 


[10(10%) N] sin 6 — 1962 N = 0 
6 = sin (01962) = 131° = 113° Ans. 
The force developed in rope AB can be obtained by substituting the 
values for @ and F¢ into Eq. (1). 
Fp 
cos 11.31° 
Fz = 9.81 kN 


10(10°) N = 
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EXAMPLE |3.4 


Determine the required length of cord AC in Fig. 3-8a so that the 
8-kg lamp can be suspended in the position shown. The undeformed 
length of spring AB is /',, = 0.4m, and the spring has a stiffness of 
k ap = 300 N/m. 


2m 


kap = 300N/m 


SOLUTION 

If the force in spring AB is known, the stretch of the spring can be 
found using F = ks. From the problem geometry, it is then possible to 
calculate the required length of AC. 


Free-Body Diagram. The lamp has a weight W = 8(9.81) = 78.5N 
and so the free-body diagram of the ring at A is shown in Fig. 3-8. 


Equations of Equilibrium. Using the x, y axes, 
4 DF, = 0; T= Pap cos 30. 0 
+T=F, = 0; T 4c Sin 30° — 78.5N = 0 


Solving, we obtain 
Tac = 157.0N 


Tap = 135.9N 
The stretch of spring AB is therefore 
T ap = Kaps ap; 135.9N = 300 N/m(s,4,) 
Sap = 0.453 m 
so the stretched length is 
lap = lap t Sap 
lap = 0.4m + 0.453 m = 0.853 m 
The horizontal distance from C to B, Fig. 3-8a, requires 
2m = lyc cos 30° + 0.853 m 


lac = 1.32 m 
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fel FUNDAMENTAL PROBLEMS 


All problem solutions must include an FBD. F3-4. The block has a mass of 5 kg and rests on the smooth 


. . plane. Determine the unstretched length of the spring. 
F3-1. The crate has a weight of 550 lb. Determine the 


force in each supporting cable. 


F3-1 


F3-2. The beam has a weight of 700 lb. Determine the F3-5. If the mass of cylinder C is 40 kg, determine the 
shortest cable ABC that can be used to lift it if the mass of cylinder A in order to hold the assembly in the 
maximum force the cable can sustain is 1500 Ib. position shown. 


10 ft - 
F3-2 
F3-3. If the 5-kg block is suspended from the pulley B and F3-5 
the sag of the cord is d = 0.15 m, determine the force in cord 
ABC. Neglect the size of the pulley. F3-6. Determine the tension in cables AB, BC, and CD, 


necessary to support the 10-kg and 15-kg traffic lights at B 
and C, respectively. Also, find the angle 0. 


F3-6 
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PE TPROBLEMS 


All problem solutions must include an FBD. 


e3-1. Determine the force in each cord for equilibrium of 
the 200-kg crate. Cord BC remains horizontal due to the 
roller at C, and AB has a length of 1.5 m. Set y = 0.75 m. 


3-2. Ifthe 1.5-m-long cord AB can withstand a maximum 
force of 3500 N, determine the force in cord BC and the 
distance y so that the 200-kg crate can be supported. 


en 


Probs. 3-1/2 


3-3. Ifthe mass of the girder is 3 Mg and its center of mass 
is located at point G, determine the tension developed in 
cables AB, BC, and BD for equilibrium. 


*3-4. If cables BD and BC can withstand a maximum 
tensile force of 20 kN, determine the maximum mass of the 
girder that can be suspended from cable AB so that neither 
cable will fail. The center of mass of the girder is located at 
point G. 


Probs. 3-3/4 


e3—5. The members of a truss are connected to the gusset 
plate. If the forces are concurrent at point O, determine the 
magnitudes of F and T for equilibrium. Take 0 = 30°. 


3-6. The gusset plate is subjected to the forces of four 
members. Determine the force in member B and its proper 
orientation 6 for equilibrium. The forces are concurrent at 
point O. Take F = 12 kN. 


8 kN 


Probs. 3-5/6 


3-7. The towing pendant AB is subjected to the force of 
50 KN exerted by a tugboat. Determine the force in each of 
the bridles, BC and BD, if the ship is moving forward with 
constant velocity. 


Prob. 3-7 
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*3-8. Members AC and AB support the 300-lb crate. 
Determine the tensile force developed in each member. 


e3-9. If members AC and AB can support a maximum 
tension of 300 1b and 250 lb, respectively, determine the 
largest weight of the crate that can be safely supported. 


Probs. 3-8/9 


3-10. The members of a truss are connected to the gusset 
plate. If the forces are concurrent at point O, determine the 
magnitudes of F and T for equilibrium. Take 6 = 90°. 


3-11. The gusset plate is subjected to the forces of three 
members. Determine the tension force in member C and its 
angle 6 for equilibrium. The forces are concurrent at point O. 
Take F = 8KN. 


Probs. 3-10/11 


*3-12. If block B weighs 200 lb and block C weighs 100 lb, 
determine the required weight of block D and the angle 6 
for equilibrium. 


e3-13. Ifblock D weighs 300 lb and block B weighs 275 |b, 
determine the required weight of block C and the angle 6 
for equilibrium. 


Probs. 3-12/13 


3-14. Determine the stretch in springs AC and AB for 
equilibrium of the 2-kg block. The springs are shown in 
the equilibrium position. 


3-15. The unstretched length of spring AB is 3 m. If the 
block is held in the equilibrium position shown, determine 
the mass of the block at D. 


i 3m. >< 4m . 


Probs. 3-14/15 


*3-16. Determine the tension developed in wires CA and 
CB required for equilibrium of the 10-kg cylinder. Take 
0 = 40°. 


e3-17. If cable CB is subjected to a tension that is twice 
that of cable CA, determine the angle @ for equilibrium of 
the 10-kg cylinder. Also, what are the tensions in wires CA 
and CB? 


Probs. 3-16/17 


3-18. Determine the forces in cables AC and AB needed 
to hold the 20-kg ball D in equilibrium. Take F = 300N 
andd = 1m. 


3-19. The ball D has a mass of 20 kg. Ifa force of F = 100 N 
is applied horizontally to the ring at A, determine the 
dimension d so that the force in cable AC is zero. 


Probs. 3-18/19 
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*3-20. Determine the tension developed in each wire 
used to support the 50-kg chandelier. 


e321. Ifthe tension developed in each of the four wires is 
not allowed to exceed 600 N, determine the maximum mass 
of the chandelier that can be supported. 


Prob. 3-20/21 


™3-22. A vertical force P = 10 lb is applied to the ends of 
the 2-ft cord AB and spring AC. If the spring has an 
unstretched length of 2 ft, determine the angle 6 for 
equilibrium. Take k = 15 lb/ft. 


3-23. Determine the unstretched length of spring AC if a 
force P = 80 lb causes the angle 6 = 60° for equilibrium. 
Cord AB is 2 ft long. Take k = 50 lb/ft. 


Probs. 3—22/23 
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*324. If the bucket weighs 50 lb, determine the tension 
developed in each of the wires. 


e3-25. Determine the maximum weight of the bucket that 
the wire system can support so that no single wire develops 
a tension exceeding 100 lb. 


Probs. 3—24/25 


3-26. Determine the tensions developed in wires CD, CB, 
and BA and the angle @ required for equilibrium of the 
30-lb cylinder E and the 60-lb cylinder F. 


3-27. If cylinder E weighs 30 lb and 6 = 15°, determine 
the weight of cylinder F. 


Probs. 3-26/27 


*3-28. Two spheres A and B have an equal mass and are 
electrostatically charged such that the repulsive force acting 
between them has a magnitude of 20 mN and is directed 
along line AB. Determine the angle 6, the tension in cords 
AC and BC, and the mass m of each sphere. 


Cc 
0 30° 


Prob. 3-28 


e329. The cords BCA and CD can each support a 
maximum load of 100 Ib. Determine the maximum weight 
of the crate that can be hoisted at constant velocity and the 
angle @ for equilibrium. Neglect the size of the smooth 
pulley at C. 


Prob. 3-29 


e3-30. The springs on the rope assembly are originally 
unstretched when @ = 0°. Determine the tension in each 
rope when F = 90 lb. Neglect the size of the pulleys at B 
and D. 


3-31. The springs on the rope assembly are originally 
stretched 1 ft when @ = 0°. Determine the vertical force F 
that must be applied so that 6 = 30°. 


Probs. 3-30/31 


*3-32. Determine the magnitude and direction @ of the 
equilibrium force Fz exerted along link AB by the tractive 
apparatus shown. The suspended mass is 10 kg. Neglect the 
size of the pulley at A. 


Prob. 3-32 
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e3-33. The wire forms a loop and passes over the small 
pulleys at A, B, C, and D. If its end is subjected to a force of 
P=50N, determine the force in the wire and the 
magnitude of the resultant force that the wire exerts on 
each of the pulleys. 


3-34. The wire forms a loop and passes over the small 
pulleys at A, B, C, and D. If the maximum resultant force that 
the wire can exert on each pulley is 120 N, determine the 
greatest force P that can be applied to the wire as shown. 


Probs. 3—33/34 


3-35. The picture has a weight of 10 lb and is to be hung 
over the smooth pin B. If a string is attached to the frame at 
points A and C, and the maximum force the string can 
support is 15 lb, determine the shortest string that can be 
safely used. 


| 9 in. i 9 in. 


Prob. 3-35 
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*3—-36. The 200-lb uniform tank is suspended by means of 
a 6-ft-long cable, which is attached to the sides of the tank 
and passes over the small pulley located at O. If the cable 
can be attached at either points A and B or C and D, 
determine which attachment produces the least amount of 
tension in the cable. What is this tension? 


Prob. 3-36 


e3-37. The 10-lb weight is supported by the cord AC and 
roller and by the spring that has a stiffness of k = 10 Ib/in. 
and an unstretched length of 12 in. Determine the distance 
d to where the weight is located when it is in equilibrium. 


3-38. The 10-lb weight is supported by the cord AC and 
roller and by a spring. If the spring has an unstretched 
length of 8 in. and the weight is in equilibrium when 
d = 4in., determine the stiffness k of the spring. 


p 12 in. -| 


Probs. 3-37/38 


03-39. A “scale” is constructed with a 4-ft-long cord and 
the 10-lb block D. The cord is fixed to a pin at A and passes 
over two small pulleys at B and C. Determine the weight of 
the suspended block at B if the system is in equilibrium. 


Prob. 3-39 


e*3-40. The spring has a stiffness of k = 800 N/m and an 
unstretched length of 200 mm. Determine the force in cables 
BC and BD when the spring is held in the position shown. 


~ 400 mm 


4A k=800N/in By 
Wi = =< 


aca f\ 


300 mm 


< 500 mm ++ 


Prob. 3-40 
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e3—41. A continuous cable of total length 4 m is wrapped e3—43. The pail and its contents have a mass of 60 kg. If the 
around the small pulleys at A, B, C, and D. If each spring is cable BAL is 15 m long, determine the distance y of the 
stretched 300 mm, determine the mass m of each block. pulley at A for equilibrium. Neglect the size of the pulley. 


Neglect the weight of the pulleys and cords. The springs are 
unstretched when d = 2 m. 


7) 


Prob. 3-43 
Prob. 3-41 


3-42. Determine the mass of each of the two cylinders if e*3—-44, A scale is constructed using the 10-kg mass, the 
they cause a sag of s = 0.5m when suspended from the 2-kg pan P, and the pulley and cord arrangement. Cord 
rings at A and B. Note that s = 0 when the cylinders are BCA is 2 m long. If s = 0.75 m, determine the mass D in the 


removed. pan. Neglect the size of the pulley. 


a 


Prob. 3-42 Prob. 3-44 
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The concrete wall panel is hoisted into position using The device DB is used to pull on the chain ABC so 
the two cables AB and AC of equal length. Establish as to hold a door closed on the bin. If the angle between AB 
appropriate dimensions and use an equilibrium analysis to and the horizontal segment BC is 30°, determine the angle 
show that the longer the cables the less the force in each cable. between DB and the horizontal for equilibrium. 


The two chains AB and AC have equal lengths and 
are subjected to the vertical force F. If AB is replaced by a 
shorter chain AB’, show that this chain would have to 
support a larger tensile force than AB in order to maintain 
equilibrium. 


The truss is hoisted using cable ABC that passes 
through a very small pulley at B. If the truss is placed in a 
tipped position, show that it will always return to the 
horizontal position to maintain equilibrium. 


— 


B 
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3.4 Three-Dimensional Force Systems 


In Section 3.1 we stated that the necessary and sufficient condition for 
particle equilibrium is 

=F =0 (3-4) 
In the case of a three-dimensional force system, as in Fig. 3-9, we can 


resolve the forces into their respective i, j, k components, so that 
2FAit+ LF,j + {Fk = 0.To satisfy this equation we require 


(3-5) 


These three equations state that the algebraic sum of the components of 
all the forces acting on the particle along each of the coordinate axes 
must be zero. Using them we can solve for at most three unknowns, 
generally represented as coordinate direction angles or magnitudes of 
forces shown on the particle’s free-body diagram. 


Procedure for Analysis 


Three-dimensional force equilibrium problems for a particle can be 
solved using the following procedure. 


Free-Body Diagram. 
e Establish the x, y, z axes in any suitable orientation. 


e Label all the known and unknown force magnitudes and 
directions on the diagram. 


e The sense of a force having an unknown magnitude can be 
assumed. 


Equations of Equilibrium. 


e Use the scalar equations of equilibrium, 2F, = 0, =F, = 0, 
=F, = 0, in cases where it is easy to resolve each force into its 
xX, y, Z components. 


If the three-dimensional geometry appears difficult, then first 
express each force on the free-body diagram as a Cartesian vector, 
substitute these vectors into =F = 0, and then set the i, j, k 
components equal to zero. 


If the solution for a force yields a negative result, this indicates 
that its sense is the reverse of that shown on the free-body 
diagram. 


The ring at A is subjected to the force from 
the hook as well as forces from each of the 
three chains. If the electromagnet and its load 
have a weight W, then the force at the hook 
will be W, and the three scalar equations of 
equilibrium can be applied to the free-body 
diagram of the ring in order to determine the 
chain forces, Fz, Fc, and Fp. 
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EXAMPLE 


A 90-lb load is suspended from the hook shown in Fig. 3—10a. If the 
load is supported by two cables and a spring having a stiffness 
k = 500 lb/ft, determine the force in the cables and the stretch of the 
spring for equilibrium. Cable AD lies in the x-y plane and cable AC 
lies in the x—z plane. 


SOLUTION 


The stretch of the spring can be determined once the force in the spring 
is determined. 


Free-Body Diagram. The connection at A is chosen for the 
equilibrium analysis since the cable forces are concurrent at this 
point. The free-body diagram is shown in Fig. 3—-10b. 


Equations of Equilibrium. By inspection, each force can easily be 
resolved into its x, y, z components, and therefore the three scalar 
equations of equilibrium can be used. Considering components 
directed along each positive axis as “positive,” we have 


=F, =0; Fp sin 30° — (3)Fo = 0 (1) 
SA Os —Fy cos 30° + Fz = 0 (2) 


SF, = 0; (3) Fe — 901b = 0 (3) 


Solving Eq. (3) for Fc, then Eq. (1) for Fp, and finally Eq. (2) for Fz, 
yields 


Fo = 150 lb Ans. 
Fp = 240 Ib Ans. 
Fz = 207.8 |b Ans. 


The stretch of the spring is therefore 
Fz = ksap 
207.8 lb = (500 Ib/ft)(s 43) 
Sap = 0.416 ft Ans. 


NOTE: Since the results for all the cable forces are positive, each 
cable is in tension; that is, it pulls on point A as expected, Fig. 3-10b. 
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EXAMPLE |3.6 


The 10-kg lamp in Fig. 3-11a is suspended from the three equal-length 
cords. Determine its smallest vertical distance s from the ceiling if the 
force developed in any cord is not allowed to exceed 50 N. 


10(9.81) N 


(b) 
Fig. 3-11 


SOLUTION 


Free-Body Diagram. Due to symmetry, Fig. 3-11b, the distance 
DA = DB = DC = 600mm. It follows that from > F, = 0 and 
Dy = (0, the tension 7 in each cord will be the same. Also, the angle 
between each cord and the z axis is y. 


Equation of Equilibrium. Applying the equilibrium equation along 
the z axis, with T = 50 N, we have 


3[(50 N) cos y] — 10(9.81) N = 0 


all 
y = cos | ae = 49.16° 


From the shaded triangle shown in Fig. 3-11), 


jana 1g 


s = 519mm 
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EXAMPLE 


Determine the force in each cable used to support the 40-lb crate 
shown in Fig. 3-12a. 


SOLUTION 


Free-Body Diagram. As shown in Fig. 3-12, the free-body diagram 
of point A is considered in order to “expose” the three unknown forces 
in the cables. 


Equations of Equilibrium. First we will express each force in 
Cartesian vector form. Since the coordinates of points B and C are 
B(-3 ft, —4 ft, 8 ft) and C(—3 ft, 4 ft, 8 ft), we have 


hi —3i — 4j + 8k | 
L2 (—3)* + (-4)? + (8)? 
—0.318Fp,i — 0.424F pj + 0.848Fsk 


Fz = Fe 


Ee = fe 


—3i + 4j + 8k 
Berea Care al 
—0.318Fci + 0.424F oj + 0.848Fk 
Fp = Fpi 
W = {-40k} Ib 
Equilibrium requires 
ZF = 0; Fz + Fo+Fp+w=0 
—0.318F gi — 0.424F pj + 0.848F gk 
— 0.318F ci + 0.424F cj + 0.848F ck + Fpi — 40k = 0 
Equating the respective i, j, k components to zero yields 
Ly — 0; —0.318F, — 0.318Fo + Fp = 0 (1) 
aE U: —0.424F, + 0.424Fo = 0 (2) 
LF = 0: 0.848F, + 0.848F-o — 40 = 0 (3) 


Equation (2) states that Fz = F. Thus, solving Eq. (3) for Fz and Fe 
and substituting the result into Eq. (1) to obtain F'p, we have 


Fz = Fo = 23.6 1b Ans. 
Fp = 15.0 lb Ans. 
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EXAMPLE 


Determine the tension in each cord used to support the 100-kg crate 
shown in Fig. 3-13a. 


SOLUTION 


Free-Body Diagram. The force in each of the cords can be 

determined by investigating the equilibrium of point A. The free-body 

diagram is shown in Fig. 3-13b. The weight of the crate is 

W = 100(9.81) = 981 N. = “a 


Equations of Equilibrium. Each force on the free-body diagram is 
first expressed in Cartesian vector form. Using Eq. 2-9 for Fe and 
noting point D(—1 m, 2 m, 2 m) for Fp, we have 
Fz = Fpi 
Fo = Fe cos 120° + Fe cos 135°j + Fe cos 60°k 
= —0.5Foi — 0.707 Fj + 0.5Fok 
Sli ap 4) ap 2's 
Fp 
Ale ee 2) 
= —0.333Fpi + 0.667Fpj + 0.667Fpk 
W = {-981k} N 


Fp = 


Equilibrium requires 
=F = 0; Fz; + Fo+ Fp +W=0 
Fi — 0.5Foi — 0.707 Fj + 0.5Fok 
— 0.333Fp i + 0.667Fp j + 0.667Fpk — 981k = 0 
Equating the respective i, j,k components to zero, 

LF, = 0; Fz — 0.5Fe — 0.333Fp = 0 (1) 
2a = wt —0.707 Fo + 0.667Fp = 0 (2) 
LF, = 0; 0.5Fo + 0.667Fp — 981 = 0 (3) 
Solving Eq. (2) for Fp in terms of Fc and substituting this into Eq. (3) 


yields Fc. Fp is then determined from Eq. (2). Finally, substituting the 
results into Eq. (1) gives Fx. Hence, 


Fo = 813 N Ans. 
Fp = 862N Ans. 


Fz = 694N Ans. 
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ey FUNDAMENTAL PROBLEMS 


All problem solutions must include an FBD. F3-10. Determine the tension developed in cables AB, 


F3-7. Determine the magnitude of forces F,, F,, F;, so AC, and AD. 


that the particle is held in equilibrium. 


F3-8. Determine the tension developed in cables AB, AC, F3-10 
and AD. 


F3-11. The 150-lb crate is supported by cables AB, AC, 
and AD. Determine the tension in these wires. 


F3-8 


F3-9. Determine the tension developed in cables AB, AC, 
and AD. 


F3-9 F3-11 
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[PROBLEMS 


All problem solutions must include an FBD. *3_48. Determine the tension developed in cables AB, AC, 


e3—45. Determine the tension in the cables in order to and AD required for equilibrium of the 300-Ib crate. 


support the 100-kg crate in the equilibrium position shown. °3-49. Determine the maximum weight of the crate so that 


246 Deteuing the waaanuenass Ut the erates thatthe the tension developed in any cable does not exceed 450 Ib. 


tension developed in any cable does not exceeded 3 KN. 


[~~ 
2m. 
C D 
at 
2m 
2.5 m om 


Probs. 3-48/49 


Probs. 3—45/46 
3-50. Determine the force in each cable needed to 
3-47. The shear leg derrick is used to haul the 200-kg net of support the 3500-Ib platform. Set d = 2 ft. 
fish onto the dock. Determine the compressive force along 
each of the legs AB and CB and the tension in the winch 
cable DB. Assume the force in each leg acts along its axis. 


3-51. Determine the force in each cable needed to 
support the 3500-lb platform. Set d = 4 ft. 


Prob. 3-47 Probs. 3-50/51 
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*3-52. Determine the force in each of the three cables 
needed to lift the tractor which has a mass of 8 Mg. 


Prob. 3-52 


e353. Determine the force acting along the axis of each of 
the three struts needed to support the 500-kg block. 


Prob. 3-53 


3-54. If the mass of the flowerpot is 50 kg, determine the 
tension developed in each wire for equilibrium. Set 
x =15mandz=2m. 


3-55. If the mass of the flowerpot is 50 kg, determine the 
tension developed in each wire for equilibrium. Set x = 2m 
and z = 1.5m. 


Probs. 3-54/55 


*3-56. The ends of the three cables are attached to a ring 
at A and to the edge of a uniform 150-kg plate. Determine 
the tension in each of the cables for equilibrium. 


e3-57. The ends of the three cables are attached to a ring 
at A and to the edge of the uniform plate. Determine the 
largest mass the plate can have if each cable can support a 
maximum tension of 15 KN. 


Probs. 3-56/57 


3-58. Determine the tension developed in cables AB, AC, 
and AD required for equilibrium of the 75-kg cylinder. 


3-59. If each cable can withstand a maximum tension of 
1000 N, determine the largest mass of the cylinder for 
equilibrium. 


Probs. 3-58/59 


*3-60. The 50-kg pot is supported from A by the three 
cables. Determine the force acting in each cable for 
equilibrium. Take d = 2.5 m. 


e3-61. Determine the height d of cable AB so that the force 
in cables AD and AC is one-half as great as the force in 
cable AB. What is the force in each cable for this case? The 
flower pot has a mass of 50 kg. 


a m->+2 | 
‘coc | | 


pf 
a 
g 
fp 
p 


y, 
p 
pf 
y, 


y, 
NY 
y, 
g 


Probs. 3-60/61 
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3-62. A force of F = 100 lb holds the 400-lb crate in 
equilibrium. Determine the coordinates (0, y, z) of point A 
if the tension in cords AC and AB is 700 Ib each. 


3-63. If the maximum allowable tension in cables AB and 
AC is 500 lb, determine the maximum height z to which the 
200-lb crate can be lifted. What horizontal force F must be 
applied? Take y = 8 ft. 


Probs. 3-62/63 


*3-604. The thin ring can be adjusted vertically between 
three equally long cables from which the 100-kg chandelier 
is suspended. If the ring remains in the horizontal plane and 
z = 600 mm, determine the tension in each cable. 


e365. The thin ring can be adjusted vertically between 
three equally long cables from which the 100-kg chandelier 
is suspended. If the ring remains in the horizontal plane and 
the tension in each cable is not allowed to exceed 1 kN, 
determine the smallest allowable distance z required for 
equilibrium. 


Probs. 3-64/65 
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3-66. The bucket has a weight of 80 lb and is being hoisted *3-68. The three outer blocks each have a mass of 2 kg, 
using three springs, each having an unstretched length of and the central block E has a mass of 3 kg. Determine the 
l= 1.5 ft and stiffness of k = 50 lb/ft. Determine the sag s for equilibrium of the system. 

vertical distance d from the rim to point A for equilibrium. 


Prob. 3-68 
Prob. 3-66 
3-67. Three cables are used to support a 900-lb ring. e3-69. Determine the angle 6 such that an equal force is 
Determine the tension in each cable for equilibrium. developed in legs OB and OC. What is the force in each leg 


if the force is directed along the axis of each leg? The force 
F lies in the x—y plane. The supports at A, B, C can exert 
forces in either direction along the attached legs. 


Prob. 3-67 Prob. 3-69 
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CHAPTER REVIEW 


Particle Equilibrium 

When a particle is at rest or moves with 
constant velocity, it is in equilibrium. F, = SF =0 
This requires that all the forces acting on 
the particle form a zero resultant force. 


In order to account for all the forces that 
act on a particle, it is necessary to draw F, 
its free-body diagram. This diagram is an 
outlined shape of the particle that shows 
all the forces listed with their known or 
unknown magnitudes and directions. 


F; 


Two Dimensions 


The two scalar equations of force >= 10 
equilibrium can be applied with reference 6 S10) 


to an established x, y coordinate system. 


The tensile force developed in a 
continuous cable that passes over a 
frictionless pulley must have a constant 
magnitude throughout the cable to keep 
the cable in equilibrium. 


Cable is in tension 


If the problem involves a linearly elastic 
spring, then the stretch or compression s F=ks 
of the spring can be related to the force 
applied to it. 


Three Dimensions 
If the three-dimensional geometry is 


difficult to visualize, then the equilibrium a 
equation should be applied using a SF, = 0 
Cartesian vector analysis. This requires se = 0 
first expressing each force on the free- y 

body diagram as a Cartesian vector. 0) 


When the forces are summed and set 
equal to zero, then the i, j, and k 
components are also zero. 
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Pe REVIEW PROBLEMS 


3-70. The 500-lb crate is hoisted using the ropes AB and e3-73. Two electrically charged pith balls, each having a 


AC. Each rope can withstand a maximum tension of 2500 Ib mass of 0.15 g, are suspended from light threads of equal 
before it breaks. If AB always remains horizontal, length. Determine the magnitude of the horizontal 
determine the smallest angle 6 to which the crate can be repulsive force, F, acting on each ball if the measured 
hoisted. distance between them is r = 200 mm. 


Prob. 3-70 
r = 200 mm 
3-71. The members ofa truss are pin connected at joint O. Prob. 3-73 
Determine the magnitude of F, and its angle @ for 
equilibrium. Set F, = 6 kN. 3-74. The lamp has a mass of 15 kg and is supported by a 


pole AO and cables AB and AC. If the force in the pole acts 
along its axis, determine the forces in AO, AB, and AC for 
equilibrium. 


*3-72. The members of a truss are pin connected at joint O. 
Determine the magnitudes of F, and F, for equilibrium. 
Set 6 = 60°. 


S kN 


Prob. 3—71/72 Prob. 3-74 


3-75. Determine the magnitude of P and the coordinate 
direction angles of F; required for equilibrium of the 
particle. Note that F; acts in the octant shown. 


Zz 


(—1 ft, —7 ft, 4 ft) 
F, = 360 Ib 


Fy = 1201b 


Fy = 300 Ib 


x Prob. 3-75 


*3-76. The ring of negligible size is subjected to a vertical 
force of 200 lb. Determine the longest length / of cord AC 
such that the tension acting in AC is 160 Ib. Also, what is the 
force acting in cord AB? Hint: Use the equilibrium 
condition to determine the required angle 6 for attachment, 
then determine / using trigonometry applied to AABC. 


Prob. 3-76 


e3-77. Determine the magnitudes of F,, F,, and F; for 
equilibrium of the particle. 


800 lb 


Prob. 3-77 
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3-78. Determine the force in each cable needed to 
support the 500-lb load. 


Prob. 3-78 


3-79. The joint of a space frame is subjected to four 
member forces. Member OA lies in the x-y plane and 
member OB lies in the y—z plane. Determine the forces 
acting in each of the members required for equilibrium of 
the joint. 


Prob. 3-79 


Application of forces to the handles of these wrenches will produce a tendency to 
rotate each wrench about its end. It is important to know how to calculate this effect 
and, in some cases, to be able to simplify this system to its resultants. 


Force System 
Resultants 


CHAPTER OBJECTIVES 


© To discuss the concept of the moment of a force and show how to 
calculate it in two and three dimensions. 


© To provide a method for finding the moment of a force about a 
specified axis. 


© To define the moment of a couple. 


© To present methods for determining the resultants of nonconcurrent 
force systems. 


® To indicate how to reduce a simple distributed loading to a resultant 
force having a specified location. 


4.1 Moment of a Force— 
Scalar Formulation 


When a force is applied to a body it will produce a tendency for the body 
to rotate about a point that is not on the line of action of the force. This 
tendency to rotate is sometimes called a torque, but most often it is called 
the moment of a force or simply the moment. For example, consider a 
wrench used to unscrew the bolt in Fig. 41a. If a force is applied to the 
handle of the wrench it will tend to turn the bolt about point O (or the z 
axis). The magnitude of the moment is directly proportional to the 
magnitude of F and the perpendicular distance or moment arm d. The 
larger the force or the longer the moment arm, the greater the moment or 
turning effect. Note that if the force F is applied at an angle 0 # 90°, 
Fig. 4-15, then it will be more difficult to turn the bolt since the moment 
arm d' = d siné@ will be smaller than d. If F is applied along the wrench, 
Fig. 4-1c, its moment arm will be zero since the line of action of F will 
intersect point O (the z axis). As a result, the moment of F about O is also 
zero and no turning can occur. 


(c) 
Fig. 4-1 
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Moment axis 


(b) 
Fig. 4-2 


Fig. 4-3 


We can generalize the above discussion and consider the force F and 
point O which lie in the shaded plane as shown in Fig. 4—2a. The moment 
Mo about point O, or about an axis passing through O and perpendicular 
to the plane, is a vector quantity since it has a specified magnitude and 
direction. 


Magnitude. The magnitude of Mg is 


Mo = Fd (4-1) 


where d is the moment arm or perpendicular distance from the axis at 
point O to the line of action of the force. Units of moment magnitude 
consist of force times distance, e.g., N-m or Ib- ft. 


Direction. The direction of Mog is defined by its moment axis, which 
is perpendicular to the plane that contains the force F and its moment 
arm d. The right-hand rule is used to establish the sense of direction of 
Mo. According to this rule, the natural curl of the fingers of the right 
hand, as they are drawn towards the palm, represent the tendency for 
rotation caused by the moment. As this action is performed, the thumb 
of the right hand will give the directional sense of Mo, Fig. 4-2a. Notice 
that the moment vector is represented three-dimensionally by a curl 
around an arrow. In two dimensions this vector is represented only by 
the curl as in Fig. 4—2b. Since in this case the moment will tend to cause a 
counterclockwise rotation, the moment vector is actually directed out of 
the page. 


Resultant Moment. For two-dimensional problems, where all the 
forces lie within the x-y plane, Fig. 4-3, the resultant moment (Ma), 
about point O (the z axis) can be determined by finding the algebraic sum 
of the moments caused by all the forces in the system. As a convention, 
we will generally consider positive moments as counterclockwise since 
they are directed along the positive z axis (out of the page). Clockwise 
moments will be negative. Doing this, the directional sense of each 
moment can be represented by a plus or minus sign. Using this sign 
convention, the resultant moment in Fig. 4—3 is therefore 


G+ (Mg), = =Fad; (Mp), = Fidy — Fody + F3d3 
If the numerical result of this sum is a positive scalar, (Mp), will be a 


counterclockwise moment (out of the page); and if the result is negative, 
(Mp), will be a clockwise moment (into the page). 


4.1. MOMENT OF A FORCE—SCALAR FORMULATION 119 


EXAMPLE |{4.1 


For each case illustrated in Fig. 4-4, determine the moment of the 
force about point O. 


SOLUTION (SCALAR ANALYSIS) 


The line of action of each force is extended as a dashed line in order to 
establish the moment arm d. Also illustrated is the tendency of rotation 
of the member as caused by the force. Furthermore, the orbit of the 
force about O is shown as a colored curl. Thus, 


Fig. 44a Mo = (100 N)(2m) = 200N-m) Ans. 
Fig. 4-46 Mo = (50 N)(0.75 m) = 37.5N-m 2 Ans. 
Fig. 4-4c Mo = (40 Ib)(4 ft + 2 cos 30° ft) = 229Ib-ft 2 Ans. 
Fig. 44d Mo = (60 1b)(1 sin 45° ft) = 42.4 1b- ft 5 Ans. 
Fig. 4-4e Mo = (7KN)(4m — 1m) = 21.0kN-m 5 Ans. 


lee 


0.75 m 


50N 2 cos 30° ft 


1 sin 45° f 
45° ae t 


60 Ib 
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EXAMPLE |4.2 


Determine the resultant moment of the four forces acting on the rod 
shown in Fig. 4-5 about point O. 


SOLUTION 


Assuming that positive moments act in the +k direction, 1.e., 
counterclockwise, we have 


G+Mp, = =Fd; 
= —50 N(2 m) + 60 N(0) + 20 N(3 sin 30° m) 
—40 N(4m + 3 cos 30° m) 
—334N:-m = 334N-m) Ans. 


Mr 


O 


Mr 


oO 


For this calculation, note how the moment-arm distances for the 20-N 
and 40-N forces are established from the extended (dashed) lines of 
action of each of these forces. 


As illustrated by the example problems, the moment of a The ability to remove the nail will require the moment 
force does not always cause a rotation. For example, the force of F;, about point O to be larger than the moment of 
F tends to rotate the beam clockwise about its support at A the force Fy about O that is needed to pull the nail out. 


with amoment M, = Fd,. The actual rotation would occur 
if the support at B were removed. 


4.2 Cross Product 


The moment of a force will be formulated using Cartesian vectors in the 
next section. Before doing this, however, it is first necessary to expand our 
knowledge of vector algebra and introduce the cross-product method of 
vector multiplication. 

The cross product of two vectors A and B yields the vector C, which is 
written 


C=AxXB (4-2) 
and is read “C equals A cross B.” 


Magnitude. The magnitude of C is defined as the product of the 
magnitudes of A and B and the sine of the angle 6 between their tails 
(0° = @ = 180°). Thus,C = ABsin 6. 


Direction. Vector C has a direction that is perpendicular to the plane 
containing A and B such that C is specified by the right-hand rule; ie., 
curling the fingers of the right hand from vector A (cross) to vector B, 
the thumb points in the direction of C, as shown in Fig. 4-6. 

Knowing both the magnitude and direction of C, we can write 


C=A X B= (ABsin 0)uc (4-3) 


where the scalar AB sin 0 defines the magnitude of C and the unit vector 
uc defines the direction of C. The terms of Eq. 4-3 are illustrated 
graphically in Fig. 4-6. 


C=AxB 


Fig. 4-6 


4.2 Cross PRODUCT 
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Fig. 4-7 


Fig. 4-8 


Laws of Operation. 


e The commutative law is not valid;i.e., A X B # B X A. Rather, 
AXB=-BXA 


This is shown in Fig. 4-7 by using the right-hand rule. The cross 
product B X A yields a vector that has the same magnitude but acts 
in the opposite direction to C;i.e.,B x A = —C. 


e If the cross product is multiplied by a scalar a, it obeys the assoc- 
iative law; 


a(A X B) = (aA) X B = A X (aB) = (A X B)a 


This property is easily shown since the magnitude of the resultant 
vector (|a| AB sin 0) and its direction are the same in each case. 


e The vector cross product also obeys the distributive law of addition, 


A x (B+ D) = (A XB) + (AXD) 


e The proof of this identity is left as an exercise (see Prob. 4-1). It is 
important to note that proper order of the cross products must be 
maintained, since they are not commutative. 


Cartesian Vector Formulation. Equation 4-3 may be used 
to find the cross product of any pair of Cartesian unit vectors. For 
example, to find i X j, the magnitude of the resultant vector is 
(i)(j) (sin 90°) = (1)(1)(1) = 1, and its direction is determined using 
the right-hand rule. As shown in Fig. 4-8, the resultant vector points in 
the +k direction. Thus, i X j = (1)k. In a similar manner, 


ixj=k ixk=-j ixi=0 
jxk=i jxi=-k jxj=o 
kxXi=j kxXj=-i kxk=0 


These results should not be memorized; rather, it should be clearly 
understood how each is obtained by using the right-hand rule and the 
definition of the cross product. A simple scheme shown in Fig. 4—9 is 
helpful for obtaining the same results when the need arises. If the circle is 
constructed as shown, then “crossing” two unit vectors in a 
counterclockwise fashion around the circle yields the positive third unit 
vector; e.g., k X i = j. “Crossing” clockwise, a negative unit vector is 
obtained; e.g.,i X k = —j. 


Let us now consider the cross product of two general vectors A and B 
which are expressed in Cartesian vector form. We have 


A X B = (A,i + A,j + A,k) X (B,i + Byj + Bk) 
= A,B,(i xX i) + A,B,(i X j) + A,B,(i X k) 
+ A,B,(j X i) + A,B,(j <j) + AyBLG x k) 
+ A,B,(k X i) + A,B,(k X j) + A,B(k X k) 
Carrying out the cross-product operations and combining terms yields 
A XB = (A,B, — A,B,)i — (A,B, — A,B,)j + (A,B, — A,yB,)k (44) 


This equation may also be written in a more compact determinant 
form as 


k 
A, 
B 


i 
AXB=|A, (4-5) 
B 


ae 


j 
Ay 
By 


N 


Thus, to find the cross product of any two Cartesian vectors A and B, it is 
necessary to expand a determinant whose first row of elements consists 
of the unit vectors i, j, and k and whose second and third rows represent 
the x, y, z components of the two vectors A and B, respectively.* 


*A determinant having three rows and three columns can be expanded using three 
minors, each of which is multiplied by one of the three terms in the first row. There are 
four elements in each minor, for example, 


wera) 


By definition, this determinant notation represents the terms (A ,;A 7. — Aj2A>1), which is 
simply the product of the two elements intersected by the arrow slanting downward to the 
right (A;,;A22) minus the product of the two elements intersected by the arrow slanting 
downward to the left (A,.A>,). For a3 X 3 determinant, such as Eq. 4-5, the three minors 
can be generated in accordance with the following scheme: 


For element i: i(A,B, — A,By) 


Remember the 
negative sign 


For element j: 


For element k: DY 4 al k(A,B, a A,B,) 
Bx “B is 


Adding the results and noting that the j element must include the minus sign yields the 
expanded form of A X B given by Eq. 4-4. 


~j (A,B, = A,B,) 


4.2 Cross PRODUCT 
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Moment axis 


(a) 


4 Moment axis 


Line of action 


Fig. 4-11 


4.3 Moment of a Force—Vector 
Formulation 


The moment of a force F about point O, or actually about the moment axis 
passing through O and perpendicular to the plane containing O and F, 
Fig. 4-10a, can be expressed using the vector cross product, namely, 


Mo=rxF (4-6) 


Here r represents a position vector directed from O to any point on the 
line of action of F. We will now show that indeed the moment Mp, when 
determined by this cross product, has the proper magnitude and direction. 


Magnitude. The magnitude of the cross product is defined from 
Eq. 4-3 as Mo = rF sin 6, where the angle @ is measured between the 
tails of r and F. To establish this angle, r must be treated as a sliding 
vector so that 6 can be constructed properly, Fig. 4-10b. Since the 
moment arm d = rsin 0, then 


Mo =rF sind = F(rsin@) = Fd 


which agrees with Eq. 4-1. 


Direction. The direction and sense of Mo in Eq. 4-6 are determined 
by the right-hand rule as it applies to the cross product. Thus, sliding r to 
the dashed position and curling the right-hand fingers from r toward F, “r 
cross F,” the thumb is directed upward or perpendicular to the plane 
containing r and F and this is in the same direction as Mo, the moment 
of the force about point O, Fig. 4-105. Note that the “curl” of the fingers, 
like the curl around the moment vector, indicates the sense of rotation 
caused by the force. Since the cross product does not obey the 
commutative law, the order of r X F must be maintained to produce 
the correct sense of direction for Mo. 


Principle of Transmissibility. The cross product operation is 
often used in three dimensions since the perpendicular distance or 
moment arm from point O to the line of action of the force is not 
needed. In other words, we can use any position vector r measured from 
point O to any point on the line of action of the force F, Fig. 4-11. Thus, 


Mo =r, F=rxF=r,XxF 
Since F can be applied at any point along its line of action and still create 


this same moment about point O, then F can be considered a sliding 
vector. This property is called the principle of transmissibility of a force. 
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Cartesian Vector Formulation. If weestablish x, y,zcoordinate — yoment 
axes, then the position vector r and force F can be expressed as Cartesian axis ‘ 
vectors, Fig. 4-12a. Applying Eq. 4-5 we have 


Mo 
i j k 
Mo=rxE |r, 7 % (4-7) y 
ie el ele We y 
x 
where (a) 


rx,ly,; | Tepresent the x, y, z components of the position 
vector drawn from point O to any point on the 
line of action of the force 


Fy, Fy, F, represent the x, y, z components of the force vector 


If the determinant is expanded, then like Eq. 44 we have 


Mo = Fs - r,Fy)i =F, = tf pee ym hk A) 


The physical meaning of these three moment components becomes 
evident by studying Fig. 4-12b. For example, the i component of Mo 
can be determined from the moments of F,, F,, and F, about the x axis. Fig. 4-12 
The component F, does not create a moment or tendency to cause 
turning about the x axis since this force is parallel to the x axis. The line 
of action of F, passes through point B, and so the magnitude of the 
moment of F, about point A on the x axis is r,F,. By the right-hand 
rule this component acts in the negative i direction. Likewise, F, passes 
through point C and so it contributes a moment component of r,F i 
about the axis. Thus, (Mo), = (r)F, — r,F,) as shown in Eq. 4-8. As an 
exercise, establish the j and k components of Mo in this manner and 
show that indeed the expanded form of the determinant, Eq. 4-8, 
represents the moment of F about point O. Once Mo is determined, 
realize that it will always be perpendicular to the shaded plane 
containing vectors r and F, Fig. 4-12a. 


Resultant Moment of a System of Forces. Ifa body is acted 
upon by a system of forces, Fig. 4-13, the resultant moment of the forces 
about point O can be determined by vector addition of the moment of 
each force. This resultant can be written symbolically as 


Mr, = (rx F) (4-9) Fig. 413 
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EXAMPLE |4.3 


Determine the moment produced by the force F in Fig. 4-14a about 
point O. Express the result as a Cartesian vector. 


SOLUTION 


As shown in Fig. 4-14a, either r, or rg can be used to determine the 
moment about point O. These position vectors are 


r, = {12k}m and rg= {4i+ 12j}m 
Force F expressed as a Cartesian vector is 


{4i + 12) — 12k} m 
V(4m)* + (12m)? + (—12 m?? 
= {0.4588i + 1.376j — 1.376k} kN 


F = Fuyz = 2kKN 


i j k 
Mo = x F= 0 0 12 
0.4588 1.376 —1.376 


= [0(—1.376) — 12(1.376)]i — [0(—1.376) — 12(0.4588)] j 
+ [0(1.376) — 0(0.4588)]k 
= {-16.5i + 5.51j} KN-m Ans. 


i j k 
=rzXF=| 4 12 0 
0.4588 1.376 —1.376 


= [12(—1.376) — 0(1.376)]i — [4(—1.376) — 0(0.4588)]j 
+ [4(1.376) — 12(0.4588)]k 
= {-16.5i + 5.51j} kKN-m Ans 


NOTE: As shown in Fig. 4-145, Mo acts perpendicular to the plane 
that contains F,r,,andrg. Had this problem been worked using 
Mo = Fd, notice the difficulty that would arise in obtaining the 
moment arm d. 
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EXAMPLE |4.4 


Two forces act on the rod shown in Fig. 4-15a. Determine the 
resultant moment they create about the flange at O. Express the result 
as a Cartesian vector. 


F, = {—60i + 40j + 20k} Ib 


F, = {80i + 40j — 30k} Ib 


(a) 


SOLUTION 
Position vectors are directed from point O to each force as shown in 


Fig. 4-15b. These vectors are Mp 


4 = (301 — 40j + 60k} Ib ft 


ra fot me =39.8° 
rp = (4i + 5j — 2k} ft 


The resultant moment about O is therefore 


Mr I(r x F) 
= TA x F, oP rg x F; 
ij k i jk 
0 5 Qj ae ee 5) —y) 
—60 40 20 80 40 —30 


[5(20) — 0(40)]i — [0]j + [0(40) — (5)(—60)]k 
+ [5(—30) — (—2)(40)]i — [4(-30) — (—2)(80)]j + [4(40) — 5(80)]k 
= {301 — 40j + 60k} Ib- ft Ans. 


O 


NOTE: This result is shown in Fig. 4—15c. The coordinate direction 
angles were determined from the unit vector for Mz,,. Realize that the 
two forces tend to cause the rod to rotate about the moment axis in 
the manner shown by the curl indicated on the moment vector. 
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F F, 


Fig. 4-17 


The moment of the applied force F about 
point O is easy to determine if we use the 
principle of moments. It is simply 
Mo = Fd. 


4.4 Principle of Moments 


A concept often used in mechanics is the principle of moments, which is 
sometimes referred to as Varignon’s theorem since it was originally 
developed by the French mathematician Varignon (1654-1722). It states 
that the moment of a force about a point is equal to the sum of the moments 
of the components of the force about the point. This theorem can be proven 
easily using the vector cross product since the cross product obeys the 
distributive law. For example, consider the moments of the force F and 
two of its components about point O. Fig. 4-16. Since F = F, + F, 
we have 


Mo=rxXF=rxX(F,+B)=rXF+rxF 
For two-dimensional problems, Fig. 4-17, we can use the principle of 
moments by resolving the force into its rectangular components and 
then determine the moment using a scalar analysis. Thus, 


Mo = Fy — Fx 


This method is generally easier than finding the same moment using 
Mo = Fd. 


Important Points 


The moment of a force creates the tendency of a body to turn 
about an axis passing through a specific point O. 


Using the right-hand rule, the sense of rotation is indicated by the 
curl of the fingers, and the thumb is directed along the moment 
axis, or line of action of the moment. 


The magnitude of the moment is determined from Moy = Fd, 
where d is called the moment arm, which represents the 
perpendicular or shortest distance from point O to the line of 
action of the force. 


In three dimensions the vector cross product is used to determine 
the moment, i.e.,Mo = r X F. Remember that r is directed from 
point O to any point on the line of action of F. 


The principle of moments states that the moment of a force 
about a point is equal to the sum of the moments of the force’s 
components about the point. This is a very convenient method to 
use in two dimensions. 


4.4 PRINCIPLE OF MOMENTS 


EXAMPLE |4.5 


Determine the moment of the force in Fig. 4-184 about point O. 


Y 


+— d, = 3 cos 30° m— 
F, = (5 KN) cos 45° 


d, = 3 sin 30° m 


F, = (SKN) sin 45° 


x 


SOLUTION | 
The moment arm d in Fig. 4-184 can be found from trigonometry. 
d = (3m) sin 75° = 2.898 m 
Thus, 
Mo = Fd = (5KN)(2.898 m) = 14.5kN-mJ) Ans. 


Since the force tends to rotate or orbit clockwise about point O, the 
moment is directed into the page. 


SOLUTION II 
The x and y components of the force are indicated in Fig. 4-18b. 
Considering counterclockwise moments as positive, and applying the 
principle of moments, we have 
CiMg = — Fd, — A, 
= —(5 cos 45° kN)(3 sin 30° m) — (5 sin 45° KN)(3 cos 30° m) 
—14.5kN-m = 14.5kN-m) Ans. 


SOLUTION III 

The x and y axes can be set parallel and perpendicular to the rod’s axis 
as shown in Fig. 4-18c. Here F, produces no moment about point O 
since its line of action passes through this point. Therefore, 


129 


F, = (5 KN) sin 75° 


G+ Mo = -F,d, 
—(5 sin 75° kN)(3 m) (c) 
—-14.5kN-m = 14.5kN-m) 
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EXAMPLE |4.6 


}-—04 m—| 


(b) 


400 sin 30° N 


400 cos 30° N 


Force F acts at the end of the angle bracket shown in Fig. 4-19a. 
Determine the moment of the force about point O. 


SOLUTION | (SCALAR ANALYSIS) 


The force is resolved into its x and y components as shown in 
Fig. 4-195, then 


G+Mpo = 400 sin 30° N(0.2 m) — 400 cos 30° N(0.4 m) 


—98.6 N-m = 98.6N-m 2 


Mo = {-98.6k} N-m 


SOLUTION II (VECTOR ANALYSIS) 


Using a Cartesian vector approach, the force and position vectors 
shown in Fig. 4-19c are 


r = {0.41 — 0.2j} m 
F = {400 sin 30°i — 400 cos 30°j} N 


= {200.0i — 346.43} N 
The moment is therefore 


i j k 
Mo=rxF=|04 -02 0 
200.0 —346.4 0 


Oi — Oj + [0.4(—346.4) — (—0.2)(200.0)]k 
= {—98.6k} N-m Ans. 


NOTE: It is seen that the scalar analysis (Solution I) provides a 
more convenient method for analysis than Solution I since the 
direction of the moment and the moment arm for each component 
force are easy to establish. Hence, this method is generally 
recommended for solving problems displayed in two dimensions, 
whereas a Cartesian vector analysis is generally recommended only 
for solving three-dimensional problems. 
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ee FUNDAMENTAL PROBLEMS 


F4-1. Determine the moment of the force about point O. F4—4,. Determine the moment of the force about point O. 


600 Ib 


F4-1 
F4-2. Determine the moment of the force about point O. F4-5. Determine the moment of the force about point O. 
Neglect the thickness of the member. 
100 N 50 N 


100 mm 


60° 


F4-5 


F4-3. Determine the moment of the force about point O. F4-6. Determine the moment of the force about point O. 


F=300N 500 N 


F4-3 F4-6 
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F4-7. Determine the resultant moment produced by the F4-10. Determine the moment of force F about point O. 
forces about point O. Express the result as a Cartesian vector. 


aie F 4-10 
F4-8. Determine the resultant moment produced by the F 4-11. Determine the moment of force F about point O. 
forces about point O. Express the result as a Cartesian vector. 
F, = 500N 
z 
0.125 m 5 
| 0.3m | 3 
4 
] \___. F = 120 1b 
| A 
0.25 m 
I F, = 600N 
O 
Bae F4-11 
F4-9. Determine the resultant moment produced by the F4-12. If F, = {100i — 120j + 75k} lb and F, = {—200i 
forces about point O. + 250j + 100k} Ib, determine the resultant moment 
produced by these forces about point O. Express the result 
as a Cartesian vector. 
F, = 200 Ib | of 


F4-9 F412 
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PROBLEMS 


4-1. If A, B, and D are given vectors, prove the 
distributive law for the vector cross product, ie., 
A X (B+ D) = (A X B) + (A X D). 
42. Prove the triple — scalar identity 
A‘BxXC=AXB-C. 


product 


4-3. Given the three nonzero vectors A, B, and C, show 
that if A-(B X C) = 0, the three vectors must lie in the 
same plane. 


*4-4, Two men exert forces of F = 80 lb and P = 50 lbon 
the ropes. Determine the moment of each force about A. 
Which way will the pole rotate, clockwise or counterclockwise? 


e4-5. If the man at B exerts a force of P = 30 1b on his 
rope, determine the magnitude of the force F the man at C 
must exert to prevent the pole from rotating, ie., so the 
resultant moment about A of both forces is zero. 


Probs. 4—4/5 


4-6. If 6 = 45°, determine the moment produced by the 
4-kN force about point A. 


4-7. If the moment produced by the 4-kN force about 
point A is 10 KN: m clockwise, determine the angle 6, where 
ee 


Probs. 4—6/7 


*4-8. The handle of the hammer is subjected to the force 
of F = 20 lb. Determine the moment of this force about the 
point A. 


e4-9. In order to pull out the nail at B, the force F exerted 
on the handle of the hammer must produce a clockwise 
moment of 500lb-in. about point A. Determine the 
required magnitude of force F. 


Probs. 4-8/9 


4-10. The hub of the wheel can be attached to the axle 
either with negative offset (left) or with positive offset 
(right). If the tire is subjected to both a normal and radial 
load as shown, determine the resultant moment of these 
loads about point O on the axle for both cases. 


2 -—-0.05 m 


iz | 
0.4m 0.4m 
800 N 800 N 
4kN 4kN 
Case 1 Case 2 


Prob. 4-10 
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4-11. The member is subjected to a force of F = 6 KN. If 
0 = 45°, determine the moment produced by F about 
point A. 


*4-12. Determine the angle 6 (0° = 6 = 180°) of the 
force F so that it produces a maximum moment and a 
minimum moment about point A. Also, what are the 
magnitudes of these maximum and minimum moments? 


e4-13. Determine the moment produced by the force F 
about point A in terms of the angle 0. Plot the graph of M 4 
versus 0, where 0° = 6 S 180°. 


F=6kN 


Probs. 4—11/12/13 


4-14. Serious neck injuries can occur when a football 
player is struck in the face guard of his helmet in the 
manner shown, giving rise to a guillotine mechanism. 
Determine the moment of the knee force P = 50 Ib about 
point A. What would be the magnitude of the neck force F 
so that it gives the counterbalancing moment about A? 


Probs. 4-14 


4-15. The Achilles tendon force of F, = 650N is 
mobilized when the man tries to stand on his toes. As this is 
done, each of his feet is subjected to a reactive force of 
Ny; = 400 N. Determine the resultant moment of F, and Ny 
about the ankle joint A. 


*4-16. The Achilles tendon force F, is mobilized when the 
man tries to stand on his toes. As this is done, each of his feet 
is subjected to a reactive force of N, = 400 N. If the resultant 
moment produced by forces F, and N, about the ankle joint 
A is required to be zero, determine the magnitude of F,. 


N; = 400 N 
65 mm 100mm f 


Probs. 4-15/16 


°4-17. The two boys push on the gate with forces of 
F 4 = 30 lb and as shown. Determine the moment of each 
force about C. Which way will the gate rotate, clockwise or 
counterclockwise? Neglect the thickness of the gate. 


4-18. Two boys push on the gate as shown. If the boy at B 
exerts a force of Fz = 30 1b, determine the magnitude of 
the force F, the boy at A must exert in order to prevent the 
gate from turning. Neglect the thickness of the gate. 


Probs. 4-17/18 


4-19. The tongs are used to grip the ends of the drilling 
pipe P. Determine the torque (moment) Mp that the 
applied force F = 150 Ib exerts on the pipe about point P 
as a function of 6. Plot this moment Mp versus 6 for 
0=6= 90°. 


*4-20. The tongs are used to grip the ends of the drilling 
pipe P. If a torque (moment) of Mp = 800 lb: ft is needed 
at P to turn the pipe, determine the cable force F that must 
be applied to the tongs. Set 9 = 30°. 


L 43in, + : 


Probs. 4-19/20 


e421. Determine the direction 6 for 0° = 6 = 180° of the 
force F so that it produces the maximum moment about 
point A. Calculate this moment. 


4-22. Determine the moment of the force F about point A 
as a function of @. Plot the results of M (ordinate) versus 0 
(abscissa) for 0° = 6 = 180°. 


4-23. Determine the minimum moment produced by 
the force F about point A. Specify the angle @(0° = 
6 = 180°). 


F=400N 


IK 3m i 


Probs. 4—21/22/23 
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*4-24. In order to raise the lamp post from the position 
shown, force F is applied to the cable. If F = 200 lb, 
determine the moment produced by F about point A. 


°4-25. In order to raise the lamp post from the position 
shown, the force F on the cable must create a counterclockwise 
moment of 1500lb-ft about point A. Determine the 
magnitude of F that must be applied to the cable. 


B 
F 
20 ft 
Cc 78° 
Vaal 
10 ral 
Probs. 4—24/25 


4-26. The foot segment is subjected to the pull of the two 
plantarflexor muscles. Determine the moment of each force 
about the point of contact A on the ground. 


aaa 3.5 in: 


Prob. 4-26 


136 CHAPTER 4 FORCE SYSTEM RESULTANTS 


4-27. The 70-N force acts on the end of the pipe at B. 
Determine (a) the moment of this force about point A, and 
(b) the magnitude and direction of a horizontal force, applied 
at C, which produces the same moment. Take 6 = 60°. 


*4-28. The 70-N force acts on the end of the pipe at B. 
Determine the angles @ (0° = @ = 180°) of the force that 
will produce maximum and minimum moments about 
point A. What are the magnitudes of these moments? 


0.9m 
70N 


--0.3 m—>- 0.7m -| 


Probs. 4—27/28 


4-29. Determine the moment of each force about the 
bolt located at A. Take Fz = 40 1b, Fe = 50 |b. 


4-30. IfF, = 30 lband Fc = 45 |b, determine the resultant 
moment about the bolt located at A. 


Probs. 4—29/30 


4-31. The rod on the power control mechanism for a 
business jet is subjected to a force of 80 N. Determine the 
moment of this force about the bearing at A. 


80N 


Prob. 4-31 


*4-32. The towline exerts a force of P = 4kN at the end 
of the 20-m-long crane boom. If @ = 30°, determine the 
placement x of the hook at A so that this force creates a 
maximum moment about point O. What is this moment? 


°4-33. The towline exerts a force of P = 4 KN at the end 
of the 20-m-long crane boom. If x = 25 m, determine the 
position 6 of the boom so that this force creates a maximum 
moment about point O. What is this moment? 


P=4kN 


1 = 


Probs. 4—32/33 


4-34. In order to hold the wheelbarrow in the position 
shown, force F must produce a counterclockwise moment 
of 200 N-m about the axle at A. Determine the required 
magnitude of force F. 


4-35. The wheelbarrow and its contents have a mass of 
50 kg and a center of mass at G. If the resultant moment 
produced by force F and the weight about point A is to be 
zero, determine the required magnitude of force F. 


*4-36. The wheelbarrow and its contents have a center of 
mass at G. If F = 100 N and the resultant moment produced 
by force F and the weight about the axle at A is zero, 
determine the mass of the wheelbarrow and its contents. 


Prob. 4-34/35/36 


e4-37. Determine the moment produced by F, about 
point O. Express the result as a Cartesian vector. 


4-38. Determine the moment produced by F, about 
point O. Express the result as a Cartesian vector. 


4-39. Determine the resultant moment produced by the two 
forces about point O. Express the result as a Cartesian vector. 


y 


Probs. 4—37/38/39 
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*4-40. Determine the moment produced by force Fz 
about point O. Express the result as a Cartesian vector. 


°4-41. Determine the moment produced by force Fo 
about point O. Express the result as a Cartesian vector. 


4-42. Determine the resultant moment produced by 
forces Fz and Fc about point O. Express the result as a 
Cartesian vector. 


Probs. 4—40/41/42 


4-43. Determine the moment produced by each force 
about point O located on the drill bit. Express the results as 
Cartesian vectors. 


Zz 
600 mm 


F, = {—40i — 100j — 60k} N 
l y 


Fs = {—50i — 120j + 60k} N 


Prob. 4—43 


*4-44, A force of F = {6i — 2j + 1k} kN produces a 
moment of My = {4i + 5j — 14k} kN-m about the origin 
of coordinates, point O. If the force acts at a point having an 
x coordinate of x = 1 m, determine the y and z coordinates. 
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*4-45. The pipe assembly is subjected to the 80-N force. *4-48. Force F acts perpendicular to the inclined plane. 
Determine the moment of this force about point A. Determine the moment produced by F about point A. 


4-46. The pipe assembly is subjected to the 80-N force. Express the result as a Cartesian vector. 


Determine the moment of this force about point B. °4-49, Force F acts perpendicular to the inclined plane. 
Determine the moment produced by F about point B. 
Express the result as a Cartesian vector. 


Probs. 4—48/49 


Probs. 4—45/46 


4-47. The force F= {6i+ 8j + 10k}N creates a 4-50. A 20-N horizontal force is applied perpendicular to 


moment about point O of Mo = {—-14i + 8j + 2k} N-m. the handle of the socket wrench. Determine the magnitude 
If the force passes through a point having an x coordinate of and the coordinate direction angles of the moment created 
1 m, determine the y and z coordinates of the point. Also, by this force about point O. 


realizing that Mo = Fd, determine the perpendicular 
distance d from point O to the line of action of F. 


Prob. 4-47 Prob. 4-50 
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4.5 Moment of a Force about a 
Specified Axis 


Sometimes, the moment produced by a force about a specified axis must 
be determined. For example, suppose the lug nut at O on the car tire in 
Fig. 4-20a needs to be loosened. The force applied to the wrench will 
create a tendency for the wrench and the nut to rotate about the moment 
axis passing through O; however, the nut can only rotate about the y axis. 
Therefore, to determine the turning effect, only the y component of the 
moment is needed, and the total moment produced is not important. To 
determine this component, we can use either a scalar or vector analysis. 


Scalar Analysis. To use a scalar analysis in the case of the lug nut in 
Fig. 4-20a, the moment arm perpendicular distance from the axis to the line 
of action of the force is d, = d cos 6. Thus, the moment of F about the y 
axis is M, = F d, = F(d cos @). According to the right-hand rule, M, is 
directed along the positive y axis as shown in the figure. In general, for any 
axis a, the moment is 


M, = Fd, (4-10) 


Moment Axis 
(a) 
Fig. 4-20 


If large enough, the cable force F on the boom 
of this crane can cause the crane to topple 
over. To investigate this, the moment of the 
force must be calculated about an axis passing 
through the base of the legs at A and B. 
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(b) 
Fig. 4-20 


Axis of projection 


Fig. 4-21 


Vector Analysis. To find the moment of force F in Fig. 4-20b about 
the y axis using a vector analysis, we must first determine the moment of 
the force about any point O on the y axis by applying Eq. 4-7, 
Moy = r X F.The component M, along the y axis is the projection of Mo 
onto the y axis. It can be found using the dot product discussed in 
Chapter 2, so that M, = j-My =j-(r X FB), where j is the unit vector 
for the y axis. : 

We can generalize this approach by letting u, be the unit vector that 
specifies the direction of the a axis shown in Fig. 4-21. Then the moment 
of F about the axis is M, = u,:(r X F). This combination is referred to 
as the scalar triple product. If the vectors are written in Cartesian form, 
we have 


ij ik 
M, = [u,i + Ug,j + Ww El|*\te Fy 7, 
Py Fy. Fe 


= (TF = rely) ~ Ug (TxFz -_ 1F) + ug (7,Fy = Tf) 


This result can also be written in the form of a determinant, making it 
easier to memorize.* 


Ug, Ua Ug, 
M,=u,'(r X F) = |r, ie ee (4-11) 
Same ? 


where 
Ua,» Ua, Ua, Tepresent the x, y, z components of the unit 
vector defining the direction of the a axis 


Peg Vs 7 represent the x, y, z components of the 
position vector extended from any point O on 
the a axis to any point A on the line of action 
of the force 


F,, Fy, F, represent the x, y, z components of the force 
vector. 


When M, is evaluated from Eq. 4-11, it will yield a positive or negative 
scalar. The sign of this scalar indicates the sense of direction of M, along 
the a axis. If it is positive, then M, will have the same sense as u,, whereas 
if it is negative, then M, will act opposite to u,. 

Once M, is determined, we can then express M, as a Cartesian vector, 
namely, 


M, = M Ma (4-12) 


The examples which follow illustrate numerical applications of the 
above concepts. 


*Take a moment to expand this determinant, to show that it will yield the above result. 
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Important Points 


The moment of a force about a specified axis can be determined 
provided the perpendicular distance d, from the force line of 
action to the axis can be determined. M, = Fd,. 


If vector analysis is used, M, = u,° (rt X F), where u, defines the 
direction of the axis and r is extended from any point on the axis 
to any point on the line of action of the force. 


If M, is calculated as a negative scalar, then the sense of direction 
of M, is opposite to u,. 


The moment M, expressed as a Cartesian vector is determined 
from M, = Mu,. 


EXAMPLE |4.7 


Determine the resultant moment of the three forces in Fig. 4-22 about 
the x axis, the y axis, and the z axis. 


SOLUTION 


A force that is parallel to a coordinate axis or has a line of action that 

passes through the axis does not produce any moment or tendency for 

turning about that axis. Therefore, defining the positive direction of the F;, = 40 Ib 
moment of a force according to the right-hand rule, as shown in the 

figure, we have 


M,, = (60 Ib)(2 ft) + (50 Ib)(2 ft) + 0 = 2201b-ft Ans. 


M, = 0 — (501b)(3 ft) — (40 1b)(2 ft) = —230 lb-ft Ans. 


M, = 0 + 0 — (40 1b)(2 ft) = —80 Ib: ft Ans. 


The negative signs indicate that M, and M, act in the —y and —z 
directions, respectively. 


142 CHAPTER 4 FORCE SYSTEM RESULTANTS 


EXAMPLE |4.8 


Determine the moment M4, produced by the force F in Fig. 4-23a, 
which tends to rotate the rod about the AB axis. 


SOLUTION 


A vector analysis using M 4, = ug: (r X F) will be considered for the 
solution rather than trying to find the moment arm or perpendicular 
distance from the line of action of F to the AB axis. Each of the terms 
in the equation will now be identified. 

Unit vector ug defines the direction of the AB axis of the rod, 
Fig. 4-23, where 


- {0.4i + 0.2j} m 
V(0.4m) 2+ (02m) ? 
Vector r is directed from any point on the AB axis to any point on the 
line of action of the force. For example, position vectors rc and rp are 


suitable, Fig. 4-23b. (Although not shown, rgc or rgp can also be 
used.) For simplicity, we choose rp, where 


rp = {0.6i} m 


= 0.89441 + 0.4472] 


The force is 
F = {-300k} N 
Substituting these vectors into the determinant form and expanding, 
we have 
0.8944 0.4472 
Map = Ug’ (tp X F) = 0.6 0 0 
0 0 —300 


= 0.8944[0(—300) — 0(0)] — 0.4472[0.6(—300) — 0(0)] 
+ 0[0.6(0) — 0(0)] 


= 80.50 N-m 
This positive result indicates that the sense of My, is in the same 
direction as Up. 
Expressing M4, as a Cartesian vector yields 
Map = M ygug = (80.50 N-m)(0.8944i + 0.4472j) 
= {72.0i + 36.0j} N-m Ans. 
The result is shown in Fig. 4-23). 
NOTE: Ifaxis AB is defined using a unit vector directed from B toward 
A, then in the above formulation —uz would have to be used. This would 


lead to M,ygz = —80.50 N:m. Consequently, M,, = M,4,(—ug), and 
the same result would be obtained. 
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EXAMPLE |4.9 


Determine the magnitude of the moment of force F about segment 
OA of the pipe assembly in Fig. 4—24a. 


SOLUTION 


The moment of F about the OA axis is determined from 
Mo, = Ug," (t X F), where ris a position vector extending from any 
point on the OA axis to any point on the line of action of F. As 
indicated in Fig. 4-24b, either rgp, toc, ap, OT rac can be used; 
however, rgp will be considered since it will simplify the calculation. 

The unit vector ug, which specifies the direction of the OA axis, is 


{0.3i + 0.4j} m 
V/(0.3 m)? + (0.4m)? 


= 0.61 + 0.8) 


and the position vector rgp is 
Yop = {0.5i + 0.5k} m 


The force F expressed as a Cartesian vector is 


F = (2) 
CD 


= (300 N)| 


{0.4i — 0.4j + 0.2k} m 
V(0.4m) + (—0.4m)* + (0.2 =| 


= {200i — 200j + 100k} N 
Therefore, 


Moa = Ugg" (Yop X F) 
0.6 0.8 0 


0.5 0 0.5, 
200 -—200 100 


0.6[0(100) — (0.5)(—200)] — 0.8[0.5(100) — (0.5)(200)] + 0 


= 100 N-m Ans. 
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ine FUNDAMENTAL PROBLEMS 


F4-13. Determine the magnitude of the moment of the 
force F = {300i — 200j + 150k} N about the x axis. 
Express the result as a Cartesian vector. 


F4-14. Determine the magnitude of the moment of the 
force F = {300i — 200j + 150k}N about the OA axis. 
Express the result as a Cartesian vector. 


F4-13/14 


F4-15. Determine the magnitude of the moment of the 
200-N force about the x axis. 


F4-15 


F4-16. Determine the magnitude of the moment of the 
force about the y axis. 
F = {30i — 20j + 50k} N 


F4-16 


F4-17. Determine the moment of the force 
F = {50i — 40j + 20k} lb about the AB axis. Express the 
result as a Cartesian vector. z 


F4-17 


F4-18. Determine the moment of force F about the x, the 
y, and the z axes. Use a scalar analysis. 


Zz PROBLEMS 
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4-51. Determine the moment produced by force F about 
the diagonal AF of the rectangular block. Express the result 
as a Cartesian vector. 


*4-52. Determine the moment produced by force F about 
the diagonal OD of the rectangular block. Express the 
result as a Cartesian vector. 


F = {—6i + 3j + 10k} N 


Probs. 4—51/52 


e4-53. The tool is used to shut off gas valves that are 
difficult to access. If the force F is applied to the handle, 
determine the component of the moment created about the 
z axis of the valve. 


Prob. 4—53 


4-54. Determine the magnitude of the moments of the 
force F about the x, y, and z axes. Solve the problem (a) using 
a Cartesian vector approach and (b) using a scalar approach. 


4-55. Determine the moment of the force F about an axis 
extending between A and C. Express the result as a 
Cartesian vector. Zz 


F = (41 + 12j — 3k} Ib 


Probs. 4—54/55 


*4-56. Determine the moment produced by force F about 
segment AB of the pipe assembly. Express the result as a 
Cartesian vector. 


F = {—20i + 10j + 15k} N 


Prob. 4—56 
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e4-57. Determine the magnitude of the moment that the *4-60. Determine the magnitude of the moment 
force F exerts about the y axis of the shaft. Solve the produced by the force of F = 200 N about the hinged axis 
problem using a Cartesian vector approach and using a (the x axis) of the door. 


scalar approach. 


Prob. 4-60 


Prob. 4—57 


4-58. If F = 450N, determine the magnitude of the °4-61. Ifthe tension in the cable is F = 140 lb, determine 
moment produced by this force about the x axis. the magnitude of the moment produced by this force about 


BA ; : the hinged axis, CD, of the panel. 
4-59. The friction at sleeve A can provide a maximum 


resisting moment of 125 N-m about the x axis. Determine 4-62. Determine the magnitude of force F in cable AB in 

the largest magnitude of force F that can be applied to the order to produce a moment of 500 Ib- ft about the hinged 

bracket so that the bracket will not turn. axis CD, which is needed to hold the panel in the position 
shown. 


Probs. 4—58/59 Probs. 4-61/62 


4-63. The A-frame is being hoisted into an upright 
position by the vertical force of F = 80 1b. Determine the 
moment of this force about the y’ axis passing through 
points A and B when the frame is in the position shown. 


*4-64. The A-frame is being hoisted into an upright 
position by the vertical force of F = 80 1b. Determine the 
moment of this force about the x axis when the frame is in 
the position shown. 


e4-65. The A-frame is being hoisted into an upright 
position by the vertical force of F = 80 1b. Determine the 
moment of this force about the y axis when the frame is in 
the position shown. 


Zz 


Probs. 4-63/64/65 


4-66. The flex-headed ratchet wrench is subjected to a 
force of P = 16 |b, applied perpendicular to the handle as 
shown. Determine the moment or torque this imparts along 
the vertical axis of the bolt at A. 


4-67. If a torque or moment of 80lb-in. is required to 
loosen the bolt at A, determine the force P that must be 
applied perpendicular to the handle of the flex-headed ratchet 
wrench. 


Probs. 4—-66/67 
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*4-68. The pipe assembly is secured on the wall by the 
two brackets. If the flower pot has a weight of 50 Ib, 
determine the magnitude of the moment produced by the 
weight about the OA axis. 


°4-69. The pipe assembly is secured on the wall by the two 
brackets. If the frictional force of both brackets can resist a 
maximum moment of 1501b-ft, determine the largest 
weight of the flower pot that can be supported by the 
assembly without causing it to rotate about the OA axis. 


Probs. 4—68/69 
4-70. A vertical force of F = 60 N is applied to the 
handle of the pipe wrench. Determine the moment that this 
force exerts along the axis AB (x axis) of the pipe assembly. 
Both the wrench and pipe assembly ABC lie in the x—y 
plane. Suggestion: Use a scalar analysis. 


4-71. Determine the magnitude of the vertical force F 
acting on the handle of the wrench so that this force 
produces a component of moment along the AB axis (x axis) 
of the pipe assembly of (M4), = {—Si} N-m. Both the pipe 
assembly ABC and the wrench lie in the x—y plane. 
Suggestion: Use a scalar analysis. 


200 mm 


C Probs. 4—70/71 
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TB tT, 
O 
Fig. 4-26 
M 


4.6 Moment of a Couple 


A couple is defined as two parallel forces that have the same magnitude, 
but opposite directions, and are separated by a perpendicular distance d, 
Fig. 4-25. Since the resultant force is zero, the only effect of a couple is to 
produce a rotation or tendency of rotation in a specified direction. For 
example, imagine that you are driving a car with both hands on the steering 
wheel and you are making a turn. One hand will push up on the wheel 
while the other hand pulls down, which causes the steering wheel to rotate. 

The moment produced by a couple is called a couple moment. We can 
determine its value by finding the sum of the moments of both couple 
forces about any arbitrary point. For example, in Fig. 4-26, position 
vectors r, and rz are directed from point O to points A and B lying on 
the line of action of —F and F. The couple moment determined about O 
is therefore 


M 


rp X F+ ry X —F = (rg — ry) X F 
However rg =r, + rorr = rg — ry, so that 
M=rxXF (4-13) 


This result indicates that a couple moment is a free vector, i.e., it can act 
at any point since M depends only upon the position vector r directed 
between the forces and not the position vectors r, and rg, directed from 
the arbitrary point O to the forces. This concept is unlike the moment of 
a force, which requires a definite point (or axis) about which moments 
are determined. 


Scalar Formulation. The moment of a couple, M, Fig. 4-27, is 
defined as having a magnitude of 


M = Fd (4-14) 


where Fis the magnitude of one of the forces and d is the perpendicular 
distance or moment arm between the forces. The direction and sense of 
the couple moment are determined by the right-hand rule, where the 
thumb indicates this direction when the fingers are curled with the sense 
of rotation caused by the couple forces. In all cases, M will act 
perpendicular to the plane containing these forces. 


Vector Formulation. The moment of a couple can also be 
expressed by the vector cross product using Eq. 4-13, i.e., 


M=rXF (4-15) 


Application of this equation is easily remembered if one thinks of taking 
the moments of both forces about a point lying on the line of action of 
one of the forces. For example, if moments are taken about point A in 
Fig. 4-26, the moment of —F is zero about this point, and the moment of 
F is defined from Eq. 4-15. Therefore, in the formulation r is crossed with 
the force F to which it is directed. 
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Equivalent Couples. If two couples produce a moment with the same 
magnitude and direction, then these two couples are equivalent. For example, 
the two couples shown in Fig. 4-28 are equivalent because each couple 
moment has a magnitude of M = 30 N(0.4 m) = 40 N(0.3 m) = 12N-m 
, and each is directed into the plane of the page. Notice that larger forces 
are required in the second case to create the same turning effect 
because the hands are placed closer together. Also, if the wheel was 
connected to the shaft at a point other than at its center, then the wheel 
would still turn when each couple is applied since the 12 N-m couple is 
a free vector. 


Resultant Couple Moment. Since couple moments are vectors, 
their resultant can be determined by vector addition. For example, M, 
consider the couple moments Mj, and M) acting on the pipe in Fig. 4—29a. M, 
Since each couple moment is a free vector, we can join their tails at any 
arbitrary point and find the resultant couple moment, Mr = M, + M> (a) 
as shown in Fig. 4—29b. 

If more than two couple moments act on the body, we may generalize 
this concept and write the vector resultant as 


Mz = X(t X F) (4-16) 


These concepts are illustrated numerically in the examples that follow. 
In general, problems projected in two dimensions should be solved using (b) 
a scalar analysis since the moment arms and force components are easy 
to determine. Fig. 4-29 
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Important Points 


A couple moment is produced by two noncollinear forces that 
are equal in magnitude but opposite in direction. Its effect is to 
produce pure rotation, or tendency for rotation in a specified 
direction. 


A couple moment is a free vector, and as a result it causes the 
same rotational effect on a body regardless of where the couple 
moment is applied to the body. 


Steering wheels on vehicles have been made 
smaller than on older vehicles because 


power steering does not require the driver The moment of the two couple forces can be determined about 
to apply a large couple moment to the rim of any point. For convenience, this point is often chosen on the line 
the wheel. of action of one of the forces in order to eliminate the moment of 


this force about the point. 


In three dimensions the couple moment is often determined 
using the vector formulation, M = r X F, where r is directed 
from any point on the line of action of one of the forces to any 
point on the line of action of the other force F. 


A resultant couple moment is simply the vector sum of all the 
couple moments of the system. 


EXAMPLE |4.10 


Determine the resultant couple moment of the three couples acting 
on the plate in Fig. 4-30. 


SOLUTION 


As shown the perpendicular distances between each pair of couple forces 
are d; = 4ft, d, = 3 ft, and d3 = 5 ft. Considering counterclockwise 
couple moments as positive, we have 


G+Mp = =M; Mr = —Fd, “F Fd a F 3d; 
(—200 Ib)(4 ft) + (450 Ib)(3 ft) — (300 Ib)(5 ft) 


—950 Ib: ft = 950 Ib: ft) Ans. 


The negative sign indicates that Mp has a clockwise rotational sense. 
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EXAMPLE |4.11 


Determine the magnitude and direction of the couple moment acting 
on the gear in Fig. 4-31a. 


600 sin 30° N 


F=600N  600sin30°N 
(b) 


SOLUTION 


The easiest solution requires resolving each force into its components 
as shown in Fig. 4-31b. The couple moment can be determined by 
summing the moments of these force components about any point, for 
example, the center O of the gear or point A. If we consider 
counterclockwise moments as positive, we have 


G+M = 3M; M = (600 cos 30° N)(0.2 m) — (600 sin 30° N)(0.2 m) 
= 3.9N-m) Ans. 


or 
G+M = 3M,: M = (600 cos 30° N)(0.2 m) — (600 sin 30° N)(0.2 m) 
= 43.9N-m) Ans. 
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This positive result indicates that M has a counterclockwise rotational 
sense, so it is directed outward, perpendicular to the page. 


NOTE: ‘The same result can also be obtained using M = Fd,where d 
is the perpendicular distance between the lines of action of the couple 
forces, Fig. 4-31c. However, the computation for d is more involved. 
Realize that the couple moment is a free vector and can act at any 
point on the gear and produce the same turning effect about point O. 
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EXAMPLE |4.12 


Determine the couple moment acting on the pipe shown in Fig. 4—32a. 
Segment AB is directed 30° below the x-y plane. 


SOLUTION | (VECTOR ANALYSIS) 


The moment of the two couple forces can be found about any point. If 
point O is considered, Fig. 4-325, we have 
, M = ry X (—25k) + rg X (25k) 
ae = (8j) X (—25k) + (6 cos 30° + 8j — 6 sin 30°k) X (25k) 
d ~2001 — 129.9} + 200i 
= {—130j} lb- in. Ans. 
It is easier to take moments of the couple forces about a point lying on 
the line of action of one of the forces, e.g., point A, Fig. 4—32c. In this 
case the moment of the force at A is zero, so that 
M = raz X (25k) 
= (6cos 30°i — 6 sin 30°k) X (25k) 
= {—130j} lb: in. 


25 lb 


SOLUTION II (SCALAR ANALYSIS) 


Although this problem is shown in three dimensions, the geometry is 
simple enough to use the scalar equation M = Fd. The perpendicular 

“~~ , distance between the lines of action of the couple forces is 
d = 6cos 30° = 5.196 in., Fig. 4-32d. Hence, taking moments of the 
forces about either point A or point B yields 


Sup M = Fd = 25 1b (5.196 in.) = 129.9 Ib- in. 
: Applying the right-hand rule, M acts in the —j direction. Thus, 


M = {—130j} Ib- in. 
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EXAMPLE |4.13 


Replace the two couples acting on the pipe column in Fig. 4-33a by a 
resultant couple moment. 


ia 


M, =375N-m g 3 
A 


SOLUTION (VECTOR ANALYSIS) 
The couple moment M,, developed by the forces at A and B, can 
easily be determined from a scalar formulation. 


M, = Fd = 150 N(0.4m) = 60N-m 
By the right-hand rule, M, acts in the +i direction, Fig. 4-33b. Hence, 
M, = {60i} N-m 


Vector analysis will be used to determine M,, caused by forces at C 
and D. If moments are computed about point D, Fig. 4-33a, 
M, = Ene x Fo, then 

M) = tpc X Fo = (0.3i) x [125($)j — 125(2)k] 
(0.3i) X [100j — 75k] = 30(i x j) — 22.5(i < k) 
= {22.5j + 30k} N-m 
Since M, and Mb) are free vectors, they may be moved to some 


arbitrary point and added vectorially, Fig. 4-33c. The resultant couple 
moment becomes 


Mp = M, + Mp = {60i + 22.5j + 30k} N-m —— Ans, 
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ine FUNDAMENTAL PROBLEMS 


F4-19. Determine the resultant couple moment acting on 
the beam. 


400 N 400 N 


3m ~-—2 m 
300 N 300 N 
F4-19 
F4-20. Determine the resultant couple moment acting on 
the triangular plate. 


200 Ib 150 Ib 


200 Ib 150 lb 


300 Ib 300 Ib 
F4-20 


F4-21. Determine the magnitude of F so that the resultant 
couple moment acting on the beam is 1.5 KN: m clockwise. 


F4-21 


F4-22. Determine the couple moment acting on the beam. 
10 kN 


ik 
3 
__.,__{} 


3 
4| fA 


10 kN 


F4-22 


F4-23. Determine the resultant couple moment acting on 
the pipe assembly. 


Zz 
(ae = 450 lb-ft 


(M,)3 = 300 lb-ft 


Pau, = 250 lb-ft 


F4-23 
F4-24. Determine the couple moment acting on the pipe 
assembly and express the result as a Cartesian vector. 


F4-24 
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PE TPROBLEMS 


*4-72. The frictional effects of the air on the blades of the 4-74. The caster wheel is subjected to the two couples. 
standing fan creates a couple moment of Mj = 6N-mon Determine the forces F that the bearings exert on the shaft 
the blades. Determine the magnitude of the couple forces so that the resultant couple moment on the caster is zero. 


at the base of the fan so that the resultant couple moment 
on the fan is zero. 


mm 


500 N 


Prob. 4-72 Prob. 4-74 

e4-73. Determine the required magnitude of the couple 4-75. If F = 2001b, determine the resultant couple 

moments M, and M; so that the resultant couple moment moment. 

is zero. 
*4-76. Determine the required magnitude of force F if the 
resultant couple moment on the frame is 200 lb-ft, 
clockwise. 

Qe 
i 
M; 


Prob. 4-73 Probs. 4—75/76 
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°4-77. The floor causes a couple moment of 


M, = 40N-m and Mz = 30N:m on the brushes of the 
polishing machine. Determine the magnitude of the couple 
forces that must be developed by the operator on the 
handles so that the resultant couple moment on the polisher 
is zero. What is the magnitude of these forces if the brush 
at B suddenly stops so that Mz = 0? 


Prob. 4-77 
4-78. If 9 = 30°, determine the magnitude of force F so that 
the resultant couple moment is 100 N - m, clockwise. 


4-79. If F = 200 N, determine the required angle @ so that 
the resultant couple moment is zero. 


300 N 


Probs. 4—78/79 


*4-80. Two couples act on the beam. Determine the 
magnitude of F so that the resultant couple moment is 
450 Ib: ft, counterclockwise. Where on the beam does the 
resultant couple moment act? 


Prob. 4-80 


°4-81. The cord passing over the two small pegs A and B of 
the square board is subjected to a tension of 100 N. 
Determine the required tension P acting on the cord that 
passes over pegs C and D so that the resultant couple 
produced by the two couples is 15 N-m acting clockwise. 
Take 6 = 15°. 


4-82. The cord passing over the two small pegs A and B of 
the board is subjected to a tension of 100 N. Determine the 
minimum tension P and the orientation 6 of the cord 
passing over pegs C and D, so that the resultant couple 
moment produced by the two cords is 20 N - m, clockwise. 


Probs. 4—81/82 


4-83. A device called a rolamite is used in various ways to 
replace slipping motion with rolling motion. If the belt, 
which wraps between the rollers, is subjected to a tension of 
15 N, determine the reactive forces N of the top and bottom 
plates on the rollers so that the resultant couple acting on 
the rollers is equal to zero. 


2 


N 


Prob. 4-83 


*4-84. Two couples act on the beam as shown. Determine 
the magnitude of F so that the resultant couple moment is 
300 Ib- ft counterclockwise. Where on the beam does the 
resultant couple act? 


200 Ib 


200 Ib 


Prob. 4-84 
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°4-85. Determine the resultant couple moment acting on 
the beam. Solve the problem two ways: (a) sum moments 
about point O; and (b) sum moments about point A. 


1.5m 1.8m 
8 kN ee KN 
45° 


A 


45° 


30° 


kN 8kN 


Prob. 4-85 


4-86. Two couples act on the cantilever beam. If 
F = 6kN, determine the resultant couple moment. 


4-87. Determine the required magnitude of force F, if the 
resultant couple moment on the beam is to be zero. 


Probs. 4-86/87 
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*4-88. Two couples act on the frame. If the resultant 
couple moment is to be zero, determine the distance d 
between the 40-Ib couple forces. 


e4-89. Two couples act on the frame. If d = 4 ft, determine 
the resultant couple moment. Compute the result by resolving 
each force into x and y components and (a) finding the 
moment of each couple (Eq. 4-13) and (b) summing the 
moments of all the force components about point A. 


4-90. Two couples act on the frame. If d = 4 ft, determine 
the resultant couple moment. Compute the result by 
resolving each force into x and y components and (a) finding 
the moment of each couple (Eq. 4-13) and (b) summing the 
moments of all the force components about point B. 


3 ft 4 ft 


x 
Probs. 4-88/89/90 
4-91. IfM,= 500 N-m, M) = 600 N-m,and M; = 450 N-m, 
determine the magnitude and coordinate direction angles 
of the resultant couple moment. 


*4-92. Determine the required magnitude of couple 
moments M,, M>, and M3; so that the resultant couple 
600k} N-m. 


moment is Mz = {—300i + 450j 


Probs. 4—91/92 


°4-93. If F =80N, determine the magnitude and 
coordinate direction angles of the couple moment. The pipe 
assembly lies in the x-y plane. 


4-94. If the magnitude of the couple moment acting on 
the pipe assembly is 50 N- m, determine the magnitude of 
the couple forces applied to each wrench. The pipe 
assembly lies in the xy plane. 


Probs. 4—93/94 


4-95. From load calculations it is determined that the 
wing is subjected to couple moments M, = 17 kip- ft and 
M, = 25 kip: ft. Determine the resultant couple moments 
created about the x’ and y’ axes. The axes all lie in the same 


horizontal plane. 


Prob. 4-95 


*4-96. Express the moment of the couple acting on the 
frame in Cartesian vector form. The forces are applied 
perpendicular to the frame. What is the magnitude of the 
couple moment? Take F = 50ON. 


°4-97, In order to turn over the frame, a couple moment is 
applied as shown. If the component of this couple moment 
along the x axis is M, = {—20i} N-m, determine the 
magnitude F of the couple forces. 


Probs. 4—96/97 


4-98. Determine the resultant couple moment of the two 
couples that act on the pipe assembly. The distance from A to 
Bisd = 400 mm. Express the result as a Cartesian vector. 


4-99. Determine the distance d between A and B so that the 
resultant couple moment has a magnitude of Mr = 20 N-m. 


Probs. 4—98/99 
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*4-100. If M, = 180 lb-ft, M, = 90 lb-ft, and M; = 120 lb-ft, 
determine the magnitude and coordinate direction angles 
of the resultant couple moment. 


e4-101. Determine the magnitudes of couple moments 
M,, Mb, and M; so that the resultant couple moment is zero. 


Probs. 4-100/101 


4-102. If F, = 100lband F, = 2001lb, determine the 
magnitude and coordinate direction angles of the resultant 
couple moment. 


4-103. Determine the magnitude of couple forces F, and 
F; so that the resultant couple moment acting on the block 
is Zero. 


Probs. 4—102/103 
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(a) 


(a) 


4.7 Simplification of a Force and Couple 
System 


Sometimes it is convenient to reduce a system of forces and couple moments 
acting on a body to a simpler form by replacing it with an equivalent system, 
consisting of a single resultant force acting at a specific point and a resultant 
couple moment. A system is equivalent if the external effects it produces on 
a body are the same as those caused by the original force and couple 
moment system. In this context, the external effects of a system refer to the 
translating and rotating motion of the body if the body is free to move, or it 
refers to the reactive forces at the supports if the body is held fixed. 

For example, consider holding the stick in Fig. 4-34a, which is 
subjected to the force F at point A. If we attach a pair of equal but 
opposite forces F and —F at point B, which is on the line of action of F, 
Fig. 4-34, we observe that -F at B and F at A will cancel each other, 
leaving only F at B, Fig. 4-34c. Force F has now been moved from A to B 
without modifying its external effects on the stick; i.e., the reaction at the 
grip remains the same. This demonstrates the principle of transmissibility, 
which states that a force acting on a body (stick) is a sliding vector since 
it can be applied at any point along its line of action. 

We can also use the above procedure to move a force to a point that is not 
on the line of action of the force. If F is applied perpendicular to the stick, as 
in Fig. 4-35a, then we can attach a pair of equal but opposite forces F and -F 
to B, Fig. 4-35b. Force F is now applied at B, and the other two forces, F at A 
and —-F at B, form a couple that produces the couple moment M = Fd, 
Fig. 4-35c. Therefore, the force F can be moved from A to B provided a 
couple moment M is added to maintain an equivalent system. This couple 
moment is determined by taking the moment of F about B. Since M is 
actually a free vector, it can act at any point on the stick. In both cases the 
systems are equivalent which causes a downward force F and clockwise 
couple moment M = Fd to be felt at the grip. 


(b) 
Fig. 4-34 


(b) 
Fig. 4-35 
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System of Forces and Couple Moments. Using the above 
method, a system of several forces and couple moments acting on a 
body can be reduced to an equivalent single resultant force acting at a 
point O and a resultant couple moment. For example, in Fig. 4—36a, O is 
not on the line of action of F,, and so this force can be moved to point 
O provided a couple moment M, =r, X F is added to the body. 
Similarly, the couple moment M, = r, X F, should be added to the 
body when we move F; to point O. Finally, since the couple moment M 
is a free vector, it can just be moved to point O. By doing this, we obtain 
the equivalent system shown in Fig. 4-36), which produces the same 
external effects (support reactions) on the body as that of the force and 
couple system shown in Fig. 4—36a. If we sum the forces and couple 
moments, we obtain the resultant force Fp = F, + F, and the resultant 
couple moment (Mr)y = M + M, + Mh, Fig. 4-36c. 

Notice that Fp is independent of the location of point O; however, (Mpz)o 
depends upon this location since the moments M, and Mb) are 
determined using the position vectors r, and ry. Also note that (Majo is 
a free vector and can act at any point on the body, although point O is 
generally chosen as its point of application. 

We can generalize the above method of reducing a force and couple 
system to an equivalent resultant force Fp acting at point O and a 
resultant couple moment (Mp)g by using the following two equations. 


Fr = =F 


4-17 
(Mr)o = =Mo ae >M ( ) 


The first equation states that the resultant force of the system is 
equivalent to the sum of all the forces; and the second equation states 
that the resultant couple moment of the system is equivalent to the sum 
of all the couple moments 2M plus the moments of all the forces 2Mo 
about point O. If the force system lies in the x-y plane and any couple 
moments are perpendicular to this plane, then the above equations 
reduce to the following three scalar equations. Fig. 4-36 


(Fr)x = 1A. 
Las Ws, (4-18) 
(Mrjo = =Mo ae =M 


Here the resultant force is determined from the vector sum of its two 
components (F'g), and (F),. 
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The weights of these traffic lights can be replaced by their equivalent resultant force 
Wr= W, + W2 and a couple moment (Mr)g = Wid; + Wd, at the support, O. In 
both cases the support must provide the same resistance to translation and rotation in 
order to keep the member in the horizontal position. 


Procedure for Analysis 


The following points should be kept in mind when simplifying a force 
and couple moment system to an equivalent resultant force and 
couple system. 


e Establish the coordinate axes with the origin located at point O and 
the axes having a selected orientation. 


Force Summation. 


If the force system is coplanar, resolve each force into its x and y 
components. If a component is directed along the positive x or y 
axis, it represents a positive scalar; whereas if it is directed along 
the negative x or y axis, it is a negative scalar. 


In three dimensions, represent each force as a Cartesian vector 
before summing the forces. 


Moment Summation. 


When determining the moments of a coplanar force system about 
point O, it is generally advantageous to use the principle of 
moments, i.e., determine the moments of the components of each 
force, rather than the moment of the force itself. 


In three dimensions use the vector cross product to determine the 
moment of each force about point O. Here the position vectors 
extend from O to any point on the line of action of each force. 
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EXAMPLE |4.14 


Replace the force and couple system shown in Fig. 4-37a by an 
equivalent resultant force and couple moment acting at point O. 
y 


(3 KN)sin 30° 


SOLUTION 
Force Summation. The 3 kN and 5 kN forces are resolved into their 
x and y components as shown in Fig. 4-37b. We have 


4 (Fr)x = =F yx (Fr)y = @KN)cos 30° + (3) (SKN) = 5.598 kN > 


+1 (Fr)y = =F); (Fry = (3 KN)sin 30° — (2) (SKN) — 4KN = -6.50KN = 6.50kN/ 
Using the Pythagorean theorem, Fig. 4-37c, the magnitude of Fp is 


Fr = V(Fr)2 + (Fr)? = V(5.598 KN)? + (6.50kN)? = 858kN Ans. 


Its direction 6 is 


(Fr)y 6.50 kN 
ie = tan” | 1} = 49.3° Ans. 
tan (zy) tan (= k ) 93 ns. 


Moment Summation. The moments of 3 KN and 5 KN about 
point O will be determined using their x and y components. Referring 
to Fig. 4-37b, we have 
G+ (Mr)o = =Mo; 
(Mp)o = (3 KN)sin 30°(0.2 m) — (3 KN)cos 30°(0.1 m) + (3) (5 KN) (0.1m) 
— (3) (SKN) (0.5m) — (4KN)(0.2m) |i, 
= —2.46kN-m = 2.46 kN-m) Ans. oN 


(Mp)o = 2.46 kN-m 


This clockwise moment is shown in Fig. 4-37c. 


F 


NOTE: Realize that the resultant force and couple moment in R 
(Fr)y = 6.50 kN 


Fig. 4-37c will produce the same external effects or reactions at the 
supports as those produced by the force system, Fig 4—-37a. (c) 
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EXAMPLE |4.15 


Replace the force and couple system acting on the member in Fig. 4-38a 
by an equivalent resultant force and couple moment acting at point O. 


500 N 


(Mg)o = 37.5N-m 


== Xx 
(Fr); = 300N | 


Fr 
(Fp)y = 350 N (b) 


Fig. 4-38 


SOLUTION 


Force Summation. Since the couple forces of 200 N are equal but 
opposite, they produce a zero resultant force, and so it is not necessary 
to consider them in the force summation. The 500-N force is resolved 
into its x and y components, thus, 


+ (Fa)x = Fs (Fa)x = (2) (900 N) = 300N > 
+1(Fr)y = =F) (Fey = (500 N)(2) — 750N = -350N = 350N1 


From Fig. 4-15), the magnitude of Fr is 
Fr = V (Fr) + (Fr)? 


= V(300 N)? + (350 N)? = 461 N 


And the angle 6 is 


| 350N 
6 = tan ! = (ZEON) = soa" Ans. 
an ( Gay tan 300N 9 ns. 


Moment Summation. Since the couple moment is a free vector, it 
can act at any point on the member. Referring to Fig. 4-38a, we have 


iG ap (Mr)o = =Mo ar =M >; 
(Mg)o = (500 N)(2)(2.5 m) — (500 N)(2)(1 m) 
— (750 N)(1.25 m) + 200 N-m 


—375N-m = 37.5 Nm) 
This clockwise moment is shown in Fig. 4-38b. 
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EXAMPLE |4.16 


The structural member is subjected to a couple moment M and 
forces F, and F, in Fig. 4-39a. Replace this system by an equivalent 
resultant force and couple moment acting at its base, point O. 


0.1 
SOLUTION (VECTOR ANALYSIS) ee =300N 


The three-dimensional aspects of the problem can be simplified by 
using a Cartesian vector analysis. Expressing the forces and couple 
moment as Cartesian vectors, we have 


F, = {—800k} N 
F, = (300 N)ucg 


= (300 ny( 2) 


CB 


{—0.15i + 0.1j}m 
\y (20s acorn: 


= 2001] 


| = {-249.6i + 166.4j} N 


= —500(3)j + 500(3)k = {—400j + 300k} N-m 


Force Summation. 


Fe= SF, Fr=F, + Fy = —800k — 249.61 + 166.4 
= {—250i + 166j — 800k} N 


Moment Summation. 


Mp, = M+ Mo 
Mr, =~Mt+rcX F, + 4p X Fy 
i jk 
Mp, = (~400j +300k) + (1k) x (-800k)+] -0.15 O01 1 
—249.6 1664 0 
= (—400j + 300k) + (0) + (—166.4i — 249.6j) 
= {166i — 650j + 300k} N-m 


The results are shown in Fig. 4-395. 
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a FUNDAMENTAL PROBLEMS 


F4-25. Replace the loading system by an equivalent F4-28. Replace the loading system by an equivalent 


resultant force and couple moment acting at point A. resultant force and couple moment acting at point A. 
56, 100 1b 
100 Ib 
1 ft 
rn we 
4 ft 
A 200 Ib F4-28 
| F4-29. Replace the loading system by an equivalent 
+ 3 ft 3 ft resultant force and couple moment acting at point O. 


150 Ib 
F4-25 iN F, = {—300i + 150j + 200k} N 
F4-26. Replace the loading system by an equivalent 


m 
Pa 15 wi 
resultant force and couple moment acting at point A. 


40 N yy 
30N x | 


F, = {450k} N 


. 


F4-29 


F4-30. Replace the loading system by an equivalent 
resultant force and couple moment acting at point O. 


F4-26 Zz 
F, = 100N 


F4-27. Replace the loading system by an equivalent 
resultant force and couple moment acting at point A. 


900 N \30° 


4. 0.75 m | 0.75 m : y 


F4-27 F4-30 


t 0.75m | 0.75m 
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PE TPROBLEMS 


*4-104. Replace the force system acting on the truss by a 4-107. Replace the two forces by an equivalent resultant 
resultant force and couple moment at point C. force and couple moment at point O. Set F = 20 lb. 


*4-108. Replace the two forces by an equivalent resultant 
force and couple moment at point O. Set F = 15 lb. 


“2 ins! 


Probs. 4—107/108 


Prob. 4-104 
e4-105. Replace the force system acting on the beam by e4-109. Replace the force system acting on the post by a 
an equivalent force and couple moment at point A. resultant force and couple moment at point A. 


4-106. Replace the force system acting on the beam by an 
equivalent force and couple moment at point B. 


3 kN 


Probs. 4—105/106 Prob. 4-109 
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4-110. Replace the force and couple moment system 
acting on the overhang beam by a resultant force and 
couple moment at point A. 


Prob. 4-110 


4-111. Replace the force system by a resultant force and 
couple moment at point O. 


500 N 


200 N 


200 N 


Prob. 4-111 


*4-112. Replace the two forces acting on the grinder by a 
resultant force and couple moment at point O. Express the 
results in Cartesian vector form. 


F, = {10i — 15j — 40k} N 


F, = {—15i — 20j — 30k} N 


Prob. 4-112 


e4-113. Replace the two forces acting on the post by a 
resultant force and couple moment at point O. Express the 
results in Cartesian vector form. 


Prob. 4-113 
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4-114. The three forces act on the pipe assembly. If *4-116. Replace the force system acting on the pipe 
F, = SON and F, = 80N, replace this force system by an assembly by a resultant force and couple moment at point O. 
equivalent resultant force and couple moment acting at O. Express the results in Cartesian vector form. 

Express the results in Cartesian vector form. 


F, = {—10i + 25j + 20k} Ib 


Prob. 4-114 Prob. 4-116 


4-115. Handle forces F, and F, are applied to the electric e4-117. The slab is to be hoisted using the three slings 


drill. Replace this force system by an equivalent resultant shown. Replace the system of forces acting on slings by an 
force and couple moment acting at point O. Express the equivalent force and couple moment at point O. The force 
results in Cartesian vector form. F, is vertical. 


Prob. 4-115 Prob. 4-117 
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4.8 Further Simplification of a Force and 
Couple System 


In the preceding section, we developed a way to reduce a force and couple 
moment system acting on a rigid body into an equivalent resultant force 
Fz acting at a specific point O and a resultant couple moment (Ma)g. The 
force system can be further reduced to an equivalent single resultant force 
provided the lines of action of Fp and (Mp)o are perpendicular to each 
other. Because of this condition, only concurrent, coplanar, and parallel 
force systems can be further simplified. 


Concurrent Force System. Since a concurrent force system is 
one in which the lines of action of all the forces intersect at a common 
point O, Fig. 440a, then the force system produces no moment about 
this point. As a result, the equivalent system can be represented by a 
single resultant force Fr = =F acting at O, Fig. 4-40b. 


(a) (b) 
Fig. 4-40 


Coplanar Force System. In the case of a coplanar force system, 
the lines of action of all the forces lie in the same plane, Fig. 4—41a, and 
so the resultant force Fp = =F of this system also lies in this plane. 
Furthermore, the moment of each of the forces about any point O is 
directed perpendicular to this plane. Thus, the resultant moment 
(Mr)o and resultant force Fr will be mutually perpendicular, 
Fig. 4-41b. The resultant moment can be replaced by moving the 
resultant force Fr a perpendicular or moment arm distance d away 
from point O such that Fr produces the same moment (Mr)o about 
point O, Fig. 4—41c. This distance d can be determined from the scalar 
equation (Mr)o = Frd = XMoord = (Mr)o/F rp. 
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KF, F, 
(a) (b) (c) 


Fig. 4-41 


Parallel Force System. The parallel force system shown in Fig. 4-42a 
consists of forces that are all parallel to the z axis. Thus, the resultant 
force Fp = =F at point O must also be parallel to this axis, Fig. 4-42b. 
The moment produced by each force lies in the plane of the plate, and so 
the resultant couple moment, (M)o, will also lie in this plane, along the 
moment axis a since Fr and (Mp)o are mutually perpendicular. As a 
result, the force system can be further reduced to an equivalent single 
resultant force Fr, acting through point P located on the perpendicular b 
axis, Fig. 4-42c. The distance d along this axis from point O requires 
(Mr)o = Frd = =Mo ord = =Mo/F pr. 
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The four cable forces are all concurrent at point O on this bridge 
tower. Consequently they produce no resultant moment there, 
only a resultant force Fr. Note that the designers have positioned 
the cables so that Fp is directed along the bridge tower directly to 
the support, so that it does not cause any bending of the tower. 


Procedure for Analysis 


The technique used to reduce a coplanar or parallel force system to 
a single resultant force follows a similar procedure outlined in the 
previous section. 


e Establish the x, y, z, axes and locate the resultant force Fp an 
arbitrary distance away from the origin of the coordinates. 


Force Summation. 


e The resultant force is equal to the sum of all the forces in the 
system. 


e For a coplanar force system, resolve each force into its x and y 
components. Positive components are directed along the positive 
x and y axes, and negative components are directed along the 
negative x and y axes. 


Moment Summation. 


e The moment of the resultant force about point O is equal to the 
sum of all the couple moments in the system plus the moments of 
all the forces in the system about O. 


e This moment condition is used to find the location of the 
resultant force from point O. 
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Here the weights of the traffic lights are replaced by their resultant force Wp = W, + W> 
which acts at a distance d = (Wid, + W2d2)/ We from O. Both systems are equivalent. 


Reduction to a Wrench In general, a three-dimensional force 
and couple moment system will have an equivalent resultant force Fp 
acting at point O and a resultant couple moment (Mp)o that are not 
perpendicular to one another, as shown in Fig. 4—43a. Although a force 
system such as this cannot be further reduced to an equivalent single 
resultant force, the resultant couple moment (M)o can be resolved into 
components parallel and perpendicular to the line of action of Fa, 
Fig. 443a. The perpendicular component M_, can be replaced if we 
move Fr to point P, a distance d from point O along the Db axis, 
Fig. 4-43b. As seen, this axis is perpendicular to both the a axis and the 
line of action of Fp. The location of P can be determined from 
d= M__/Fp. Finally, because M) is a free vector, it can be moved to 
point P, Fig. 4~-43c. This combination of a resultant force Fr and collinear 
couple moment M| will tend to translate and rotate the body about its 
axis and is referred to as a wrench or screw. A wrench is the simplest 
system that can represent any general force and couple moment system 
acting on a body. 
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EXAMPLE |4.17 


Replace the force and couple moment system acting on the beam in 
Fig. 444a by an equivalent resultant force, and find where its line of 
action intersects the beam, measured from point O. 


1.5m | 1.5m 


(a) 


Fig. 4-44 
SOLUTION 


Force Summation. Summing the force components, 


4 (Fp), = 2F3  (Fr)x = 8KN(2) = 480kN—> 
+1 (Fr) = =Fy (Fry = —4kN + 8kN(3) = 2.40kNT 


From Fig. 4-445, the magnitude of F, is 


Fr = V(4.80 KN)? + (2.40kN)* = 5.37kN Ans. 


The angle 0 is 


2.40 kN 
= tan” = 266° Ans. 
an Gas) 6.6 ns 


Moment Summation. We must equate the moment of Fr about 
point O in Fig. 4-445 to the sum of the moments of the force and 
couple moment system about point O in Fig. 4—44a. Since the line of 
action of (Fr), acts through point O, only (Fr), produces a moment 
about this point. Thus, 


G+(Mp)o = Mo; 2.40 KN(d) = —(4.KN)(1.5 m) — 15kN-m 


[8 kN(2)] (0.5 m) + [8 KN(3)](4.5 m) 
d =2.25m 
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EXAMPLE |4.18 


The jib crane shown in Fig. 4—45a is subjected to three coplanar forces. 
Replace this loading by an equivalent resultant force and specify 
where the resultant’s line of action intersects the column AB and 


boom BC. 


6 ft 
175 lb +224 
SOLUTION 


Force Summation. Resolving the 250-lb force into x and y components 5 
and summing the force components yields 


60 Ib 


250 Ib 


4s Fp = DF Fr, = —2501b(3) — 175 Ib = —325 Ib = 325 Ib<— 


+TFp,= Fy Fr, = —2501b($) — 60 1b = —260 Ib = 2601b1 


As shown by the vector addition in Fig. 4-45), 


Fr = V (325 lb)? + (260 1b)? = 416 Ib 


260 I 
6= tan-( 3 °) = 38.7° 07 


325 Ib 


Moment Summation. Moments will be summed about point A. 
Assuming the line of action of Fp intersects AB at a distance y from A, 


Fig. 4-45), we have 


G+Mr, = =My; 325 lb (y) + 260 lb (0) 
= 175 Ib (5 ft) — 60 Ib (3 ft) + 250 1b(3)(11 ft) — 250 1b(2)(8 ft) 
= 2.29 ft Ans. 


By the principle of transmissibility, Fp can be placed at a distance x 
where it intersects BC, Fig. 4-45b. In this case we have 


G+Mp,==M,; 325 1b (11 ft) — 260 Ib (x) 


= 175 Ib (5 ft) — 60 Ib (3 ft) + 250 Ib(3)(11 ft) — 250 1b(2)(8 ft) 
x = 10.9 ft Ans. 
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EXAMPLE |4.19 


The slab in Fig. 446a is subjected to four parallel forces. Determine 
the magnitude and direction of a resultant force equivalent to the 
given force system and locate its point of application on the slab. 


Fig. 4-46 

SOLUTION (SCALAR ANALYSIS) 
Force Summation. From Fig. 4—46a, the resultant force is 
+] Fr = =F; — Fr = —600N + 100N — 400 N — 500N 

= -1400N = 1400 NJ Ans. 
Moment Summation. We require the moment about the x axis of 
the resultant force, Fig. 4-46b, to be equal to the sum of the moments 
about the x axis of all the forces in the system, Fig. 4-46a. The moment 
arms are determined from the y coordinates since these coordinates 


represent the perpendicular distances from the x axis to the lines of 
action of the forces. Using the right-hand rule, we have 


(Mr)x me =M;; 
—(1400 N)y = 600 N(0) + 100 N(5 m) — 400 N(10 m) + 500 N(0) 


—1400y = -3500 y=2.50m Ans. 


In a similar manner, a moment equation can be written about the y 
axis using moment arms defined by the x coordinates of each force. 


(Mr), = 2M ,; 


(1400 N)x = 600 N(8 m) — 100 N(6m) + 400 N(0) + 500 N(0) 
1400x = 4200 
x=3m Ans. 


NOTE: A force of Fp = 1400 N placed at point P(3.00 m, 2.50 m) on 
the slab, Fig. 4-46), is therefore equivalent to the parallel force system 
acting on the slab in Fig. 4~46a. 
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EXAMPLE |4.20 


Replace the force system in Fig. 4-47a by an equivalent resultant 
force and specify its point of application on the pedestal. 
Fp = 500 Ib 
Fc = 100 Ib 
SOLUTION 


Force Summation. Here we will demonstrate a vector analysis. 
Summing forces, 


Fr = =F; Fre =F,+Fp,+ Feo 


= {—300k} lb + {—500k} Ib + {100k} Ib 
= {—700k} lb Ans. 


Location. Moments will be summed about point O. The resultant 
force Fp is assumed to act through point P (x, y, 0), Fig. 4-47b. Thus 


(Mr)o = =Mo; 
tp X Fr = (t4 X Fa) + (tp X Fp) + (tc X Fo) 
(xi + yj) X (—700k) = [(4i) x (—300k)] 
+ [(—4i + 2j) x (—500k)] + [(—4j) x (100k)] 
~700x(i X k) — 700y(j X k) = -1200(i x k) + 2000( x k) 
— 1000(j x k) — 400(j x k) 
700xj — 700yi = 1200j — 2000j — 1000i — 400i 


Equating the i and j components, 


—700y = —1400 (1) 
y = 2in. Ans. 
700x = —800 (2) 
x = —1.14in. Ans. 


The negative sign indicates that the x coordinate of point P is 
negative. 


NOTE: It is also possible to establish Eq. 1 and 2 directly by summing 
moments about the x and y axes. Using the right-hand rule, we have 


(Mp)y = =M,; —700y = —100 Ib(4 in.) — 500 1b(2 in.) 


(Mp)y = = My; 700x = 300 1b(4 in.) — 500 Ib(4 in.) 
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i FUNDAMENTAL PROBLEMS 


F4-31. Replace the loading system by an equivalent F4-34. Replace the loading system by an equivalent 
resultant force and specify where the resultant’s line of resultant force and specify where the resultant’s line of 
action intersects the beam measured from O. action intersects the member AB measured from A. 


500 Ib 500 Ib 
250 Ib 


-—3 ft | 3 ft | 3 ft | 3 ft | 


F4-31 


F4-32. Replace the loading system by an equivalent 
resultant force and specify where the resultant’s line of 
action intersects the member measured from A. 


F4-34 
F4-35. Replace the loading shown by an equivalent single 


resultant force and specify the x and y coordinates of its line 
of action. 7 


F4-33. Replace the loading system by an equivalent F4-36. Replace the loading shown by an equivalent single 
resultant force and specify where the resultant’s line of resultant force and specify the x and y coordinates of its line 
action intersects the member measured from A. of action. ii 
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PE TPROBLEMS 


e4-121. The system of four forces acts on the roof truss. 
Determine the equivalent resultant force and specify its 
location along AB, measured from point A. 


4-118. The weights of the various components of the truck 
are shown. Replace this system of forces by an equivalent 
resultant force and specify its location measured from B. 


4-119. The weights of the various components of the 200 Ib 
truck are shown. Replace this system of forces by an 30° 
equivalent resultant force and specify its location 275 Ib 4 ft 

i B 
measured from point A. 300 Ib 4 ft 


AAT 


150 1b 4 ft 
a 


Prob. 4-121 


Probs. 4-118/119 
4-122. Replace the force and couple system acting on the 
frame by an equivalent resultant force and specify where 
the resultant’s line of action intersects member AB, 
measured from A. 
4-123. Replace the force and couple system acting on the 
*4-120. The system of parallel forces acts on the top of the frame by an equivalent resultant force and specify where 
Warren truss. Determine the equivalent resultant force of the the resultant’s line of action intersects member BC, 
system and specify its location measured from point A. measured from B. 
2kN 


500 Ib - ft 


Prob. 4-120 Probs. 4—122/123 
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*4-124. Replace the force and couple moment system 
acting on the overhang beam by a resultant force, and 
specify its location along AB measured from point A. 


Prob. 4-124 


e4-125. Replace the force system acting on the frame by 
an equivalent resultant force and specify where the 
resultant’s line of action intersects member AB, measured 
from point A. 


4-126. Replace the force system acting on the frame by 
an equivalent resultant force and specify where the 
resultant’s line of action intersects member BC, measured 
from point B. 


Probs. 4—125/126 


4-127. Replace the force system acting on the post by a 
resultant force, and specify where its line of action 
intersects the post AB measured from point A. 


*4-128. Replace the force system acting on the post by a 
resultant force, and specify where its line of action 
intersects the post AB measured from point B. 


0.5 m 


Probs. 4—-127/128 


e4-129. The building slab is subjected to four parallel 
column loadings. Determine the equivalent resultant force 
and specify its location (x, y) on the slab. Take F; = 30 kN, 
Fy = 40 kN. 


4-130. The building slab is subjected to four parallel 
column loadings. Determine the equivalent resultant force 
and specify its location (x, y) on the slab. Take F,; = 20 kN, 
Fy = 50 KN. 


2, 


m 
Pa Wawra 


is 
= 


x 3m ee 
. 8m 
2m 


Probs. 4-129/130 
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4-131. The tube supports the four parallel forces. 
Determine the magnitudes of forces Fc and Fp acting at C 
and D so that the equivalent resultant force of the force 
system acts through the midpoint O of the tube. 


4-134. If F, = 40kN and Fz = 35kN, determine the 
magnitude of the resultant force and specify the location of 
its point of application (x, y) on the slab. 


4-135. Ifthe resultant force is required to act at the center 
of the slab, determine the magnitude of the column loadings 
F , and Fz and the magnitude of the resultant force. 


Prob. 4-131 


*4-132. Three parallel bolting forces act on the circular 
plate. Determine the resultant force, and specify its 
location (x, z) on the plate. F, = 200 lb, Fz = 100 Ib, and 
Fo = 400 lb. 


e4-133. The three parallel bolting forces act on the circular 
plate. If the force at A has a magnitude of F'4 = 200 lb, 
determine the magnitudes of Fz and F¢ so that the resultant 
force Fp of the system has a line of action that coincides with 
the y axis. Hint: This requires 2M, = Oand 2M, = 0. 


Probs. 4—132/133 


Probs. 4-134/135 


*4-136. Replace the parallel force system acting on 
the plate by a resultant force and specify its location on the 
x-z plane. 


Prob. 4-136 
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04-137. If F, = 7kN and Fz = SKN, represent the force *4-140. Replace the three forces acting on the plate by a 

system acting on the corbels by a resultant force, and wrench. Specify the magnitude of the force and couple 

specify its location on the x-y plane. moment for the wrench and the point P(y, z) where its line 
of action intersects the plate. 


4-138. Determine the magnitudes of F, and F; so that the 
resultant force passes through point O of the column. 


Probs. 4-137/138 Maen 
Prob. 4-140 
4-139. Replace the force and couple moment system e4-141. Replace the three forces acting on the plate by a 
acting on the rectangular block by a wrench. Specify the wrench. Specify the magnitude of the force and couple 
magnitude of the force and couple moment of the wrench moment for the wrench and the point P(x, y) where its line 
and where its line of action intersects the x-y plane. of action intersects the plate. 
’ : F, = {800k} N 


F, = {500i} N 


Fo = (300j} N 


300 Ib 


Prob. 4-139 Prob. 4-141 
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4.9 Reduction of a Simple Distributed 
Loading 


Sometimes, a body may be subjected to a loading that is distributed over 
its surface. For example, the pressure of the wind on the face of a sign, the 
pressure of water within a tank, or the weight of sand on the floor of a 
storage container, are all distributed loadings. The pressure exerted at each 
point on the surface indicates the intensity of the loading. It is measured 
using pascals Pa (or N/m’) in SI units or Ib/ft? in the U.S. Customary 
system. 


(a) 


Uniform Loading Along a Single Axis. The most common 

type of distributed loading encountered in engineering practice is w 
generally uniform along a single axis.* For example, consider the beam 
(or plate) in Fig. 4-48a that has a constant width and is subjected to a 
pressure loading that varies only along the x axis. This loading can be 
described by the function p = p(x) N/m’. It contains only one variable 
x, and for this reason, we can also represent it as a coplanar distributed 
load. To do so, we multiply the loading function by the width b m of 
the beam, so that w(x) = p(x)b N/m, Fig. 4-48b. Using the methods of 
Sec. 4.8, we can replace this coplanar parallel force system with a 
single equivalent resultant force Fp acting at a specific location on the 
beam, Fig. 4-48c. 


dF=dA 


Magnitude of Resultant Force. From Eq. 4-17 (Fr = =F), 
the magnitude of Fp is equivalent to the sum of all the forces in the 
system. In this case integration must be used since there is an infinite 
number of parallel forces dF acting on the beam, Fig. 4485. Since dF is 
acting on an element of length dx, and w(x) is a force per unit length, 
then dF = w(x) dx = dA. In other words, the magnitude of dF is 


determined from the colored differential area dA under the loading (©) 
curve. For the entire length L, Fig. 4-48 
+) Fr = =F; Be = [wo a= jaa =A (4-19) 

ik A 


Therefore, the magnitude of the resultant force is equal to the total area A 
under the loading diagram, Fig. 4—48c. 


*The more general case of a nonuniform surface loading acting on a body is considered 
in Sec. 9.5. 
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The beam supporting this stack of lumber is 
subjected to a uniform loading of wo. The 
resultant force is therefore equal to the area 
under the loading diagram Fr = wob. It acts 
trough the centroid or geometric center of 
this area, b/2 from the support. 


Location of Resultant Force. Applying Eq.4-17 (Mp, = =Mo), 
the location x of the line of action of Fr can be determined by equating the 
moments of the force resultant and the parallel force distribution about 
point O (the y axis). Since dF produces a moment of x dF = xw(x) dx 
about O, Fig. 4-48), then for the entire length, Fig. 4—48c, 


G+ (Mr)o = =Mo;  — XFrR= -f xw(x) dx 


Solving for x, using Eq. 4-19, we have 


: [ow dx J: dA 
i ie dx Jaa 


This coordinate x, locates the geometric center or centroid of the area 
under the distributed loading. In other words, the resultant force has a line 
of action which passes through the centroid C (geometric center) of the 
area under the loading diagram, Fig. 4-48c. Detailed treatment of the 
integration techniques for finding the location of the centroid for areas is 
given in Chapter 9. In many cases, however, the distributed-loading 
diagram is in the shape of a rectangle, triangle, or some other simple 
geometric form. The centroid location for such common shapes does not 
have to be determined from the above equation but can be obtained 
directly from the tabulation given on the inside back cover. 

Once X is determined, Fz by symmetry passes through point (X, 0) on 
the surface of the beam, Fig. 448a. Therefore, in this case the resultant 
force has a magnitude equal to the volume under the loading curve 
Pp = p(x) and a line of action which passes through the centroid 
(geometric center) of this volume. 


(4-20) 


Important Points 


e Coplanar distributed loadings are defined by using a loading 
function w = w(x) that indicates the intensity of the loading 
along the length of a member. This intensity is measured in N/m 
or lb/ft. 

e The external effects caused by a coplanar distributed load acting 
on a body can be represented by a single resultant force. 

This resultant force is equivalent to the area under the loading 
diagram, and has a line of action that passes through the centroid 
or geometric center of this area. 
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EXAMPLE |4.21 


Determine the magnitude and location of the equivalent resultant 
force acting on the shaft in Fig. 4—-49a. 


w = (60x?)N/m 240 N/m 
dA = wdx 


Fig. 4-49 


SOLUTION 
Since w = w(x) is given, this problem will be solved by integration. 


The differential element has an area dA = w dx = 60x? dx. Applying 
Eq. 4-19, 


+) Fr= =F; 


2m 33 \|2m 73 
Fa= faa~ [ 60x? dx = 60 = 60 
A 0 3 0 8) 


= 160N 


The location X of Fr measured from O, Fig. 4495, is determined from 


Eq. 4-20. 
4\ |2m 
0 


NOTE: ‘These results can be checked by using the table on the inside 
back cover, where it is shown that for an exparabolic area of length a, 
height b, and shape shown in Fig. 4-49a, we have 

ab _ 2m(240 N/m) 


At 
3 3 


= 160N and x = =a = = (2m) =15m 
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EXAMPLE |4.22 


w = 160x N/m 1440 N/m 


Fr = 6.48 kN 


A distributed loading of p = (800x) Pa acts over the top surface of 
the beam shown in Fig. 4—50a. Determine the magnitude and location 
of the equivalent resultant force. 


7200 Pa 


SOLUTION 

Since the loading intensity is uniform along the width of the beam 
(the y axis), the loading can be viewed in two dimensions as shown in 
Fig. 4-50b. Here 


w = (800x N/m7)(0.2 m) 
= (160x) N/m 
At x = 9m, note that w = 1440 N/m. Although we may again apply 
Eqs. 4-19 and 4—20 as in the previous example, it is simpler to use the 
table on the inside back cover. 


The magnitude of the resultant force is equivalent to the area of the 
triangle. 


fr 3(9 m)(1440 N/m) = 6480 N = 6.48 kN Ans. 


The line of action of Fr passes through the centroid C of this triangle. 
Hence, 


Ans. 
The results are shown in Fig. 4-50c. 


NOTE: We may also view the resultant Fp as acting through the 
centroid of the volume of the loading diagram p = p(x) in Fig. 4-S0a. 
Hence Fa intersects the x-y plane at the point (6 m, 0). Furthermore, 
the magnitude of Fp is equal to the volume under the loading 
diagram; i.e., 


V = 3(7200 N/m?)(9 m)(0.2 m) = 648kN Ans. 
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EXAMPLE |4.23 


The granular material exerts the distributed loading on the beam as 
shown in Fig. 4-51a. Determine the magnitude and location of the 
equivalent resultant of this load. 


SOLUTION 

The area of the loading diagram is a trapezoid, and therefore the 
solution can be obtained directly from the area and centroid formulas 
for a trapezoid listed on the inside back cover. Since these formulas 
are not easily remembered, instead we will solve this problem by 
using “composite” areas. Here we will divide the trapezoidal loading 
into a rectangular and triangular loading as shown in Fig. 4-51b. The 
magnitude of the force represented by each of these loadings is equal 
to its associated area, 


F, = 3(9 ft)(50 lb/ft) = 225 Ib 
F, = (9 ft)(50 lb/ft) = 450 Ib 


The lines of action of these parallel forces act through the centroid of 
their associated areas and therefore intersect the beam at 


(9 ft) = 3 ft 


al 
3 
4(9 ft) = 4.5 ft 


The two parallel forces F, and F, can be reduced to a single resultant 
Fr. The magnitude of Fp is 


Lig = Fr = 225 + 450 = 675 1b Ans. 


We can find the location of Fr with reference to point A, Fig. 4-51b 
and 4—51c. We require 


C+ Mr, = =My4;  X(675) = 3(225) + 4.5(450) 
¥ = 4ft 


NOTE: ‘The trapezoidal area in Fig. 4-5Sla can also be divided into 
two triangular areas as shown in Fig. 4—51d. In this case 


F3 = 3(9 ft)(100 lb/ft) = 450 Ib 
F4 = 5(9 ft)(50 Ib/ft) = 225 Ib 
i — (Ott) = 3 tt 
X4=9ft — 3(9 ft) = 6ft 


NOTE: Using these results, show that again Fr = 675 lb and x = 4 ft. 
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(ea FUNDAMENTAL PROBLEMS 


F4-37. Determine the resultant force and specify where it F440. Determine the resultant force and specify where it 
acts on the beam measured from A. acts on the beam measured from A. 


200 Ib/ft 500 Ib 


F4-38. Determine the resultant force and specify where it F4-41. Determine the resultant force and specify where it 
acts on the beam measured from A. acts on the beam measured from A. 
150 Ib/ft 6 kN/m 


F4-41 
F4-39. Determine the resultant force and specify where it F4-42. Determine the resultant force and specify where it 
acts on the beam measured from A. acts on the beam measured from A. 


F4-39 
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PTPROSLEMS 


4-142. Replace the distributed loading with an equivalent 
resultant force, and specify its location on the beam 
measured from point A. 


10 kN/m 


Prob. 4-142 


4-143. Replace the distributed loading with an equivalent 
resultant force, and specify its location on the beam 
measured from point A. 


4kN/m 


wl. a ay 
I+ 3m | 3m | 


Prob. 4-143 


*4-144, Replace the distributed loading by an equivalent 
resultant force and specify its location, measured from 
point A. 


800 N/m 


200 N/m 


Prob. 4-144 


e4-145. Replace the distributed loading with an 
equivalent resultant force, and specify its location on the 
beam measured from point A. 


Prob. 4-145 


4-146. The distribution of soil loading on the bottom of 
a building slab is shown. Replace this loading by an 
equivalent resultant force and specify its location, measured 
from point O. 


100 Ib /ft 


300 Ib /ft 
9 ft ——+ 


. 12 ft + 


Prob. 4-146 


4-147. Determine the intensities w, and w, of the 
distributed loading acting on the bottom of the slab so that 
this loading has an equivalent resultant force that is equal 
but opposite to the resultant of the distributed loading 
acting on the top of the plate. 


3 ft ] 6 ft i 
300 Ib /ft 


Prob. 4-147 
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*4-148. The bricks on top of the beam and the supports 
at the bottom create the distributed loading shown in the 
second figure. Determine the required intensity w and 
dimension d of the right support so that the resultant force 
and couple moment about point A of the system are 
both zero. 


200 N/m 


o 

nN 

3 
.__=—_| 


Ik 3m a 


Prob. 4-148 


e4-149. The wind pressure acting on a triangular sign is 
uniform. Replace this loading by an equivalent resultant 
force and couple moment at point O. 


x 


Prob. 4-149 


4-150. The beam is subjected to the distributed loading. 
Determine the length b of the uniform load and its position 
a on the beam such that the resultant force and couple 
moment acting on the beam are zero. 


40 Ib /ft 


60 Ib /ft 
|. 10 ft 6 ft 


Prob. 4-150 


4-151. Currently eighty-five percent of all neck injuries 
are caused by rear-end car collisions. To alleviate this 
problem, an automobile seat restraint has been developed 
that provides additional pressure contact with the cranium. 
During dynamic tests the distribution of load on the 
cranium has been plotted and shown to be parabolic. 
Determine the equivalent resultant force and its location, 
measured from point A. 


w = 12(1 + 2x’) Ib/ft 


Prob. 4-151 


*4-152. Wind has blown sand over a platform such that 
the intensity of the load can be approximated by the 
function w = (0.5x°) N/m. Simplify this distributed loading 
to an equivalent resultant force and specify its magnitude 
and location measured from A. 


10m 


Prob. 4-152 


e4-153. Wet concrete exerts a pressure distribution along 
the wall of the form. Determine the resultant force of this 
distribution and specify the height where the bracing strut 
should be placed so that it lies through the line of action of 
the resultant force. The wall has a width of 5 m. 


Prob. 4-153 
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4-154. Replace the distributed loading with an equivalent 
resultant force, and specify its location on the beam 
measured from point A. 


4m 


Prob. 4-154 


4-155. Replace the loading by an equivalent resultant 
force and couple moment at point A. 


*4-156. Replace the loading by an equivalent resultant 
force and couple moment acting at point B. 


50 lb/ft 


gee EER 


Probs. 4—155/156 


192 CHAPTER 4 FORCE SYSTEM RESULTANTS 


e4-157. The lifting force along the wing of a jet aircraft 
consists of a uniform distribution along AB, and a 
semiparabolic distribution along BC with origin at B. 
Replace this loading by a single resultant force and specify 
its location measured from point A. 


w = (2880 — 5x2) lb/ft 


2880 Ib /ft 


as 24 ft 


Prob. 4-157 


4-158. The distributed load acts on the beam as shown. 
Determine the magnitude of the equivalent resultant force 
and specify where it acts, measured from point A. 


4-159. The distributed load acts on the beam as shown. 
Determine the maximum intensity Wax. What is the 
magnitude of the equivalent resultant force? Specify where 
it acts, measured from point B. 


w = (—2x2 + 4x +16) Ib /ft 


an 


Probs. 4—158/159 


*4-160. The distributed load acts on the beam as shown. 
Determine the magnitude of the equivalent resultant force 
and specify its location, measured from point A. 


w= (—2x24+1Ly + 4) lb/ft 
4 Ib /ft aah 
A B ¥ 
| 10 ft : 


Prob. 4-160 


°4-161. If the distribution of the ground reaction on the 
pipe per foot of length can be approximated as shown, 
determine the magnitude of the resultant force due to this 
loading. 


w ='25 (1 + cos 6) lb/ft 


Prob. 4-161 
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Moment of Force — Scalar Definition 


A force produces a turning effect or 
moment about a point O that does not lie 
on its line of action. In scalar form, the 
moment magnitude is the product of the 
force and the moment arm _ or 
perpendicular distance from point O to 
the line of action of the force. 


The direction of the moment is defined 
using the right-hand rule. My always acts 
along an axis perpendicular to the plane 
containing F and d, and passes through 
the point O. 


Rather than finding d, it is normally 
easier to resolve the force into its x and y 
components, determine the moment of 
each component about the point, and 
then sum the results. This is called the 
principle of moments. 


Moment of a Force — Vector Definition 


Since three-dimensional geometry is 
generally more difficult to visualize, the 
vector cross product should be used 
to determine the moment. Here 
Mo =r X F, where ris a position vector 
that extends from point O to any point 
A, B, or C on the line of action of F. 


If the position vector r and force F are 
expressed as Cartesian vectors, then the 
cross product results from the expansion 
of a determinant. 


Mikey = [FG] = Tgp = Tepe 


Mo =r, X F=rgX F=r1r-XF 
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Moment about an Axis 


If the moment of a force F is to be 
determined about an arbitrary axis a, 
then the projection of the moment onto 
the axis must be obtained. Provided the 
distance d, that is perpendicular to both 
the line of action of the force and the 
axis can be found, then the moment of 
the force about the axis can be 
determined from a scalar equation. 


Note that when the line of action of F 
intersects the axis then the moment of F 
about the axis is zero. Also, when the line 
of action of F is parallel to the axis, the 
moment of F about the axis is zero. 


In three dimensions, the scalar triple 
product should be used. Here u, is the 
unit vector that specifies the direction of 
the axis, and r is a position vector that is 
directed from any point on the axis to 
any point on the line of action of the 
force. If M, is calculated as a negative 
scalar, then the sense of direction of M, 
is Opposite to uy. 


Couple Moment 


A couple consists of two equal but 
opposite forces that act a perpendicular 
distance d apart. Couples tend to produce 
a rotation without translation. 


The magnitude of the couple moment is 
M = Fd, and its direction is established 
using the right-hand rule. 


If the vector cross product is used to 
determine the moment of a couple, then 
r extends from any point on the line of 
action of one of the forces to any point 
on the line of action of the other force F 
that is used in the cross product. 


Simplification of a Force and Couple 
System 


Any system of forces and couples can be 
reduced to a single resultant force and 
resultant couple moment acting at a 
point. The resultant force is the sum of 
all the forces in the system, Fr = =F, 
and the resultant couple moment is 
equal to the sum of all the moments of 
the forces about the point and couple 
moments. Mr, = =Mo + =M. 


Further simplification to a single 
resultant force is possible provided the 
force system is concurrent, coplanar, or 
parallel. To find the location of the 
resultant force from a point, it is 
necessary to equate the moment of the 
resultant force about the point to the 
moment of the forces and couples in 
the system about the same point. 


If the resultant force and couple moment 
at a point are not perpendicular to one 
another, then this system can be reduced 
to a wrench, which consists of the 
resultant force and collinear couple 
moment. 


Coplanar Distributed Loading 


A simple distributed loading can be 
represented by its resultant force, which 
is equivalent to the area under the 
loading curve. This resultant has a line of 
action that passes through the centroid 
or geometric center of the area or 
volume under the loading diagram. 
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is REVIEW PROBLEMS 


4-162. The beam is subjected to the parabolic loading. 
Determine an equivalent force and couple system at 
point A. 


400 Ib /ft 


w = (25 x2)lb /ft 


- 4 ft 


Prob. 4-162 


4-163. Two couples act on the frame. If the resultant 
couple moment is to be zero, determine the distance d 
between the 100-Ib couple forces. 


Prob. 4-163 


*4-164. Determine the coordinate direction angles a, B, y 
of F, which is applied to the end of the pipe assembly, so 
that the moment of F about O is zero. 


°4-165. Determine the moment of the force F about point 
O. The force has coordinate direction angles of a = 60°, 
B = 120°, y = 45°. Express the result as a Cartesian vector. 


F=20lb 


Probs. 4-164/165 


4-166. The snorkel boom lift is extended into the position 
shown. If the worker weighs 160 lb, determine the moment 
of this force about the connection at A. 


Prob. 4-166 


4-167. Determine the moment of the force Fc about the 
door hinge at A. Express the result as a Cartesian vector. 


*4-168. Determine the magnitude of the moment of the 
force Fc about the hinged axis aa of the door. 


a 


<< Np. 
a 0.5m 
x y 


Probs. 4-167/168 


e4-169. Express the moment of the couple acting on the 
pipe assembly in Cartesian vector form. Solve the problem 
(a) using Eq. 4-13 and (b) summing the moment of each 
force about point O. Take F = {25k} N. 


4-170. If the couple moment acting on the pipe has a 
magnitude of 400 N- m, determine the magnitude F of the 
vertical force applied to each wrench. 


Probs. 4—-169/170 
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4-171. Replace the force at A by an equivalent resultant 
force and couple moment at point P. Express the results in 
Cartesian vector form. 


F = 120 1b 


f 8 ft 
par 8 ft A 
Be 


Prob. 4-171 


*4-172. The horizontal 30-N force acts on the handle of 
the wrench. Determine the moment of this force about 
point O. Specify the coordinate direction angles a, B, y of 
the moment axis. 


e4-173. The horizontal 30-N force acts on the handle of 
the wrench. What is the magnitude of the moment of this 
force about the z axis? 


Probs. 4—-172/173 


The crane is subjected to its weight and the load it supports. In order to calculate 
the support reactions on the crane, it is necessary to apply the principles of 
equilibrium. 


Equilibrium of a 
Rigid Body 


CHAPTER OBJECTIVES 
© To develop the equations of equilibrium for a rigid body. 
® To introduce the concept of the free-body diagram for a rigid body. 


© To show how to solve rigid-body equilibrium problems using the 
equations of equilibrium. 


5.1 Conditions for Rigid-Body Equilibrium 


In this section, we will develop both the necessary and sufficient conditions 
for the equilibrium of the rigid body in Fig. 5—la. As shown, this body is 
subjected to an external force and couple moment system that is the result 
of the effects of gravitational, electrical, magnetic, or contact forces caused 
by adjacent bodies. The internal forces caused by interactions between 
particles within the body are not shown in this figure because these forces 
occur in equal but opposite collinear pairs and hence will cancel out, a 
consequence of Newton’s third law. 


Fig. 5-1 
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F, Using the methods of the previous chapter, the force and couple 
moment system acting on a body can be reduced to an equivalent 
resultant force and resultant couple moment at any arbitrary point O on 
or off the body, Fig. 5—1b. If this resultant force and couple moment are 
both equal to zero, then the body is said to be in equilibrium. 
Mathematically, the equilibrium of a body is expressed as 


F, 


Fr = =F = 0 
(5-1) 
(Mra)o = =Mo = 0 


The first of these equations states that the sum of the forces acting on 
the body is equal to zero. The second equation states that the sum of the 
moments of all the forces in the system about point O, added to all the 
couple moments, is equal to zero. These two equations are not only 
necessary for equilibrium, they are also sufficient. To show this, consider 
summing moments about some other point, such as point A in Fig. 5—Ic. 
We require 


=My, =r X Fr + (Ma)o = 0 


Since r # 0, this equation is satisfied only if Eqs. 5-1 are satisfied, 
namely Fr = 0 and (Ma)o = 0. 

When applying the equations of equilibrium, we will assume that the 
body remains rigid. In reality, however, all bodies deform when 
subjected to loads. Although this is the case, most engineering materials 
such as steel and concrete are very rigid and so their deformation is 
usually very small. Therefore, when applying the equations of 
equilibrium, we can generally assume that the body will remain rigid 
and not deform under the applied load without introducing any 
significant error. This way the direction of the applied forces and their 
(c) moment arms with respect to a fixed reference remain unchanged 
before and after the body is loaded. 


Fig. 5-1 


EQUILIBRIUM IN TWO DIMENSIONS 


In the first part of the chapter, we will consider the case where the force 
system acting on a rigid body lies in or may be projected onto a single 
plane and, furthermore, any couple moments acting on the body are 
directed perpendicular to this plane. This type of force and couple system 
is often referred to as a two-dimensional or coplanar force system. For 
example, the airplane in Fig. S—2 has a plane of symmetry through its 
center axis, and so the loads acting on the airplane are symmetrical with 
respect to this plane. Thus, each of the two wing tires will support the 
same load T, which is represented on the side (two-dimensional) view of 
Fig. 5-2 the plane as 2T. 


5.2 Free-Body Diagrams 


Successful application of the equations of equilibrium requires a complete 
specification of all the known and unknown external forces that act on 
the body. The best way to account for these forces is to draw a free-body 
diagram. This diagram is a sketch of the outlined shape of the body, which 
represents it as being isolated or “free” from its surroundings, i.e., a “free 
body.” On this sketch it is necessary to show all the forces and couple 
moments that the surroundings exert on the body so that these effects can 
be accounted for when the equations of equilibrium are applied. A 
thorough understanding of how to draw a free-body diagram is of primary 
importance for solving problems in mechanics. 


Support Reactions. Before presenting a formal procedure as to 
how to draw a free-body diagram, we will first consider the various types 
of reactions that occur at supports and points of contact between bodies 
subjected to coplanar force systems. As a general rule, 


e Ifa support prevents the translation of a body in a given direction, 
then a force is developed on the body in that direction. 


e If rotation is prevented, a couple moment is exerted on the body. 


For example, let us consider three ways in which a horizontal member, 
such as a beam, is supported at its end. One method consists of a roller or 
cylinder, Fig. 5-3a. Since this support only prevents the beam from 
translating in the vertical direction, the roller will only exert a force on 
the beam in this direction, Fig. 5-3b. 

The beam can be supported in a more restrictive manner by using a pin, 
Fig. 5—3c. The pin passes through a hole in the beam and two leaves which 
are fixed to the ground. Here the pin can prevent translation of the beam 
in any direction @, Fig. S—3d, and so the pin must exert a force F on the 
beam in this direction. For purposes of analysis, it is generally easier to 
represent this resultant force F by its two rectangular components F, and 
F,, Fig. 5—3e. If F, and F are known, then F and ¢ can be calculated. 

The most restrictive way to support the beam would be to use a fixed 
support as shown in Fig. 5-3f. This support will prevent both translation 
and rotation of the beam. To do this a force and couple moment must be 
developed on the beam at its point of connection, Fig. 5—3g. As in the 
case of the pin, the force is usually represented by its rectangular 
components F, and F). 

Table 5-1 lists other common types of supports for bodies subjected to 
coplanar force systems. (In all cases the angle @ is assumed to be known.) 
Carefully study each of the symbols used to represent these supports and 
the types of reactions they exert on their contacting members. 
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Types of Connection Reaction Number of Unknowns 
(1) 
0 WN One unknown. The reaction is a tension force which acts 
away from the member in the direction of the cable. 
cable 
(2) 


“\ 9 or 6 One unknown. The reaction is a force which acts along 
g \\ the axis of the link. 
F F 


weightless link 


perpendicular to the surface at the point of contact. 


(3) 
] /; One unknown. The reaction is a force which acts 
pe 


roller F 


(4) 
ee 
4 or One unknown. The reaction is a force which acts 
g F F E perpendicular to the slot. 


roller or pin in 
confined smooth slot 


 —“ rl One unknown. The reaction is a force which acts 


perpendicular to the surface at the point of contact. 


F 
(6) 
One unknown. The reaction is a force which acts 
6 6 perpendicular to the surface at the point of contact. 
smooth contacting F 
surface 
(7) 


One unknown. The reaction is a force which acts 
6 perpendicular to the rod. 


member pin connected 
to collar on smooth rod 


continued 
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Types of Connection Reaction Number of Unknowns 


(8) F F 
: Two unknowns. The reactions are two components of 
\0 or o force, or the magnitude and direction ¢ of the resultant 
= & ae force. Note that @ and @ are not necessarily equal [usually 
————— x 


not, unless the rod shown is a link as in (2)]. 


smooth pin or hinge 


“KY 
\ ( Two unknowns. The reactions are the couple moment 


\ ru and the force which acts perpendicular to the rod. 


member fixed connected 
to collar on smooth rod 


(10) 


F, F 
F o Three unknowns. The reactions are the couple moment 
<4 ( = or ( and the two force components, or the couple moment and 
M M 


the magnitude and direction ¢ of the resultant force. 


fixed support 


Typical examples of actual supports are shown in the following sequence of photos. The numbers refer to the 
connection types in Table 5-1. 


This concrete girder 
rests on the ledge that 
is assumed to act as 
a smooth contacting 
surface. (6) 


The cable exerts a force on the bracket 
in the direction of the cable. (1) 


ryyy 


The rocker support for this bridge 
girder allows horizontal movement 
so the bridge is free to expand and 
contract due to a change in 
temperature. (5) 


This utility building is The floor beams of this building 
pin supported at the top are welded together and thus 
of the column. (8) form fixed connections. (10) 
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EQUILIBRIUM OF A RIGID BODY 


Internal Forces. As stated in Sec. 5.1, the internal forces that act 
between adjacent particles in a body always occur in collinear pairs such that 
they have the same magnitude and act in opposite directions (Newton’s 
third law). Since these forces cancel each other, they will not create an 
external effect on the body. It is for this reason that the internal forces should 
not be included on the free-body diagram if the entire body is to be 
considered. For example, the engine shown in Fig. 54a has a free-body 
diagram shown in Fig. S-4b. The internal forces between all its connected 
parts such as the screws and bolts, will cancel out because they form equal 
and opposite collinear pairs. Only the external forces T, and T, exerted by 
the chains and the engine weight W, are shown on the free-body diagram. 


(b) 


Fig. 5-4 


Weight and the Center of Gravity. When a body is within a 
gravitational field, then each of its particles has a specified weight. It was 
shown in Sec. 4.8 that such a system of forces can be reduced to a single 
resultant force acting through a specified point. We refer to this force 
resultant as the weight W of the body and to the location of its point of 
application as the center of gravity. The methods used for its 
determination will be developed in Chapter 9. 

In the examples and problems that follow, if the weight of the body is 
important for the analysis, this force will be reported in the problem 
statement. Also, when the body is uniform or made from the same 
material, the center of gravity will be located at the body’s geometric 
center or centroid; however, if the body consists of a nonuniform 
distribution of material, or has an unusual shape, then the location of its 
center of gravity G will be given. 


Idealized Models. When an engineer performs a force analysis of 
any object, he or she considers a corresponding analytical or idealized 
model that gives results that approximate as closely as possible the 
actual situation. To do this, careful choices have to be made so that 
selection of the type of supports, the material behavior, and the object’s 
dimensions can be justified. This way one can feel confident that any 
design or analysis will yield results which can be trusted. In complex 


cases this process may require developing several different models of the 
object that must be analyzed. In any case, this selection process requires 
both skill and experience. 

The following two cases illustrate what is required to develop a proper 
model. In Fig. 5—5a, the steel beam is to be used to support the three roof 
joists of a building. For a force analysis it is reasonable to assume the 
material (steel) is rigid since only very small deflections will occur when 
the beam is loaded. A bolted connection at A will allow for any slight 
rotation that occurs here when the load is applied, and so a pin can be 
considered for this support. At B a roller can be considered since this 
support offers no resistance to horizontal movement. Building code is 
used to specify the roof loading A so that the joist loads F can be 
calculated. These forces will be larger than any actual loading on the 
beam since they account for extreme loading cases and for dynamic or 
vibrational effects. Finally, the weight of the beam is generally neglected 
when it is small compared to the load the beam supports. The idealized 
model of the beam is therefore shown with average dimensions 4, B, c, 
and d in Fig. 5—5b. 

As a second case, consider the lift boom in Fig. 5—6a. By inspection, it is 
supported by a pin at A and by the hydraulic cylinder BC, which can be 
approximated as a weightless link. The material can be assumed rigid, 
and with its density known, the weight of the boom and the location of its 
center of gravity G are determined. When a design loading P is specified, 
the idealized model shown in Fig. 5-6b can be used for a force analysis. 
Average dimensions (not shown) are used to specify the location of the 
loads and the supports. 

Idealized models of specific objects will be given in some of the 
examples throughout the text. It should be realized, however, that each 
case represents the reduction of a practical situation using simplifying 
assumptions like the ones illustrated here. 


(b) 


Fig. 5-6 
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Procedure for Analysis 


To construct a free-body diagram for a rigid body or any group of 
bodies considered as a single system, the following steps should be 
performed: 


Draw Outlined Shape. 


Imagine the body to be isolated or cut “free” from its constraints 
and connections and draw (sketch) its outlined shape. 


Show All Forces and Couple Moments. 


Identify all the known and unknown external forces and couple 
moments that act on the body. Those generally encountered are due to 
(1) applied loadings, (2) reactions occurring at the supports or at points 
of contact with other bodies (see Table 5-1), and (3) the weight of the 
body. To account for all these effects, it may help to trace over the 
boundary, carefully noting each force or couple moment acting on it. 


Identify Each Loading and Give Dimensions. 


The forces and couple moments that are known should be labeled 
with their proper magnitudes and directions. Letters are used to 
represent the magnitudes and direction angles of forces and couple 
moments that are unknown. Establish an x, y coordinate system so 
that these unknowns, A,, A,, etc., can be identified. Finally, indicate 
the dimensions of the body necessary for calculating the moments 
of forces. 


Important Points 


No equilibrium problem should be solved without first drawing 
the free-body diagram, so as to account for all the forces and 
couple moments that act on the body. 

If a support prevents translation of a body in a particular direction, 
then the support exerts a force on the body in that direction. 

If rotation is prevented, then the support exerts a couple moment 
on the body. 


Study Table 5-1. 

Internal forces are never shown on the free-body diagram since they 
occur in equal but opposite collinear pairs and therefore cancel out. 
The weight of a body is an external force, and its effect is 
represented by a single resultant force acting through the body’s 
center of gravity G. 

Couple moments can be placed anywhere on the free-body 
diagram since they are free vectors. Forces can act at any point 
along their lines of action since they are sliding vectors. 
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EXAMPLE |5.1 


Draw the free-body diagram of the uniform beam shown in Fig. 5—7a. 
The beam has a mass of 100 kg. 


SOLUTION 


The free-body diagram of the beam is shown in Fig. 5—7b. Since the 
support at A is fixed, the wall exerts three reactions on the beam, 
denoted as A,, A,, and My. The magnitudes of these reactions are 
unknown, and their sense has been assumed. The weight of the beam, 
W = 100(9.81) N = 981N, acts through the beam’s center of gravity 
G, which is 3 m from A since the beam is uniform. 


Effect of applied 
force acting on beam 


; A 
Effect of fixed 
support acting 
on beam 


981 N 


Effect of gravity (weight) 
acting on beam 
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EXAMPLE |5.2 


Draw the free-body diagram of the foot lever shown in Fig. 5—8a. The 
operator applies a vertical force to the pedal so that the spring is 
stretched 1.5 in. and the force in the short link at B is 20 Ib. 


SOLUTION 

By inspection of the photo the lever is loosely bolted to the frame 
at A. The rod at B is pinned at its ends and acts as a “short link.” 
After making the proper measurements, the idealized model of the 
lever is shown in Fig. 5—-8b. From this, the free-body diagram is 
shown in Fig. 5—8c. The pin support at A exerts force components 
A, and Ay on the lever. The link at B exerts a force of 20 lb, acting 
in the direction of the link. In addition the spring also exerts a 
horizontal force on the lever. If the stiffness is measured and found 
to be k = 20 Ib/in., then since the stretch s = 1.5 in., using Eq. 3-2, 
F, = ks = 20lb/in. (1.5 in.) = 301b. Finally, the operator’s shoe 
applies a vertical force of F on the pedal. The dimensions of the 
lever are also shown on the free-body diagram, since this 
information will be useful when computing the moments of the 
forces. As usual, the senses of the unknown forces at A have been 
assumed. The correct senses will become apparent after solving the 
equilibrium equations. 


EXAMPLE |5.3 


Two smooth pipes, each having a mass of 300 kg, are supported by the 
forked tines of the tractor in Fig. 5-9a. Draw the free-body diagrams 
for each pipe and both pipes together. 
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blade acting on A 


SOLUTION 

The idealized model from which we must draw the free-body 
diagrams is shown in Fig. 5—9b. Here the pipes are identified, the 
dimensions have been added, and the physical situation reduced to its 
simplest form. 

The free-body diagram for pipe A is shown in Fig. 5—9c. Its weight is 
W = 300(9.81) N = 2943 N. Assuming all contacting surfaces are 
smooth, the reactive forces T, F, R act in a direction normal to the 
tangent at their surfaces of contact. 

The free-body diagram of pipe B is shown in Fig. 5—-9d. Can you 
identify each of the three forces acting on this pipe? In particular, note 
that R, representing the force of A on B, Fig. 5—9d, is equal and 
opposite to R representing the force of B on A, Fig. 5—9c. This is a 
consequence of Newton’s third law of motion. 

The free-body diagram of both pipes combined (“system’’) is shown 
in Fig. 5—9e. Here the contact force R, which acts between A and B, is 
considered as an internal force and hence is not shown on the free- 
body diagram. That is, it represents a pair of equal but opposite 
collinear forces which cancel each other. 


Effect of gravity 
(weight) acting on A 


(©) 


Effect of B acting on A 


Effect of sloped 
F fork acting on A 
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EXAMPLE |5.4 


Draw the free-body diagram of the unloaded platform that is 
suspended off the edge of the oil rig shown in Fig. 5—10a. The platform 
has a mass of 200 kg. 


1 
7 
\,4 
4 
a 
a 
= 
7) 
a 
4 
4 
& 


SOLUTION 


The idealized model of the platform will be considered in two 
dimensions because by observation the loading and the dimensions 
are all symmetrical about a vertical plane passing through its center, 
Fig. 5—10b. The connection at A is considered to be a pin, and the cable 
supports the platform at B. The direction of the cable and average 
dimensions of the platform are listed, and the center of gravity G 
has been determined. It is from this model that we have drawn the 
free-body diagram shown in Fig. 5-10c. The platform’s weight is 
200(9.81) = 1962 N. The force components A, and A, along with the 
cable force T represent the reactions that both pins and both cables 
exert on the platform, Fig. 5—10a. Consequently, after the solution for 
these reactions, half their magnitude is developed at A and half is 
developed at B. 


5.2  FReE-Bopy DIAGRAMS 211 


Zz PROBLEMS 


e5-1. Draw the free-body diagram of the 50-kg paper roll *5-4. Draw the free-body diagram of the beam which 


which has a center of mass at G and rests on the smooth supports the 80-kg load and is supported by the pin at A and 
blade of the paper hauler. Explain the significance of each a cable which wraps around the pulley at D. Explain the 
force acting on the diagram. (See Fig. 5—7b.) significance of each force on the diagram. (See Fig. 5—7b.) 


Prob. 5-1 


5-2. Draw the free-body diagram of member AB, which is 
supported by a roller at A and a pin at B. Explain the 
significance of each force on the diagram. (See Fig. 5—7b.) 


390 Ib 


Prob. 5-4 


8 ft | 


30° a 


e5-5. Draw the free-body diagram of the truss that is 
supported by the cable AB and pin C. Explain the significance 
ve of each force acting on the diagram. (See Fig. 5—7b.) 
5-3. Draw the free-body diagram of the dumpster D of the 
truck, which has a weight of 5000 Ib and a center of gravity 
at G. It is supported by a pin at A and a pin-connected 
hydraulic cylinder BC (short link). Explain the significance 
of each force on the diagram. (See Fig. 5—7b.) 


Prob. 5-3 Prob. 5-5 
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5-6. Draw the free-body diagram of the crane boom AB 
which has a weight of 650 lb and center of gravity at G. The 
boom is supported by a pin at A and cable BC. The load of 
1250 Ib is suspended from a cable attached at B. Explain 
the significance of each force acting on the diagram. (See 
Fig. 5-70.) 


Prob. 5-6 


5-7. Draw the free-body diagram of the “spanner 
wrench” subjected to the 20-lb force. The support at A can 
be considered a pin, and the surface of contact at B is 
smooth. Explain the significance of each force on the 
diagram. (See Fig. 5—7b.) 


20 Ib 


Prob. 5-7 


*5-8. Draw the free-body diagram of member ABC which 
is supported by a smooth collar at A, roller at B, and short 
link CD. Explain the significance of each force acting on the 
diagram. (See Fig. 5-75.) 
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e5-9. Draw the free-body diagram of the bar, which has a 
negligible thickness and smooth points of contact at A, B, 
and C. Explain the significance of each force on the 
diagram. (See Fig. 5—7b.) 


Prob. 5-9 


5-10. Draw the free-body diagram of the winch, which 
consists of a drum of radius 4 in. It is pin-connected at its 
center C, and at its outer rim is a ratchet gear having a mean 
radius of 6 in. The pawl AB serves as a two-force member 
(short link) and prevents the drum from rotating. Explain 
the significance of each force on the diagram. (See 
Fig. 5—7b.) 


Prob. 5-10 
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Draw the free-body diagram of the uniform trash Draw the free-body diagram of the wing on the 
bucket which has a significant weight. It is pinned at A and passenger plane. The weights of the engine and wing are 
rests against the smooth horizontal member at B. Show significant. The tires at B are free to roll. 


your result in side view. Label any necessary dimensions. 


Draw the free-body diagram of the outrigger ABC Draw the free-body diagram of the wheel and 
used to support a backhoe. The top pin B is connected to member ABC used as part of the landing gear on a jet 
the hydraulic cylinder, which can be considered to be a plane. The hydraulic cylinder AD acts as a two-force 
short link (two-force member), the bearing shoe at A is member, and there is a pin connection at B. 


smooth, and the outrigger is pinned to the frame at C. 
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EQUILIBRIUM OF A RIGID BODY 


5.3 Equations of Equilibrium 


In Sec. 5.1 we developed the two equations which are both necessary and 
sufficient for the equilibrium of a rigid body, namely, =F = 0 and 
=Mo = 0. When the body is subjected to a system of forces, which all lie 
in the x-y plane, then the forces can be resolved into their x and y 
components. Consequently, the conditions for equilibrium in two 
dimensions are 


=10 
0 (5-2) 
0 


Here =F, and =F, represent, respectively, the algebraic sums of the x 
and y components of all the forces acting on the body, and 2Mo 
represents the algebraic sum of the couple moments and the moments of 
all the force components about the z axis, which is perpendicular to the 
x-y plane and passes through the arbitrary point O. 


Alternative Sets of Equilibrium Equations. Although 
Eqs. 5-2 are most often used for solving coplanar equilibrium problems, 
two alternative sets of three independent equilibrium equations may also 
be used. One such set is 


2F.e0 
=M, =0 (5-3) 
=Mp, = 0 


When using these equations it is required that a line passing through 
points A and B is not parallel to the y axis. To prove that Eqs. 5-3 provide 
the conditions for equilibrium, consider the free-body diagram of the 
plate shown in Fig. 5—11a. Using the methods of Sec. 4.8, all the forces on 
the free-body diagram may be replaced by an equivalent resultant force 
Fr = =F, acting at point A, and a resultant couple moment 
Mr, = >My, Fig. 5-11. If 2M, = 0 is satisfied, it is necessary that 
Ma, = 9. Furthermore, in order that Fp satisfy =F, = 0, it must have no 
component along the x axis, and therefore Fr must be parallel to the y 
axis, Fig. 5—11c. Finally, if it is required that Mg = 0, where B does not 
lie on the line of action of Fr, then Fr = 0. Since Eqs. 5-3 show that both 
of these resultants are zero, indeed the body in Fig. 5-1la must be in 
equilibrium. 
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A second alternative set of equilibrium equations is 


<M, = 0 
=Mc =0 


Here it is necessary that points A, B, and C do not lie on the same line. To 
prove that these equations, when satisfied, ensure equilibrium, consider 
again the free-body diagram in Fig. 5-11b. If 2M, = 0 is to be satisfied, 
then Mr, = 0. »Mc = 0 is satisfied if the line of action of Fr passes 
through point C as shown in Fig. 5—11c. Finally, if we require 2©Mp, = 0, 
it is necessary that Fr = 0, and so the plate in Fig. 5—11a must then be in 
equilibrium. 


Procedure for Analysis 


Coplanar force equilibrium problems for a rigid body can be solved 
using the following procedure. 


Free-Body Diagram. 
Establish the x, y coordinate axes in any suitable orientation. 
Draw an outlined shape of the body. 
Show all the forces and couple moments acting on the body. 


Label all the loadings and specify their directions relative to the 
x or y axis. The sense of a force or couple moment having an 
unknown magnitude but known line of action can be assumed. 


Indicate the dimensions of the body necessary for computing the 
moments of forces. 


Equations of Equilibrium. 


e Apply the moment equation of equilibrium, 2Mo = 0, about a 
point (O) that lies at the intersection of the lines of action of two 
unknown forces. In this way, the moments of these unknowns are 
zero about O, and a direct solution for the third unknown can be 
determined. 


When applying the force equilibrium equations, 2 F, = 0 and 
=F, = 0, orient the x and y axes along lines that will provide the 
simplest resolution of the forces into their x and y components. 


If the solution of the equilibrium equations yields a negative 
scalar for a force or couple moment magnitude, this indicates that 
the sense is opposite to that which was assumed on the free-body 
diagram. 
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EXAMPLE |5.5 


Determine the horizontal and vertical components of reaction on the 
beam caused by the pin at B and the rocker at A as shown in Fig. 5—12a. 
Neglect the weight of the beam. 


600 sin 45° N 


Fig. 5-12 


SOLUTION 


Free-Body Diagram. Identify each of the forces shown on the free- 
body diagram of the beam, Fig. 5—12b. (See Example 5.1.) For 
simplicity, the 600-N force is represented by its x and y components as 
shown in Fig. 5-125. 


Equations of Equilibrium. Summing forces in the x direction yields 
+ SF, = 0; 600 cos 45°N — B, = 0 
B, = 424N Ans. 


A direct solution for A, can be obtained by applying the moment 
equation 2 Mz = 0 about point B. 


G+=Mz=0; 100N(2m) + (600 sin 45° N)(5 m) 
— (600 cos 45° N)(0.2 m) — A,(7m) 
Ay = 319N 


Summing forces in the y direction, using this result, gives 
+TXF, = 0; 319 N — 600'sim45° N — 100 N — 200 N + B, = 0 
By = 405N Ans. 
NOTE: We can check this result by summing moments about point A. 
G+IM, = 0; —(600 sin 45° N)(2 m) — (600 cos 45° N)(0.2 m) 
—(100 IN) (Sm) — (200 N)(7m) + 2,(7m) = 0 
B, = 405 N Ans. 


5.3. EQUATIONS OF EQUILIBRIUM 


EXAMPLE |5.6 


The cord shown in Fig. 5—13a supports a force of 100 lb and wraps 
over the frictionless pulley. Determine the tension in the cord at C 
and the horizontal and vertical components of reaction at pin A. 


Fig. 5-13 


SOLUTION 


Free-Body Diagrams. The free-body diagrams of the cord and pulley 
are shown in Fig. 5-135. Note that the principle of action, equal but 
opposite reaction must be carefully observed when drawing each of 
these diagrams: the cord exerts an unknown load distribution p on the 
pulley at the contact surface, whereas the pulley exerts an equal but 
opposite effect on the cord. For the solution, however, it is simpler to 
combine the free-body diagrams of the pulley and this portion of the 
cord, so that the distributed load becomes internal to this “system” 
and is therefore eliminated from the analysis, Fig. 5-13c. 


Equations of Equilibrium. Summing moments about point A to 
eliminate A, and A,, Fig. 5—13c, we have 
G+IM, = 0; 100 Ib (0.5 ft) — 7(0.5 ft) = 0 
T = 1001b 
Using the result, 
+4 SF, = 0; —A, + 100 sin 30° Ib = 0 
A, = 50.0 Ib 


ae leaae = 0; A, — 100 Ib — 100 cos 30° Ib = 0 
A= 18i lb Ans. 


NOTE: It is seen that the tension remains constant as the cord passes 
over the pulley. (This of course is true for any angle @ at which the 
cord is directed and for any radius r of the pulley.) 
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EXAMPLE |5.7 


The member shown in Fig. 5—14a is pin-connected at A and rests 
against a smooth support at B. Determine the horizontal and vertical 
components of reaction at the pin A. 


Fig. 5-14 
SOLUTION 


Free-Body Diagram. As shown in Fig. 5-14, the reaction Ng is 
perpendicular to the member at B. Also, horizontal and vertical 
components of reaction are represented at A. 


Equations of Equilibrium. Summing moments about A, we obtain a 
direct solution for Nz, 


G+=M,=0; —90N-m— 60N(1m) + N,(0.75 m) = 0 
Nz = 200N 
Using this result, 
+4 YF, = 0; A, — 200 sin 30°N = 0 
A, = 100N 
+TIF, = 0; Ay — 200 cos 30° N — 60N = 0 
A, = 233N 


5.3. EQUATIONS OF EQUILIBRIUM 


EXAMPLE |5.8 


The box wrench in Fig. 5—15a is used to tighten the bolt at A. If the 
wrench does not turn when the load is applied to the handle, 
determine the torque or moment applied to the bolt and the force of 
the wrench on the bolt. 


SOLUTION 

Free-Body Diagram. The free-body diagram for the wrench is 
shown in Fig. 5-155. Since the bolt acts as a “fixed support,” it exerts 
force components A, and A, and a moment M, on the wrench at A. 
Equations of Equilibrium. 


43F,=0; A, — 52(4)N + 30cos 60°N = 0 


A, = 5.00N 


+12F,=0; A, — 52(2)N - 30sin60°N = 0 


A, = 7410 N 


G+ZM, = 0; My — [52(75) N] (0.3 m) — (30 sin 60° N)(0.7 m) 


M, = 326N-m 


Note that M, must be included in this moment summation. This 
couple moment is a free vector and represents the twisting resistance 
of the bolt on the wrench. By Newton’s third law, the wrench exerts an 
equal but opposite moment or torque on the bolt. Furthermore, the 
resultant force on the wrench is 


F, = V(5.00)? + (74.0)? = 74.1N Ans. 


NOTE: Although only three independent equilibrium equations can 
be written for a rigid body, it is a good practice to check the 
calculations using a fourth equilibrium equation. For example, the 
above computations may be verified in part by summing moments 
about point C: 


G+2Mc = 0; [52(3)N] (0.4m) + 32.6N-m — 74.0 N(0.7 m) 
19.2N-m + 32.6N:m — 51.8N-m = 0 


400 mm: 


| L300 mm—| 
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EXAMPLE |5.9 


Determine the horizontal and vertical components of reaction on the 
member at the pin A, and the normal reaction at the roller B in 
Fig. 5-16a. 


SOLUTION 


Free-Body Diagram. The free-body diagram is shown in Fig. 5-16b. 
The pin at A exerts two components of reaction on the member, A, 
and A, 


Fig. 5-16 


Equations of Equilibrium. The reaction N, can be obtained directly 
by summing moments about point A since A, and A, produce no 
moment about A. 


[Na cos 30°](6 ft) — [Ng sin 30°](2 ft) — 750 1b(3 ft) = 0 
Nz = 536.2 lb = 536 |b 


Using this result, 
4S 3F,=0; A, — (536.2 Ib ) sin 30° = 
A, = 268 Ib 


+TXF,=0; A, + (536.2 Ib) cos 30° — 750 1b = 0 


Ay = 286 Ib 


5.3 


EXAMPLE |5.10 


The uniform smooth rod shown in Fig. 5—17a is subjected to a force 
and couple moment. If the rod is supported at A by a smooth wall and 
at B and C either at the top or bottom by rollers, determine the 
reactions at these supports. Neglect the weight of the rod. 


SOLUTION 


Free-Body Diagram. As shown in Fig. 5-17), all the support 
reactions act normal to the surfaces of contact since these surfaces are 
smooth. The reactions at B and C are shown acting in the positive y’ 
direction. This assumes that only the rollers located on the bottom of 
the rod are used for support. 


Equations of Equilibrium. Using the x, y coordinate system in 
Fig. 5-17b, we have 


4,3F,=0; Cysin30° + Bysin30° - A, = 0 (1) 
+T=F,=0; -300N + C, cos 30° + By cos 30° = (2) 
C+=EM, = 0; —By(2m) + 4000N-m — C,(6m) 

+ (300 cos 30° N)(8 m) = 0 (3) 


When writing the moment equation, it should be noted that the line of 

action of the force component 300 sin 30° N passes through point A, 

and therefore this force is not included in the moment equation. 
Solving Eqs. 2 and 3 simultaneously, we obtain 


By = —1000.0N = -1kN 
Cy = 1346.4N = 1.35 kN 


Ans. 
Ans. 


Since By is a negative scalar, the sense of B, is opposite to that shown 
on the free-body diagram in Fig. 5-17b. Therefore, the top roller at B 
serves as the support rather than the bottom one. Retaining the negative 
sign for By (Why?) and substituting the results into Eq. 1, we obtain 


1346.4 sin 30° N + (—1000.0 sin 30° N) — A, = 0 


A, =173N Ans. 


EQUATIONS OF EQUILIBRIUM 


Fig. 5-17 
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EXAMPLE |5.11 


The uniform truck ramp shown in Fig. 5—18a has a weight of 400 Ib and 
is pinned to the body of the truck at each side and held in the position 
shown by the two side cables. Determine the tension in the cables. 


SOLUTION 

The idealized model of the ramp, which indicates all necessary 
dimensions and supports, is shown in Fig. 5-185. Here the center of 
gravity is located at the midpoint since the ramp is considered to be 
uniform. 


Free-Body Diagram. Working from the idealized model, the ramp’s 
free-body diagram is shown in Fig. 5—18c. 


Equations of Equilibrium. Summing moments about point A will 
yield a direct solution for the cable tension. Using the principle of 
moments, there are several ways of determining the moment of T 
about A. If we use x and y components, with T applied at B, we have 


G+=M, = 0; —T cos 20°(7 sin 30° ft) + T sin 20°(7 cos 30° ft) 
+ 400 Ib (5 cos 30° ft) = 0 


T = 1425 Ib 


The simplest way to determine the moment of T about A is to resolve 
it into components along and perpendicular to the ramp at B. Then the 
moment of the component along the ramp will be zero about A, so that 


G+=2M,=0; —T sin 10°(7 ft) + 400 Ib (5 cos 30° ft) = 0 
T = 1425 lb 


Since there are two cables supporting the ramp, 


ee — 5 = 712.16 Ans. 


NOTE: As an exercise, show that A, = 1339 1b and A, = 887.4 Ib. 
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EXAMPLE |5.12 


Determine the support reactions on the member in Fig. 5-19a. The 
collar at A is fixed to the member and can slide vertically along the 
vertical shaft. 


Fig. 5-19 
SOLUTION 


Free-Body Diagram. The free-body diagram of the member is shown 
in Fig. 5-19b. The collar exerts a horizontal force A, and moment M, 
on the member. The reaction Ng of the roller on the member is 
vertical. 


Equations of Equilibrium. The forces A, and Nz can be determined 
directly from the force equations of equilibrium. 


+> F, = 0; ees Ans. 
+T3F, = 0; Nz — 900N = 0 
Nz — 900N Ans. 


The moment M, can be determined by summing moments either 
about point A or point B. 


G+=M, = 0; 

M, — 900 N(1.5 m) — 500 N:m + 900 N [3m + (1 m) cos 45°] = 0 
M, = —1486N-m = 149kN-m) Ans. 

or 

G+Mz = 0; My + 900N[1.5m + (1 m) cos 45°] — 500N-m = 0 
My, = —-1486N-m = 149kN-m) Ans. 


The negative sign indicates that M, has the opposite sense of rotation 
to that shown on the free-body diagram. 
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The bucket link AB on the back-hoe 
is a typical example of a two-force 
member since it is pin connected at 
its ends and, provided its weight is 
neglected, no other force acts on this 
member. 


The link used for this railroad car brake 
is a three-force member. Since the force 
F; in the tie rod at B and Fc from the 
link at C are parallel, then for 
equilibrium the resultant force F, at the 
pin A must also be parallel with these 
two forces. 


The boom on this lift is a three-force 
member, provided its weight is neglected. 
Here the lines of action of the weight of the 
worker, W, and the force of the two-force 
member (hydraulic cylinder) at B, Fz, 
intersect at O. For moment equilibrium, the 
resultant force at the pin A, F 4, must also 
be directed towards O. 
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5.4 Two- and Three-Force Members 
The solutions to some equilibrium problems can be simplified by 
recognizing members that are subjected to only two or three forces. 


Two-Force Members As the name implies, a two-force member has 
forces applied at only two points on the member. An example of a two- 
force member is shown in Fig. 5—20a. To satisfy force equilibrium, F4 and 
Fz must be equal in magnitude, F, = Fz = F, but opposite in direction 
(2F = 0), Fig. 5-205. Furthermore, moment equilibrium requires that F4 
and Fz share the same line of action, which can only happen if they are 
directed along the line joining points A and B (2M, = 0 or 2Mz = 0), 
Fig. 5—20c. Therefore, for any two-force member to be in equilibrium, the 
two forces acting on the member must have the same magnitude, act in 
opposite directions, and have the same line of action, directed along the line 
joining the two points where these forces act. 


A Fy A F,=F A Fa=F 
4 
B B 
Fz =F 
©) 


(a) fg=F () 


Two-force member 


Fig. 5-20 


Three-Force Members If a member is subjected to only three 
forces, it is called a three-force member. Moment equilibrium can be 
satisfied only if the three forces form a concurrent or parallel force 
system. To illustrate, consider the member subjected to the three forces 
F,, F,, and F3, shown in Fig. 5—21a. If the lines of action of F, and F, 
intersect at point O, then the line of action of F; must also pass through 
point O so that the forces satisfy 2Mo = 0. As a special case, if the three 
forces are all parallel, Fig. 5—21b, the location of the point of intersection, 
O, will approach infinity. 
O 


vA 
F 


' (a) (b) 


Three-force member 


Fig. 5-21 
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EXAMPLE |5.13 


The lever ABC is pin supported at A and connected to a short link BD 
as shown in Fig. 5—22a. If the weight of the members is negligible, 
determine the force of the pin on the lever at A. 


SOLUTION 


Free-Body Diagrams. As shown in Fig. 5-225, the short link BD is a 
two-force member, so the resultant forces at pins D and B must be 
equal, opposite, and collinear. Although the magnitude of the force is 
unknown, the line of action is known since it passes through B and D. 

Lever ABC is a three-force member, and therefore, in order to 
satisfy moment equilibrium, the three nonparallel forces acting on it 
must be concurrent at O, Fig. 5—22c. In particular, note that the force F 
on the lever at B is equal but opposite to the force F acting at B on the 
link. Why? The distance CO must be 0.5 m since the lines of action of 
F and the 400-N force are known. 


i 
0.2m ; 
| bh 4 

» D 


Equations of Equilibrium. By requiring the force system to be 
concurrent at O,since 2 Mo = 0, the angle 6 which defines the line of 
action of F, can be determined from trigonometry, 


F4 cos 60.3° — F cos 45° + 400 N = 0 


(2B =0; Fy,sin 60.3° — Fsin 45° = 0 


Solving, we get 


F, = 1.07kN 
F = 132kN 


NOTE: We can also solve this problem by representing the force at A 
by its two components A, and A, and applying >M, = 0, =F, = 0, 
=F, = 0 to the lever. Once A, and A, are determined, we can get Fy 
and 0. 
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(ea FUNDAMENTAL PROBLEMS 


All problem solutions must include an FBD. F5-4. Determine the components of reaction at the fixed 


, . ' support A. Neglect the thickness of the beam. 
F5-1. Determine the horizontal and vertical components 


of reaction at the supports. Neglect the thickness of 
the beam. 


200N 200N 200N 


aN 600 Ib - ft 


F5-1 F5-4 
F5-2. Determine the horizontal and vertical components F5-5. The 25-kg bar has a center of mass at G. If it is 
of reaction at the pin A and the reaction on the beam at C. supported by a smooth peg at C,a roller at A, and cord AB, 
4kN determine the reactions at these supports. 
+ 1.5m ah 1.5m | 
B 
A Cc 
1.5m 
D 
F5-22 F5-5 
F5-3. The truss is supported by a pin at A and a roller at B. F5-6. Determine the reactions at the smooth contact 
Determine the support reactions. points A, B, and C on the bar. 


F5-3 
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ETPROBLEMS 


All problem solutions must include an FBD. 


§-11. Determine the normal reactions at A and B in 
Prob. 5-1. 


*5-12. Determine the tension in the cord and the 
horizontal and vertical components of reaction at support A 
of the beam in Prob. 5-4. 


e5-13. Determine the horizontal and vertical components 
of reaction at C and the tension in the cable AB for the 
truss in Prob. 5-5. 


5-14. Determine the horizontal and vertical components 
of reaction at A and the tension in cable BC on the boom in 
Prob. 5-6. 


5-15. Determine the horizontal and vertical components 
of reaction at A and the normal reaction at B on the 
spanner wrench in Prob. 5-7. 


*5-16. Determine the normal reactions at A and B and the 
force in link CD acting on the member in Prob. 5-8. 


e5-17. Determine the normal reactions at the points of 
contact at A, B, and C of the bar in Prob. 5-9. 


5-18. Determine the horizontal and vertical components 
of reaction at pin C and the force in the pawl of the winch in 
Prob. 5-10. 


5-19. Compare the force exerted on the toe and heel of a 
120-Ib woman when she is wearing regular shoes and 
stiletto heels. Assume all her weight is placed on one foot 
and the reactions occur at points A and B as shown. 


120 Ib 
120 lb 


! 


B 
Hines in.— 


1.25 in. 


A 


0.75 in. 3.75 in. 


Prob. 5-19 


*5-20. The train car has a weight of 24 000 Ib and a center 
of gravity at G. It is suspended from its front and rear on the 
track by six tires located at A, B, and C. Determine the 
normal reactions on these tires if the track is assumed to be 
a smooth surface and an equal portion of the load is 
supported at both the front and rear tires. 


Prob. 5-20 


e5-21. Determine the horizontal and vertical components 
of reaction at the pin A and the tension developed in cable 
BC used to support the steel frame. 


Prob. 5-21 
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5-22. The articulated crane boom has a weight of 125 lb and 
center of gravity at G. If it supports a load of 600 Ib, determine 
the force acting at the pin A and the force in the hydraulic 
cylinder BC when the boom is in the position shown. 


am 


Prob. 5-22 


5-23. The airstroke actuator at D is used to apply a force of 
F = 200 N on the member at B. Determine the horizontal 
and vertical components of reaction at the pin A and the 


e5-25. The 300-lb electrical transformer with center of gravity 
at G is supported by a pin at A and a smooth pad at B. 
Determine the horizontal and vertical components of reaction 
at the pin A and the reaction of the pad B on the transformer. 


Prob. 5-25 


5-26. A skeletal diagram of a hand holding a load is shown 
in the upper figure. If the load and the forearm have masses 


force of the smooth shaft at C on the member. 


*5-24. The airstroke actuator at D is used to apply a force 
of F on the member at B. The normal reaction of the 
smooth shaft at C on the member is 300 N. Determine the 
magnitude of F and the horizontal and vertical components 


of reaction at pin A. 


Probs. 5-23/24 


of 2 kg and 1.2 kg, respectively, and their centers of mass are 
located at G; and G, determine the force developed in the 
biceps CD and the horizontal and vertical components of 
reaction at the elbow joint B. The forearm supporting 
system can be modeled as the structural system shown in 
the lower figure. 


rea 79° 


A 
100 mm- 


Prob. 5-26 


Gy 


+—135 mm— 


65 anil 


5-27. As an airplane’s brakes are applied, the nose wheel 
exerts two forces on the end of the landing gear as shown. 
Determine the horizontal and vertical components of 
reaction at the pin C and the force in strut AB. 


6kN 


Prob. 5-27 


*5-28. The 1.4-Mg drainpipe is held in the tines of the fork 
lift. Determine the normal forces at A and B as functions of 
the blade angle 0 and plot the results of force (vertical axis) 
versus @ (horizontal axis) for0 = 6 = 90°. 


Prob. 5-28 
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e5-29. The mass of 700 kg is suspended from a trolley 
which moves along the crane rail from d= 1.7m to 
d = 3.5m. Determine the force along the pin-connected 
knee strut BC (short link) and the magnitude of force at pin 
A asa function of position d. Plot these results of Fgc and Fy 
(vertical axis) versus d (horizontal axis). 


Prob. 5-29 


5-30. If the force of F = 100 lb is applied to the handle of 
the bar bender, determine the horizontal and _ vertical 
components of reaction at pin A and the reaction of the 
roller B on the smooth bar. 


5-31. If the force of the smooth roller at B on the bar 
bender is required to be 1.5 kip, determine the horizontal 
and vertical components of reaction at pin A and the 
required magnitude of force F applied to the handle. 


Probs. 5-30/31 
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*5-32. The jib crane is supported by a pin at C and rod AB. 
If the load has a mass of 2 Mg with its center of mass located 
at G, determine the horizontal and vertical components of 
reaction at the pin C and the force developed in rod AB on 
the crane when x = 5 m. 


e5-33. The jib crane is supported by a pin at C and rod AB. 
The rod can withstand a maximum tension of 40 KN. If the 
load has a mass of 2 Mg, with its center of mass located at G, 
determine its maximum allowable distance x and the 
corresponding horizontal and vertical components of 
reaction at C. 


Probs. 5-32/33 


5-34. Determine the horizontal and vertical components 
of reaction at the pin A and the normal force at the smooth 
peg B on the member. 


Prob. 5-34 
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5-35. The framework is supported by the member AB 
which rests on the smooth floor. When loaded, the pressure 
distribution on AB is linear as shown. Determine the length d 
of member AB and the intensity w for this case. 


Prob. 5-35 


*5-36. Outriggers A and B are used to stabilize the crane 
from overturning when lifting large loads. If the load to be 
lifted is 3 Mg, determine the maximum boom angle 6 so that 
the crane does not overturn. The crane has a mass of 5 Mg 
and center of mass at Gc, whereas the boom has a mass of 
0.6 Mg and center of mass at Gz. 


Prob. 5-36 


e5-37. The wooden plank resting between the buildings 
deflects slightly when it supports the 50-kg boy. This 
deflection causes a triangular distribution of load at its ends, 
having maximum intensities of w, and wg. Determine w, 
and wg, each measured in N/m, when the boy is standing 
3 m from one end as shown. Neglect the mass of the plank. 


Prob. 5-37 


5-38. Spring CD remains in the horizontal position at all 
times due to the roller at D. If the spring is unstretched 
when 6 = 0° and the bracket achieves its equilibrium 
position when 6 = 30°, determine the stiffness k of the 
spring and the horizontal and vertical components of 
reaction at pin A. 


5-39. Spring CD remains in the horizontal position at all 
times due to the roller at D. If the spring is unstretched 
when @ = 0° and the stiffness is k = 1.5 kN/m, determine 
the smallest angle 6 for equilibrium and the horizontal and 
vertical components of reaction at pin A. 


Probs. 5-38/39 
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*5-40. The platform assembly has a weight of 250 lb and 
center of gravity at G,. If it is intended to support a 
maximum load of 400 lb placed at point G,, determine the 
smallest counterweight W that should be placed at B in 
order to prevent the platform from tipping over. 


1 ft 1 ft 


Prob. 5-40 


e5-41. Determine the horizontal and vertical components 
of reaction at the pin A and the reaction of the smooth 
collar B on the rod. 


Prob. 5-41 
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5-42. Determine the support reactions of roller A and the 
smooth collar B on the rod. The collar is fixed to the rod 
AB, but is allowed to slide along rod CD. 


Prob. 5-42 


5-43. The uniform rod AB has a weight of 15 lb. Determine 
the force in the cable when the rod is in the position shown. 


Prob. 5-43 
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*5-44. Determine the horizontal and vertical components 
of force at the pin A and the reaction at the rocker B of the 
curved beam. 


500 N 


Prob. 5-44 


e5-45. The floor crane and the driver have a total weight 
of 2500 Ib with a center of gravity at G. If the crane is 
required to lift the 500-lb drum, determine the normal 
reaction on both the wheels at A and both the wheels at B 
when the boom is in the position shown. 


5-46. The floor crane and the driver have a total weight of 
2500 Ib with a center of gravity at G. Determine the largest 
weight of the drum that can be lifted without causing the 
crane to overturn when its boom is in the position shown. 


Probs. 5-45/46 


5-47. The motor has a weight of 850 lb. Determine the 
force that each of the chains exerts on the supporting hooks 
at A, B, and C. Neglect the size of the hooks and the 
thickness of the beam. 


Prob. 5-47 


*5—-48. Determine the force P needed to pull the 50-kg roller 
over the smooth step. Take 9 = 60°. 


e5—49. Determine the magnitude and direction @ of the 
minimum force P needed to pull the 50-kg roller over the 
smooth step. 


Probs. 5-48/49 
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5-50. The winch cable on a tow truck is subjected to a 
force of T = 6kN when the cable is directed at 0 = 60°. 
Determine the magnitudes of the total brake frictional 
force F for the rear set of wheels B and the total normal 
forces at both front wheels A and both rear wheels B for 
equilibrium. The truck has a total mass of 4 Mg and mass 
center at G. 


5-51. Determine the minimum cable force T and critical 
angle 6 which will cause the tow truck to start tipping, i.e., for 
the normal reaction at A to be zero. Assume that the truck is 
braked and will not slip at B. The truck has a total mass of 
4 Mg and mass center at G.x 


Probs. 5-50/51 


*5-52. Three uniform books, each having a weight W and 
length a, are stacked as shown. Determine the maximum 
distance d that the top book can extend out from the 
bottom one so the stack does not topple over. 


—— 


Prob. 5-52 
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e5-53. Determine the angle @ at which the link ABC is 
held in equilibrium if member BD moves 2 in. to the right. 
The springs are originally unstretched when 6 = 0°. Each 
spring has the stiffness shown. The springs remain 
horizontal since they are attached to roller guides. 


Prob. 5-53 


5-54. The uniform rod AB has a weight of 15 lb and the 
spring is unstretched when @ = 0°. If @ = 30°, determine 
the stiffness k of the spring. 


Prob. 5-54 
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5-55. The horizontal beam is supported by springs at its 
ends. Each spring has a stiffness of k = 5kN/m and is 
originally unstretched so that the beam is in the horizontal 
position. Determine the angle of tilt of the beam if a load of 
800 N is applied at point C as shown. 


*5-56. The horizontal beam is supported by springs at its 
ends. If the stiffness of the spring at A is k, = 5kN/m, 
determine the required stiffness of the spring at B so that if 
the beam is loaded with the 800 N it remains in the 
horizontal position. The springs are originally constructed 
so that the beam is in the horizontal position when it is 
unloaded. 


Probs. 5-55/56 


e5-57. The smooth disks D and E have a weight of 200 Ib 
and 100 lb, respectively. If a horizontal force of P = 200 Ib 
is applied to the center of disk FE, determine the normal 
reactions at the points of contact with the ground at A, B, 
and C. 


5-58. The smooth disks D and E have a weight of 200 Ib 
and 100 Ib, respectively. Determine the largest horizontal 
force P that can be applied to the center of disk E without 
causing the disk D to move up the incline. 


Probs. 5-57/58 


5-59. A man stands out at the end of the diving board, 
which is supported by two springs A and B, each having a 
stiffness of k = 15 kN/m. In the position shown the board 
is horizontal. If the man has a mass of 40 kg, determine the 
angle of tilt which the board makes with the horizontal after 
he jumps off. Neglect the weight of the board and assume it 
is rigid. 


mca 3m 
2 


Prob. 5-59 


*5-60. The uniform rod has a length / and weight W. It is 
supported at one end A by a smooth wall and the other end 
by a cord of length s which is attached to the wall as 
shown. Show that for equilibrium it is required that 
h = [(s* — Py/3p?. 


1 
it 


Prob. 5-60 
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e5-61. Ifspring BC is unstretched with @ = 0° and the bell 
crank achieves its equilibrium position when @ = 15°, 
determine the force F applied perpendicular to segment 
AD and the horizontal and vertical components of reaction 
at pin A. Spring BC remains in the horizontal postion at all 
times due to the roller at C. 


k =2kN/m 


Prob. 5-61 


5-62. The thin rod of length / is supported by the smooth 
tube. Determine the distance a needed for equilibrium if 
the applied load is P. 


Prob. 5-62 
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The tie rod is used to support this overhang at the 
entrance of a building. If it is pin connected to the building 
wall at A and to the center of the overhang B, determine if 
the force in the rod will increase, decrease, or remain the 
same if (a) the support at A is moved to a lower position D, 
and (b) the support at B is moved to the outer position C. 
Explain your answer with an equilibrium analysis, using 
dimensions and loads. Assume the overhang is pin 
supported from the building wall. 


ie 


The man attempts to pull the four wheeler up the 
incline and onto the truck bed. From the position shown, is 
it more effective to keep the rope attached at A, or would it 
be better to attach it to the axle of the front wheels at B? 
Draw a free-body diagram and do an equilibrium analysis 
to explain your answer. 
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Like all aircraft, this jet plane rests on three wheels. 
Why not use an additional wheel at the tail for better 
support? (Can you think of any other reason for not 
including this wheel?) If there was a fourth tail wheel, draw 
a free-body diagram of the plane from a side (2 D) view, and 
show why one would not be able to determine all the wheel 
reactions using the equations of equilibrium. 


Where is the best place to arrange most of the logs 
in the wheelbarrow so that it minimizes the amount of force 
on the backbone of the person transporting the load? Do an 
equilibrium analysis to explain your answer. 


EQUILIBRIUM IN THREE DIMENSIONS 


5.5 Free-Body Diagrams 


The first step in solving three-dimensional equilibrium problems, as in the 
case of two dimensions, is to draw a free-body diagram. Before we can do 
this, however, it is first necessary to discuss the types of reactions that can 
occur at the supports. 


Support Reactions. The reactive forces and couple moments 
acting at various types of supports and connections, when the members 
are viewed in three dimensions, are listed in Table 5-2. It is important to 
recognize the symbols used to represent each of these supports and to 
understand clearly how the forces and couple moments are developed. 
As in the two-dimensional case: 


e A force is developed by a support that restricts the translation of its 
attached member. 


e A couple moment is developed when rotation of the attached 
member is prevented. 


For example, in Table 5—2, item (4), the ball-and-socket joint prevents 
any translation of the connecting member; therefore, a force must act on 
the member at the point of connection. This force has three components 
having unknown magnitudes, F,, F,, F.. Provided these components are 
known, one can obtain the magnitude of force, F = VF, + Fy + F2, 
and the force’s orientation defined by its coordinate direction angles a, 
B, y, Eqs. 2-7.* Since the connecting member is allowed to rotate freely 
about any axis, no couple moment is resisted by a ball-and-socket joint. 

It should be noted that the single bearing supports in items (5) and (7), 
the single pin (8), and the single hinge (9) are shown to resist both force 
and couple-moment components. If, however, these supports are used in 
conjunction with other bearings, pins, or hinges to hold a rigid body in 
equilibrium and the supports are properly aligned when 
connected to the body, then the force reactions at these supports alone 
are adequate for supporting the body. In other words, the couple 
moments become redundant and are not shown on the free-body 
diagram. The reason for this should become clear after studying the 
examples which follow. 


* The three unknowns may also be represented as an unknown force magnitude F and 
two unknown coordinate direction angles. The third direction angle is obtained using the 
identity cos* a + cos” B + cos? y = 1, Eq. 2-8. 


5.5 FREE-Bopy DIAGRAMS 
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Types of Connection Reaction Number of Unknowns 
@ es 
"a \a \ One unknown. The reaction is a force which acts away 
) a from the member in the known direction of the cable. 
cable 
(2) 


Y One unknown. The reaction is a force which acts 
C/A perpendicular to the surface at the point of contact. 


smooth surface support 


(3) 


One unknown. The reaction is a force which acts 
perpendicular to the surface at the point of contact. 


roller 


(4) 


ball and socket 


Three unknowns. The reactions are three rectangular 
force components. 


5 
2 S bey Lo Four unknowns. The reactions are two force and two 
Sv couple-moment components which act perpendicular to 
as SS A 2 the shaft. Note: The couple moments are generally not 
rw applied if the body is supported elsewhere. See the 


x examples. 
single journal bearing 


continued 
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Types of Connection Reaction Number of Unknowns 
(6) 7a 
; AF Five unknowns. The reactions are two force and three 
A M couple-moment components. Note: The couple moments 
Myy 4 are generally not applied if the body is supported 


. a) 
single journal bearing ww F, : elsewhere. See the examples. 
with square shaft 


(7) M, 
=> aA 
SS ane Five unknowns. The reactions are three force and two 
sf couple-moment components. Note: The couple moments 


ie kr ™~ are generally not applied if the body is supported 


elsewhere. See the examples. 
single thrust bearing 


(8) 


Five unknowns. The reactions are three force and two 
couple-moment components. Note: The couple moments 
are generally not applied if the body is supported 
elsewhere. See the examples. 


single smooth pin 


(9) 


Five unknowns. The reactions are three force and two 
couple-moment components. Note: The couple moments 
are generally not applied if the body is supported 
elsewhere. See the examples. 


single hinge 


(10) 


Six unknowns. The reactions are three force and three 
couple-moment components. 


I 


fixed support 
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Typical examples of actual supports that are referenced to Table 5-2 are 
shown in the following sequence of photos. 


This ball-and-socket joint provides a This journal bearing supports the end of 
connection for the housing of an earth the shaft. (5) 
grader to its frame. (4) 


This thrust bearing is used to support the _ This pin is used to support the end of the 
drive shaft on a machine. (7) strut used on a tractor. (8) 


Free-Body Diagrams. The general procedure for establishing the 
free-body diagram of a rigid body has been outlined in Sec. 5.2. 
Essentially it requires first “isolating” the body by drawing its outlined 
shape. This is followed by a careful /abeling of all the forces and couple 
moments with reference to an established x, y, z coordinate system. It is 
suggested to show the unknown components of reaction as acting on the 
free-body diagram in the positive sense. In this way, if any negative values 
are obtained, they will indicate that the components act in the negative 
coordinate directions. 


5.5 FREE-Bopy DIAGRAMS 


EXAMPLE |5.14 


Consider the two rods and plate, along with their associated free-body 
diagrams shown in Fig. 5-23. The x, y, z axes are established on the 
diagram and the unknown reaction components are indicated in the 
positive sense. The weight is neglected. 


45N-m 
( 


SOLUTION 


500 N 


Properly aligned journal The force reactions developed by 
bearings at A, B, C. the bearings are sufficient for 
equilibrium since they prevent the 
shaft from rotating about 
each of the coordinate axes. 


200 Ib - ft 


S 


300 Ib B 300 Ib 


Pin at A and cable BC. Moment components are developed 
by the pin on the rod to prevent 
rotation about the x and z axes. 


B 
Only force reactions are developed by 


the bearing and hinge on the plate to 
Properly aligned journal bearing prevent rotation about each coordinate axis. 
at A and hinge at C. Roller at B. No moments at the hinge are developed. 


Fig. 5-23 
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5.6 Equations of Equilibrium 


As stated in Sec. 5.1, the conditions for equilibrium of a rigid body 
subjected to a three-dimensional force system require that both the 
resultant force and resultant couple moment acting on the body be equal 
to zero. 


Vector Equations of Equilibrium. The two conditions for 
equilibrium of a rigid body may be expressed mathematically in vector 


form as 
SL = 0 


where =F is the vector sum of all the external forces acting on the body 
and =Mo is the sum of the couple moments and the moments of all the 
forces about any point O located either on or off the body. 


Scalar Equations of Equilibrium. If all the external forces and 
couple moments are expressed in Cartesian vector form and substituted 
into Eqs. 5-5, we have 


SF = YFit+ 2Ajt+ VEk=0 
=Mo = ©M,i + M,j + =Mk = 0 


Since the i, j, and k components are independent from one another, the 
above equations are satisfied provided 


(5-6a) 
and 
=M, =0 
=M, = 0 (5-6b) 
=M,=0 


These six scalar equilibrium equations may be used to solve for at most 
six unknowns shown on the free-body diagram. Equations 5—6a require 
the sum of the external force components acting in the x, y, and z 
directions to be zero, and Eqs. 5-65 require the sum of the moment 
components about the x, y, and z axes to be zero. 


5.7. CONSTRAINTS AND STATICAL DETERMINACY 


5.7 Constraints and Statical Determinacy 


To ensure the equilibrium of a rigid body, it is not only necessary to satisfy 
the equations of equilibrium, but the body must also be properly held or 
constrained by its supports. Some bodies may have more supports than are 
necessary for equilibrium, whereas others may not have enough or the 
supports may be arranged in a particular manner that could cause the 
body to move. Each of these cases will now be discussed. 


Redundant Constraints. When a body has redundant supports, 
that is, more supports than are necessary to hold it in equilibrium, it 
becomes statically indeterminate. Statically indeterminate means that 
there will be more unknown loadings on the body than equations of 
equilibrium available for their solution. For example, the beam in 
Fig. 5-24a and the pipe assembly in Fig. 5—24b, shown together with 
their free-body diagrams, are both statically indeterminate because of 
additional (or redundant) support reactions. For the beam there are five 
unknowns, M 4, A,, Ay, B,, and C,, for which only three equilibrium 
equations can be written (2F, = 0, =F, = 0, and Mo = 0, Eqs. 5-2). 
The pipe assembly has eight unknowns, for which only six equilibrium 
equations can be written, Eqs. 5-6. 

The additional equations needed to solve statically indeterminate 
problems of the type shown in Fig. 5—24 are generally obtained from the 
deformation conditions at the points of support. These equations involve 
the physical properties of the body which are studied in subjects dealing 
with the mechanics of deformation, such as “mechanics of materials.”* 


(b) 


* See R. C. Hibbeler, Mechanics of Materials, 7th edition, Pearson Education/Prentice 
Hall, Inc. 


500 N 
| 2kN-m | 
A 
= ny = By 
B C 
¥ 
A y 500N 
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Improper Constraints. Having the same number of unknown 
reactive forces as available equations of equilibrium does not always 
guarantee that a body will be stable when subjected to a particular 
loading. For example, the pin support at A and the roller support at B for 
the beam in Fig. 5—25a are placed in such a way that the lines of action of 
the reactive forces are concurrent at point A. Consequently, the applied 
loading P will cause the beam to rotate slightly about A, and so the beam 
is improperly constrained, 2M, # 0. 

In three dimensions, a body will be improperly constrained if the 
lines of action of all the reactive forces intersect a common axis. For 
example, the reactive forces at the ball-and-socket supports at A and B 
in Fig. 5-255 all intersect the axis passing through A and B. Since the 
moments of these forces about A and B are all zero, then the loading P 
will rotate the member about the AB axis, >My, # 0. 


Fig. 5-25 
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(a) 


B 
C 
A 
100 N 
(b) 
Fig. 5-26 
Another way in which improper constraining leads to instability al 
occurs when the reactive forces are all parallel. Two- and _ three- 


dimensional examples of this are shown in Fig. 5—26. In both cases, the 
summation of forces along the x axis will not equal zero. 

In some cases, a body may have fewer reactive forces than equations of 
equilibrium that must be satisfied. The body then becomes only partially (a) 
constrained. For example, consider member AB in Fig. 5—27a with its 
corresponding free-body diagram in Fig. 5-27b. Here =F, = 0 will not 


be satisfied for the loading conditions and therefore equilibrium will not mon 
be maintained. | 

To summarize these points, a body is considered improperly <_—ee— 
constrained if all the reactive forces intersect at a common point or pass Ky F; 
through a common axis, or if all the reactive forces are parallel. In (b) 


engineering practice, these situations should be avoided at all times since 
they will cause an unstable condition. Fig. 5-27 
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Important Points 


Always draw the free-body diagram first when solving any 
equilibrium problem. 

If a support prevents translation of a body in a specific direction, 
then the support exerts a force on the body in that direction. 

If a support prevents rotation about an axis, then the support 
exerts a couple moment on the body about the axis. 

If a body is subjected to more unknown reactions than available 
equations of equilibrium, then the problem is statically indeterminate. 
A stable body requires that the lines of action of the reactive 
forces do not intersect a common axis and are not parallel to one 
another. 


Procedure for Analysis 


Three-dimensional equilibrium problems for a rigid body can be 

solved using the following procedure. 

Free-Body Diagram. 

Draw an outlined shape of the body. 

Show all the forces and couple moments acting on the body. 
Establish the origin of the x, y, z axes at a convenient point and 
orient the axes so that they are parallel to as many of the external 
forces and moments as possible. 

Label all the loadings and specify their directions. In general, 
show all the unknown components having a positive sense along 
the x, y, z axes. 

Indicate the dimensions of the body necessary for computing the 
moments of forces. 

Equations of Equilibrium. 

e If the x, y, z force and moment components seem easy to 
determine, then apply the six scalar equations of equilibrium; 
otherwise use the vector equations. 

It is not necessary that the set of axes chosen for force summation 
coincide with the set of axes chosen for moment summation. 
Actually, an axis in any arbitrary direction may be chosen for 
summing forces and moments. 

Choose the direction of an axis for moment summation such that 
it intersects the lines of action of as many unknown forces as 
possible. Realize that the moments of forces passing through 
points on this axis and the moments of forces which are parallel 
to the axis will then be zero. 

If the solution of the equilibrium equations yields a negative 
scalar for a force or couple moment magnitude, it indicates that 
the sense is opposite to that assumed on the free-body diagram. 


5.7. CONSTRAINTS AND STATICAL DETERMINACY 


EXAMPLE |5.15 


The homogeneous plate shown in Fig. 5—28a has a mass of 100 kg and 
is subjected to a force and couple moment along its edges. If it is 
supported in the horizontal plane by a roller at A, a ball-and-socket 
joint at B, and a cord at C, determine the components of reaction at 
these supports. 


SOLUTION (SCALAR ANALYSIS) 


Free-Body Diagram. There are five unknown reactions acting on the 
plate, as shown in Fig. 5-285. Each of these reactions is assumed to act 
in a positive coordinate direction. 


Equations of Equilibrium. Since the three-dimensional geometry is 
rather simple, a scalar analysis provides a direct solution to this 
problem. A force summation along each axis yields 
Dr, = 0; B, =0 Ans. 
By 1s Bo 0 Ans. 
2 He — 0: A, + B,+ Tc. — 300N — 981N =0 (1) 
Recall that the moment of a force about an axis is equal to the product 
of the force magnitude and the perpendicular distance (moment arm) 
from the line of action of the force to the axis. Also, forces that are 


parallel to an axis or pass through it create no moment about the axis. 
Hence, summing moments about the positive x and y axes, we have 


=M, = 0; Tc(2m) — 981 N(1m) + B,(2m) =0 (2) 

2M ,-— 0; 

300 N(1.5 m) + 981 N(1.5m) — B,(3m) — A,(3m)—- 200N-m=0 (3) 

The components of the force at B can be eliminated if moments are 

summed about the x’ and y’ axes. We obtain 

=M,=0; 981 N(1m) + 300N(2m) — A,(2m) = 0 (4) 

=M,y = 0; 

—300 N(1.5 m) — 981 N(1.5m) — 200N-m + 7-(3m)= 0 (5) 

Solving Eqs. 1 through 3 or the more convenient Eqs. 1, 4, and 5 yields 
A, = 790N B, = —217N Tc = 707N Ans. 


The negative sign indicates that B, acts downward. 


NOTE: The solution of this problem does not require a summation of 
moments about the z axis. The plate is partially constrained since the 
supports cannot prevent it from turning about the z axis if a force is 
applied to it in the x—y plane. 


& 


5 


z. 


309. N 900 N-m 


eS 


m 
m 


(a) 


£6 
300 N | soon -m 
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EXAMPLE |5.16 


Determine the components of reaction that the ball-and-socket joint 
at A, the smooth journal bearing at B, and the roller support at C 
exert on the rod assembly in Fig. 5—29a. 


Fig. 5-29 
SOLUTION 
Free-Body Diagram. As shown on the free-body diagram, Fig. 5-29), 
the reactive forces of the supports will prevent the assembly from 


rotating about each coordinate axis, and so the journal bearing at B 
only exerts reactive forces on the member. 


Equations of Equilibrium. A direct solution for A, can be obtained 


by summing forces along the y axis. 
2 = 0; A, —0 Ans. 


The force F- can be determined directly by summing moments about 
the y axis. 


2M, — 0: F-(0.6 m) — 900 N(0.4 m) = 0 
Fo = 600 N Ans. 


Using this result, B, can be determined by summing moments about 
the x axis. 


=M, = 0; B(0.8 m) + 600 N(1.2 m) — 900 N(0.4 m) = 0 
B, = —450N Ans. 


The negative sign indicates that B, acts downward. The force B, can 
be found by summing moments about the z axis. 


=M, = 0; —B,0.8m)=0 B,=0 Ans. 
Thus, 

LF, = 0; A,+0=0 A, =0 Ans. 
Finally, using the results of B, and Feo. 


A, + (-450.N) + 600N — 900N = 0 
A, = 750N 


5.7. CONSTRAINTS AND STATICAL DETERMINACY 


EXAMPLE |5.17 


The boom is used to support the 75-lb flowerpot in Fig. 5-30a. 
Determine the tension developed in wires AB and AC. 


SOLUTION 


Free-Body Diagram. The free-body diagram of the boom is shown in 
Fig. 5-30b. 


Equations of Equilibrium. We will use a vector analysis. 


2i — 6j + 3k} ft 
Fas = Fas 22 - Pu eer) ) 
TAB 2 (2 ft)? + (—6 ft)? + (3 ft)? 


= 2 Fani — $ Fapj + 3 ask 


r {-2i-6j + 3k} ft 
he = Fac ac) = Fac - 5 ;) 
Ac 2 (-2ftY + (ft + Git) 


= —2 Fyci = $ Fucj as 3 Fack 


We can eliminate the force reaction at O by writing the moment 
equation of equilibrium about point O. 


=Mo = 0; ra X (Fyg + Fac + W) = 0 


(Fas + BFio - 150} + (Pras + BF ch =0 


=M,=0; 4A, + Bkic - 450 =0 


=M, = 0; 0=0 


=M, = 0; —2F yp + 2 Fic = 0 


Solving Eqs. (1) and (2) simultaneously, 


Faz = Fac = 875 |b 
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EXAMPLE |5.18 


Rod AB shown in Fig. 5-31la is subjected to the 200-N force. 
Determine the reactions at the ball-and-socket joint A and the 
tension in the cables BD and BE. 


SOLUTION (VECTOR ANALYSIS) 


Free-Body Diagram. Fig. 5-31b. 


Equations of Equilibrium. Representing each force on the free-body 
diagram in Cartesian vector form, we have 


Ee An ay Ak 

Ty, = Tri 

Tp = Tpj 

F = {-200k} N 
Applying the force equation of equilibrium. 
XF = 0; F,+T,+Tp)p+F=0 
Ale ic (Ay 2p (A 200k — 0 

LF, = 0; Av in — 0 
2 = 10 Agee t= 
LF, = 0; A, — 200 = 0 


Summing moments about point A yields 
=M, = 0; tc X F+rg xX (Tg + Tp) = 0 


Since tc = ip, then 


(0.51 + 1j — 1k) X (—200k) + (1i + 2j — 2k) X (Tei + Tpj) = 0 


Expanding and rearranging terms gives 
(2Tp — 200)i + (—2T; + 100)j + (Tp — 2T;)k = 0 
=M, = 0; 2Tp — 200 = 0 (4) 
2, — 0; —2T,; + 100 = 0 (5) 
=M, = 0; Tp — 2T; = 0 (6) 
Solving Eqs. 1 through 5, we get 
Tp = 100N Ans. 
= 50N Ans. 
—50N Ans. 
—100N Ans. 
200 N Ans. 


NOTE: The negative sign indicates that A, and A, have a sense which 
is Opposite to that shown on the free-body diagram, Fig. 5—31b. 


5.7. CONSTRAINTS AND STATICAL DETERMINACY 


EXAMPLE |5.19 


The bent rod in Fig. 5—32a is supported at A by a journal bearing, at 
D by a ball-and-socket joint, and at B by means of cable BC. Using 
only one equilibrium equation, obtain a direct solution for the 
tension in cable BC. The bearing at A is capable of exerting force 
components only in the z and y directions since it is properly aligned 
on the shaft. 


SOLUTION (VECTOR ANALYSIS) 


Free-Body Diagram. As shown in Fig. 5-325, there are six unknowns. 


Equations of Equilibrium. The cable tension Tz may be obtained 
directly by summing moments about an axis that passes through 
points D and A. Why? The direction of this axis is defined by the unit 
vector u, where 


IpA ee 1 = 1 j 
pa ee 
= —0.7071i — 0.7071j 


u= 


Hence, the sum of the moments about this axis is zero provided 
=Mp, = u-X(r X F) = 0 
Here r represents a position vector drawn from any point on the axis 


DA to any point on the line of action of force F (see Eq. 4-11). With 
reference to Fig. 5—32b, we can therefore write 


u-(rg X Tg + reg X W) = 0 


(—0.7071i — 0.7071j) -[(-1) x (Tpk) 
+ (—0.5j) X (—981k)] = 0 
(—0.7071i — 0.7071j) «[(—T, + 490.5)i] = 0 
— 0.7071(-T, + 490.5) +0+0=0 
Tz = 490.5 N Ans. 


Since the moment arms from the axis to Tz and W are easy to obtain, 
we can also determine this result using a scalar analysis. As shown in 
Fig. 5-32b, 


=Mp, = 0; Tg(1 msin 45°) — 981 N(0.5 m sin 45°) = 0 
Tp = 490.5 N Ans. 
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iz FUNDAMENTAL PROBLEMS 


All problem solutions must include an FBD. F5-10. Determine the support reactions at the smooth 


j 1 bearings A, B, and C of the pi bly. 
F5-7. The uniform plate has a weight of 500 lb. Determine Reon eT ici Sa 


the tension in each of the supporting cables. 


F5-10 


F5-11. Determine the force developed in cords BD, CE, 


and CF and the reactions of the ball-and-socket joint A 
RF on the block. 


F5-8. Determine the reactions at the roller support A, 
the ball-and-socket joint D, and the tension in cable BC 
for the plate. 


F5-11 
F5-8 
F5-12. Determine the components of reaction that the 


F5-9. The rod is supported by smooth journal bearings at thndst beqnne:Aand calile BC esareonthe tar, 


A, B and C and is subjected to the two forces. Determine 
the reactions at these supports. 


ra 
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ET PROBLEMS 


All problem solutions must include an FBD. 


5-63. The cart supports the uniform crate having a mass of 
85 kg. Determine the vertical reactions on the three casters 
at A, B, and C. The caster at B is not shown. Neglect the 
mass of the cart. 


Prob. 5-63 


*5-64. The pole for a power line is subjected to the two 
cable forces of 60 Ib, each force lying in a plane parallel to 
the x—y plane. If the tension in the guy wire AB is 80 |b, 
determine the x, y, z components of reaction at the fixed 
base of the pole, O. 


60 Ib 


Prob. 5-64 


05-65. If P = 6kN,x = 0.75 m and y = 1m, determine 
the tension developed in cables AB, CD, and EF. Neglect 
the weight of the plate. 


5-66. Determine the location x and y of the point of 
application of force P so that the tension developed in 
cables AB, CD, and EF is the same. Neglect the weight of 
the plate. 


Probs. 5—65/66 


5-67. Due to an unequal distribution of fuel in the wing 
tanks, the centers of gravity for the airplane fuselage A 
and wings B and C are located as shown. If these 
components have weights W, = 45 000 1b, Wg = 8000 lb, 
and We = 6000 lb, determine the normal reactions of the 
wheels D, E, and F on the ground. 


Prob. 5-67 
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*5-68. Determine the magnitude of force F that must be 5-70. Determine the tension in cables BD and CD and 
exerted on the handle at C to hold the 75-kg crate in the the x, y, z components of reaction at the ball-and-socket 
position shown. Also, determine the components of reaction joint at A. 


at the thrust bearing A and smooth journal bearing B. 


Prob. 5-68 


Prob. 5-70 


e5-69. The shaft is supported by three smooth journal 5-71. The rod assembly is used to support the 250-Ib cylinder. 

bearings at A, B, and C. Determine the components of Determine the components of reaction at the ball-and- 

reaction at these bearings. socket joint A, the smooth journal bearing F, and the force 
developed along rod CD. The connections at C and D are 
ball-and-socket joints. 


Prob. 5-69 Prob. 5-71 
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*5-72. Determine the components of reaction acting at the 5-74. If the load has a weight of 200 lb, determine the x, y, 
smooth journal bearings A, B, and C. z components of reaction at the ball-and-socket joint A and 
the tension in each of the wires. 


NX 


0.4m 
Prob. 5-72 
Prob. 5-74 
e5-73. Determine the force components acting on the ball- 5-75. If the cable can be subjected toa maximum tension 
and-socket at A, the reaction at the roller B and the tension of 300 Ib, determine the maximum force F' which may be 
on the cord CD needed for equilibrium of the quarter applied to the plate. Compute the x, y, z components of 
circular plate. reaction at the hinge A for this loading. 


Prob. 5-73 Prob. 5-75 
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*5-76. The member is supported by a pin at A and a cable 
Bc. If the load at D is 300 Ib, determine the x, y, z 
components of reaction at the pin A and the tension in 
cable BC. 


Prob. 5-76 


e5-77. The plate has a weight of W with center of gravity at 
G. Determine the distance d along line GH where the 
vertical force P = 0.75W will cause the tension in wire CD to 
become zero. 


5-78. The plate has a weight of W with center of gravity at 
G. Determine the tension developed in wires AB, CD, and 
EF if the force P = 0.75W is applied at d = L/2. 


EQUILIBRIUM OF A RIGID BODY 


5-79. The boom is supported by a ball-and-socket joint at A 
and a guy wire at B. If the 5-kN loads lie in a plane which is 
parallel to the x-y plane, determine the x, y, z components of 
reaction at A and the tension in the cable at B. 


Prob. 5-79 


*5-80. The circular door has a weight of 55 Ib and a center 
of gravity at G. Determine the x, y, z components of 
reaction at the hinge A and the force acting along strut CB 
needed to hold the door in equilibrium. Set 6 = 45°. 


e5-81. The circular door has a weight of 55 Ib and a center 
of gravity at G. Determine the x, y, z components of 
reaction at the hinge A and the force acting along strut CB 
needed to hold the door in equilibrium. Set 6 = 90°. 


Probs. 5-77/78 


Probs. 5-80/81 


5-82. Member AB is supported at B by a cable and at A by 
a smooth fixed square rod which fits loosely through the 
square hole of the collar. If F = {20i — 40j — 75k} lb, 
determine the x, y, z components of reaction at A and the 
tension in the cable. 

5-83. Member AB is supported at B by a cable and at A by 
a smooth fixed square rod which fits loosely through the 
square hole of the collar. Determine the tension in cable BC 
if the force F = {—45k} lb. 


| 


a: 


cal 


*5-84. Determine the largest weight of the oil drum that 
the floor crane can support without overturning. Also, what 
are the vertical reactions at the smooth wheels A, B, and C 
for this case. The floor crane has a weight of 300 Ib, with its 
center of gravity located at G. 


Prob. 5-84 


x Probs. 5-82/83 
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e5-85. The circular plate has a weight W and center of 
gravity at its center. If it is supported by three vertical cords 
tied to its edge, determine the largest distance d from the 
center to where any vertical force P can be applied so as not 
to cause the force in any one of the cables to become zero. 


5-86. Solve Prob. 5-85 if the plate’s weight W is neglected. 


Probs. 5-85/86 


5-87. A uniform square table having a weight W and sides 
ais supported by three vertical legs. Determine the smallest 
vertical force P that can be applied to its top that will cause 
it to tip over. 


Prob. 5-87 
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CHAPTER REVIEW 


Equilibrium 

A body in equilibrium does not rotate but 
can translate with constant velocity, or it 
does not move at all. 


Two Dimensions 


Before analyzing the equilibrium of a body, it is 
first necessary to draw its free-body diagram. 
This is an outlined shape of the body, which 
shows all the forces and couple moments that 
act on it. 


Couple moments can be placed anywhere on 
a free-body diagram since they are free 
vectors. Forces can act at any point along their 
line of action since they are sliding vectors. 


Angles used to resolve forces, and dimensions 
used to take moments of the forces, should 
also be shown on the free-body diagram. 


Some common types of supports and their 
reactions are shown below in two dimensions. 


Remember that a support will exert a force on 
the body in a particular direction if it prevents 
translation of the body in that direction, and it 
will exert a couple moment on the body if it 
prevents rotation. 


smooth pin or hinge fixed support 


The three scalar equations of equilibrium =F, =0 
can be applied when solving problems in two > B, =(0 
dimensions, since the geometry is easy to =Mo = 0 
visualize. 


For the most direct solution, try to sum forces 
along an axis that will eliminate as many 
unknown forces as possible. Sum moments 
about a point A that passes through the line of 
action of as many unknown forces as possible. 


Three Dimensions 
Some common types of supports and their 
reactions are shown here in three dimensions. 
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A, — P, =0 
Pon Bidg — fia, — 0 


Pd, — Bd 
2 242 


y dp 


-_ / _ 
/ / 7 ‘A 
, A 
{r 


roller ball and socket fixed support 


In three dimensions, it is often advantageous to 
use a Cartesian vector analysis when applying 
the equations of equilibrium. To do this, first 
express each known and unknown force and 
couple moment shown on the free-body 
diagram as a Cartesian vector. Then set the 
force summation equal to zero. Take moments 
about a point O that lies on the line of action of 
as many unknown force components as 
possible. From point O direct position vectors 
to each force, and then use the cross product to 
determine the moment of each force. 


The six scalar equations of equilibrium are 
established by setting the respective i, j, and k 
components of these force and moment 
summations equal to zero. 


Determinacy and Stability 


If a body is supported by a minimum number of 
constraints to ensure equilibrium, then it is 
statically determinate. If it has more constraints 
than required, then it is statically indeterminate. 


To properly constrain the body, the reactions 
must not all be parallel to one another or 
concurrent. 


Statically indeterminate, 

five reactions, three 100 N 

equilibrium equations : : ' 
Proper constraint, statically determinate 
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ss REVIEW PROBLEMS 


*5-88. Determine the horizontal and vertical components 5-91. Determine the normal reaction at the roller A and 
of reaction at the pin A and the force in the cable BC. horizontal and vertical components at pin B for equilibrium 
Neglect the thickness of the members. of the member. 


Prob. 5-91 
Prob. 5-88 
e5-89. Determine the horizontal and vertical components *5-92. The shaft assembly is supported by two smooth 
of reaction at the pin A and the reaction at the roller B journal bearings A and B and a short link DC. If a couple 
required to support the truss. Set F = 600N moment is applied to the shaft as shown, determine the 


components of force reaction at the journal bearings and the 
force in the link. The link lies in a plane parallel to the y—z 
plane and the bearings are properly aligned on the shaft. 


5-90. If the roller at B can sustain a maximum load of 
3 kN, determine the largest magnitude of each of the three 
forces F that can be supported by the truss. 


Probs. 5-89/90 Prob. 5-92 


e5-93. Determine the reactions at the supports A and B of 
the frame. 


; . 10 kip 
5 kip 7 kip 2 kip 
8 ft 6 ft —-+-—6 ft — 


JC 


+ — |] |e— 0.5 kip 


Prob. 5-93 


5-94. A skeletal diagram of the lower leg is shown in the 
lower figure. Here it can be noted that this portion of the leg 
is lifted by the quadriceps muscle attached to the hip at A 
and to the patella bone at B. This bone slides freely over 
cartilage at the knee joint. The quadriceps is further 
extended and attached to the tibia at C. Using the 
mechanical system shown in the upper figure to model the 
lower leg, determine the tension in the quadriceps at C and 
the magnitude of the resultant force at the femur (pin), D, 
in order to hold the lower leg in the position shown. The 
lower leg has a mass of 3.2 kg and a mass center at G,; the 
foot has a mass of 1.6 kg and a mass center at Gp. 


75 mm 


Prob. 5-94 
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5-95. A vertical force of 80 lb acts on the crankshaft. 
Determine the horizontal equilibrium force P that must be 
applied to the handle and the x, y, z components of force at 
the smooth journal bearing A and the thrust bearing B. The 
bearings are properly aligned and exert only force reactions 
on the shaft. 


Prob. 5-95 


*5-96. The symmetrical shelf is subjected to a uniform 
load of 4 kPa. Support is provided by a bolt (or pin) located 
at each end A and A’ and by the symmetrical brace arms, 
which bear against the smooth wall on both sides at B and 
B'. Determine the force resisted by each bolt at the wall 
and the normal force at B for equilibrium. 


PP 


Prob. 5-96 


The forces within the members of each truss bridge must be determined if the 
members are to be properly designed. 


Structural Analysis 


CHAPTER OBJECTIVES 


® To show how to determine the forces in the members of a truss 
using the method of joints and the method of sections. 


® To analyze the forces acting on the members of frames and 
machines composed of pin-connected members. 


6.1 Simple Trusses 


A truss is a structure composed of slender members joined together at 
their end points. The members commonly used in construction consist of 
wooden struts or metal bars. In particular, planar trusses lie in a single 
plane and are often used to support roofs and bridges. The truss shown in 
Fig. 6—-1a is an example of a typical roof-supporting truss. In this figure, the 
roof load is transmitted to the truss at the joints by means of a series of 
purlins. Since this loading acts in the same plane as the truss, Fig. 6-1b, 
the analysis of the forces developed in the truss members will be 
two-dimensional. 


Fig. 6-1 


Roof truss 


(b) 
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Floor beam 


(a) 


Bridge truss 


(b) 


Fig. 6-2 


In the case of a bridge, such as shown in Fig. 6—2a, the load on the deck 
is first transmitted to stringers, then to floor beams, and finally to the 
joints of the two supporting side trusses. Like the roof truss, the bridge 
truss loading is also coplanar, Fig. 6-2b. 

When bridge or roof trusses extend over large distances, a rocker or 
roller is commonly used for supporting one end, for example, joint A in 
Figs. 6-la and 6~-2a. This type of support allows freedom for expansion or 
contraction of the members due to a change in temperature or application 
of loads. 


Assumptions for Design. To design both the members and the 
connections of a truss, it is necessary first to determine the force 
developed in each member when the truss is subjected to a given 
loading. To do this we will make two important assumptions: 


e All loadings are applied at the joints. In most situations, such as 
for bridge and roof trusses, this assumption is true. Frequently the 
weight of the members is neglected because the force supported by 
each member is usually much larger than its weight. However, if the 
weight is to be included in the analysis, it is generally satisfactory to 
apply it as a vertical force, with half of its magnitude applied at each 
end of the member. 


e The members are joined together by smooth pins. The joint 
connections are usually formed by bolting or welding the ends of 
the members to a common plate, called a gusset plate, as shown in 
Fig. 6-3a, or by simply passing a large bolt or pin through each of 
the members, Fig. 6-3b. We can assume these connections act as pins 
provided the center lines of the joining members are concurrent, as 
in Fig. 6-3. 


T Cc 
T Cc 
Tension Compression 
(a) (b) 
Fig. 6-4 


Because of these two assumptions, each truss member will act as a two- 
force member, and therefore the force acting at each end of the member 
will be directed along the axis of the member. If the force tends to 
elongate the member, it is a tensile force (T), Fig. 6-4a; whereas if it tends 
to shorten the member, it is a compressive force (C), Fig. 6-4b. In the 
actual design of a truss it is important to state whether the nature of the 
force is tensile or compressive. Often, compression members must be 
made thicker than tension members because of the buckling or column 
effect that occurs when a member is in compression. 


Simple Truss. If three members are pin connected at their ends they 
form a triangular truss that will be rigid, Fig. 6-5. Attaching two more 
members and connecting these members to a new joint D forms a larger 
truss, Fig. 6-6. This procedure can be repeated as many times as desired 
to form an even larger truss. If a truss can be constructed by expanding 
the basic triangular truss in this way, it is called a simple truss. 


Fig. 6-5 Fig. 6-6 
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The use of metal gusset plates in the 
construction of these Warren trusses is 
clearly evident. 


266 CHAPTER 6 STRUCTURAL ANALYSIS 


6.2 The Method of Joints 


In order to analyze or design a truss, it is necessary to determine the force 
in each of its members. One way to do this is to use the method of joints. 
This method is based on the fact that if the entire truss is in equilibrium, 
then each of its joints is also in equilibrium. Therefore, if the free-body 
diagram of each joint is drawn, the force equilibrium equations can then 
be used to obtain the member forces acting on each joint. Since the 
members of a plane truss are straight two-force members lying in a single 
plane, each joint is subjected to a force system that is coplanar and 
concurrent. As a result, only =F, = 0 and =F, = Oneed to be satisfied for 
equilibrium. 

For example, consider the pin at joint B of the truss in Fig. 6—7a. 
Three forces act on the pin, namely, the 500-N force and the forces 
exerted by members BA and BC. The free-body diagram of the pin is 
shown in Fig. 6-7b. Here, Fz, is “pulling” on the pin, which means that 
member BA is in tension; whereas Fgc is “pushing” on the pin, and 
consequently member BC is in compression. These effects are clearly 
demonstrated by isolating the joint with small segments of the member 
connected to the pin, Fig. 6—7c. The pushing or pulling on these small 
segments indicates the effect of the member being either in compression 
or tension. 

When using the method of joints, always start at a joint having at least 
one known force and at most two unknown forces, as in Fig. 6—7b. In this 
way, application of =F,=0 and =F,=0 yields two algebraic 
equations which can be solved for the two unknowns. When applying 
these equations, the correct sense of an unknown member force can be 
determined using one of two possible methods. 


B 
oo 500 N 


| 45° F . 
F,4(tension) ‘ac (compression) 


Fz,(tension) 


(b) 
Fig. 6-7 
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e The correct sense of direction of an unknown member force can, in 
many cases, be determined “by inspection.” For example, Fzc in 
Fig. 6-7b must push on the pin (compression) since its horizontal 
component, Fgc sin 45°, must balance the 500-N force (2F, = 0). 
Likewise, Fz, is a tensile force since it balances the vertical 
component, Fgc cos 45° (2F, = 0). In more complicated cases, the 
sense of an unknown member force can be assumed; then, after 
applying the equilibrium equations, the assumed sense can be 
verified from the numerical results. A positive answer indicates that 
the sense is correct, whereas a negative answer indicates that the 
sense shown on the free-body diagram must be reversed. 


e Always assume the unknown member forces acting on the joint’s 
free-body diagram to be in tension; i.e., the forces “pull” on the pin. The forces in the members of this 
If this is done, then numerical solution of the equilibrium equations —_ simple roof truss can be determined 
will yield positive scalars for members in tension and negative scalars using the method of joints. 
for members in compression. Once an unknown member force is 
found, use its correct magnitude and sense (T or C) on subsequent 
joint free-body diagrams. 


Procedure for Analysis 


The following procedure provides a means for analyzing a truss 
using the method of joints. 


e Draw the free-body diagram of a joint having at least one known 
force and at most two unknown forces. (If this joint is at one of 
the supports, then it may be necessary first to calculate the 
external reactions at the support.) 


Use one of the two methods described above for establishing the 
sense of an unknown force. 


Orient the x and y axes such that the forces on the free-body 
diagram can be easily resolved into their x and y components and 
then apply the two force equilibrium equations =F, = 0 and 
=F, = 0. Solve for the two unknown member forces and verify 
their correct sense. 


Using the calculated results, continue to analyze each of the other 
joints. Remember that a member in compression “pushes” on the 
joint and a member in tension “pulls” on the joint. Also, be sure to 
choose a joint having at most two unknowns and at least one 
known force. 
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EXAMPLE |6.1 


Determine the force in each member of the truss shown in Fig. 6-8a 
and indicate whether the members are in tension or compression. 


SOLUTION 


Since we should have no more than two unknown forces at the joint 
and at least one known force acting there, we will begin our analysis at 
joint B. 


Joint B. The free-body diagram of the joint at B is shown in Fig. 6-8b. 
Applying the equations of equilibrium, we have 


SBYF,=0; 500N— Facsin4s5°=0 Fgc = 707.1 N (C) Ans. 
+T=IF,=0; Fgccos45°- Fg,=0 Fg4=S00N(T) Ans. 


707.1 N 
oN G Since the force in member BC has been calculated, we can proceed to 
a | analyze joint C to determine the force in member CA and the support 
Cc, 


reaction at the rocker. 


(c) 
Joint C. From the free-body diagram of joint C, Fig. 6-8c, we have 
Fq = 500N 
Fea = 500N + DF, = 0; —Fo, + 707.1 cos45°N =0 Fo, =500N(T) Ans. 


+(2F, —0: C, — 707.1sin45°N=0 C,=500N Ans. 


Joint A. Although it is not necessary, we can determine the 
components of the support reactions at joint A using the results of 
Fc, and Fz. From the free-body diagram, Fig. 6-8d, we have 


53F,=0; SOON-—A,=0 A, =500N 
+T=F,=0; SOON-A,=0 A, =500N 


Tension 45” C 
Ean 500 N NOTE: The results of the analysis are summarized in Fig. 6—-8e. Note 
500 N that the free-body diagram of each joint (or pin) shows the effects of 
all the connected members and external forces applied to the joint, 
whereas the free-body diagram of each member shows only the 
effects of the end joints on the member. 


EXAMPLE |6.2 


Determine the force in each member of the truss in Fig. 6—-9a and 
indicate if the members are in tension or compression. 


SOLUTION 


Since joint C has one known and only two unknown forces acting on 
it, it is possible to start at this joint, then analyze joint D, and finally 
joint A. This way the support reactions will not have to be determined 
prior to starting the analysis. 


Joint C. By inspection of the force equilibrium, Fig. 6—9b, it can be 
seen that both members BC and CD must be in compression. 


+TXF, = 0; Frc sin 45° — 400 N = 0 
Fgc = 565.69 N = 566 N (C) Ans. 


Fop — (565.69 N) cos 45° = 
Fop = 400 N (C) Ans. 


Joint D. Using the result Fep = 400 N (C), the force in members 
BD and AD can be found by analyzing the equilibrium of joint D. We 
will assume Fyp and Fgp are both tensile forces, Fig. 6-9c. The x’, y’ 
coordinate system will be established so that the x’ axis is directed 
along Fzp. This way, we will eliminate the need to solve two equations 
simultaneously. Now Fyp can be obtained directly by applying 
Pd 


+73F,=0; — — Ep sin 15° — 400 sin 30° = 0 
Fyp = -772.74N =773N(C) Ans. 


The negative sign indicates that F4p is a compressive force. Using this 
result, 


+NZF, = 0; Fep + (-772.74 cos 15°) — 400 cos 30° = 
Fgp = 1092.82 N = 1.09 kN (T) Ans. 


Joint A. The force in member AB can be found by analyzing the 
equilibrium of joint A, Fig. 6-9d. We have 


43F,=0; (772.74 N) cos 45° — Fug = 0 
Fyn = 546.41 N (C) = 546 N (C) 


6.2 THE METHOD OF JOINTS 


Fup = 772.74N 
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EXAMPLE |6.3 


Determine the force in each member of the truss shown in Fig. 6-10a. 
Indicate whether the members are in tension or compression. 


SOLUTION 


Support Reactions. No joint can be analyzed until the support 
reactions are determined, because each joint has more than three 
unknown forces acting on it. A free-body diagram of the entire truss is 
given in Fig. 6-105. Applying the equations of equilibrium, we have 


4 YF, =0; 600 N — C, = 0 C, = 600N 
G+ =Mc = 0; —A,(6m) + 400 N(3m) + 600 N(4m) = 0 
A, = 600 N 
+12F,=0; 600N-400N-C,=0 C, = 200N 


The analysis can now start at either joint A or C. The choice is 
arbitrary since there are one known and two unknown member forces 
acting on the pin at each of these joints. 


Joint A. (Fig. 6-10c). As shown on the free-body diagram, Fy, is 
assumed to be compressive and Fp is tensile. Applying the equations 
of equilibrium, we have 


+TSF,=0; G60OON-{Fsg=0 Fag=750N (C) Ans. 
4S 5F,=0; Fan —2(750N)=0 Fyn =450N (T) Ans, 
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Joint D. (Fig. 6-10d). Using the result for F 4p and summing forces 
in the horizontal direction, Fig. 6-10d, we have 


SYF,=0; -450N+2Fp,+ 600N=0 Fpz = —250N 


The negative sign indicates that Fp, acts in the opposite sense to that 


D 
shown in Fig. 6-10d.* Hence, oy ON 


(d) 
F pg = 250N(T) Ans. 


To determine Fp, we can either correct the sense of Fpz on the free- 
body diagram, and then apply =F, = 0, or apply this equation and 
retain the negative sign for F'p,, i.e., 


+T3F,=0; —Fpyc — (-250N) =0 Foc = 200N (C) Ans. 


Joint C. (Fig. 6-10e). 
+4 SF, = 0; For — 6(00N=0 Fog = 600N (C) Ans. 
+) =F, = 0; 200 N — 200N = 0. (check) 


NOTE: The analysis is summarized in Fig. 6-10f, which shows the 
free-body diagram for each joint and member. 


400 N 200 N 
s 600 N Compression 600N 


7) Sa 


200 N 


uorssoiduros 


Tension 


(f) 


* The proper sense could have been determined by inspection, prior to applying =F, = 0. 
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+\ 2F, = 0; Foc sin 9 =0; Foc = O since sin 6 # 0 


6.3 Zero-Force Members 


Truss analysis using the method of joints is greatly simplified if we can 
first identify those members which support no loading. These zero-force 
members are used to increase the stability of the truss during construction 
and to provide added support if the loading is changed. 

The zero-force members of a truss can generally be found by 
inspection of each of the joints. For example, consider the truss shown 
in Fig. 6-1la. If a free-body diagram of the pin at joint A is drawn, 
Fig. 6-115, it is seen that members AB and AF are zero-force members. 
(We could not have come to this conclusion if we had considered the 
free-body diagrams of joints F or B simply because there are five 
unknowns at each of these joints.) In a similar manner, consider the free- 
body diagram of joint D, Fig. 6-11c. Here again it is seen that DC and 
DE are zero-force members. From these observations, we can conclude 
that if only two members form a truss joint and no external load or 
support reaction is applied to the joint, the two members must be zero- 
force members. The load on the truss in Fig. 6-11a is therefore supported 
by only five members as shown in Fig. 6-11d. 


x 


43% = Fyg=0 
+7 SF, =0; Far =0 


(b) 


Foc y 


He SF, 


0: For +0=0; For =0 
(c) 


Fig. 6-11 


6.3 ZERO-FORCE MEMBERS 


Now consider the truss shown in Fig. 6-12a. The free-body diagram of 
the pin at joint D is shown in Fig. 6-125. By orienting the y axis along 
members DC and DE and the x axis along member DA, it is seen that 
DA is a zero-force member. Note that this is also the case for member 
CA, Fig. 6-12c. In general then, if three members form a truss joint for 
which two of the members are collinear, the third member is a zero-force 
member provided no external force or support reaction is applied to the 
joint. The truss shown in Fig. 6-12d is therefore suitable for supporting 
the load P. 


Ln 
4 DA \ 


+ 3F,=0; Fo, =0 
tN EF, =0; Foc = For 


(b) 


+Y XSF, =0; Fe,sind=0; Fe, = Osince sin 6 # 0; 
tN SF, = 0; For = Fep 


(c) 


(d) 


Fig. 6-12 
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EXAMPLE |6.4 


Using the method of joints, determine all the zero-force members of 
the Fink roof truss shown in Fig. 6-13a. Assume all joints are pin 
connected. 


SOLUTION 


Look for joint geometries that have three members for which two are 
collinear. We have 


Joint G. (Fig. 6-135). 

+T=F, = 0; Foc = 0 Ans. 
Realize that we could not conclude that GC is a zero-force member 
by considering joint C, where there are five unknowns. The fact that 


GC is a zero-force member means that the 5-kN load at C must be 
supported by members CB, CH, CF, and CD. 


Joint D. (Fig. 6-13c). 
+/2F, = 0; Fpr = 0 
Joint F. (Fig. 6-13d). 


+1XF,=0; Frccosd=0  Sinced # 90°, Fro =0 Ans. 


NOTE: If joint B is analyzed, Fig. 6-13e, 


Also, Fic must satisfy =F, = 0, Fig. 6-13f, and therefore HC is nota 
zero-force member. 
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tae FUNDAMENTAL PROBLEMS 


F6-1. Determine the force in each member of the truss. F6-4. Determine the greatest load P that can be applied to the 
State if the members are in tension or compression. truss so that none of the members are subjected to a force 
exceeding either 2 KN in tension or 1.5 kN in compression. 


F6-1 


F6-4 
F6-2. Determine the force in each member of the truss. F6-5. Identify the zero-force members in the truss. 
State if the members are in tension or compression. 


F6-5 
300 Ib 
Fo-2 
F6-3. Determine the force in members AE and DC. State if F6-6. Determine the force in each member of the truss. 
the members are in tension or compression. State if the members are in tension or compression. 


E 
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ET PROBLEMS 


e6-1. Determine the force in each member of the truss, 
and state if the members are in tension or compression. 


600N op 


f vy 
ie 


Prob. 6-1 


6 6-2. The truss, used to support a balcony, is subjected to 


the loading shown. Approximate each joint as a pin and 
determine the force in each member. State whether the 
members are in tension or compression. Set P; = 600 Ib, 
P, = 400 lb. 


6-3. The truss, used to support a balcony, is subjected to 
the loading shown. Approximate each joint as a pin and 
determine the force in each member. State whether the 
members are in tension or compression. Set P; = 800 Ib, 
P,=0. 


Probs. 6-2/3Prob. 6-1 


*6-4. Determine the force in each member of the truss 
and state if the members are in tension or compression. 
Assume each joint as a pin. Set P=4 kN. 


e6-5. Assume that each member of the truss is made of steel 
having a mass per length of 4 kg/m. Set P = 0, determine the 
force in each member, and indicate if the members are in 
tension or compression. Neglect the weight of the gusset plates 
and assume each joint is a pin. Solve the problem by assuming 
the weight of each member can be represented as a vertical 
force, half of which is applied at the end of each member. 


2P 
P P 
B Cc 
A = 3@a| [se Galo = 
bel 4m 
E 
al 
D 
4m 4m 
Probs. 6-4/5 


6-6. Determine the force in each member of the truss and 
state if the members are in tension or compression. Set 
P, =2kN and P, = 1.5 KN. 

6-7. Determine the force in each member of the truss and 


state if the members are in tension or compression. Set 
P a P. 2a 4kN. 


Probs. 6-6/7 


*6-8. Determine the force in each member of the truss, 
and state if the members are in tension or compression. Set 
P = 800 lb. 


e6-9. Remove the 500-lb force and then determine the 
greatest force P that can be applied to the truss so that none 
of the members are subjected to a force exceeding either 
800 Ib in tension or 600 Ib in compression. 


Probs. 6-8/9 


6-10. Determine the force in each member of the truss 
and state if the members are in tension or compression. Set 
P, = 800 lb, P, = 0. 


6-11. Determine the force in each member of the truss 
and state if the members are in tension or compression. Set 
P, = 600 Ib, Py = 400 lb. 


pA ft AB At 


Probs. 6-10/11 
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*6-12. Determine the force in each member of the truss 
and state if the members are in tension or compression. Set 
P, = 240 Ib, P, = 100 lb. 


e6-13. Determine the largest load P, that can be applied 
to the truss so that the force in any member does not exceed 
500 Ib (T) or 350 Ib (C). Take P; = 0. 


B 
12 ft | 


Probs. 6-12/13 


6-14. Determine the force in each member of the truss, 
and state if the members are in tension or compression. Set 
P = 2500 lb. 


6-15. Remove the 1200-lb forces and determine the 
greatest force P that can be applied to the truss so that none 
of the members are subjected to a force exceeding either 
2000 Ib in tension or 1500 Ib in compression. 


1200 Ib P 1200 Ib 


4ft ‘ 4ft—f-4 tt l 4ft 
E (D 


Probs. 6-14/15 
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*6-16. Determine the force in each member of the truss, 


and state if the members are in tension or compression. Set 
P = SKN. 


e6-17. Determine the greatest force P that can be applied 
to the truss so that none of the members are subjected to a 
force exceeding either 2.5kN in tension or 2kN in 
compression. 


Probs. 6-16/17 


6-18. Determine the force in each member of the truss, 
and state if the members are in tension or compression. 


6-19. The truss is fabricated using members having a 
weight of 10 lb/ft. Remove the external forces from the 
truss, and determine the force in each member due to the 
weight of the members. State whether the members are in 
tension or compression. Assume that the total force acting 
on a joint is the sum of half of the weight of every member 
connected to the joint. 


900 Ib 


Probs. 6-18/19 


*6-20. Determine the force in each member of the truss 
and state if the members are in tension or compression. The 
load has a mass of 40 kg. 


e6-21. Determine the largest mass m of the suspended 
block so that the force in any member does not exceed 
30 KN (T) or 25 kN (C). 


x 6m >| 


Probs. 6-20/21 


6-22. Determine the force in each member of the truss, 
and state if the members are in tension or compression. 


6-23. The truss is fabricated using uniform members 
having a mass of 5 kg/m. Remove the external forces from 
the truss, and determine the force in each member due to 
the weight of the truss. State whether the members are in 
tension or compression. Assume that the total force acting 
on a joint is the sum of half of the weight of every member 
connected to the joint. 


600 N 


Probs. 6—22/23 


*6-24. Determine the force in each member of the truss, 
and state if the members are in tension or compression. Set 
P=AKN. 


e6-25. Determine the greatest force P that can be applied 
to the truss so that none of the members are subjected to a 
force exceeding either 15kN in tension or 1kN in 
compression. 


Probs. 6—24/25 


6-26. A sign is subjected to a wind loading that exerts 
horizontal forces of 300 Ib on joints B and C of one of the 
side supporting trusses. Determine the force in each 
member of the truss and state if the members are in tension 
or compression. 


Prob. 6-26 
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6-27. Determine the force in each member of the double 
scissors truss in terms of the load P and state if the members 
are in tension or compression. 


Prob. 6-27 
*6-28. Determine the force in each member of the truss in 
terms of the load P, and indicate whether the members are 
in tension or compression. 
e6-29. Ifthe maximum force that any member can support 
is 4 KN in tension and 3 KN in compression, determine the 
maximum force P that can be applied at joint B. Take 


d - d/2—+ d/2 d 


Probs. 6-28/29 
6-30. The two-member truss is subjected to the force of 
300 lb. Determine the range of 6 for application of the load so 
that the force in either member does not exceed 400 Ib (T) or 
200 Ib (C). 


Prob. 6-30 
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forces 


Cc 


Compression 


—. 


Fig. 6-14 


6.4 The Method of Sections 


When we need to find the force in only a few members of a truss, we can 
analyze the truss using the method of sections. It is based on the principle 
that if the truss is in equilibrium then any segment of the truss is also in 
equilibrium. For example, consider the two truss members shown on the 
left in Fig. 6-14. If the forces within the members are to be determined, then 
an imaginary section, indicated by the blue line, can be used to cut each 
member into two parts and thereby “expose” each internal force as 
“external” to the free-body diagrams shown on the right. Clearly, it can be 
seen that equilibrium requires that the member in tension (T) be subjected 
to a “pull,” whereas the member in compression (C) is subjected to a “push.” 

The method of sections can also be used to “cut” or section the members 
of an entire truss. If the section passes through the truss and the free-body 
diagram of either of its two parts is drawn, we can then apply the equations 
of equilibrium to that part to determine the member forces at the “cut 
section.” Since only three independent equilibrium equations (2F, = 0, 
=F, = 0, 2Mo = 0) can be applied to the free-body diagram of any 
segment, then we should try to select a section that, in general, passes 
through not more than three members in which the forces are unknown. 
For example, consider the truss in Fig. 6—15a. If the forces in members BC, 
GC, and GF are to be determined, then section aa would be appropriate. 
The free-body diagrams of the two segments are shown in Figs. 6-155 and 
6-15c. Note that the line of action of each member force is specified from 
the geometry of the truss, since the force in a member is along its axis. Also, 
the member forces acting on one part of the truss are equal but opposite to 
those acting on the other part—Newton’s third law. Members BC and GC 
are assumed to be in fension since they are subjected to a “pull,” whereas 
GF in compression since it is subjected to a “push.” 

The three unknown member forces Fgc¢, Foc, and Fgp can be obtained 
by applying the three equilibrium equations to the free-body diagram in 
Fig. 6-15b. If, however, the free-body diagram in Fig. 6-15c is considered, 
the three support reactions D,, D, and E, will have to be known, 
because only three equations of equilibrium are available. (This, of 
course, is done in the usual manner by considering a free-body diagram 
of the entire truss.) 
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When applying the equilibrium equations, we should carefully 
consider ways of writing the equations so as to yield a direct solution for 
each of the unknowns, rather than having to solve simultaneous 
equations. For example, using the truss segment in Fig. 6-155 and 
summing moments about C would yield a direct solution for Fg; since 
Fzc and F¢c create zero moment about C. Likewise, Fz can be directly 
obtained by summing moments about G. Finally, Foc can be found 
directly from a force summation in the vertical direction since Fg; and 
Fpc have no vertical components. This ability to determine directly the 
force in a particular truss member is one of the main advantages of using 
the method of sections.* 

As in the method of joints, there are two ways in which we can 
determine the correct sense of an unknown member force: 


e The correct sense of an unknown member force can in many 
cases be determined “by inspection.” For example, Fgc is a tensile 
force as represented in Fig. 6-15b since moment equilibrium 
about G requires that Fgc create a moment opposite to that of 
the 1000-N force. Also, Fgc is tensile since its vertical component 
must balance the 1000-N force which acts downward. In more 
complicated cases, the sense of an unknown member force may 
be assumed. If the solution yields a negative scalar, it indicates 
that the force’s sense is opposite to that shown on the free-body 
diagram. 


e Always assume that the unknown member forces at the cut section 
are tensile forces, 1.e., “pulling” on the member. By doing this, the 
numerical solution of the equilibrium equations will yield positive 
scalars for members in tension and negative scalars for members in 
compression. 


*Notice that if the method of joints were used to determine, say, the force in member 
GC, it would be necessary to analyze joints A, B, and G in sequence. 


Pee | 
Fec !C 
> oo 


iC 
—e 


(b) 
Fig. 6-15 


The forces in selected members of this 
Pratt truss can readily be determined 
using the method of sections. 


282 


CHAPTER 6 STRUCTURAL ANALYSIS 


Simple trusses are often used in the 
construction of large cranes in order 
to reduce the weight of the boom 
and tower. 


Procedure for Analysis 


The forces in the members of a truss may be determined by the 
method of sections using the following procedure. 


Free-Body Diagram. 


Make a decision on how to “cut” or section the truss through the 
members where forces are to be determined. 

Before isolating the appropriate section, it may first be necessary 
to determine the truss’s support reactions. If this is done then the 
three equilibrium equations will be available to solve for member 
forces at the section. 

Draw the free-body diagram of that segment of the sectioned 
truss which has the least number of forces acting on it. 

Use one of the two methods described above for establishing the 
sense of the unknown member forces. 


Equations of Equilibrium. 


Moments should be summed about a point that lies at the 
intersection of the lines of action of two unknown forces, so that 
the third unknown force can be determined directly from the 
moment equation. 

If two of the unknown forces are parallel, forces may be summed 
perpendicular to the direction of these unknowns to determine 
directly the third unknown force. 
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EXAMPLE |6.5 


Determine the force in members GE, GC, and BC of the truss shown 


Gt EE 
in Fig. 6-16a. Indicate whether the members are in tension or i” is 400 N 
compression. Si x 
» EX , ; 
+—4m | 4m 


SOLUTION —— 


k— 4m 


Section aa in Fig. 6-16a has been chosen since it cuts through the three 
members whose forces are to be determined. In order to use the es 
method of sections, however, it is first necessary to determine the 

external reactions at A or D. Why? A free-body diagram of the entire 

truss is shown in Fig. 6-16b. Applying the equations of equilibrium, 

we have 


+4 3F, = 0; 400N — A, = 0 A, = 400N 
G+ZM,=0; -1200N(8m)-400N(3m) + D,(12m) = 0 
D, = 900 N 
+T2F,=0; A,—1200N + 900N =0 A, = 300N 


Free-Body Diagram. For the analysis the free-body diagram of the 
left portion of the sectioned truss will be used, since it involves the 
least number of forces, Fig. 6-16c. 


Equations of Equilibrium. Summing moments about point G 
eliminates Fg; and Fec and yields a direct solution for Fc. 


G+=Mg=0; —300N(4m) — 400N(3m) + Fgc(3 m) = 0 
Fc = 800N (T) Ans. 


In the same manner, by summing moments about point C we obtain a 
direct solution for Fg. 


G+=Mc = 0; —300 N(8 m) + Fez(3 m) = 0 
For = 800N (C) Ans. 


Since Fgc and Fg¢,z have no vertical components, summing forces in 
the y direction directly yields Fc, Le., 


+TIF,=0; 300N -2Fgc =0 
Foc = 500 N (T) Ans. 


NOTE: Here it is possible to tell, by inspection, the proper direction 
for each unknown member force. For example, 2»Mc = 0 requires 
For to be compressive because it must balance the moment of the 
300-N force about C. 
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Determine the force in member CF of the truss shown in Fig. 6-17a. 
Indicate whether the member is in tension or compression. Assume 
each member is pin connected. 


w 


G 
F 


FG 


I 
I 
I 

6 ml! For 
I 
I 


For cos 45°C 


VA Fop |D 
74m — 


4m—>- 


Foy sin 45° 
3kN 


(c) 


4.75 kN 


3 kN 4.75 KN 


Fig. 6-17 
SOLUTION 


Free-Body Diagram. Section aa in Fig. 6-17a will be used since this 
section will “expose” the internal force in member CF as “external” 
on the free-body diagram of either the right or left portion of the 
truss. It is first necessary, however, to determine the support reactions 
on either the left or right side. Verify the results shown on the free- 
body diagram in Fig. 6-17b. 


The free-body diagram of the right portion of the truss, which is the 
easiest to analyze, is shown in Fig. 6-17c. There are three unknowns, 
Fro, For, and Fp. 


Equations of Equilibrium. We will apply the moment equation 
about point O in order to eliminate the two unknowns Fg and Fp. 
The location of point O measured from E can be determined from 
proportional triangles, i.ec., 4/(4 + x) = 6/(8 + x), x =4m. Or, 
stated in another manner, the slope of member GF has a drop of 2 m 
to a horizontal distance of 4 m. Since FD is 4 m, Fig. 6—17c, then from 
D to O the distance must be 8 m. 


An easy way to determine the moment of Fc about point O is to use 
the principle of transmissibility and slide Fc, to point C, and then 
resolve Fc; into its two rectangular components. We have 
i += Mo = 0; 
—F ep sin 45°(12 m) + (3 KN)(8 m) — (4.75 KN)(4 m) 
For = 0.589kN_ (C) 
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EXAMPLE |6.7 


Determine the force in member EB of the roof truss shown in 
Fig. 6-18a. Indicate whether the member is in tension or compression. 


SOLUTION 


Free-Body Diagrams. By the method of sections, any imaginary 
section that cuts through FB, Fig. 6-18a, will also have to cut through 
three other members for which the forces are unknown. For example, 
section aa cuts through ED, EB, FB, and AB. If a free-body diagram of 
the left side of this section is considered, Fig. 6-18), it is possible to 
obtain Fzp by summing moments about B to eliminate the other 
three unknowns; however, Fzg cannot be determined from the 
remaining two equilibrium equations. One possible way of obtaining 
Fz Is first to determine Fzp from section aa, then use this result on 
section bb, Fig. 6-18a, which is shown in Fig. 6-18c. Here the force 
system is concurrent and our sectioned free-body diagram is the same 
as the free-body diagram for the joint at E. 


Fp sin 30° 


Fig. 6-18 


Equations of Equilibrium. In order to determine the moment of 
Frp about point B, Fig. 6-18b, we will use the principle of 
transmissibility and slide the force to point C and then resolve it into 
its rectangular components as shown. Therefore, 
G+2M, = 0; 1000 N(4 m) + 3000 N(2 m) — 4000 N(4 m) 

ar Frp sin 30°(4 m) =0 


Considering now the free-body diagram of section bb, Fig. 6-18c, we have 
4 YF, = 0; F ng cos 30° — 3000 cos 30° N = 0 
Fup = s000N (C) 
+T=F,=0; — 2(3000sin30°N) — 1000N — Fez = 0 
Fez = 2000N (T) 
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za FUNDAMENTAL PROBLEMS 


F6-7. Determine the force in members BC, CF, and FE. F6-10. Determine the force in members EF, CF, and BC 
State if the members are in tension or compression. of the truss. State if the members are in tension or 
compression. 


300 Ib 300 Ib 


F6-10 


F6-11. Determine the force in members GF, GD, and CD 
of the truss. State if the members are in tension or 
compression. 


600 Ib 600 Ib 


800 lb 


F6-7 


F6-8. Determine the force in members LK, KC, and CD 
of the Pratt truss. State if the members are in tension or 


compression. F6-11 
F6-9. Determine the force in members KJ, KD, and CD F6-12. Determine the force in members DC, HI, and JI 
of the Pratt truss. State if the members are in tension or of the truss. State if the members are in tension or 
compression. compression. 
= ibaa iy ake 4 
G| ao 


1600 Ib 
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[PROBLEMS 


6-31. The internal drag truss for the wing of a light 
airplane is subjected to the forces shown. Determine the 
force in members BC, BH, and HC, and state if the 
members are in tension or compression. 


80 Ib 80 Ib 


Prob. 6-31 


*6-32. The Howe bridge truss is subjected to the loading 
shown. Determine the force in members HD, CD, and GD, 
and state if the members are in tension or compression. 


°6-33. The Howe bridge truss is subjected to the loading 
shown. Determine the force in members H/, HB, and BC, 
and state if the members are in tension or compression. 


40 kN 


20 KN 20 kN 


VINK 


4 


| —__16 m, 4@4m—_______| 


Probs. 6—32/33 


6-34. Determine the force in members JK, C/, and CD of 
the truss, and state if the members are in tension or 
compression. 


6-35. Determine the force in members H/, FI, and EF of 
the truss, and state if the members are in tension or 
compression. 


Probs. 6-34/35 


*6-36. Determine the force in members BC, CG, and GF 
of the Warren truss. Indicate if the members are in tension 
or compression. 


6-37. Determine the force in members CD, CF, and FG 
of the Warren truss. Indicate if the members are in tension 
or compression. 


6kN 


8 kN 


Probs. 6-36/37 
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6-38. Determine the force in members DC, HC, and H/ of 
the truss, and state if the members are in tension or 
compression. 


6-39. Determine the force in members ED, EH, and GH 
of the truss, and state if the members are in tension or 
compression. 


Probs. 6-38/39 


*6-40. Determine the force in members GF, GD, and CD 
of the truss and state if the members are in tension or 
compression. 


°6-41. Determine the force in members BG, BC, and HG 
of the truss and state if the members are in tension or 
compression. 


Probs. 6—40/41 


6-42. Determine the force in members JC and CG of the 
truss and state if these members are in tension or 
compression. Also, indicate all zero-force members. 


6-43. Determine the force in members JE and GF of the 
truss and state if these members are in tension or 
compression. Also, indicate all zero-force members. 


6kN 6kN 


Probs. 6—42/43 


*6-44. Determine the force in members J/, EF, EI, and JE 
of the truss, and state if the members are in tension or 
compression. 


e6-45. Determine the force in members CD, LD, and KL 
of the truss, and state if the members are in tension or 
compression. 


1500 Ib 


1000 Ib 


zm aaa 8 ft 


Probs. 6-44/45 


6-46. Determine the force developed in members BC and 
CH of the roof truss and state if the members are in tension 
or compression. 


6-47. Determine the force in members CD and GF of the 
truss and state if the members are in tension or 
compression. Also indicate all zero-force members. 


Probs. 6—46/47 


*6-48. Determine the force in members L/, EJ, and CD of 
the Howe truss, and state if the members are in tension or 
compression. 


°6-49. Determine the force in members KJ, KC, and BC 
of the Howe truss, and state if the members are in tension or 
compression. 


6kN 


F 


— 


nt 2m !2m!2m/2m 


Probs. 6—48/49 
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6-50. Determine the force in each member of the truss 
and state if the members are in tension or compression. Set 
P, = 20 KN, Py = 10 KN. 


6-51. Determine the force in each member of the truss 
and state if the members are in tension or compression. Set 
P, = 40 KN, Pp = 20 KN. 


Probs. 6-50/51 


*6-52. Determine the force in members KJ, NJ, ND, and 
CD of the K truss. Indicate if the members are in tension or 
compression. Hint: Use sections aa and bb. 


6-53. Determine the force in members JJ and DE of 
the K truss. Indicate if the members are in tension or 
compression. 


a a ae! I H 
15 ft 
15 ft < 
Oa sO NN 
1200 Ib 
1500 Ib yep tb 
—20 ft 20 ft-/ 20 ft--20 ft--- 20 ft-+- 20 ft 


Probs. 6—52/53 
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Fig. 6-19 


Typical roof-supporting space 
truss. Notice the use of ball-and- 
socket joints for the connections 


For economic reasons, large electrical 
transmission towers are often constructed 
using space trusses. 


*6.5 Space Trusses 


A space truss consists of members joined together at their ends to form a 
stable three-dimensional structure. The simplest form of a space truss is a 
tetrahedron, formed by connecting six members together, as shown in Fig. 
6-19. Any additional members added to this basic element would be 
redundant in supporting the force P. A simple space truss can be built 
from this basic tetrahedral element by adding three additional members 
and a joint, and continuing in this manner to form a system of 
multiconnected tetrahedrons. 


Assumptions for Design The members of a space truss may be 
treated as two-force members provided the external loading is applied at 
the joints and the joints consist of ball-and-socket connections. These 
assumptions are justified if the welded or bolted connections of the 
joined members intersect at a common point and the weight of the 
members can be neglected. In cases where the weight of a member is to 
be included in the analysis, it is generally satisfactory to apply it as a 
vertical force, half of its magnitude applied at each end of the member. 


Procedure for Analysis 


Either the method of joints or the method of sections can be used to 
determine the forces developed in the members of a simple space truss. 


Method of Joints. 


If the forces in all the members of the truss are to be determined, then 
the method of joints is most suitable for the analysis. Here it is 
necessary to apply the three equilibrium equations =F, = 0, 
=F, = 0, 2F, = 0 to the forces acting at each joint. Remember that 
the solution of many simultaneous equations can be avoided if the 
force analysis begins at a joint having at least one known force and at 
most three unknown forces. Also, if the three-dimensional geometry of 
the force system at the joint is hard to visualize, it is recommended that 
a Cartesian vector analysis be used for the solution. 


Method of Sections. 


If only a few member forces are to be determined, the method of 
sections can be used. When an imaginary section is passed through a 
truss and the truss is separated into two parts, the force system acting 
on one of the segments must satisfy the six equilibrium equations: 
Pa NU DP I SE a D3 10) 
(Eqs. 5-6). By proper choice of the section and axes for summing forces 
and moments, many of the unknown member forces in a space truss 
can be computed directly, using a single equilibrium equation. 


6.5 SPACE TRUSSES 


EXAMPLE |6.8 


Determine the forces acting in the members of the space truss shown 
in Fig. 6—-20a. Indicate whether the members are in tension or 
compression. 


SOLUTION 


Since there are one known force and three unknown forces acting at 
joint A, the force analysis of the truss will begin at this joint. 


Joint A. (Fig. 6-205). Expressing each force acting on the free-body 
diagram of joint A as a Cartesian vector, we have 


P44} kN, Rap — fae Bae = = hick, 
bn Fu(M) = Fy4,(0.577i1 + 0.577} — 0.577k) 


For equilibrium, 


SF = 0; Pir, -bo+ bP —6 
=A Fug = Bik + OST hal + 0577 — 0 Bk = 0 
SF, = 0; 0.577 Faz = 0 
SE 0 Ay Bap Oy =O 
SF, = 0; Fie — OST hap = 0 
Fuc = Fup = 0 Ans. 
Fag =4kN (T) Ans. 


Since Fy, 1s known, joint B can be analyzed next. 
Joint B. (Fig. 6—20c). 
Dike = 0; —Rpz cos 45° + 0.707 Fer = 0 
Di 0; —4+ Rpsin 45° = 


SF, = 0; 2+ Fap — 0.107F ar = 0 
Rez = Fer = 5.66 kN (it). Fep = 2kN (C) Ans. 


The scalar equations of equilibrium may also be applied directly to 
the forces acting on the free-body diagrams of joints D and C since 
the force components are easily determined. Show that 


For — Foc = For =0 Ans. 
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[PROBLEMS 


6-54, The space truss supports a force 
F = {—500i + 600j + 400k} lb. Determine the force in 
each member, and state if the members are in tension or 
compression. 


6-55. The space truss supports a force 
F = {600i + 450j — 750k} Ib. Determine the force in each 
member, and state if the members are in tension or 
compression. 


Probs. 6-54/55 


*6-56. Determine the force in each member of the space 
truss and state if the members are in tension or 
compression. The truss is supported by ball-and-socket 
joints at A, B, and E. Set F = {800j} N. Hint: The support 
reaction at EF acts along member EC. Why? 


°6-57. Determine the force in each member of the space 
truss and state if the members are in tension or 
compression. The truss is supported by ball-and-socket 
joints at A, B, and E. Set F = {—200i + 400j} N. Hint: The 
support reaction at FE acts along member EC. Why? 


* 1.5 ma 


Probs. 6—56/57 


6-58. Determine the force in members BE, DF, and BC of 
the space truss and state if the members are in tension or 
compression. 


6-59. Determine the force in members AB, CD, ED, and 
CF of the space truss and state if the members are in tension 
or compression. 


{—2k} kN 


Probs. 6—58/59 


*6-60. Determine the force in the members AB, AE, BC, 
BF, BD, and BE of the space truss, and state if the members 
are in tension or compression. 


Prob. 6-60 
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°6-61. Determine the force in the members EF, DF, CF, *6-64. Determine the force developed in each member of 
and CD of the space truss, and state if the members are in the space truss and state if the members are in tension or 
tension or compression. compression. The crate has a weight of 150 lb. 


300 Ib | 
400 Ib 
Prob. 6-61 Prob. 6-64 
6-62. If the truss supports a force of F = 200N, °6-65. Determine the force in members FE and ED of the 
determine the force in each member and state if the space truss and state if the members are in tension or 
members are in tension or compression. compression. The truss is supported by a ball-and-socket 
joint at C and short links at A and B. 
6-63. If each member of the space truss can support a ; ; 
maximum force of 600 N in compression and 800 N in 6-66. Determine the force in members GD, GE, and FD 
tension, determine the greatest force F the truss can of the space truss and state if the members are in tension or 


support. compression. 


Probs. 6-62/63 Probs. 6-65/66 
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6.6 Frames and Machines 


Frames and machines are two types of structures which are often 
composed of pin-connected multiforce members, i.e., members that are 
subjected to more than two forces. Frames are used to support loads, 
whereas machines contain moving parts and are designed to transmit and 
alter the effect of forces. Provided a frame or machine contains no more 
supports or members than are necessary to prevent its collapse, the forces 
acting at the joints and supports can be determined by applying the 
equations of equilibrium to each of its members. Once these forces are 
obtained, it is then possible to design the size of the members, connections, 
and supports using the theory of mechanics of materials and an 
appropriate engineering design code. 


Free-Body Diagrams. _In order to determine the forces acting at 
the joints and supports of a frame or machine, the structure must be 
disassembled and the free-body diagrams of its parts must be drawn. The 
following important points must be observed: 


e Isolate each part by drawing its outlined shape Then show all the 
This large crane is a typical forces and/or couple moments that act on the part. Make sure to 
an OF eels label or identify each known and unknown force and couple 
moment with reference to an established x, y coordinate system. 
Also, indicate any dimensions used for taking moments. Most often 
the equations of equilibrium are easier to apply if the forces are 
represented by their rectangular components. As usual, the sense of 
an unknown force or couple moment can be assumed. 


e Identify all the two-force members in the structure and represent 
their free-body diagrams as having two equal but opposite collinear 
forces acting at their points of application. (See Sec. 5.4.) By 
recognizing the two-force members, we can avoid solving an 
unnecessary number of equilibrium equations. 


e Forces common to any two contacting members act with equal 
magnitudes but opposite sense on the respective members. If the 
two members are treated as a “system” of connected members, then 
these forces are “internal” and are not shown on the free-body 
diagram of the system; however, if the free-body diagram of each 
member is drawn, the forces are “external” and must be shown on 
each of the free-body diagrams. 


Common tools such as these pliers act as The following examples graphically illustrate how to draw the free- 
eae maa Dines Here Opies eee body diagrams of a dismembered frame or machine. In all cases, the 


on the handles creates a much larger force weight of the members is neglected. 
at the jaws. 


EXAMPLE |6.9 


For the frame shown in Fig. 6—-21a, draw the free-body diagram of 
(a) each member, (b) the pin at B, and (c) the two members connected 
together. 


Effect of pin 
on member 


SOLUTION 


Part (a). By inspection, members BA and BC are not two-force 
members. Instead, as shown on the free-body diagrams, Fig. 6-215, BC 
is subjected to a force from the pins at B and C and the external force 
P. Likewise, AB is subjected to a force from the pins at A and B and 
the external couple moment M. The pin forces are represented by 
their x and y components. 


Part (b). The pin at B is subjected to only two forces, i.e., the 
force of member BC and the force of member AB. For equilibrium 
these forces or their respective components must be equal but 
opposite, Fig. 6—21c. Realize that Newton’s third law is applied 
between the pin and its connected members, i.e., the effect of the 
pin on the two members, Fig. 6-21b, and the equal but opposite 
effect of the two members on the pin, Fig. 6—21c. 


Part (c). The free-body diagram of both members connected 
together, yet removed from the supporting pins at A and C, is shown 
in Fig. 6-21d. The force components B, and B, are not shown on this 
diagram since they are internal forces (Fig. 6-21b) and therefore 
cancel out. Also, to be consistent when later applying the equilibrium 
equations, the unknown force components at A and C must act in the 
same sense as those shown in Fig. 6-215. 
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Effect of 
member BC 
on the pin 


Effect of 
member AB 
Equilibrium on the pin 


(c) 
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EXAMPLE | 6.10 


A constant tension in the conveyor belt is maintained by using the 
device shown in Fig. 6—22a. Draw the free-body diagrams of the frame 
and the cylinder that the belt surrounds. The suspended block has a 
weight of W. 


SOLUTION 


The idealized model of the device is shown in Fig. 6-22b. Here the 
angle @ is assumed to be known. From this model, the free-body 
diagrams of the cylinder and frame are shown in Figs. 6-22c and 6-224, 
respectively. Note that the force that the pin at B exerts on the cylinder 
can be represented by either its horizontal and vertical components B, 
and B,, which can be determined by using the force equations of 
equilibrium applied to the cylinder, or by the two components 7, which 
provide equal but opposite moments on the cylinder and thus keep it 
from turning. Also, realize that once the pin reactions at A have been 
determined, half of their values act on each side of the frame since pin 
connections occur on each side, Fig. 6-22a. 


EXAMPLE |6.11 


For the frame shown in Fig. 6—23a, draw the free-body diagrams of (a) 
the entire frame including the pulleys and cords, (b) the frame without 
the pulleys and cords, and (c) each of the pulleys. 


SOLUTION 


Part (a). When the entire frame including the pulleys and cords is 
considered, the interactions at the points where the pulleys and cords 
are connected to the frame become pairs of internal forces which 
cancel each other and therefore are not shown on the free-body 
diagram, Fig. 6-23). 


Part (b). When the cords and pulleys are removed, their effect on 
the frame must be shown, Fig. 6-23c. 


Part (c). The force components B,, B,, C,, C, of the pins on the 
pulleys, Fig. 6-23d, are equal but opposite to the force components 
exerted by the pins on the frame, Fig. 6-23c. Why? 
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EXAMPLE |6.12 


Draw the free-body diagrams of the bucket and the vertical boom of 
the backhoe shown in the photo, Fig. 6—-24a. The bucket and its 
contents have a weight W. Neglect the weight of the members. 


SOLUTION 

The idealized model of the assembly is shown in Fig. 6-24b. By 
inspection, members AB, BC, BE, and HI are all two-force members 
since they are pin connected at their end points and no other forces 
act on them. The free-body diagrams of the bucket and the boom are 
shown in Fig. 6-24c. Note that pin C is subjected to only two forces, 
whereas the pin at B is subjected to three forces, Fig. 6-24d. These 
three forces are related by the two equations of force equilibrium 
applied to each pin. The free-body diagram of the entire assembly is 
shown in Fig. 6-24e. 
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EXAMPLE |6.13 


Draw the free-body diagram of each part of the smooth piston and link 
mechanism used to crush recycled cans, which is shown in Fig. 6—25a. 


SOLUTION 

By inspection, member AB is a two-force member. The free-body 
diagrams of the parts are shown in Fig. 6—25b. Since the pins at B and 
D connect only two parts together, the forces there are shown as equal 
but opposite on the separate free-body diagrams of their connected 
members. In particular, four components of force act on the piston: D, 
and D, represent the effect of the pin (or lever EBD), N, is the 
resultant force of the support, and P is the resultant compressive force 
caused by the can C. 


NOTE: A free-body diagram of the entire assembly is shown in 
Fig. 6—-25c. Here the forces between the components are internal and 
are not shown on the free-body diagram. 


Before proceeding, it is highly recommended that you cover the 
solutions to the previous examples and attempt to draw the requested free- 
body diagrams. When doing so, make sure the work is neat and that all the 
forces and couple moments are properly labeled. When finished, challenge 
yourself and solve the following four problems. 
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ea CONCEPTUAL PROBLEMS 


P6-1. Draw the free-body diagrams of each of the crane 
boom segments AB, BC, and BD. Only the weights of AB 
and BC are significant. Assume A and B are pins. 


P6-3. Draw the free-body diagrams of the bbom ABCDF 
and the stick FGH of the bucket lift. Neglect the weights of 
the member. The bucket weighs W. The two force members 
are BI, CE, DE and GE. Assume all indicated points of 
connection are pins. 


P6-1 


P6-2. Draw the free-body diagrams of the boom ABCD 
and the stick EDFGH of the backhoe. The weights of these 
two members are significant. Neglect the weights of all 
the other members, and assume all indicated points of 
connection are pins. 


P6-2 


P6-3 


P6-4. To operate the can crusher one pushes down on the 
lever arm ABC which rotates about the fixed pin at B. This 
moves the side links CD downward, which causes the guide 
plate E to also move downward and thereby crush the can. 
Draw the free-body diagrams of the lever, side link, and 
guide plate. Make up some reasonable numbers and do an 
equilibrium analysis to shown how much an applied vertical 
force at the handle is magnified when it is transmitted to the 
can. Assume all points of connection are pins and the guides 
for the plate are smooth. 


P6-4 


Procedure for Analysis 


The joint reactions on frames or machines (structures) composed of 
multiforce members can be determined using the following 
procedure. 


Free-Body Diagram. 


Draw the free-body diagram of the entire frame or machine, a 
portion of it, or each of its members. The choice should be made 
so that it leads to the most direct solution of the problem. 


When the free-body diagram of a group of members of a frame 
or machine is drawn, the forces between the connected parts of 
this group are internal forces and are not shown on the free-body 
diagram of the group. 


Forces common to two members which are in contact act with 
equal magnitude but opposite sense on the respective free-body 
diagrams of the members. 


Two-force members, regardless of their shape, have equal but 
opposite collinear forces acting at the ends of the member. 


In many cases it is possible to tell by inspection the proper sense 
of the unknown forces acting on a member; however, if this seems 
difficult, the sense can be assumed. 


Remember that a couple moment is a free vector and can act at 
any point on the free-body diagram. Also, a force is a sliding 
vector and can act at any point along its line of action. 


Equations of Equilibrium. 


Count the number of unknowns and compare it to the total 
number of equilibrium equations that are available. In two 
dimensions, there are three equilibrium equations that can be 
written for each member. 


Sum moments about a point that lies at the intersection of the 
lines of action of as many of the unknown forces as possible. 


If the solution of a force or couple moment magnitude is found to 
be negative, it means the sense of the force is the reverse of that 
shown on the free-body diagram. 
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EXAMPLE |6.14 


Determine the horizontal and vertical components of force which the 
pin at C exerts on member BC of the frame in Fig. 6—26a. 
SOLUTION | 


Free-Body Diagrams. By inspection it can be seen that AB is a 
two-force member. The free-body diagrams are shown in Fig. 6-26b. 


Equations of Equilibrium. The three unknowns can be determined 
by applying the three equations of equilibrium to member CB. 


G+2Mc = 0; 2000 N(2 m) —(F4g sin 60°)(4m) =0 Fyg = 1154.7N 
SF, = 0; 1154.7cos60°N-—C,=0 C,=577N Ans. 
+P XF, = 0; 1154.7 sin 60° N—2000N+C,=0 C, = 1000N Ans. 


SOLUTION II 

Free-Body Diagrams. If one does not recognize that AB is a two- 
force member, then more work is involved in solving this problem. 
The free-body diagrams are shown in Fig. 6—26c. 


Equations of Equilibrium. The six unknowns are determined by 
applying the three equations of equilibrium to each member. 


Member AB 
G+2M,=0; B,(3 sin 60° m) — B,(3 cos 60° m) = 0 (1) 


+5 >F,=0; A,- B,=0 (2) 
+13F,=0; Ay, - By =0 (3) 


Member BC 
G+2Mc = 0; 2000 N(2m) — B,(4m) =0 (4) 
5 YF,=0; B,-C,=0 (5) 
+TIF,=0; B,-2000N+C,=0 (6) 
The results for C, and C, can be determined by solving these 
equations in the following sequence: 4, 1,5, then 6. The results are 
B, = 1000 N 
B, = S77N 
C, = 577N Ans. 
C, = 1000N Ans. 


By comparison, Solution I is simpler since the requirement that Fy, in 
Fig. 6-265 be equal, opposite, and collinear at the ends of member AB 
automatically satisfies Eqs. 1,2, and 3 above and therefore eliminates 
the need to write these equations. As a result, save yourself some time 
and effort by always identifying the two-force members before starting 
the analysis! 
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EXAMPLE |6.15 


The compound beam shown in Fig. 6-27a is pin connected at B. 
Determine the components of reaction at its supports. Neglect its 
weight and thickness. 


Fig. 6-27 


SOLUTION 


Free-Body Diagrams. By inspection, if we consider a free-body 
diagram of the entire beam ABC, there will be three unknown 
reactions at A and one at C. These four unknowns cannot all be 
obtained from the three available equations of equilibrium, and so for 
the solution it will become necessary to dismember the beam into its 
two segments, as shown in Fig. 6-27b. 


Equations of Equilibrium. The six unknowns are determined as 
follows: 


Segment BC 

£>F,=0; (tt 
G+2=Mz = 0; —8kN(1 m) + C,(2m) = 0 

+T=F, = 0; BB 8kN- C—O 

Segment AB 

+4 SF, = 0; A, — (10kN)(2) + B, = 0 
G+=M, = 0; M, — (10 kN)(2)(2 m) — B,(4m) = 0 

+TXF, = 0; A, — (10kN)(#) - B, = 0 

Solving each of these equations successively, using previously 
calculated results, we obtain 

A, = 6kN A, = 12 kN M,=32kN-m_ Ans. 

B, =0 B, = 4kN 

Ci 4 kN Ans. 
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EXAMPLE |6.16 


STRUCTURAL ANALYSIS 


A 500-kg elevator car in Fig. 6—28a is being hoisted by motor A using 
the pulley system shown. If the car is traveling with a constant speed, 
determine the force developed in the two cables. Neglect the mass of 
the cable and pulleys. 


500 (9.81) N 


SOLUTION 


Free-Body Diagram. We can solve this problem using the free- 
body diagrams of the elevator car and pulley C, Fig. 6-28b. The tensile 
forces developed in the cables are denoted as T, and T). 


Equations of Equilibrium. For pulley C, 
+TIF, = 0; = 2h = Ul or te = lr 


For the elevator car, 
+) =F, = 0; 3T, + 2T, — 500(9.81) N = 0 
Substituting Eq. (1) into Eq. (2) yields 
3T, + 2(2T,) — 500(9.81) N = 0 
T, = 700.71 N = 701N 


Substituting this result into Eq. (1), 
T> = 2(700.71) N = 1401 N = 1.40 kN 


EXAMPLE |6.17 


The smooth disk shown in Fig. 6-29a is pinned at D and has a weight 
of 20 lb. Neglecting the weights of the other members, determine the 
horizontal and vertical components of reaction at pins B and D. 


& C 
3.5 ft 
/ 3 ft | 
Aj [Se 
B 


(a) 
SOLUTION 


Free-Body Diagrams. The free-body diagrams of the entire frame 
and each of its members are shown in Fig. 6-29). 


Equations of Equilibrium. The eight unknowns can of course be 
obtained by applying the eight equilibrium equations to each 
member—three to member AB, three to member BCD, and two to 


the disk. (Moment equilibrium is automatically satisfied for the disk.) 
If this is done, however, all the results can be obtained only from a 
simultaneous solution of some of the equations. (Try it and find out.) 
To avoid this situation, it is best first to determine the three support 
reactions on the entire frame; then, using these results, the remaining 
five equilibrium equations can be applied to two other parts in order 
to solve successively for the other unknowns. 


Entire Frame 
G+=M,=0; —20lb (3 ft) + C,(3.5ft)=0 C,=17.11b 
4 >F, =0; Ae ie 0 eee ie ib 
+T=F, =0; A,-20Ib=0 Ay, = 201b 
Member AB 
4 >F, =0; 17.11b- B,=0 B,=17.11b Ans. 
G+=M,z=0; —201b (6ft) + Np(3ft)=0 Np =401lb 
+T=F, =0; 20 Ib — 40 1b + B, = 0 =20lb Ans. 
Disk 
4 >F, =0; D=v Ans. 
+TXF, = 0; 40 Ib — 201b — D, = 0 =20lb Ans. 
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EXAMPLE |6.18 


Determine the tension in the cables and also the force P required to 
support the 600-N force using the frictionless pulley system shown in 


Fig. 6-30a. 
(Gs 
G 
P P 
P 


B 
P 


R 
T 
A 
P P 


ve 


SOLUTION 


Free-Body Diagram. A free-body diagram of each pulley including 
its pin and a portion of the contacting cable is shown in Fig. 6—30b. 
Since the cable is continuous, it has a constant tension P acting 
throughout its length. The link connection between pulleys B and C is 
a two-force member, and therefore it has an unknown tension T 
acting on it. Notice that the principle of action, equal but opposite 
reaction must be carefully observed for forces P and T when the 
separate free-body diagrams are drawn. 


Equations of Equilibrium. The three unknowns are obtained as 
follows: 


Pulley A 
3P — 600N = 0 


iE 2P — 0 
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EXAMPLE |6.19 


The two planks in Fig. 6-31a are connected together by cable BC and 
a smooth spacer DE. Determine the reactions at the smooth supports 
A and F, and also find the force developed in the cable and spacer. 


100 Ib 


E — 
2b 2 ft 


(a) 
200 Ib 
ia : | 


D (E. 
rntowtoe ran pan pant 
Fc Foe 


Ne 


F 


(b) 
Fig. 6-31 
SOLUTION 


Free-Body Diagrams. The free-body diagram of each plank is 
shown in Fig. 6-31b. It is important to apply Newton’s third law to the 
interaction forces as shown. 


Equations of Equilibrium. For plank AD, 
G+=2M,=0; Fp-(6 ft) — Fec(4 ft) — 100 lb (2 ft) = 0 
For plank CF, 
G+=iM,=0; H-(4 ft) — Fec(6 ft) + 200 Ib (2 ft) = 0 
Solving simultaneously, 

For = 1401b Fee = 160 1b 
Using these results, for plank AD, 
+TXF, = 0; N, + 140 1b — 160 1b — 100 lb = 0 

Na = 120 1b 
And for plank CF, 
+TXF, = 0; Nr + 160 lb — 140 Ib — 200 Ib = 0 

Nr = 180 Ib 
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EXAMPLE |6.20 


The 75-kg man in Fig. 6-32a attempts to lift the 40-kg uniform beam 
off the roller support at B. Determine the tension developed in the 
cable attached to B and the normal reaction of the man on the beam 
when this is about to occur. 


SOLUTION 


Free-Body Diagrams. The tensile force in the cable will be denoted 
as T,. The free-body diagrams of the pulley £, the man, and the beam 
are shown in Fig. 6-32b. The beam has no contact with roller B, so 
Nz = 0. When drawing each of these diagrams, it is very important to 
apply Newton’s third law. 


Equations of Equilibrium. Using the free-body diagram of pulley E, 
+TXF, = 0; 27, = 1, —0 or fh, — 27; (1) 


Referring to the free-body diagram of the man using this result, 


+TZF,=0; Np» + 2T; — 75(9.81) N = 0 (2) 


Summing moments about point A on the beam, 


G+=M, =0; T,3m) — N,,(0.8m) — [40(9.81) N](1.5 m) = 0 (3) 


Solving Eqs. 2 and 3 simultaneously for 7, and N,,, then using 


40 (9.81) N f 
Eq. (1) for T>, we obtain 


(b) 
T; T, = 256N Ny» = 224N T, = 512N Ans. 


SOLUTION II 


A direct solution for 7, can be obtained by considering the beam, the 
man, and pulley E as a single system. The free-body diagram is shown 
in Fig. 6-32c. Thus, 


G+=M, = 0; 27;(0.8m) — [75(9.81) N](0.8 m) 


—[40(9.81) N](1.5 m) + 7)(3 m) = 0 
40 (9.81) N 10, = 2551N) Ans. 


(c) 


With this result Eqs. 1 and 2 can then be used to find N,, and T). 
Fig. 6-32 


EXAMPLE |6.21 


The frame in Fig. 6-33a supports the 50-kg cylinder. Determine the 
horizontal and vertical components of reaction at A and the force at C. 


Fig. 6-33 


SOLUTION 


Free-Body Diagrams. The free-body diagram of pulley D, along with 
the cylinder and a portion of the cord (a system), is shown in Fig. 6-33b. 
Member BC is a two-force member as indicated by its free-body 
diagram. The free-body diagram of member ABD is also shown. 


Equations of Equilibrium. We will begin by analyzing the 
equilibrium of the pulley. The moment equation of equilibrium is 
automatically satisfied with T = 50(9.81) N, and so 


S3F,=0; D,-50(981)N=0 D, = 490.5N 
+TSF,=0; D,—509.81)N=0 Dy, = 490.5N Ans. 


Using these results, F,,. can be determined by summing moments 
about point A on member ABD. 


C+EM 4 = 0; Fgc (0.6 m) + 490.5 N(0.9 m) — 490.5 N(1.20m) = 0 
Frac = 245.25 N Ans. 


Now A, and A y can be determined by summing forces. 
53 YF,=0; A, — 245.25N—-490.5N=0 A,=736N Ans. 


+TIF, = 0; Ay — 490.5N = 0 A, = 490.5N Ans. 


6.6 
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D,= 490.5 N 
D, = 490.5N 
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ey FUNDAMENTAL PROBLEMS 


F6-13. Determine the force P needed to hold the 60-lb F6-16. Determine the horizontal and vertical components 
weight in equilibrium. of reaction at pin C. 400 N 


an F6-16 
F6-17. Determine the normal force that the 100-lb plate 
A exerts on the 30-lb plate B. 


F6-13 


F6-14. Determine the horizontal and vertical components 
of reaction at pin C. 


500 Ib 


B 
ls eB 4 ft ie i" F6-17 


F6-18. Determine the force P needed to lift the load. 


+ 3 ft 3 ft—-—3 ft 3 ft Also, determine the proper placement x of the hook for 
Fo-4 equilibrium. Neglect the weight of the beam. 
Fo-15. If a 100-N force is applied to the handles of the | 0.9:m | 


pliers, determine the clamping force exerted on the smooth 
pipe B and the magnitude of the resultant force at pin A. 


100 N 


100 N 6KN 


F6-15 F6-18 
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[PROBLEMS 


6-67. Determine the force P required to hold the °6-69. Determine the force P required to hold the 50-kg 
100-Ib weight in equilibrium. mass in equilibrium. 


Prob. 6-67 Prob. 6-69 je 


*6-68. Determine the force P required to hold the 6-70. Determine the force P needed to hold the 20-Ib block 
150-kg crate in equilibrium. in equilibrium. 


Prob. 6-68 Prob. 6-70 
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6-71. Determine the force P needed to support the 100-Ib °6-73. If the peg at B is smooth, determine the 
weight. Each pulley has a weight of 10 Ib. Also, what are the components of reaction at the pin A and fixed support C. 
cord reactions at A and B? 


Prob. 6-71 Prob. 6-73 
*6-72. The cable and pulleys are used to lift the 600-lb 6-74. Determine the horizontal and vertical components 
stone. Determine the force that must be exerted on the cable of reaction at pins A and C. 


at A and the corresponding magnitude of the resultant force 
the pulley at C exerts on pin B when the cables are in the 
position shown. 


Prob. 6-72 Prob. 6-74 
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6-75. The compound beam is fixed at A and supported by 6-78. Determine the horizontal and vertical components 
rockers at B and C. There are hinges (pins) at D and E. of reaction at pins A and C of the two-member frame. 
Determine the components of reaction at the supports. 


—_s. 
ios 


m'2 m! 
Prob. 6-75 


6m | 
2 


*6-76. The compound beam is pin-supported at C and 
supported by rollers at A and B. There is a hinge (pin) at D. 
Determine the components of reaction at the supports. 
Neglect the thickness of the beam. 


Prob. 6-78 


6-79. Ifa force of F = 50N acts on the rope, determine Ge 


the cutting force on the smooth tree limb at D and the 
horizontal and vertical components of force acting on pin A. 
The rope passes through a small pulley at C and a smooth 
ring at E. 


Prob. 6-76 


°6-77. The compound beam is supported by a rocker at B 
and is fixed to the wall at A. If it is hinged (pinned) together 30 mm 
at C, determine the components of reaction at the supports. 
Neglect the thickness of the beam. 


500 Ib 
200 Ib 
13/7 \19 


Prob. 6-77 Prob. 6-79 
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*6-80. Two beams are connected together by the short 
link BC. Determine the components of reaction at the fixed 
support A and at pin D. 


12kN 


10 kN 


Prob. 6-80 


°6-81. The bridge frame consists of three segments which 
can be considered pinned at A, D, and E, rocker supported 
at C and F, and roller supported at B. Determine the 
horizontal and vertical components of reaction at all these 
supports due to the loading shown. 


2 kip /ft 


POE EY 


A 
Pisa 2 son 2. Ws re 


5 ft 5 ft 


Prob. 6-81 


6-82. If the 300-kg drum has a center of mass at point G, 
determine the horizontal and vertical components of force 
acting at pin A and the reactions on the smooth pads C 
and D. The grip at B on member DAB resists both 
horizontal and vertical components of force at the rim of 
the drum. 


Prob. 6-82 


6-83. Determine the horizontal and vertical components 
of reaction that pins A and C exert on the two-member arch. 


Prob. 6-83 


*6-84. The truck and the tanker have weights of 8000 Ib 
and 20000 Ib respectively. Their respective centers of 
gravity are located at points G, and G). If the truck is at 
rest, determine the reactions on both wheels at A, at B, and 
at C. The tanker is connected to the truck at the turntable 
D which acts as a pin. 


HP ALS2sp 


9 
15 ft +-—10 ft—-— 9 ft TS 


Prob. 6-84 


e6-85. The platform scale consists of a combination of 
third and first class levers so that the load on one lever 
becomes the effort that moves the next lever. Through this 
arrangement, a small weight can balance a massive object. 
If x = 450mm, determine the required mass of the 
counterweight S required to balance a 90-kg load, L. 


6-86. The platform scale consists of a combination of 
third and first class levers so that the load on one lever 
becomes the effort that moves the next lever. Through this 
arrangement, a small weight can balance a massive object. If 
x = 450 mm and, the mass of the counterweight S is 2 kg, 
determine the mass of the load L required to maintain the 
balance. 


100 mm 150 mm 
250 m: 
of H 
E F 
C | {D 
ae) oO TUTTI ETT TITTT TTT] TTT 
150 mm 
+350 mm—} S 
y y B 
A 
x 


Probs. 6-85/86 
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6-87. The hoist supports the 125-kg engine. Determine 
the force the load creates in member DB and in member 
FB, which contains the hydraulic cylinder H. 


Prob. 6-87 


*6-88. The frame is used to support the 100-kg cylinder E. 
Determine the horizontal and vertical components of 
reaction at A and D. 


7 1.2m - 


Prob. 6-88 
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°6-89. Determine the horizontal and vertical components 
of reaction which the pins exert on member AB of the frame. 


6-90. Determine the horizontal and vertical components of 
reaction which the pins exert on member EDC of the frame. 


Probs. 6-89/90 


6-91. The clamping hooks are used to lift the uniform 
smooth 500-kg plate. Determine the resultant compressive 
force that the hook exerts on the plate at A and B, and the 
pin reaction at C. 


Prob. 6-91 


*6-92. The wall crane supports a load of 700 Ib. Determine 
the horizontal and vertical components of reaction at the pins 
A and D. Also, what is the force in the cable at the winch W? 


°6-93. The wall crane supports a load of 700 Ib. 
Determine the horizontal and vertical components of 
reaction at the pins A and D. Also, what is the force in the 
cable at the winch W? The jib ABC has a weight of 100 lb 
and member BD has a weight of 40 Ib. Each member is 
uniform and has a center of gravity at its center. 


Probs. 6—92/93 


6-94. The lever-actuated scale consists of a series of 
compound levers. If a load of weight W = 150 lb is placed 
on the platform, determine the required weight of the 
counterweight S to balance the load. Is it necessary to place 
the load symmetrically on the platform? Explain. 


Prob. 6-94 
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6-95. If P = 75N, determine the force F that the toggle 6-98. A 300-kg counterweight, with center of mass at G, is 


clamp exerts on the wooden block. mounted on the pitman crank AB of the oil-pumping unit. 
ee eee ne ee ee ee ee If a force of F = 5 KN is to be developed in the fixed cable 

Oe ; a attached to the end of the walking beam DEF, determine 
on the toggle clamp, determine the force P applied to the the torque M that must be supplied by the motor. 


handle. 

6-99. A 300-kg counterweight, with center of mass at G, is 
mounted on the pitman crank AB of the oil-pumping unit. 
If the motor supplies a torque of M = 2500 N- m, determine 
the force F developed in the fixed cable attached to the end 
of the walking beam DEF. 


Probs. 6-95/96 Probs. 6-98/99 
°6-97. The pipe cutter is clamped around the pipe P. If *6-100. The two-member structure is connected at C by a 
the wheel at A exerts a normal force of F'4 = 80 N on the pin, which is fixed to BDE and passes through the smooth 
pipe, determine the normal forces of wheels B and C on slot in member AC. Determine the horizontal and vertical 
the pipe. The three wheels each have a radius of 7 mm and components of reaction at the supports. 


the pipe has an outer radius of 10 mm. 
500 Ib 


fe 3 ft an 3 ft >= 2 ft—) 
Prob. 6-100 


Prob. 6-97 
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e6-101. The frame is used to support the 50-kg cylinder. *6-104. The compound arrangement of the pan scale is 
Determine the horizontal and vertical components of shown. If the mass on the pan is 4 kg, determine the 
reaction at A and D. horizontal and vertical components at pins A, B, and C and 


. . the distance x of the 25-g mass to keep the scale in balance. 
6-102. The frame is used to support the 50-kg cylinder. 


Determine the force of the pin at C on member ABC and 
on member CD. 


Probs. 6-101/102 Prob. 6-104 
6-103. Determine the reactions at the fixed support E and ¢6-105. Determine the horizontal and vertical components 
the smooth support A. The pin, attached to member BD, of reaction that the pins at A, B, and C exert on the frame. 
passes through a smooth slot at D. The cylinder has a mass of 80 kg. 
Cc 
600 N 100 mm 
0.4m 
B 
——— 
0.4m 
A E| 
-~—0.3 m—-—0.3 m—-—0.3 m—-—0.3 m 


Prob. 6-103 Prob. 6-105 


6-106. The bucket of the backhoe and its contents have a 
weight of 1200 lb and a center of gravity at G. Determine 
the forces of the hydraulic cylinder AB and in links AC and 
AD in order to hold the load in the position shown. The 
bucket is pinned at E. 


Prob. 6-106 


6-107. A man having a weight of 175 lb attempts to hold 
himself using one of the two methods shown. Determine the 
total force he must exert on bar AB in each case and 
the normal reaction he exerts on the platform at C. Neglect 
the weight of the platform. 


*6-108. A man having a weight of 175 lb attempts to hold 
himself using one of the two methods shown. Determine the 
total force he must exert on bar AB in each case and the 
normal reaction he exerts on the platform at C. The platform 
has a weight of 30 Ib. 


A 2 B | 3) | 
A B 
— — 
(a) (b) 
Probs. 6-107/108 
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e6-109. If a clamping force of 300N is required at A, 
determine the amount of force F that must be applied to the 
handle of the toggle clamp. 


6-110. Ifa force of F = 350 N is applied to the handle of 
the toggle clamp, determine the resulting clamping force at A. 


Probs. 6-109/110 


6-111. Two smooth tubes A and B, each having the same 
weight, W, are suspended from a common point O by means 
of equal-length cords. A third tube, C, is placed between A 
and B. Determine the greatest weight of C without 
upsetting equilibrium. 


Prob. 6-111 
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*6-112. The handle of the sector press is fixed to gear G, 6-114. The tractor shovel carries a 500-kg load of soil, 
which in turn is in mesh with the sector gear C. Note that having a center of mass at G. Compute the forces developed 
AB is pinned at its ends to gear C and the underside of the in the hydraulic cylinders JJ and BC due to this loading. 


table EF, which is allowed to move vertically due to the 
smooth guides at E and F. If the gears only exert tangential 
forces between them, determine the compressive force 
developed on the cylinder S when a vertical force of 40 N is 
applied to the handle of the press. 


200mm 400mm 


50 mm: 


Prob. 6-114 


e6-113. Show that the weight W, of the counterweight at 6-115. Ifa force of P = 100N is applied to the handle of 


H required for equilibrium is W, = (b/a)W, and so it is the toggle clamp, determine the horizontal clamping force 
independent of the placement of the load W on the N,, that the clamp exerts on the smooth wooden block at E. 
platform. 


*6-116. If the horizontal clamping force that the toggle 
clamp exerts on the smooth wooden block at E is 
N_ = 200N, determine the force P applied to the handle of 
the clamp. 


Prob. 6-113 Probs. 6-115/116 


e6-117. The engine hoist is used to support the 200-kg 
engine. Determine the force acting in the hydraulic cylinder 
AB, the horizontal and vertical components of force at the 
pin C, and the reactions at the fixed support D. 


10° 


Prob. 6-117 


6-118. Determine the force that the smooth roller C 
exerts on member AB. Also, what are the horizontal and 
vertical components of reaction at pin A? Neglect the 
weight of the frame and roller. 


60 Ib - ft 


Prob. 6-118 


6-119. Determine the horizontal and vertical components 
of reaction which the pins exert on member ABC. 


9 ft A ; 


Prob. 6-119 
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*6-120. Determine the couple moment M that must be 
applied to member DC for equilibrium of the quick-return 
mechanism. Express the result in terms of the angles ¢ 
and 0, dimension L, and the applied vertical force P. The 
block at C is confined to slide within the slot of member AB. 


e6-121. Determine the couple moment M that must be 
applied to member DC for equilibrium of the quick-return 
mechanism. Express the result in terms of the angles ¢ 
and @, dimension L, and the applied force P, which should 
be changed in the figure and instead directed horizontally 
to the right. The block at C is confined to slide within the 
slot of member AB. 


Probs. 6-120/121 


6-122. The kinetic sculpture requires that each of the 
three pinned beams be in perfect balance at all times during 
its slow motion. If each member has a uniform weight 
of 2 lb/ft and length of 3 ft, determine the necessary 
counterweights W,, W>, and W3 which must be added to the 
ends of each member to keep the system in balance for any 
position. Neglect the size of the counterweights. 


Prob. 6-122 
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6-123. The four-member “A” frame is supported at A and 
E by smooth collars and at G by a pin. All the other joints 
are ball-and-sockets. If the pin at G will fail when the 
resultant force there is 800 N, determine the largest vertical 
force P that can be supported by the frame. Also, what are 
the x, y, z force components which member BD exerts on 
members EDC and ABC? The collars at A and E and the 
pin at G only exert force components on the frame. 


Prob. 6-123 


*6-124. The structure is subjected to the loading shown. 
Member AD is supported by a cable AB and roller at C and 
fits through a smooth circular hole at D. Member ED is 
supported by a roller at D and a pole that fits in a smooth 
snug circular hole at E. Determine the x, y, z components of 
reaction at E and the tension in cable AB. 


z 


Prob. 6-124 


6-125. The three-member frame is connected at its ends 


using ball-and-socket joints. Determine the x, y, z components 


of reaction at B and the tension in member ED. The force 
acting at Dis F = {135i + 200j — 180k} lb. 


Prob. 6-125 


6-126. The structure is subjected to the loadings shown. 
Member AB is supported by a ball-and-socket at A and 
smooth collar at B. Member CD is supported by a pin at C. 
Determine the x, y, z components of reaction at A and C. 


Prob. 6-126 
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Simple Truss 


A simple truss consists of triangular 
elements connected together by pinned 
joints. The forces within its members 
can be determined by assuming the 
members are all two-force members, 
connected concurrently at each joint. 
The members are either in tension or 
compression, or carry no force. 


Method of Joints 


The method of joints states that if a truss 
is in equilibrium, then each of its joints 
is also in equilibrium. For a plane truss, 
the concurrent force system at each 
joint must satisfy force equilibrium. 


To obtain a numerical solution for the 
forces in the members, select a joint that 
has a free-body diagram with at most 
two unknown forces and one known 
force. (This may require first finding the 
reactions at the supports.) 


Once a member force is determined, use 
its value and apply it to an adjacent joint. 


Remember that forces that are found to 
pull on the joint are tensile forces, and 
those that push on the joint are 
compressive forces. 


To avoid a simultaneous solution of two 
equations, set one of the coordinate axes 
along the line of action of one of the 
unknown forces and sum _ forces 
perpendicular to this axis. This will allow 
a direct solution for the other unknown. 


The analysis can also be simplified by 
first identifying all the zero-force 
members. 
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Roof truss 


500 N 


45° F . 
Fz, (tension) ‘gc (compression) 
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Method of Sections 


The method of sections states that if a 
truss is in equilibrium, then each 
segment of the truss is also in 
equilibrium. Pass a section through the 
truss and the member whose force is to 
be determined. Then draw the free-body 
diagram of the sectioned part having the 
least number of forces on it. 


Sectioned members subjected to pulling 
are in tension, and those that are 
subjected to pushing are in compression. 


Three equations of equilibrium are 
available to determine the unknowns. 


If possible, sum forces in a direction that 

is perpendicular to two of the three ~1000 N + Foc sin 45° = 0 
unknown forces. This will yield a direct 

solution for the third force. Foc = 1.41 KN (T) 


Sum moments about the point where 
the lines of action of two of the three 
unknown forces intersect, so that the 1000 N(4m) — Fo, (2m) = 0 
third unknown force can be determined For = 2kN(C) 
directly. 


G4+>Mc =0 


Space Truss 


A space truss is a three-dimensional truss 
built from tetrahedral elements, and is 
analyzed using the same methods as for 
plane trusses. The joints are assumed to 
be ball and socket connections. 


Frames and Machines 


Frames and machines are structures that 
contain one or more multiforce members, 
that is, members with three or more 
forces or couples acting on them. 
Frames are designed to support loads, 
and machines transmit and alter the 
effect of forces. 


The forces acting at the joints of a frame 
or machine can be determined by 
drawing the free-body diagrams of each 
of its members or parts. The principle of 
action-reaction should be carefully 
observed when indicating these forces 
on the free-body diagram of each 
adjacent member or pin. For a coplanar 
force system, there are three equilibrium 
equations available for each member. 


To simplify the analysis, be sure to 
recognize all two-force members. They 
have equal but opposite collinear forces 
at their ends. 
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Multi-force 


member 
Two-force 


member 


/ 


F yp! 
| 


5 G 4 
Action-reaction 
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s&s REVIEW PROBLEMS 


6-127. Determine the clamping force exerted on the ¢6-129. Determine the force in each member of the truss 
smooth pipe at B if a force of 20 lb is applied to the handles and state if the members are in tension or compression. 
of the pliers. The pliers are pinned together at A. 


20 Ib 


20 Ib 
Prob. 6-127 Prob. 6-129 
*6-128. Determine the forces which the pins at A and 6-130. The space truss is supported by a ball-and-socket 
B exert on the two-member frame which supports the joint at D and short links at C and E. Determine the force in 
100-kg crate. each member and state if the members are in tension or 


compression. Take F, = {—500k} lb and F, = {400j} lb. 


6-131. The space truss is supported by a ball-and-socket 
joint at D and short links at C and E. Determine the force 
in each member and state if the members are in tension 
or compression. Take F, = {200i + 300j — 500k} Ib and 
F, = {400j} lb. 

ke 0.8m “+ 0.6 m 


Prob. 6-128 Probs. 6-130/131 


*6-132. Determine the horizontal and vertical components 
of reaction that the pins A and B exert on the two-member 
frame. Set F = 0. 


¢6-133. Determine the horizontal and vertical components 
of reaction that pins A and B exert on the two-member 
frame. Set F = SOON. 


Probs. 6-132/133 


6-134. The two-bar mechanism consists of a lever arm AB 
and smooth link CD, which has a fixed smooth collar at its 
end C and a roller at the other end D. Determine the force P 
needed to hold the lever in the position 0. The spring has a 
stiffness k and unstretched length 2L. The roller contacts 
either the top or bottom portion of the horizontal guide. 


Prob. 6-134 
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6-135. Determine the horizontal and vertical components 
of reaction at the pin supports A and EF of the compound 
beam assembly. 


Prob. 6-135 


*6-136. Determine the force in members AB, AD, and AC 
of the space truss and state if the members are in tension or 
compression. 


F = {—600k} Ib 


Prob. 6-136 


ee= rer bet bt Bt Bet er Bt 


La 
\ Po 
te ; 
Peta “ 
, an 
, - 
- , 3 
Se 
ee ; 
_. aps 
« ; i? vn 
s . a. 
ba - ; ! => 
s pe 
. . ; ‘ 
- a p 
>! ang 
, . j efor 
. a © P - Se —— 
s ' . 8 . . 
a tg 
. al . * 
— . 5 " 
— Pee y : 
LEELA) saa 
— - et . : 


These reinforcing rods will be encased in concrete in order to create a building column. 


The internal loadings developed within the material resist the external loading that is 
to be placed upon the column. 


Internal Forces 


CHAPTER OBJECTIVES 


® To show how to use the method of sections to determine the 
internal loadings in a member. 


© To generalize this procedure by formulating equations that can be 
plotted so that they describe the internal shear and moment 
throughout a member. 


© To analyze the forces and study the geometry of cables supporting 
a load. 


7.1 Internal Forces Developed in 
Structural Members 


To design a structural or mechanical member it is necessary to know the 
loading acting within the member in order to be sure the material can 
resist this loading. Internal loadings can be determined by using the 
method of sections.To illustrate this method, consider the cantilever beam 
in Fig. 7-1a. If the internal loadings acting on the cross section at point B 
are to be determined, we must pass an imaginary section a—a perpendicular 
to the axis of the beam through point B and then separate the beam into 
two segments. The internal loadings acting at B will then be exposed and 
become external on the free-body diagram of each segment, Fig. 7—1b. 


P, 
P. 
a 2 A, Mz 
= a 
oa Np 
My, B 


Fig. 7-1 
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Fig. 7-1 


The force component Nz that acts perpendicular to the cross section, is 
termed the normal force. The force component Vz that is tangent to the 
cross section is called the shear force, and the couple moment Mz is 
referred to as the bending moment. The force components prevent the 
relative translation between the two segments, and the couple moment 
prevents the relative rotation. According to Newton’s third law, these 
loadings must act in opposite directions on each segment, as shown in 
Fig. 7-1b. They can be determined by applying the equations of 
equilibrium to the free-body diagram of either segment. In this case, 
however, the right segment is the better choice since it does not involve 
the unknown support reactions at A. A direct solution for Nz is obtained 
by applying =F, = 0, Vz is obtained from =F, = 0, and Mz can be 
obtained by applying =~ Mz = 0, since the moments of Nz and Vz about 
B are zero. 

In two dimensions, we have shown that three internal loading 
resultants exist, Fig. 7-2a; however in three dimensions, a general 
internal force and couple moment resultant will act at the section. The x, 
y, Z components of these loadings are shown in Fig. 7-2b. Here N, is the 
In each case, the link on the backhoe is a normal force, and V, and V, are shear force components. My is a 
two-force member. In the top photo it is torsional or twisting moment, and M, and M, are bending moment 
eed oe eee components. For most applications, these resultant loadings will act at the 
load at its center. By making the member : ; 3 : 
straight, as in the bottom photo, then only geometric center or centroid (C) of the section’s cross-sectional area. 
an axial force acts within the member. Although the magnitude for each loading generally will be different at 
various points along the axis of the member, the method of sections can 
always be used to determine their values. 


Bending moment 
components 


Normal force 


\ = 
—>wN 
M 


Normal force 
( Va Torsional moment 
Shear force ; 
ee | Bending moment 


N, M, 
= rag —y 
(a) “Vv 
ae 
Shear force components 


x (b) 
Fig. 7-2 


7.1. INTERNAL FORCES DEVELOPED IN STRUCTURAL MEMBERS 


Sign Convention. Engineers generally use a sign convention to 
report the three internal loadings N, V, and M. Although this sign 
convention can be arbitrarily assigned, the one that is widely accepted 
will be used here, Fig. 7-3. The normal force is said to be positive if it 
creates tension, a positive shear force will cause the beam segment on 
which it acts to rotate clockwise, and a positive bending moment will 
tend to bend the segment on which it acts in a concave upward manner. 
Loadings that are opposite to these are considered negative. 

If the member is subjected to a three-dimensional external loading, 
then the internal loadings are usually expressed as positive or negative, 
in accordance with an established x, y, z coordinate system such as shown 
in Fig. 7-2. 


Procedure for Analysis 


The method of sections can be used to determine the internal 
loadings on the cross section of a member using the following 
procedure. 


Support Reactions. 


® Before the member is sectioned, it may first be necessary to 
determine its support reactions, so that the equilibrium equations 
can be used to solve for the internal loadings only after the 
member is sectioned. 


Free-Body Diagram. 


© Keep all distributed loadings, couple moments, and forces acting 
on the member in their exact locations, then pass an imaginary 
section through the member, perpendicular to its axis at the point 
where the internal loadings are to be determined. 


After the section is made, draw a free-body diagram of the 
segment that has the least number of loads on it, and indicate the 
components of the internal force and couple moment resultants 
at the cross section acting in their postive directions to the 
established sign convention. 


Equations of Equilibrium. 


° Moments should be summed at the section. This way the normal 
and shear forces at the section are elminated, and we can obtain a 
direct solution for the moment. 


If the solution of the equilibrium equations yields a negative 


scalar, the sense of the quantity is opposite to that shown on the 
free-body diagram. 


N N 
— 


Positive normal force 


Positive shear 


=) 


Positive moment 


The designer of this shop crane 
realized the need for additional 
reinforcement around the joint in 
order to prevent severe internal 
bending of the joint when a large load 
is suspended from the chain hoist. 
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EXAMPLE | 7.1 


Determine the normal force, shear force, and bending moment acting 
just to the left, point B, and just to the right, point C, of the 6-kN force 
on the beam in Fig. 74a. 


SOLUTION 

Support Reactions. The free-body diagram of the beam is shown 
in Fig. 7-4b. When determining the external reactions, realize that the 
9-kN+m couple moment is a free vector and therefore it can be 
placed anywhere on the free-body diagram of the entire beam. Here 
we will only determine A,, since the left segments will be used for the 
analysis. 


G+2ZMp = 0; 9kKN-m + (6KN)(6m) — A,(9m) = 0 

Ay oN 
Free-Body Diagrams. The free-body diagrams of the left segments 
AB and AC of the beam are shown in Figs. 7—-4c and 7-4d. In this case 
the 9-kN - m couple moment is not included on these diagrams since it 
must be kept in its original position until after the section is made and 
the appropriate segment is isolated. 
Equations of Equilibrium. 

Segment AB 

4 YF. = 0; Ne) 
+TXF, = 0; 5kKN-Vg=0 Vg =5kN 


Segment AC 
+4 YF, = 0; Ne =O Ans. 
+T2F,=0; SkN-6kKN-Ve=0 Vce=-1kN Ans. 
G+2Mc = 0; -(5kKN)(3m)+Mc=0 Mc=15kN-m Ans. 


NOTE: The negative sign indicates that V_. acts in the opposite sense 
to that shown on the free-body diagram. Also, the moment arm for the 
5-kN force in both cases is approximately 3 m since B and C are 
“almost” coincident. 


7.1. INTERNAL FORCES DEVELOPED IN STRUCTURAL MEMBERS 


EXAMPLE | 7.2 


Determine the normal force, shear force, and bending moment at C 
of the beam in Fig. 7-Sa. 


1200 N/m 


1200 N/m 


SOLUTION $(600 N/m)(1.5 m) 


Free-Body Diagram. It is not necessary to find the support 600N/m{i~~--- 


reactions at A since segment BC of the beam can be used to ft 
Nc 


determine the internal loadings at C. The intensity of the triangular \Y 
distributed load at C is determined using similar triangles from the Lec 


geometry shown in Fig. 7-5), i.e., ©) 


lesen 
= (1200 N ~~ |= N 
Wc = (1200 /m) ( 3 ) 600 N/m 
The distributed load acting on segment BC can now be replaced by its 


resultant force, and its location is indicated on the free-body diagram, 
Fig. 7-Sc. 


Equations of Equilibrium 
Ne — 0 
Vc — 5(600 N/m)(1.5 m) = 0 
Vo = 450 N 
—Mc — 5(600 N/m)(1.5 m)(0.5 m) = 0 
Me = —225N Ans. 


The negative sign indicates that M¢ acts in the opposite sense to that 
shown on the free-body diagram. 
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EXAMPLE | 7.3 


INTERNAL FORCES 


Determine the normal force, shear force, and bending moment acting 
at point B of the two-member frame shown in Fig. 7-6a. 


SOLUTION 

Support Reactions. A free-body diagram of each member is 
shown in Fig. 7-6b. Since CD is a two-force member, the equations of 
equilibrium need to be applied only to member AC. 


G+ZM, = 0; —400 Ib (4 ft) + (3) Foc (8 ft) =0 Foc = 333.3 1b 


se (th —A, + (2)(33331b) =0 A, = 266.7 Ib 


+T2F,=0; A, — 4001b + (3)G33.31b)=0 A, = 2001b 


200 Ib 
2 ft--}--2 ft—~ 


Free-Body Diagrams. Passing an imaginary section perpendicular 
to the axis of member AC through point B yields the free-body 
diagrams of segments AB and BC shown in Fig. 7-6c. When 
constructing these diagrams it is important to keep the distributed 
loading where it is until after the section is made. Only then can it be 
replaced by a single resultant force. 


Equations of Equilibrium. Applying the equations of equilibrium 
to segment AB, we have 


+4 YF, = 0; Nz — 266.7lb=0 Ng=267lb Ans. 
+P IF, =0; 2001b-200Ilb-Vzg=0 Vg=0 Ans. 

G+=M,=0; Mz — 200 lb (4 ft) + 200 lb (2 ft) = 0 
Mz = 400 Ib: ft Ans. 


NOTE: Asan exercise, try to obtain these same results using segment BC. 
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EXAMPLE | 7.4 


Determine the normal force, shear force, and bending moment acting 
at point E of the frame loaded as shown in Fig. 7—7a. 


SOLUTION 


Support Reactions. By inspection, members AC and CD are two- 
force members, Fig. 7—7b. In order to determine the internal loadings 
at E, we must first determine the force R acting at the end of member 
AC. To obtain it, we will analyze the equilibrium of the pin at C. 

Summing forces in the vertical direction on the pin, Fig. 7-7b, we 
have 


+TIF, = 0; Rsin 45° — 600N = 0 R= 848.5N 


Free-Body Diagram. The free-body diagram of segment CE is 
shown in Fig. 7—7c. 


Equations of Equilibrium. 


4 =F, = 0; 848.5 cos 45° N — Vz; = 0 Vz = 600N Ans. 
+) Ze, = 0; —848.5 sin 45°N + Ne =0 Ne = 600N Ans. 


G+SMg = 0; 848.5 cos 45°N(0.5 m)—Mg=0 Mg =300N-m Ans. 


NOTE: These results indicate a poor design. Member AC should be 
straight (from A to C) so that bending within the member is 
eliminated. If AC were straight then the internal force would only 
create tension in the member. 
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EXAMPLE | 7.5 


The uniform sign shown in Fig. 7-8a has a mass of 650 kg and is 
supported on the fixed column. Design codes indicate that the 
expected maximum uniform wind loading that will occur in the area 
where it is located is 900 Pa. Determine the internal loadings at A. 


SOLUTION 


The idealized model for the sign is shown in Fig. 7-8b. Here the 
necessary dimensions are indicated. We can consider the free-body 
diagram of a section above point A since it does not involve the 
support reactions. 


Free-Body Diagram. The sign has a weight of W = 650(9.81) N = 
6.376kN, and the wind creates a resultant force of F,= 
900 N/m?(6 m)(2.5 m) = 13.5 kN, which acts perpendicular to the 
face of the sign. These loadings are shown on the free-body diagram, 
Fig. 7-8c. 


Equations of Equilibrium. Since the problem is three dimensional, 
a vector analysis will be used. 


xF = 0; F, — 13.51 — 6.376k = 0 


F, = {13.51 + 6.38k} kN 
M, +4 xX (F, + W) =0 
ij ok 


M, + 0 35) 
—135990 ) —6:376 


M, = {19.1i + 70.9] — 40.5k} kN-m 


NOTE: Here F, = {6.38k} kN represents the normal force, whereas 
F, = {13.5i} kN is the shear force. Also, the torsional moment is 
My. = {—40.5k} kN-m, and the bending moment is determined from 
its components My, = {19.1i}kKN-m and My, = {70.9j} KN-m; 


Le, (Mya = V(My)? + (M4)e = 73.4kN-m. 
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ce FUNDAMENTAL PROBLEMS 


F7-1. Determine the normal force, shear force, and 
moment at point C. 


10 kN 15 kN 


F7-2. Determine the normal force, shear force, and 
moment at point C. 


10 kN 


30kN-m 


Se 
1.5m i 1.5m | 1.5m t a 


F7-2 


F7-3. Determine the normal force, shear force, and 
moment at point C. 


3 kip /ft 


L 6 ft ——-— 4.5 ft i 4.5 ft —+ 
F7-3 


F7-4. Determine the normal force, shear force, and 
moment at point C. 


7 kN 


A 
nt B 


kK ‘sat ent va eae 


F7-4 


F7-5. Determine the normal force, shear force, and 
moment at point C. 


9kN/m 


F7-6. Determine the normal force, shear force, and 
moment at point C. Assume A is pinned and B is a roller. 


6kN/m 
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[PROBLEMS 


e7-1. Determine the internal normal force and shear 
force, and the bending moment in the beam at points C and 
D.Assume the support at B is a roller. Point C is located just 
to the right of the 8-kip load. 


8 kip 


40 kip - ft 


Prob. 7-1 


7-2. Determine the shear force and moment at points C 
and D. 


500 Ib 200 Ib 300 Ib 
| i- | 
il 


Cc D 


A 


6 ft -— 4 ft 4 ft—- 6 ft > 


Prob. 7-2 


7-3. Determine the internal normal force, shear force, and 
moment at point C in the simply supported beam. Point C is 
located just to the right of the 1500-lb - ft couple moment. 


500 Ib /ft 


a C1500 Ib - ft 
L 6 ft -__6 ft i 


Prob. 7-3 


*7-4, Determine the internal normal force, shear force, 
and moment at points E and F in the beam. 


MTL 
ise ie a tee aed 


Prob. 7-4 


e7-5. Determine the internal normal force, shear force, 
and moment at point C. 


Prob. 7-5 
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7-6. Determine the internal normal force, shear force, and 
moment at point C in the simply supported beam. 


4kN/m 


Prob. 7-6 


7-7. Determine the internal normal force, shear force, and 
moment at point C in the cantilever beam. 


Nid 
+— 

Nie 
——— 


Prob. 7-7 


*7-8. Determine the internal normal force, shear force, 
and moment at points C and D in the simply supported 
beam. Point D is located just to the left of the 5-kN force. 


5kN 
3 kN/m 
A B 
Cc D 
k-1.5m 1.5m 3m - 
Prob. 7-8 


e7-9. The bolt shank is subjected to a tension of 80 Ib. 
Determine the internal normal force, shear force, and 
moment at point C. 


Prob. 7-9 


7-10. Determine the internal normal force, shear force, 
and moment at point C in the double-overhang beam. 


3kN/m 


B 


A a C 
ioe bree se bree 


Prob. 7-10 


7-11. Determine the internal normal force, shear force, 
and moment at points C and D in the simply supported 
beam. Point D is located just to the left of the 10-kN 
concentrated load. 


10 kN 
6kN/m 


Wp 
———SSeESEES 
, | | oa ional 


Prob. 7-11 
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*7-12. Determine the internal normal force, shear force, 
and moment in the beam at points C and D. Point D is just 
to the right of the 5-kip load. 


5 kip 


0.5 kip /ft 


C D 
6 ft | 6 ft—++-— 6 ft | 6 ft — 


Prob. 7-12 


e7-13. Determine the internal normal force, shear force, 
and moment at point D of the two-member frame. 


7-14. Determine the internal normal force, shear force, 
and moment at point E of the two-member frame. 


300 N/m 


_ | 


Probs. 7-13/14 


7-15. Determine the internal normal force, shear force, 
and moment acting at point C and at point D, which is 
located just to the right of the roller support at B. 


300 Ib /ft 


Co a 


Prob. 7-15 


*7-16. Determine the internal normal force, shear force, 
and moment in the cantilever beam at point B. 


Prob. 7-16 


e7-17. Determine the ratio of a/b for which the shear force 
will be zero at the midpoint C of the double-overhang beam. 


eoob ttt ttt 
Oy 


A C 7 
a | b/2—--— b /2—~- a 
Prob. 7-17 


7-18. Determine the internal normal force, shear force, 
and moment at points D and F in the overhang beam. Point 
D is located just to the left of the roller support at B, where 
the couple moment acts. 


2kN/m 6kN-m 


A B 


D E 
k—— 3m las m- 1.5 m> 


Prob. 7-18 
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7-19. Determine the distance a in terms of the beam’s 
length L between the symmetrically placed supports A 
and B so that the internal moment at the center of the 
beam is zero. 


Prob. 7-19 


*7-20. Determine the internal normal force, shear force, 
and moment at points D and E in the compound beam. 
Point E is located just to the left of the 10-kN concentrated 
load. Assume the support at A is fixed and the connection at 
Bisapin. 


10 kN 


FAD IE ‘i 
L1sm 1.5 m—--1.5 m eee 


Prob. 7-20 


e721. Determine the internal normal force, shear force, 
and moment at points F and G in the compound beam. Point 
Fis located just to the right of the 500-lb force, while point G 
is located just to the right of the 600-Ib force. 


600 Ib 


2ft 2 ft 2 ft >| 


Prob. 7-21 
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7-22. The stacker crane supports a 1.5-Mg boat with the 
center of mass at G. Determine the internal normal force, 
shear force, and moment at point D in the girder. The trolley 
is free to roll along the girder rail and is located at the 
position shown. Only vertical reactions occur at A and B. 


Prob. 7-22 


7-23. Determine the internal normal force, shear force, 
and moment at points D and EF in the two members. 


Prob. 7-23 
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*7-24. Determine the internal normal force, shear force, 7-26. The beam has a weight w per unit length. Determine 
and moment at points F and E in the frame. The crate the internal normal force, shear force, and moment at point 
weighs 300 lb. C due to its weight. 


Prob. 7-24 Prob. 7-26 
e7-25. Determine the internal normal force, shear force, 7-27. Determine the internal normal force, shear force, 
and moment at points D and E of the frame which supports and moment acting at point C. The cooling unit has a total 
the 200-1b crate. Neglect the size of the smooth peg at C. mass of 225 kg with a center of mass at G. 


<a 45 ft 


Prob. 7-25 Prob. 7-27 
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*7-28. The jack AB is used to straighten the bent beam 
DE using the arrangement shown. If the axial compressive 
force in the jack is 5000 lb, determine the internal moment 
developed at point C of the top beam. Neglect the weight of 
the beams. 


e7-29. Solve Prob. 7-28 assuming that each beam has a 
uniform weight of 150 lb/ft. 


Probs. 7—28/29 


7-30. The jib crane supports a load of 750 lb from the 
trolley which rides on the top of the jib. Determine the 
internal normal force, shear force, and moment in the jib at 
point C when the trolley is at the position shown. The crane 
members are pinned together at B, FE and F and supported 
by a short link BH. 


7-31. The jib crane supports a load of 750 lb from the 
trolley which rides on the top of the jib. Determine 
the internal normal force, shear force, and moment in the 
column at point D when the trolley is at the position shown. 
The crane members are pinned together at B, E and F and 
supported by a short link BH. 


Probs. 7-30/31 
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*7-32. Determine the internal normal force, shear force, 
and moment acting at points B and C on the curved rod. 


500 Ib 


Prob. 7-32 


e7-33. Determine the internal normal force, shear force, 
and moment at point D which is located just to the right of 
the 50-N force. 


50 N 


Prob. 7-33 
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7-34. Determine the x, y, z components of internal loading 
at point C in the pipe assembly. Neglect the weight of the 
pipe. The load is F, = {—24i —10k} lb, F, = {—80i} lb, 


and M = {—30k} Ib: ft. 


Prob. 7-34 


7-35. Determine the x, y, z components of internal loading 
at a section passing through point C in the pipe assembly. 
Neglect the weight of the pipe. Take F, = {350j — 400k} Ib 
and F, = {150i — 300k} lb. 


*7-36. Determine the x, y, z components of internal loading at 
a section passing through point C in the pipe assembly. Neglect 
the weight of the pipe. Take F; = {—80i + 200j — 300k} Ib 
and F, = {250i — 150j — 200k} Ib. 


Probs. 7-35/36 


e7-37. The shaft is supported by a thrust bearing at A and 
a journal bearing at B. Determine the x, y, z components of 
internal loading at point C. 


Prob. 7-37 


7-38. Determine the x, y, z components of internal loading 
in the rod at point D. There are journal bearings at A, B, 
and C. Take F = {7i — 12j — 5k} KN. 


7-39. Determine the x, y, z components of internal loading 
in the rod at point FE. Take F = {7i — 12j — 5k} KN. 


0.75 m 


Mm 


ee 
0.2m 2-6 ae SS m 
y 


Probs. 7-38/39 
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*7,.2 Shear and Moment Equations and 
Diagrams 


Beams are structural members designed to support loadings applied 

perpendicular to their axes. In general, they are long and straight and have 

a constant cross-sectional area. They are often classified as to how they are 

supported. For example, a simply supported beam is pinned at one end 

and roller supported at the other, as in Fig. 7-9a, whereas a cantilevered 

beam is fixed at one end and free at the other. The actual design of a beam 

requires a detailed knowledge of the variation of the internal shear force 

V and bending moment M acting at each point along the axis of the beam.* 
These variations of V and M along the beam’s axis can be obtained by 

using the method of sections discussed in Sec. 7.1. In this case, however, it 

is necessary to section the beam at an arbitrary distance x from one end To save on material and thereby produce 

and then apply the equations of equilibrium to the segment having the an efficient design, these beams, also called 

length x. Doing this we can then obtain V and M as functions of x. eee Ey Suen Loita One 
In general, the internal shear and bending-moment functions will be. ine siiaports, ommienmahan aie ea i 

discontinuous, or their slopes will be discontinuous, at points where a of the span. 

distributed load changes or where concentrated forces or couple 

moments are applied. Because of this, these functions must be 

determined for each segment of the beam located between any two 

discontinuities of loading. For example, segments having lengths x,, x2, 

and x3 will have to be used to describe the variation of V and M along 

the length of the beam in Fig. 7—9a. These functions will be valid only 

within regions from O to a for x,, from a to b for x2, and from b to L for 

x3. If the resulting functions of x are plotted, the graphs are termed the 

shear diagram and bending-moment diagram, Fig. 7-9b and Fig. 7—9c, 

respectively. 


*The internal normal force is not considered for two reasons. In most cases, the loads 
applied to a beam act perpendicular to the beam’s axis and hence produce only an internal 
shear force and bending moment. And for design purposes, the beam’s resistance to shear, 
and particularly to bending, is more important than its ability to resist a normal force. 
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Positive shear 
M M 
Positive moment 
M M 


Beam sign convention 


Fig. 7-10 


This extended towing arm must resist both 
bending and shear loadings throughout its 
length due to the weight of the vehicle. The 
variation of these loadings must be known 
if the arm is to be properly designed. 


Procedure for Analysis 


The shear and bending-moment diagrams for a beam can be 
constructed using the following procedure. 


Support Reactions. 


® Determine all the reactive forces and couple moments acting on 


the beam and resolve all the forces into components acting 
perpendicular and parallel to the beam’s axis. 


Shear and Moment Functions. 


Specify separate coordinates x having an origin at the beam’s left 
end and extending to regions of the beam between concentrated 
forces and/or couple moments, or where the distributed loading is 
continuous. 


Section the beam at each distance x and draw the free-body 
diagram of one of the segments. Be sure V and M are shown 
acting in their positive sense, in accordance with the sign 
convention given in Fig. 7-10. 


The shear V is obtained by summing forces perpendicular to the 
beam’s axis. 


The moment M is obtained by summing moments about the 
sectioned end of the segment. 


Shear and Moment Diagrams. 


Plot the shear diagram (V versus x) and the moment diagram (M 
versus x). If computed values of the functions describing V and M 
are positive, the values are plotted above the x axis, whereas 
negative values are plotted below the x axis. 


Generally, it is convenient to plot the shear and bending-moment 
diagrams directly below the free-body diagram of the beam. 
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EXAMPLE | 7.6 


Draw the shear and moment diagrams for the shaft shown in Fig. 7-11a. 
The support at A is a thrust bearing and the support at C is a journal 
bearing. 


SOLUTION 


Support Reactions. The support reactions are shown on the shaft’s 
free-body diagram, Fig. 7-11d. 


Shear and Moment Functions. The shaft is sectioned at an 
arbitrary distance x from point A, extending within the region AB, 
and the free-body diagram of the left segment is shown in Fig. 7-11b. 
The unknowns V and M are assumed to act in the positive sense on the 
right-hand face of the segment according to the established sign 
convention. Applying the equilibrium equations yields 


+TIF, = 0; i= 2 kN (1) 
G+=M = 0; M =2.5xkN-m (2) 
A free-body diagram for a left segment of the shaft extending a 


distance x within the region BC is shown in Fig. 7-11c. As always, V 
and M are shown acting in the positive sense. Hence, 


+TIF, = 0; 2.5kN —5kN -V =0 
V = -2.5kN (3) 
G+2M=0; M+ 5kN(x — 2m) — 25kN(x) =0 
M = (10 — 2.5x) KN-m (4) 


Shear and Moment Diagrams. When Eqs. 1 through 4 are plotted 
within the regions in which they are valid, the shear and moment 
diagrams shown in Fig. 7—-11d are obtained. The shear diagram indicates 
that the internal shear force is always 2.5 kN (positive) within segment 
AB. Just to the right of point B, the shear force changes sign and remains 
at a constant value of —2.5 kN for segment BC. The moment diagram 
starts at zero, increases linearly to point B at x =2m, where 
Max = 2.5 kKN(2m) = 5 kN-m, and thereafter decreases back to zero. 


NOTE: It is seen in Fig. 7-1ld that the graphs of the shear and 
moment diagrams are discontinuous where the concentrated force 
acts, 1e., at points A, B, and C. For this reason, as stated earlier, it is 
necessary to express both the shear and moment functions separately 
for regions between concentrated loads. It should be realized, 
however, that all loading discontinuities are mathematical, arising 
from the idealization of a concentrated force and couple moment. 
Physically, loads are always applied over a finite area, and if the actual 
load variation could be accounted for, the shear and moment 
diagrams would then be continuous over the shaft’s entire length. 


V=-25 
Milas = 5 
= (10 — 2.5x) 
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EXAMPLE | 7.7 


Draw the shear and moment diagrams for the beam shown in 
Fig. 7-12a. 


SOLUTION 


Support Reactions. The support reactions are shown on the 
beam’s free-body diagram, Fig. 7—-12c. 


Shear and Moment Functions. A free-body diagram for a left 
segment of the beam having a length x is shown in Fig. 7-125. Due to 
proportional triangles, the distributed loading acting at the end of this 
segment has an intensity of w/x = 6/9 or w = (2/3)x. It is replaced by 
a resultant force after the segment is isolated as a free-body diagram. 
The magnitude of the resultant force is equal to }(x)(3x) = 4x7. This 
force acts through the centroid of the distributed loading area, a 
distance }x from the right end. Applying the two equations of 
equilibrium yields 


+TX=F, = 0; 


=) 
=(9-~)xn 
V (s 3 


1 
M +ir() — 9x =0 


m= (9r-%) kom (2) 


Shear and Moment Diagrams. The shear and moment diagrams 
shown in Fig. 7-12c are obtained by plotting Eqs. 1 and 2. 
The point of zero shear can be found using Eq. 1: 


x% = 520m 


NOTE: It will be shown in Sec. 7-3 that this value of x happens to 
represent the point on the beam where the maximum moment occurs. 
x(m) Using Eq. 2, we have 


(5.20) 


Mee (915.20 - ) kN-m 


= 31.2kN:m 
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et FUNDAMENTAL PROBLEMS 


F7-7. Determine the shear and moment as a function of x, 
and then draw the shear and moment diagrams. 


3m | 


F7-7 


F7-8. Determine the shear and moment as a function of x, 
and then draw the shear and moment diagrams. 


2 kip/ft 


15 kip - ft 


F7-9. Determine the shear and moment as a function of x, 
and then draw the shear and moment diagrams. 


6kN/m 


sled 


F7-9 


F7-10. Determine the shear and moment as a function of 
x, and then draw the shear and moment diagrams. 


F7-10 


F7-11. Determine the shear and moment as a function of 
x, where 0 = x < 3mand3m < x = 6m, and then draw 
the shear and moment diagrams. 


F7-11 


F7-12. Determine the shear and moment as a function of 
x, where 0 S x < 3mand3m < x <6m, and then draw 
the shear and moment diagrams. 
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ETPROBLEMS 


*7-40. Draw the shear and moment diagrams for the 
beam (a) in terms of the parameters shown; (b) set 
P = 800 1b, a = S ft, L = 12 ft. 


P P 


Wir _ =z 
= — 


Prob. 7-40 


e7-41. Draw the shear and moment diagrams for the 
simply supported beam. 


Prob. 7-41 


7-42. Draw the shear and moment diagrams for the beam 
ABCDE. All pulleys have a radius of 1 ft. Neglect the weight 


of the beam and pulley arrangement. The load weighs 500 lb. 


Prob. 7-42 


7-43. Draw the shear and moment diagrams for the 
cantilever beam. 


2kN/m 
E | 
6kN-m 
L 2m 
Prob. 7-43 


*7-44, Draw the shear and moment diagrams for the 
beam (a) in terms of the parameters shown; (b) set 
My = 500N-m,L = 8m. 


e7-45. If L = 9m, the beam will fail when the maximum 
shear force is Vax =5 KN or the maximum bending 
moment is M4, = 22 kN-m. Determine the largest couple 
moment Mp the beam will support. 


——: 


Probs. 7—44/45 


7-46. Draw the shear and moment diagrams for the 
simply supported beam. 


Prob. 7-46 
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7-47. Draw the shear and moment diagrams for the 
simply supported beam. 


300 N/m 


Prob. 7-47 


*7-48. Draw the shear and moment diagrams for the 
overhang beam. 


8kN/m 


7-50. Draw the shear and moment diagrams for the beam. 


250 Ib /ft 
150 Ib - tt sat | 150 Ib ft 
Prob. 7-50 


7-51. Draw the shear and moment diagrams for the beam. 


1.5 kN/m 


Prob. 7-48 


e7-49. Draw the shear and moment diagrams for the 
beam. 


Prob. 7-49 


Prob. 7-51 


*7-52. Draw the shear and moment diagrams for the 
simply supported beam. 


150 lb/ft 


i Ib - ft 


GB 


. 12 ft | 


Prob. 7-52 
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e7-53. Draw the shear and moment diagrams for the beam. 


30 Ib /ft 


180 lb - ft 


B—2 Cl 
Pi 


Prob. 7-53 


7-54. If L = 18 ft, the beam will fail when the maximum 
shear force is V,,,, = 800 1b, or the maximum moment is 
Mmax = 1200 Ib - ft. Determine the largest intensity w of the 
distributed loading it will support. 


*7-56. Draw the shear and moment diagrams for the 
cantilevered beam. 


200 Ib /ft 


Prob. 7-56 


e7-57. Draw the shear and moment diagrams for the 
overhang beam. 


; 


Prob. 7.54 


7-55. Draw the shear and moment diagrams for the beam. 


4 kip /ft 


12 ft \. 12 ft | 


Prob. 7-55 


Prob. 7-57 


7-58. Determine the largest intensity wo of the distributed 
load that the beam can support if the beam can withstand a 
maximum shear force of Vax = 1200 1b and a maximum 
bending moment of Minax = 600 Ib - ft. 


Prob. 7-58 


7.2 SHEAR AND MOMENT EQUATIONS AND DIAGRAMS 353 


7-59. Determine the largest intensity wy of the distributed 7-62. The frustum of the cone is cantilevered from point 
load that the beam can support if the beam can withstand a A. If the cone is made from a material having a specific 
maximum bending moment of M,,, = 20kN:m and a weight of y, determine the internal shear force and moment 
maximum shear force of Vax = 80 KN. in the cone as a function of x. 


Prob. 7-59 Prob. 7-62 
*7-60. Determine the placement a of the roller support B 7-63. Express the internal shear and moment components 
so that the maximum moment within the span AB is acting in the rod as a function of y, where 0 S y S 4 ft. 


equivalent to the moment at the support B. 


| 
AE ; 


+ a -| 
L -| 


Prob. 7-60 
Prob. 7-63 
e7-61. The compound beam is fix supported at A, pin *7-64. Determine the normal force, shear force, and 
connected at B and supported by a roller at C. Draw the moment in the curved rod as a function of 0. 


shear and moment diagrams for the beam. 


500 Ib /ft 


Prob. 7-61 Prob. 7-64 
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*7.3 Relations between Distributed 
Load, Shear, and Moment 


If a beam is subjected to several concentrated forces, couple moments, 
and distributed loads, the method of constructing the shear and bending- 
moment diagrams discussed in Sec. 7-2 may become quite tedious. In this 
section a simpler method for constructing these diagrams is discussed—a 
method based on differential relations that exist between the load, shear, 
and bending moment. 


Distributed Load. Consider the beam AD shown in Fig. 7-13a, 
which is subjected to an arbitrary load w = w(x) and a series of 
concentrated forces and couple moments. In the following discussion, the 
ra ‘ aie é distributed load will be considered positive when the loading acts upward 
ese power lines, it is important to first . 
draw the shear and moment diagrams for 8 Shown. A free-body diagram for a small segment of the beam having a 
the beam. length Ax is chosen at a point x along the beam which is not subjected to 
a concentrated force or couple moment, Fig. 7-13b. Hence any results 
obtained will not apply at these points of concentrated loading. The 
internal shear force and bending moment shown on the free-body 
diagram are assumed to act in the positive sense according to the 
established sign convention. Note that both the shear force and moment 
acting on the right-hand face must be increased by a small, finite amount 
in order to keep the segment in equilibrium. The distributed loading has 
been replaced by a resultant force AF = w(x) Ax that acts at a 
fractional distance k(Ax) from the right end, where 0 < k < 1 [for 


example, if w(x) is uniform, k = i 


In order to design the beam used to support 


Relation Between the Distributed Load and Shear. If we 
apply the force equation of equilibrium to the segment, then 


w(x) 17 
| 
ikea” +TEF,=0; Vt w(xAx-(V + AV) =0 
hae AV = w(x)Ax 
“| 
( | | y" “— Dividing by Ax, and letting Ax — 0, we get 
V+AV 
“Ax 
(b) slope of __ distributed load Gl) 


shear diagram intensity 


7.3. RELATIONS BETWEEN DISTRIBUTED LOAD, SHEAR, AND MOMENT 


If we rewrite the above equation in the form dV = w(x)dx and perform 
an integration between any two points B and C on the beam, we see that 


AV = [vo dx 


(7-2) 
Changein _ Area under 
shear loading curve 


Relation Between the Shear and Moment. If we apply the 
moment equation of equilibrium about point O on the free-body 
diagram in Fig. 7-135, we get 
G+=M)=0; (M+ AM) — [w(x)Ax] kAx-VAx-M = 0 

AM = VAx + kw(x)Ax’ 


Dividing both sides of this equation by Ax, and letting Ax — 0, yields 


dM 
ie 


Slope of ire) 


3 = Shear 
moment diagram 


In particular, notice that the absolute maximum bending moment 
|M|max occurs at the point where the slope dM/dx = 0, since this is 
where the shear is equal to zero. 

If Eq. 7-3 is rewritten in the form dM = / V dx and integrated 
between any two points B and C on the beam, we have 


AM= |Vdx 
| i 


Changein — Area under 


moment shear diagram 


As stated previously, the above equations do not apply at points where 
a concentrated force or couple moment acts. These two special cases 
create discontinuities in the shear and moment diagrams, and as a result, 
each deserves separate treatment. 


Force. A free-body diagram of a small segment of the beam in 
Fig. 7-13a, taken from under one of the forces, is shown in Fig. 7—14a. 
Here force equilibrium requires 


+TXF, = 0; AV =F (7-5) 
Since the change in shear is positive, the shear diagram will “jump” 


upward when F acts upward on the beam. Likewise, the jump in shear 
(AV) is downward when F acts downward. 
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This concrete beam is used to support the 
deck. Its size and the placement of steel 
reinforcement within it can be determined 
once the shear and moment diagrams have 
been established. 


Couple Moment. If we remove a segment of the beam in Fig. 
7-13a that is located at the couple moment Mbp, the free-body diagram 
shown in Fig. 7-14b results. In this case letting Ax—0, moment 
equilibrium requires 


C+=M =0; AM = My (7-6) 


Thus, the change in moment is positive, or the moment diagram will 
“jump” upward if My is clockwise. Likewise, the jump AM is downward 
when Mj is counterclockwise. 

The examples which follow illustrate application of the above 
equations when used to construct the shear and moment diagrams. After 
working through these examples, it is recommended that you solve 
Examples 7.6 and 7.7 using this method. 


Important Points 


The slope of the shear diagram at a point is equal to the intensity 
of the distributed loading, where positive distributed loading is 
upward, i.e. dV/dx = w(x). 

If a concentrated force acts upward on the beam, the shear will 
jump upward by the same amount. 


The change in the shear AV between two points is equal to the 
area under the distributed-loading curve between the points. 


The slope of the moment diagram at a point is equal to the shear, 
ie.,dM/dx = V. 

The change in the moment AM between two points is equal to 
the area under the shear diagram between the two points. 


If a clockwise couple moment acts on the beam, the shear will not 
be affected; however, the moment diagram will jump upward by 
the amount of the moment. 


Points of zero shear represent points of maximum or minimum 
moment since dM/dx = 0. 


Because two integrations of w = w(x) are involved to first 
determine the change in shear, AV = / w(x) dx, then to 
determine the change in moment, AM = f V dx, then if the 
loading curve w = w(x) is a polynomial of degree n, V = V(x) 
will be a curve of degree n + 1,and M = M(x) will be a curve of 
degree n + 2. 


7.3. RELATIONS BETWEEN DISTRIBUTED LOAD, SHEAR, AND MOMENT 


EXAMPLE | 7.8 


Draw the shear and moment diagrams for the cantilever beam in 
Fig. 7-15a. 


1.5 kN/m 


SOLUTION 


The support reactions at the fixed support B are shown in 
Fig. 7-15b. 


Shear Diagram. The shear at end A is —2 kN. This value is plotted 
at x = 0, Fig. 7-15c. Notice how the shear diagram is constructed by 
following the slopes defined by the loading w. The shear at x = 4 m is 
—5 KN, the reaction on the beam. This value can be verified by finding 
the area under the distributed loading; i.e., 


Vi =4m = Viz-2m + AV = —2KN — (1.5 kN/m)(2m) = —-5kN 


Moment Diagram. The moment of zero at x = 0 is plotted in 
Fig. 7-15d. Construction of the moment diagram is based on knowing 
its slope which is equal to the shear at each point. The change of 
moment from x = 0 to x = 2 m is determined from the area under the 
shear diagram. Hence, the moment at x = 2 m is 


Ml,-am = Ml,-9 + AM = 0 + [-2kN(2m)] = -4kN-m 


This same value can be determined from the method of sections, 
Fig. 7-15e. 


Mz=11kN-m 
1.5kN/m 


w = negative constant 
slope = negative constant 


V = negative constant 
slope = negative constant 


V = negative increasing 


M (kN - m) slope = negative increasing 


4 
0 \_ x (m) 


V=2kN 

FT aes 
| 
(e) 
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EXAMPLE 


w = negative constant 
slope = negative constant 


V = positive decreasing 
slope = positive decreasing 
V = negative constant 
slope = negative constant 
M (kN - m) 


Draw the shear and moment diagrams for the overhang beam in 
Fig. 7-16a. 


SOLUTION 
The support reactions are shown in Fig. 7-16b. 


Shear Diagram. The shear of —2 kN at end A of the beam is plotted 
at x = 0, Fig. 7-16c. The slopes are determined from the loading and 
from this the shear diagram is constructed, as indicated in the figure. 
In particular, notice the positive jump of 10 KN at x = 4 m due to the 
force By, as indicated in the figure. 


Moment Diagram. The moment of zero at x = 0 is plotted, 
Fig. 7-16d, then following the behavior of the slope found from the 
shear diagram, the moment diagram is constructed. The moment at 
x = 4 mis found from the area under the shear diagram. 


M\,-4m = Ml,-9 + AM = 0 + [-2kN(4m)] = -8kN-m 


We can also obtain this value by using the method of sections, as 
shown in Fig. 7-16e. 


V=2kN 


ES 
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EXAMPLE | 7.10 


The shaft in Fig. 7-17a is supported by a thrust bearing at A and a 
journal bearing at B. Draw the shear and moment diagrams. 


120 lb/ft 


Fig. 7-17 
SOLUTION 


The support reactions are shown in Fig. 7-175. 


Shear Diagram. As shown in Fig. 7-17c, the shear at x = 0 is +240. 
Following the slope defined by the loading, the shear diagram is 
constructed, where at B its value is —480 lb. Since the shear changes 
sign, the point where V = 0 must be located. To do this we will use the 
method of sections. The free-body diagram of the left segment of the 
shaft, sectioned at an arbitrary position x within the region 0 = x < 
9 ft, is shown in Fig. 7-17e. Notice that the intensity of the distributed 
load at x is w = 10x, which has been found by proportional triangles, 
ie., 120/12 = w/x. 
Thus, for V = 0, 


+TXF, =0; 240 Ib —4(10x)x = 0 
x = 6.93 ft 


Moment Diagram. The moment diagram starts at 0 since there is 
no moment at A, then it is constructed based on the slope as 
determined from the shear diagram. The maximum moment occurs at 
x = 6.93 ft, where the shear is equal to zero, since dM/dx = V = 0, 
Fig. 7-17e, 


G+EM =0;  Mrax + 5 [(10)(6.93)] 6.93 (5 (6.93))—240(6.93) = 0 


Max = 1109 Ib ft 


Finally, notice how integration, first of the loading w which is linear, 
produces a shear diagram which is parabolic, and then a moment 
diagram which is cubic. 


120 Ib/ft 


linear—, 


‘t 
Ay = 240 Ib B, = 480 Ib 
(b) 
w = negative increasing 
slope = negative increasing 


positive V = negative increasing 
decreasing slope = negative increasing 
M (lb - ft) 


Ay = 240 Ib 
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(ea FUNDAMENTAL PROBLEMS 


F7-13. Draw the shear and moment diagrams for the beam. F7-16. Draw the shear and moment diagrams for the beam. 
8kN 
6kN 
ao 6kN/m 6kN/m 
lm 1m 1m : 
F7-13 
F7-14. Draw the shear and moment diagrams for the beam. F7-17. Draw the shear and moment diagrams for the beam. 


6 kN 6kN/m 6kN/m 


} 1.5m | 1.5m 
F7-14 
F7-15. Draw the shear and moment diagrams for the beam. F7-18. Draw the shear and moment diagrams for the beam. 
12 kip 


6 kip 


F7-15 F7-14 
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PTPROSLEMS 


e7-65. The shaft is supported by a smooth thrust bearing 
at A and a smooth journal bearing at B. Draw the shear and 
moment diagrams for the shaft. 


600 Ib 


400 Ib 
300 Ib 


A B 


-— 2 ft — 


+ 2 ft | 2 ft — 


Prob. 7-65 


7-66. Draw the shear and moment diagrams for the 
double overhang beam. 


10 kN 

5 kN 5kN 
A B 

| 2m ‘e 2m | 2m 4 2m—| 


Prob. 7-66 


7-67. Draw the shear and moment diagrams for the 
overhang beam. 


18kN 
6kN 
ARN , 
HU. O 
ae ° M=10kN-m 
. 2m | 2m i 2m 


Prob. 7-67 


*7-68. Draw the shear and moment diagrams for the 
simply supported beam. 


Prob. 7-68 


e7-69. Draw the shear and moment diagrams for the 
simply supported beam. 


10 kN 10 kN 


Prob. 7-69 


7-70. Draw the shear and moment diagrams for the beam. 
The support at A offers no resistance to vertical load. 


eS 


wih 
Y 
7 
WIth 
— 


Prob. 7-70 
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7-71. Draw the shear and moment diagrams for the lathe 
shaft if it is subjected to the loads shown. The bearing at A is 
a journal bearing, and B is a thrust bearing. 


60N 80Ni00N 


50 mm 


50 mm 50 m | 
-k—200 mm—-— 200 mm —_ 
m 


Prob. 7-71 


*7-72, Draw the shear and moment diagrams for the beam. 


10 kN 


Prob. 7-72 


e7-73. Draw the shear and moment diagrams for the 
shaft. The support at A is a thrust bearing and at B it isa 
journal bearing. 


kk 0.8m | 02 _, 


Prob. 7-73 


7-74. Draw the shear and moment diagrams for the beam. 


Prob. 7-74 


7-75. The shaft is supported by a smooth thrust bearing at 
A and a smooth journal bearing at B. Draw the shear and 
moment diagrams for the shaft. 


Prob. 7-75 


*7-76. Draw the shear and moment diagrams for the beam. 


ciitun | 
=e 
ae ee ew 


Prob. 7-76 
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°7-77. Draw the shear and moment diagrams for the 
shaft. The support at A is a journal bearing and at B it isa 
thrust bearing. 


200 Ib 100 Ib /ft 


a aussnunee 
Lia 


7-78. The beam consists of two segments pin connected at 
B. Draw the shear and moment diagrams for the beam. 


=) 
4 ft i 1 - 


Prob. 7-77 


800 lb - ft 


Prob. 7-78 


7-79. Draw the shear and moment diagrams for the 
cantilever beam. 


300 Ib 200 Ib /ft 


Prob. 7-79 
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*7-80. Draw the shear and moment diagrams for the 
simply supported beam. 


Prob. 7-80 


e7-81. Draw the shear and moment diagrams for the 
beam. 


2000 Ib 
500 Ib /ft 


TL 
| 9ft | oft . 


Prob. 7-81 


7-82. Draw the shear and moment diagrams for the beam. 


Prob. 7-82 
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7-83. Draw the shear and moment diagrams for the beam. 


8kN/m 


8 kN/m 


Prob. 7-83 


*7-84, Draw the shear and moment diagrams for the beam. 


motto | 
L os i P ASDKN-m 


e7-85. The beam will fail when the maximum moment 
is Max = 30 kip: ft or the maximum shear is Vinax = 8 kip. 
Determine the largest intensity w of the distributed load the 
beam will support. 


6 ft ; 


Prob. 7-85 


7-86. Draw the shear and moment diagrams for the 
compound beam. 


| aolise 


Prob. 7-86 


7-87. Draw the shear and moment diagrams for the shaft. 
The supports at A and B are journal bearings. 


2kN/m 
Au ip 
— i — i 
—_e 600 wn 450 pre 
300 mm 
Prob. 7-87 


*7-88. Draw the shear and moment diagrams for the beam. 


10 ft 


Prob. 7-88 


*7.4 Cables 


Flexible cables and chains combine strength with lightness and often are 
used in structures for support and to transmit loads from one member to 
another. When used to support suspension bridges and trolley wheels, 
cables form the main load-carrying element of the structure. In the force 
analysis of such systems, the weight of the cable itself may be neglected 
because it is often small compared to the load it carries. On the other 
hand, when cables are used as transmission lines and guys for radio 
antennas and derricks, the cable weight may become important and must 
be included in the structural analysis. 

Three cases will be considered in the analysis that follows. In each case 
we will make the assumption that the cable is perfectly flexible and 
inextensible. Due to its flexibility, the cable offers no resistance to 
bending, and therefore, the tensile force acting in the cable is always 
tangent to the cable at points along its length. Being inextensible, the 
cable has a constant length both before and after the load is applied. As a 
result, once the load is applied, the geometry of the cable remains 
unchanged, and the cable or a segment of it can be treated as a rigid body. 


Cable Subjected to Concentrated Loads. When a cable of 
negligible weight supports several concentrated loads, the cable takes 
the form of several straight-line segments, each of which is subjected to a 
constant tensile force. Consider, for example, the cable shown in 
Fig. 7-18, where the distances h, L,, L2, and L3 and the loads P, and P, 
are known. The problem here is to determine the nine unknowns 
consisting of the tension in each of the three segments, the four 
components of reaction at A and B, and the two sags yc and yp at points 
C and D. For the solution we can write two equations of force 
equilibrium at each of points A, B, C,and D. This results in a total of eight 
equations.* To complete the solution, we need to know something about 
the geometry of the cable in order to obtain the necessary ninth 
equation. For example, if the cable’s total length L is specified, then the 
Pythagorean theorem can be used to relate each of the three segmental 
lengths, written in terms of h, yc, yp, Ly, Lo, and L;3, to the total length L. 
Unfortunately, this type of problem cannot be solved easily by hand. 
Another possibility, however, is to specify one of the sags, either yc or 
yp, instead of the cable length. By doing this, the equilibrium equations 
are then sufficient for obtaining the unknown forces and the remaining 
sag. Once the sag at each point of loading is obtained, the length of the 
cable can then be determined by trigonometry. The following example 
illustrates a procedure for performing the equilibrium analysis for a 
problem of this type. 


*As will be shown in the following example, the eight equilibrium equations also can be 
written for the entire cable, or any part thereof. But no more than eight equations are 
available. 
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Each of the cable segments remains 
approximately straight as they support 
the weight of these traffic lights. 


Fig. 7-18 


366 CHAPTER 7 INTERNAL FORCES 


EXAMPLE | 7.11 


Determine the tension in each segment of the cable shown in Fig. 7-19a. 


SOLUTION 
By inspection, there are four unknown external reactions (A,, A,, Ey, 
and Fy) and four unknown cable tensions, one in each cable segment. 
These eight unknowns along with the two unknown sags yz and yp 
can be determined from fen available equilibrium equations. One 
method is to apply the force equations of equilibrium (>F, = 0, 
=F, = 0) to each of the five points A through E. Here, however, we 
will take a more direct approach. 

Consider the free-body diagram for the entire cable, Fig. 7-19b. Thus, 


+ SF, = 0; =A, PE =0 


—A,(18m) + 4KN (15m) + 15 kN (10m) + 3kKN (2m) = 0 
A, = 12kN 

+TIF, =0; 12kN — 4kN — 15kN — 3kN + E, = 0 
E, = 10kN 


Since the sag yc = 12 m is known, we will now consider the leftmost 
section, which cuts cable BC, Fig. 7-19c. 


G+2Mc = 0; A,(12 m) — 12kN (8m) + 4kN (5m) = 0 
A, = Ey = 6.33 kN 

4 YF, = 0; T nc COS Ogc — 6.33 kN = 0 

+TSF,=0; 12kKN — 4KkN — Tacsin gc = 0 

Thus, 


OBC = 51.6° 
Pee = 102 EN 


7.4 CABLES 


Proceeding now to analyze the equilibrium of points A, C, and F in 
sequence, we have 


Point A (Fig. 7-19d). 
+4 YF, = 0; T4pC0S 04p — 6.33 kN = 0 
+T=F, = 0; —T yp Sin 043 + 12kN = 0 
Oar = 62.2° 
Tap = 13.6KN 


Point C (Fig. 7-19e). 
+45 YF, = 0; Tcp COS Ocp — 10.2 cos 51.6°kN = 0 
+TXF,=0; Tepsin @cp + 10.2 sin 51.6° kN — 15kN = 0 
ben = ALS 
Ten = 944 KN 


Point E (Fig. 7-19f). 
+4 YF, = 0; 6.33 KN — Tgp cos O¢p = 0 
+TIF, = 0; 10 kN — Trypsin O¢p = O 
Opp = 5 
Ty = 1S KIN Ans. 


NOTE: By comparison, the maximum cable tension is in segment AB 
since this segment has the greatest slope (@) and it is required that for 
any cable segment the horizontal component T cos @ = A, = E, 
(a constant). Also, since the slope angles that the cable segments make 
with the horizontal have now been determined, it is possible to 
determine the sags yz and yp, Fig. 7-19a, using trigonometry. 
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The cable and suspenders are used to 
support the uniform load of a gas pipe 
which crosses the river. 


Fig. 7-20 


Cable Subjected to a Distributed Load. Let us now 
consider the weightless cable shown in Fig. 7—20a, which is subjected to a 
distributed loading w = w(x) that is measured in the x direction. The 
free-body diagram of a small segment of the cable having a length As is 
shown in Fig. 7—-20b. Since the tensile force changes in both magnitude 
and direction along the cable’s length, we will denote this change on the 
free-body diagram by AT. Finally, the distributed load is represented by 
its resultant force w(x)(Ax), which acts at a fractional distance k( Ax) 
from point O, where 0 < k < 1. Applying the equations of equilibrium, 
we have 


4 YF, = 0; -~T cos@ + (T + AT) cos(@ + A6) = 0 
+7XF,=0; —Tsin@ — w(x)(Ax) + (T + AT) sin(@ + A@) = 0 
G+ Mo = 0; w(x)(Ax)k(Ax) — Tcos6 Ay + Tsin@ Ax = 0 


Dividing each of these equations by Ax and taking the limit as Ax > 0, 
and therefore Ay > 0, A@ > 0, and AT — 0, we obtain 


d(T cos 6) _ 
dx 7) 
d(T sin 0) 
AG — w(x) = 0 (7-8) 
i = tand (7-9) 


Integrating Eq. 7-7, we have 


T cos @ = constant = Fy, (7-10) 


where F, represents the horizontal component of tensile force at any 
point along the cable. 
Integrating Eq. 7-8 gives 


T sin 6 = [ro dx (7-11) 


Dividing Eq. 7-11 by Eq. 7-10 eliminates 7. Then, using Eq. 7-9, we 
can obtain the slope of the cable. 


d 1 
tan 6 = =e 


a. F, w(x) dx 


Performing a second integration yields 


_ z ( / w(x) ar) dx (7-12) 


This equation is used to determine the curve for the cable, y = f(x). The 
horizontal force component Fy, and the additional two constants, say C; 
and C3, resulting from the integration are determined by applying the 
boundary conditions for the curve. 
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The cables of the suspension bridge exert 
very large forces on the tower and the 
foundation block which have to be 
accounted for in their design. 
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EXAMPLE | 7.12 


The cable of a suspension bridge supports half of the uniform road 
surface between the two towers at A and B, Fig. 7-21a. If this 
distributed loading is wo, determine the maximum force developed in 
the cable and the cable’s required length. The span length L and sag h 
are known. 


| | 
) ins i 
A re, IN 


<<< eee ————— 


Bnei CIN NI NID SINNER 


(a) 
Fig. 7-21 


SOLUTION 

We can determine the unknowns in the problem by first finding the 
equation of the curve that defines the shape of the cable using Eq. 7-12. 
For reasons of symmetry, the origin of coordinates has been placed at 
the cable’s center. Noting that w(x) = wo, we have 


il 
ae (| woar) ax 


Performing the two integrations gives 


Tower 
uy. SP C\x i CQ, (1) 


eae 


The constants of integration may be determined using the boundary 
conditions y = 0 at x = 0 and dy/dx = 0 at x = 0. Substituting into 
Eq. 1 and its derivative yields C; = C, = 0. The equation of the curve 
then becomes 


Wo 2 
= ~—— 2 
= Re (2) 
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This is the equation of a parabola. The constant Fy, may be obtained 
using the boundary condition y = h at x = L/2. Thus, 


Wyle 


(3) 


Therefore, Eq. 2 becomes 


(4) 


Since F;, is known, the tension in the cable may now be determined 
using Eq. 7-10, written as T = F,,/cos@. For 0 = 6 < 7/2, the 
maximum tension will occur when @ is maximum, i.e., at point B, 
Fig. 7-21a. From Eq. 2, the slope at this point is 


(5) 
Therefore, 
(6) 


Using the triangular relationship shown in Fig. 7-21b, which is based 
on Eq. 5, Eq. 6 may be written as 


V4F A + WoL? 


2, 


TE wes a 


cos ( Ooiak) 


Tsai a 


Substituting Eq. 3 into the above equation yields 


For a differential segment of cable length ds, we can write 


Vie 2 dy\? 
ds = V (dx) + (dy)? = 4/1 + (*) dx 


Hence, the total length of the cable can be determined by integration. 
Using Eq. 4, we have 


ga fasarf Jr (Mx) ax (7) 


Integrating yields 


L 4h\2 I 4h 
as se yf aes Bear cell ie avid 
of =| 1 ( ) 4p uh ( ) 
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Cable Subjected to Its Own Weight. When the weight of a 
cable becomes important in the force analysis, the loading function along 
the cable will be a function of the arc length s rather than the projected 
length x. To analyze this problem, we will consider a generalized loading 
function w = w(s) acting along the cable as shown in Fig. 7—22a. The free- 
body diagram for a small segment As of the cable is shown in 
Fig. 7-22b. Applying the equilibrium equations to the force system on this 
diagram, one obtains relationships identical to those given by 
Eqs. 7-7 through 7-9, but with ds replacing dx. Therefore, we can show that 


T cos @ = Fy 

T sin@ = [vo ds (7-13) 
dy 1 
ae F, w(s) ds (7-14) 


To perform a direct integration of Eq. 7-14, it is necessary to replace 
dy/dx by ds/dx. Since 


ds = Vdx? + dy’ 


then 


Therefore, 


fis A(funa) 


Separating the variables and integrating we obtain 


ds 


ED 


(7-15) 


The two constants of integration, say C,; and C, are found using the 


boundary conditions for the curve. 
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Electrical transmission towers must be 
designed to support the weights of the 
suspended power lines. The weight and length 
of the cables can be determined since they 
each form a catenary curve. 
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\ 
a 


x 


Determine the deflection curve, the length, and the maximum tension 
in the uniform cable shown in Fig. 7-23. The cable has a weight per unit 
length of w) = 5 N/m. 


SOLUTION 


max For reasons of symmetry, the origin of coordinates is located at the 


center of the cable. The deflection curve is expressed as y = f(x). We 
can determine it by first applying Eq. 7-15, where w(s) = wo. 


ds 
a fy, + wFA( fwas) | 


Integrating the term under the integral sign in the denominator, 
we have 


ds 
fen + (1/F%)(mos + C71? 


x= 


Substituting u = (1/Fy)(wos + C,) so that du = (wo/Fy) ds, a 
second integration yields 


F 
x = —* (sinh u + C>) 
Wo 


Ie Sopsstlla 
~— Fi sinh | (ons oP cp] oP a 
To evaluate the constants note that, from Eq. 7-14, 
dy 1 y 
dx * Fay hogs aa dx ~ FE,‘ 


Since dy/dx = Oat s = 0, then C; = 0. Thus, 


WoS + C;) 


yy eee 
dx Fu 


The constant C, may be evaluated by using the condition s = 0 at 
x = 0 in Eq. 1, in which case C; = 0. To obtain the deflection curve, 
solve for s in Eq. 1, which yields 


s= Fit inh( x (3) 


Wo Fy 


(2) 


Now substitute into Eq. 2, in which case 
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IFlence, 


FE 
y= Mosh x) t= (C3 


Wo H 


If the boundary condition y = 0 at x = 0 is applied, the constant 
C3 = —Fy/Wo, and therefore the deflection curve becomes 


rofifea()-1] 


This equation defines the shape of a catenary curve. The constant Fy 
is obtained by using the boundary condition that y = hat x = L/2,in 


which case 
WoL 
7 1 ©) 


Since wy = 5 N/m, h = 6m, and L = 20m, Eqs. 4 and 5 become 


eoa(M2)1) 


(7) 
Equation 7 can be solved for F', by using a trial-and-error procedure. 
The result is 
Fy = 45.9N 
and therefore the deflection curve, Eq. 6, becomes 
y = 9.19[cosh(0.109x) — 1] m 
Using Eq. 3, with x = 10 m, the half-length of the cable is 


g 459N. |; N/m 
= sinh 
2  5N/m 45.9N 


(10 m) =12.1m 


Hence, 
LF = 24.2m Ans. 


Since T = F;,/cos 0, the maximum tension occurs when @ is 
maximum, i.e., at s = £/2 = 12.1 m. Using Eq. 2 yields 


dy 5 N/m(12.1 m) 

= = tan Onax = 

axe s=12.1m 45.9N 
Omax = 52.8° 


= 1.32 


Fu 45.9N 
COSiG es GOSID2-8° 


TEIN! 
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PE TPROBLEMS 


Neglect the weight of the cable in the following problems, 
unless specified. 


e7-89. Determine the tension in each segment of the 
cable and the cable’s total length. Set P = 80 Ib. 


7-90. Ifeach cable segment can support a maximum tension 
of 75 Ib, determine the largest load P that can be applied. 


Probs. 7-89/90 


7-91. The cable segments support the loading shown. 
Determine the horizontal distance xz from the force at B to 
point A. Set P = 40 lb. 


*7-92. The cable segments support the loading shown. 
Determine the magnitude of the horizontal force P so that 
XB 6 ft. 


60 Ib 


Probs. 7—91/92 


e7-93. Determine the force P needed to hold the cable 
in the position shown, i., so segment BC remains 
horizontal. Also, compute the sag yg and the maximum 
tension in the cable. 


Prob. 7-93 


7-94. Cable ABCD supports the 10-kg lamp E and the 
15-kg lamp F. Determine the maximum tension in the cable 
and the sag yz of point B. 


Prob. 7-94 
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7-95. The cable supports the three loads shown. Determine 7-99. Determine the maximum uniform distributed 
the sags yg and yp of points B and D. Take P, = 400 lb, loading wy N/m that the cable can support if it is capable of 
P, = 250 lb. sustaining a maximum tension of 60 KN. 


*7-96. The cable supports the three loads shown. 
Determine the magnitude of P, if P, = 300 lb and yg = 8 ft. 
Also find the sag yp. 


60 m 


Wo 
+ 12 ft 20 ft | 15 ft 12 ft+| 
Probs. 7-95/96 Prob. 7-99 
e7-97. The cable supports the loading shown. Determine *7-100. The cable supports the uniform distributed load 
the horizontal distance xg the force at point B acts from A. of wo = 600 lb/ft. Determine the tension in the cable at 
Set P = 40 lb. each support A and B. : 
7-98. The cable supports the loading shown. Determine e7-101. Determine the maximum uniform distributed 
the magnitude of the horizontal force P so that xg = 6 ft. load wo the cable can support if the maximum tension the 


cable can sustain is 4000 lb. 


15 ft 


i 


hh 


h 


H 


hi 


hh 


H 


Probs. 7-97/98 Prob. 7-101 
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7-102. The cable is subjected to the triangular loading. If 
the slope of the cable at point O is zero, determine the 
equation of the curve y = f(x) which defines the cable 
shape OB, and the maximum tension developed in the cable. 


y 
A B == 
8 ft 
O |. 
500 Ib /ft 500 Ib /ft 
15 ft 15 ft 
Prob. 7-102 


7-103. If cylinders C and D each weigh 900 lb, determine 
the maximum sag h, and the length of the cable between the 
smooth pulleys at A and B. The beam has a weight per unit 
length of 100 Ib/ft. 


12 ft +| 


Prob. 7-103 


*7-104. The bridge deck has a weight per unit length of 
80 kN/m. It is supported on each side by a cable. Determine 
the tension in each cable at the piers A and B. 


e7-105. If each of the two side cables that support the 
bridge deck can sustain a maximum tension of 50 MN, 
determine the allowable uniform distributed load wo caused 
by the weight of the bridge deck. 


Probs. 7-104/105 


7-106. If the slope of the cable at support A is 10°, 
determine the deflection curve y = f(x) of the cable and the 
maximum tension developed in the cable. 


L 40 ft =| 


10° 10 ft 


500 Ib /ft 


Prob. 7-106 


7-107. If h = 5 m, determine the maximum tension 
developed in the chain and its length. The chain has a mass 
per unit length of 8 kg/m. 


Prob. 7-107 


*7-108. A cable having a weight per unit length of 5 lb/ft 
is suspended between supports A and B. Determine the 
equation of the catenary curve of the cable and the cable’s 
length. 


| 150 ft | 
Shr 
Prob. 7-108 


e7-109. If the 45-m-long cable has a mass per unit length 
of 5 kg/m, determine the equation of the catenary curve of 
the cable and the maximum tension developed in the cable. 


| 40 m | 
Prob. 7-109 


7-110. Show that the deflection curve of the cable discussed 
in Example 7-13 reduces to Eq. 4 in Example 7-12 when the 
hyperbolic cosine function is expanded in terms of a series 
and only the first two terms are retained. (The answer 
indicates that the catenary may be replaced by a parabola 
in the analysis of problems in which the sag is small. In this 
case, the cable weight is assumed to be uniformly distributed 
along the horizontal.) 
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7-111. The cable has a mass per unit length of 10 kg/m. 
Determine the shortest total length L of the cable that can 
be suspended in equilibrium. 


8m 


Prob. 7-111 


*7-112. The power transmission cable has a weight per 
unit length of 15 lb/ft. If the lowest point of the cable must 
be at least 90 ft above the ground, determine the maximum 
tension developed in the cable and the cable’s length 
between A and B. 


t 300 ft 
A 


Prob. 7-112 


e7-113. Ifthe horizontal towing force is T= 20 KN and the 
chain has a mass per unit length of 15 kg/m, determine the 
maximum sag h. Neglect the buoyancy effect of the water 
on the chain. The boats are stationary. 


Prob. 7-113 
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CHAPTER REVIEW 


Internal Loadings 


Ifa coplanar force system acts on a member, 
then in general a resultant internal normal 
force N, shear force V, and bending moment 
M will act at any cross section along the 
member. The positive directions of these 
loadings are shown in the figure. 


The resultant internal normal force, shear 
force, and bending moment are determined 
using the method of sections. To find them, 
the member is sectioned at the point C 
where the internal loadings are to be 
determined. A free-body diagram of one of 
the sectioned parts is then drawn and the 
internal loadings are shown in their positive 
directions. 


The resultant normal force is determined 
by summing forces normal to the cross 
section. The resultant shear force is found 
by summing forces tangent to the cross 
section, and the resultant bending moment 
is found by summing moments about the 
geometric center or centroid of the cross- 
sectional area. 


If the member is subjected to a three- 
dimensional loading, then, in general, a 
torsional moment will also act on the cross 
section. It can be determined by summing 
moments about an axis that is perpendicular 
to the cross section and passes through its 
centroid. 


DF. =0 
ya a0 
=Mc = 0 
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Shear and Moment Diagrams 


To construct the shear and moment 
diagrams for a member, it is necessary to 
section the member at an arbitrary point, 
located a distance x from the left end. 


If the external loading consists of changes 
in the distributed load, or a series of 
concentrated forces and couple moments act 
on the member, then different expressions 
for V and M must be determined within 
regions between any load discontinuities. 


CHAPTER REVIEW 381 


The unknown shear and moment are 
indicated on the cross section in the positive 
direction according to the established sign 
convention, and then the internal shear and 
moment are determined as functions of x. 


Each of the functions of the shear and 
moment is then plotted to create the shear 
and moment diagrams. 


=|. 


: i + d 
Vv 
Positive shear 
M M 
M M 


Positive moment 
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Relations between Shear and Moment 


It is possible to plot the shear and moment 
diagrams quickly by using differential 
relationships that exist between the 
distributed loading w and V and M. 


The slope of the shear diagram is equal to 
the distributed loading at any point. The 
slope is positive if the distributed load acts 
upward, and vice-versa. 


The slope of the moment diagram is equal 
to the shear at any point. The slope is 
positive if the shear is positive, or vice-versa. 


The change in shear between any two 
points is equal to the area under the 
distributed loading between the points. 


The change in the moment is equal to the 
area under the shear diagram between the 
points. 


Cables 


When a flexible and inextensible cable is 
subjected to a series of concentrated 
forces, then the analysis of the cable can be 
performed by using the equations of 
equilibrium applied to free-body diagrams 
of either segments or points of application 
of the loading. 


If external distributed loads or the weight 
of the cable are to be considered, then the 
shape of the cable must be determined by 
first analyzing the forces on a differential 
segment of the cable and then integrating 
this result. The two constants, say C; and 
C,, resulting from the integration are 
determined by applying the boundary 
conditions for the cable. 


a 


1 


1 


Lier 


Distributed load 


ds 


aloe] 


Cable weight 
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7-114. A 100-lb cable is attached between two points at a 
distance 50 ft apart having equal elevations. If the maximum 
tension developed in the cable is 75 1b, determine the length 
of the cable and the sag. 


7-115. Draw the shear and moment diagrams for beam CD. 


Prob. 7-115 


*7-116. Determine the internal normal force, shear force, 
and moment at points B and C of the beam. 


7.5 kN 


| 6 
1kN/m 


) 


2kN/m 


HLL 


Prob. 7-116 


e7-117. Determine the internal normal force, shear force 
and moment at points D and E of the frame. 


Prob. 7-117 


7-118. Determine the distance a between the supports in 
terms of the beam’s length LZ so that the moment in the 
symmetric beam is zero at the beam’s center. 


— 


Prob. 7-118 
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7-119. A chain is suspended between points at the same 
elevation and spaced a distance of 60 ft apart. If it has a 
weight per unit length of 0.5 lb/ft and the sag is 3 ft, 
determine the maximum tension in the chain. 


*7-120. Draw the shear and moment diagrams for the beam. 


Prob. 7-120 


e7-121. Determine the internal shear and moment in 
y// member ABC as a function of x, where the origin for x is at A. 


3m ae m>,-1.5 m 


6kN 


Prob. 7-121 


7-122. The traveling crane consists of a 5-m-long beam 
having a uniform mass per unit length of 20 kg/m. The chain 
hoist and its supported load exert a force of 8 kN on the 
beam when x = 2m. Draw the shear and moment 
diagrams for the beam. The guide wheels at the ends A and 
B exert only vertical reactions on the beam. Neglect the size 
of the trolley at C. 


8kN 


Prob. 7-122 


*7-123. Determine the internal normal force, shear force, 
and the moment as a function of 0° = 6 = 180° and 
0 = y = 2 ft for the member loaded as shown. 


200 Ib 


Prob. 7-123 
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*7-124. The yacht is anchored with a chain that has a total 7-126. The uniform beam weighs 500 Ib and is held in the 


length of 40 m and a mass per unit length of 18 kg/m, and the horizontal position by means of cable AB, which has a 
tension in the chain at A is 7 kN. Determine the length of weight of 5 lb/ft. If the slope of the cable at A is 30°, 
chain /; which is lying at the bottom of the sea. What is the determine the length of the cable. 


distance d? Assume that buoyancy effects of the water on 
the chain are negligible. Hint: Establish the origin of the 
coordinate system at B as shown in order to find the chain 
length BA. 


| 15 ft “a 


Prob. 7-124 Prob. 7-126 
7 
e7-125. Determine the internal normal force, shear force, 7-127. The balloon is held in place using a 400-ft cord that 7 
and moment at points D and E of the frame. weighs 0.8 lb/ft and makes a 60° angle with the horizontal. If 


the tension in the cord at point A is 150 Ib, determine the 
length of the cord, /, that is lying on the ground and the 
height h. Hint: Establish the coordinate system at B as 
shown. 


Prob. 7-125 Prob. 7-127 
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The effective design of a brake system, such as the one for this bicycle, requires an 
efficient capacity for the mechanism to resist frictional forces. In this chapter, we will 
study the nature of friction and show how these forces are considered in engineering 
analysis and design. 


Friction 


CHAPTER OBJECTIVES 


© To introduce the concept of dry friction and show how to analyze 
the equilibrium of rigid bodies subjected to this force. 


© To present specific applications of frictional force analysis on wedges, 
screws, belts, and bearings. 


® To investigate the concept of rolling resistance. 


8.1 Characteristics of Dry Friction 


Friction is a force that resists the movement of two contacting surfaces 
that slide relative to one another. This force always acts tangent to the 
surface at the points of contact and is directed so as to oppose the possible 
or existing motion between the surfaces. 

In this chapter, we will study the effects of dry friction, which is 
sometimes called Coulomb friction since its characteristics were studied 
extensively by C. A. Coulomb in 1781. Dry friction occurs between the 
contacting surfaces of bodies when there is no lubricating fluid.* 


The heat generated by the abrasive 
action of friction can be noticed 
when using this grinder to sharpen 
a metal blade. 


*Another type of friction, called fluid friction, is studied in fluid mechanics. 
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(d) 
Fig. 8-1 


Theory of Dry Friction. The theory of dry friction can be 
explained by considering the effects caused by pulling horizontally on a 
block of uniform weight W which is resting on a rough horizontal surface 
that is nonrigid or deformable, Fig. 8-1a. The upper portion of the block, 
however, can be considered rigid. As shown on the free-body diagram of 
the block, Fig. 8-1b, the floor exerts an uneven distribution of both 
normal force AN,, and frictional force AF,, along the contacting surface. 
For equilibrium, the normal forces must act upward to balance the 
block’s weight W, and the frictional forces act to the left to prevent the 
applied force P from moving the block to the right. Close examination of 
the contacting surfaces between the floor and block reveals how these 
frictional and normal forces develop, Fig. 8—1c. It can be seen that many 
microscopic irregularities exist between the two surfaces and, as a result, 
reactive forces AR,, are developed at each point of contact.* As shown, 
each reactive force contributes both a frictional component AF, and a 
normal component AN,,. 


Equilibrium. The effect of the distributed normal and _ frictional 
loadings is indicated by their resultants N and F on the free-body diagram, 
Regardless of the weight of the rake or Fig. 8-1d. Notice that N acts a distance x to the right of the line of action 
shovel that is suspended, the device has of W, Fig. 8-1d. This location, which coincides with the centroid or 
been designed so that the small roller geometric center of the normal force distribution in Fig. 8-1b, is necessary 
holds the handle in equilibrium due to ; pehia es 53 : ‘ 
fictional’ farées that develop at the in order to balance the “tipping effect “caused by P. For example, if P is 
points of contact, A, B, C. applied at a height / from the surface, Fig. 8-1d, then moment equilibrium 
about point O is satisfied if Wx = Phor x = Ph/W. 


*Besides mechanical interactions as explained here, which is referred to as a classical 
approach, a detailed treatment of the nature of frictional forces must also include the 
effects of temperature, density, cleanliness, and atomic or molecular attraction between the 
contacting surfaces. See J. Krim, Scientific American, October, 1996. 
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Impending 
motion 


Impending Motion. In cases where the surfaces of contact are 
rather “slippery,” the frictional force F may not be great enough to 
balance P, and consequently the block will tend to slip. In other words, as 
P is slowly increased, F correspondingly increases until it attains a certain 
maximum value F,, called the limiting static frictional force, Fig. 8-le. 
When this value is reached, the block is in unstable equilibrium since 
any further increase in P will cause the block to move. Experimentally, 
it has been determined that this limiting static frictional force F, 
is directly proportional to the resultant normal force N. Expressed 
mathematically, 


PF; = bsN (8-1) 


where the constant of proportionality, ~, (mu “sub” s), is called the 
coefficient of static friction. 

Thus, when the block is on the verge of sliding, the normal force N and 
frictional force F, combine to create a resultant R,, Fig. 8-le. The angle 
&, (phi “sub” s) that R, makes with N is called the angle of static friction. 
From the figure, 


Typical values for w, are given in Table 8-1. Note that these values can 
vary since experimental testing was done under variable conditions of 
roughness and cleanliness of the contacting surfaces. For applications, 
therefore, it is important that both caution and judgment be exercised 
when selecting a coefficient of friction for a given set of conditions. When 
a more accurate calculation of F, is required, the coefficient of friction 
should be determined directly by an experiment that involves the two 
materials to be used. 


Table 8-1 

Typical Values for p, 

Contact Coefficient of 
Materials Static Friction (,) 
Metal on ice 0.03-0.05 
Wood on wood 0.30-0.70 
Leather on wood 0.20-0.50 
Leather on metal 0.30-0.60 
Aluminum on 

aluminum 1.10-1.70 
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—~ Motion 


Fig. 8-2 


Motion. If the magnitude of P acting on the block is increased so that 
it becomes slightly greater than F,, the frictional force at the contacting 
surface will drop to a smaller value F,, called the kinetic frictional force. 
The block will begin to slide with increasing speed, Fig. 8-2a. As this 
occurs, the block will “ride” on top of these peaks at the points of contact, 
as shown in Fig. 8-2b. The continued breakdown of the surface is the 
dominant mechanism creating kinetic friction. 

Experiments with sliding blocks indicate that the magnitude of the kinetic 
friction force is directly proportional to the magnitude of the resultant 
normal force, expressed mathematically as 


Fy = uN (8-2) 


Here the constant of proportionality, ,, is called the coefficient of 
kinetic friction. Typical values for , are approximately 25 percent 
smaller than those listed in Table 8-1 for p,. 

As shown in Fig. 8—2a, in this case, the resultant force at the surface of 
contact, R,, has a line of action defined by ¢,. This angle is referred to as 
the angle of kinetic friction, where 


By comparison, d, = x. 
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The above effects regarding friction can be summarized by referring to F 
the graph in Fig. 8-3, which shows the variation of the frictional force F 
versus the applied load P. Here the frictional force is categorized in three 
different ways: Fx 


No motion Motion 


e = 6Fisa static frictional force if equilibrium is maintained. 


45° 
i 


e Fis a limiting static frictional force F, when it reaches a maximum 


ae ae Fig. 8-3 
value needed to maintain equilibrium. ss 


e Fis termed a kinetic frictional force F, when sliding occurs at the 
contacting surface. 


Notice also from the graph that for very large values of P or for high 
speeds, aerodynamic effects will cause F;, and likewise wu, to begin to 
decrease. 


Characteristics of Dry Friction. Asa result of experiments that 
pertain to the foregoing discussion, we can state the following rules 
which apply to bodies subjected to dry friction. 


e The frictional force acts tangent to the contacting surfaces in a 
direction opposed to the motion or tendency for motion of one 
surface relative to another. 


e The maximum static frictional force F, that can be developed is 
independent of the area of contact, provided the normal pressure is 
not very low nor great enough to severely deform or crush the 
contacting surfaces of the bodies. 


e The maximum static frictional force is generally greater than the 
kinetic frictional force for any two surfaces of contact. However, 
if one of the bodies is moving with a very low velocity over 
the surface of another, -, becomes approximately equal to F,, 


1.€., My © Mp. 


e When slipping at the surface of contact is about to occur, the 
maximum static frictional force is proportional to the normal force, 
such that F, = p,N. 


e When slipping at the surface of contact is occurring, the kinetic 
frictional force is proportional to the normal force, such that 
Fy = BN. 
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8.2 Problems Involving Dry Friction 


If a rigid body is in equilibrium when it is subjected to a system of forces 
that includes the effect of friction, the force system must satisfy not only 
the equations of equilibrium but also the laws that govern the frictional 
forces. 


Types of Friction Problems. In general, there are three types of 
mechanics problems involving dry friction. They can easily be classified 
once free-body diagrams are drawn and the total number of unknowns 
are identified and compared with the total number of available 


100N 100 N equilibrium equations. 
Fc 


N N 

. (b) : No Apparent Impending Motion. Problems in this category are 
strictly equilibrium problems, which require the number of unknowns to 
Fig. 8-4 be equal to the number of available equilibrium equations. Once the 
frictional forces are determined from the solution, however, their 
numerical values must be checked to be sure they satisfy the inequality 
F = p,N; otherwise, slipping will occur and the body will not remain in 
equilibrium. A problem of this type is shown in Fig. 84a. Here we must 
determine the frictional forces at A and C to check if the equilibrium 
position of the two-member frame can be maintained. If the bars are 
uniform and have known weights of 100 N each, then the free-body 
diagrams are as shown in Fig. 8-45. There are six unknown force 
components which can be determined strictly from the six equilibrium 
equations (three for each member). Once Fy, Ny, Fo, and Ne are 
determined, then the bars will remain in equilibrium provided 

Fy, = 0.3N, and Fo = 0.5Nc are satisfied. 


Impending Motion at All Points of Contact. In this case the 
<—— N; total number of unknowns will equal the total number of available 
ye f equilibrium equations plus the total number of available frictional 
. equations, F = wN. When motion is impending at the points of contact, 
y <i then F, = »,N; whereas if the body is slipping, then F, = u,N. For 
it example, consider the problem of finding the smallest angle 6 at which 
fi the 100-N bar in Fig. 8—Sa can be placed against the wall without slipping. 
Ny The free-body diagram is shown in Fig. 8—5b. Here the five unknowns are 
(b) determined from the three equilibrium equations and two static frictional 
equations which apply at both points of contact, so that F, = 0.3N, and 

Fig. 8-5 Fz = 0.4Np. 
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Impending Motion at Some Points of Contact. Here the number 
of unknowns will be /ess than the number of available equilibrium 
equations plus the number of available frictional equations or 
conditional equations for tipping. As a result, several possibilities for 
motion or impending motion will exist and the problem will involve a 
determination of the kind of motion which actually occurs. For example, 
consider the two-member frame in Fig. 8-6a. In this problem we wish to 
determine the horizontal force P needed to cause movement. If each 
member has a weight of 100 N, then the free-body diagrams are as shown 
in Fig. 8-6b. There are seven unknowns. For a unique solution we must 
satisfy the six equilibrium equations (three for each member) and only 
one of two possible static frictional equations. This means that as P 
increases it will either cause slipping at A and no slipping at C, so that 
Fy, = 0.3N, and Fo = 0.5Nc; or slipping occurs at C and no slipping at 
A, in which case Fo = 0.5Nc and Fy, = 0.3N,. The actual situation can be 
determined by calculating P for each case and then choosing the case for 
which P is smaller. If in both cases the same value for P is calculated, 
which in practice would be highly improbable, then slipping at both 
points occurs simultaneously; Le., the seven unknowns would satisfy eight 
equations. 


Consider pushing on the uniform crate that has a weight W and sits on the rough surface. As shown on the first free-body diagram, if 
the magnitude of P is small, the crate will remain in equilibrium. As P increases the crate will either be on the verge of slipping on the 
surface (F = w,N), or if the surface is very rough (large ,) then the resultant normal force will shift to the corner, x = b/2, as shown 
on the second free-body diagram. At this point the crate will begin to tip over. The crate also has a greater chance of tipping if P is applied 
at a greater height h above the surface, or if its width b is smaller. 
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The applied vertical force P on this roll 
must be large enough to overcome the 
resistance of friction at the contacting 
surfaces A and B in order to cause 
rotation. 


Equilibrium Versus Frictional Equations. Whenever we solve 
problems where the friction force F is to be an “equilibrium force” and 
satisfies the inequality F < w,N, then we can assume the sense of 
direction of F on the free-body diagram. The correct sense is made 
known after solving the equations of equilibrium for F. If F is a 
negative scalar the sense of F is the reverse of that which was assumed. 
This convenience of assuming the sense of F is possible because the 
equilibrium equations equate to zero the components of vectors acting 
in the same direction. However, in cases where the frictional equation 
F = wN is used in the solution of a problem, the convenience of 
assuming the sense of F is Jost, since the frictional equation relates 
only the magnitudes of two perpendicular vectors. Consequently, F 
must always be shown acting with its correct sense on the free-body 
diagram, whenever the frictional equation is used for the solution of a 
problem. 


Procedure for Analysis 


Equilibrium problems involving dry friction can be solved using the 
following procedure. 


Free-Body Diagrams. 


® Draw the necessary free-body diagrams, and unless it is stated in 


the problem that impending motion or slipping occurs, always show 
the frictional forces as unknowns (i.e., do not assume F = pN). 


Determine the number of unknowns and compare this with the 
number of available equilibrium equations. 


If there are more unknowns than equations of equilibrium, it will 
be necessary to apply the frictional equation at some, if not all, 
points of contact to obtain the extra equations needed for a 
complete solution. 


If the equation F = pN is to be used, it will be necessary to show 
F acting in the correct sense of direction on the free-body diagram. 


Equations of Equilibrium and Friction. 


°® Apply the equations of equilibrium and the necessary frictional 
equations (or conditional equations if tipping is possible) and 
solve for the unknowns. 


If the problem involves a three-dimensional force system such 
that it becomes difficult to obtain the force components or the 
necessary moment arms, apply the equations of equilibrium using 
Cartesian vectors. 
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EXAMPLE |8.1 


The uniform crate shown in Fig. 8-7a has a mass of 20 kg. If a force 
P = 80 Nis applied to the crate, determine if it remains in equilibrium. 
The coefficient of static friction is u, = 0.3. 


SOLUTION 

Free-Body Diagram. As shown in Fig. 8-7), the resultant normal 
force Nc must act a distance x from the crate’s center line in order to 
counteract the tipping effect caused by P. There are three unknowns, 
F, Nc, and x, which can be determined strictly from the three 
equations of equilibrium. 


Equations of Equilibrium. 
4 YF. = 0; 80 cos 30°N — F = 0 
+=, =0; —80sin30°N + Nc — 196.2N =0 
G+=Mo =0; 80sin 30° N(0.4 m) — 80 cos 30° N(0.2 m) + Nc(x) =0 


Solving, 
F = 69.3N 
Nc = 236N 
x = —0.00908 m = —9.08 mm 


Since x is negative it indicates the resultant normal force acts (slightly) 
to the /eft of the crate’s center line. No tipping will occur since 
x < 0.4m. Also, the maximum frictional force which can be developed 
at the surface of contact is Fyax = usNc = 0.3(236N) = 70.8N. 
Since F = 69.3N < 70.8N, the crate will not slip, although it is very 
close to doing so. 
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EXAMPLE | 8.2 


FRICTION 


It is observed that when the bed of the dump truck is raised to an 


s angle of 6 = 25° the vending machines will begin to slide off the bed, 


Fig. 8-8a. Determine the static coefficient of friction between a 
vending machine and the surface of the truckbed. 


S SOLUTION 


An idealized model of a vending machine resting on the truckbed is 
shown in Fig. 8-8b. The dimensions have been measured and the 
center of gravity has been located. We will assume that the vending 
machine weighs W. 


Free-Body Diagram. As shown in Fig. 8-8c, the dimension x is used 
to locate the position of the resultant normal force N. There are four 
unknowns, N, F, ,, and x. 


Equations of Equilibrium. 


+NDF, = 0; W sin 25° — F =0 
17 2 0; N — Wcos 25° = 0 
G+= Mo = 0; —W sin 25°(2.5 ft) + W cos 25°(x) = 0 


Since slipping impends at 6 = 25°, using Eqs. 1 and 2, we have 


F.= pN; W sin 25° = p,(W cos 25°) 
bs = tan 25° = 0.466 Ans. 


The angle of 6 = 25° is referred to as the angle of repose, and by 
comparison, it is equal to the angle of static friction, 6 = ¢,. Notice 
from the calculation that 6 is independent of the weight of the vending 
machine, and so knowing 6 provides a convenient method for 
determining the coefficient of static friction. 


NOTE: From Eq. 3, we find x = 1.17 ft. Since 1.17 ft < 1.5 ft, indeed 
the vending machine will slip before it can tip as observed in Fig. 8-8a. 


8.2 PROBLEMS INVOLVING DRY FRICTION 397 


EXAMPLE |8.3 


The uniform 10-kg ladder in Fig. 8—-9a rests against the smooth wall at 
B, and the end A rests on the rough horizontal plane for which the 
coefficient of static friction is uw, = 0.3. Determine the angle of 
inclination 6 of the ladder and the normal reaction at B if the ladder is 
on the verge of slipping. 


A 
an m) cos@ (2m) cos@ 
(b) 
Fig. 8-9 
SOLUTION 
Free-Body Diagram. As shown on the free-body diagram, Fig. 8-9b, 


the frictional force F, must act to the right since impending motion at A 
is to the left. 


Equations of Equilibrium and Friction. Since the ladder is on the 
verge of slipping, then Fy = ,N, = 0.3N,. By inspection, N, can be 
obtained directly. 


+TZF, = 0; N, — 10(9.81) N = 0 N, = 98.1N 


Using this result, Fy = 0.3(98.1 N) = 29.43 N. Now Ng can be found. 
45 YF. =0; 29.43 N — Nz = 0 
Ng = 29.43 N = 29.4N Ans. 

Finally, the angle 6 can be determined by summing moments about 
point A. 
G+=M,=0; (29.43 N)(4m) sin 6 — [10(9.81) N](2 m) cos 6 = 0 

smo _ tan 6 = 1.6667 

cos 6 


6 = 59.04° = 59.0° 
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EXAMPLE | 8.4 


Beam AB is subjected to a uniform load of 200 N/m and is supported 
at B by post BC, Fig. 8-10a. If the coefficients of static friction at B 
and C are wz = 0.2 and wc = 0.5, determine the force P needed to 
pull the post out from under the beam. Neglect the weight of the 
members and the thickness of the beam. 


SOLUTION 

Free-Body Diagrams. The free-body diagram of the beam is shown 
in Fig. 8-10b. Applying 2M, = 0, we obtain Nz = 400N. This result 
is shown on the free-body diagram of the post, Fig. 8-10c. Referring to 
this member, the four unknowns Fz, P, Fc, and Nc are determined 
from the three equations of equilibrium and one frictional equation 
applied either at B or C. 


Equations of Equilibrium and Friction. 
5 YF. = 0; P — Fy - Fo =0 (1) 
+13F, =0; Nc — 400N = 0 (2) 
G+=Mc, = 0; —P(0.25 m) + Fp(1m) = 0 (3) 


(Post Slips at B and Rotates about C.) This requires Fo = wcNc and 
| Fg = pupNs; Fz = 0.2(400 N) = 80N 


A 
ei 4 | i” Fs Using this result and solving Eqs. 1 through 3, we obtain 
2 mm 2m 
A, Nz = 400N P = 320N 


B 
Fo = 240N 
Nc = 400 N 


Since Fo = 240N > ucNc = 0.5(400 N) = 200 N, slipping at C 
occurs. Thus the other case of movement must be investigated. 


(Post Slips at C and Rotates about B.) Here Fz = uwp_Nz and 
Ee = peNG fo =V5Ne (4) 


Solving Eqs. 1 through 4 yields 
2 — 2.67) NI 
Nc = 400 N 
Fo = 200 N 
Fz = 66.7N 


Obviously, this case occurs first since it requires a smaller value for P. 
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EXAMPLE |8.5 


Blocks A and B have a mass of 3 kg and 9 kg, respectively, and are 
connected to the weightless links shown in Fig. 8-11a. Determine the 
largest vertical force P that can be applied at the pin C without 
causing any movement. The coefficient of static friction between the 
blocks and the contacting surfaces is uw, = 0.3. 


SOLUTION 

Free-Body Diagram. The links are two-force members and so the 
free-body diagrams of pin C and blocks A and B are shown in 
Fig. 8-11b. Since the horizontal component of Fyc tends to move 
block A to the left, F, must act to the right. Similarly, Fz must act to 
the left to oppose the tendency of motion of block B to the mght, 
caused by Fzgc. There are seven unknowns and six available force 
equilibrium equations, two for the pin and two for each block, so that 
only one frictional equation is needed. 


Equations of Equilibrium and Friction. The force in links AC and 
BC can be related to P by considering the equilibrium of pin C. 


+TZF, = 0; Fyc cos 30° — P = 0; Fie — 1155 
4 YF, = 0; 1.155P sin 30° — Fac = 0; Feo = 0.5774P 
Using the result for Fyc, for block A, 


4S 5F.=0; &-1155Psin30°=0; Fy, = 0.5774P (1) 
+T=F,=0; N,—1.155P cos 30°-3(9.81 N) = 0; 


N, = P+ 29.43N (2) 
Using the result for Fgc, for block B, 
45 YF, =0; (0.5774P) — Fz = 0; Fp = 0.5774P (3) 
+128, = 0; Nz — 9(9.81) N = 0; Nz = 88.29 N 
Movement of the system may be caused by the initial slipping of either 
block A or block B. If we assume that block A slips first, then 

Fy = pN, = 0.3 Ng (4) 

Substituting Eqs. 1 and 2 into Eq. 4, 


0.5774P = 0.3(P + 29.43) 
J Slee IN| Ans. 


Substituting this result into Eq. 3, we obtain Fz = 184N. 
Since the maximum static frictional force at B_ is 
(F3)max = bsNpg = 0.3(88.29N) = 26.5N > Fp, block B will not 
slip. Thus, the above assumption is correct. Notice that if the 
inequality were not satisfied, we would have to assume slipping of 
block B and then solve for P. 


3(9.81)N 


Fgc = 0.5774 P 


307 Fac = 1.155 P 
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ee FUNDAMENTAL PROBLEMS 


F8-1. If P = 200N, determine the friction developed 
between the 50-kg crate and the ground. The coefficient of 
static friction between the crate and the ground is p, = 0.3. 


F8-1 


F8-2. Determine the minimum force P to prevent the 
30-kg rod AB from sliding. The contact surface at B is 
smooth, whereas the coefficient of static friction between 


the rod and the wall at A is w, = 0.2. 
A 
3m 


; 4m . 


F8-2 


F8-3. Determine the maximum force P that can be applied 
without causing the two 50-kg crates to move. The 
coefficient of static friction between each crate and the 
ground is yw, = 0.25. 


F8-3 


F8-4. If the coefficient of static friction at contact points A 
and B is pw, = 0.3, determine the maximum force P that can 
be applied without causing the 100-kg spool to move. 


F8-4 


F8-5. Determine the minimum force P that can be applied 
without causing movement of the 250-Ib crate which has a 
center of gravity at G. The coefficient of static friction at the 
floor is ws = 0.4. 


F8-5 
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ET PROBLEMS 


e8-1. Determine the minimum horizontal force P 
required to hold the crate from sliding down the plane. The 
crate has a mass of 50 kg and the coefficient of static friction 
between the crate and the plane is w, = 0.25. 


8-2. Determine the minimum force P required to push 
the crate up the plane. The crate has a mass of 50 kg and the 
coefficient of static friction between the crate and the plane 
is ws = 0.25. 


8-3. A horizontal force of P = 100 N is just sufficient to 
hold the crate from sliding down the plane, and a horizontal 
force of P = 350 N is required to just push the crate up the 
plane. Determine the coefficient of static friction between 
the plane and the crate, and find the mass of the crate. 


° 


30 


Probs. 8-1/2/3 


*8-4, If the coefficient of static friction at A is uw, = 0.4 
and the collar at B is smooth so it only exerts a horizontal 
force on the pipe, determine the minimum distance x so 
that the bracket can support the cylinder of any mass 
without slipping. Neglect the mass of the bracket. 


Prob. 8-4 


e8-5. The 180-lb man climbs up the ladder and stops at the 
position shown after he senses that the ladder is on the verge 
of slipping. Determine the inclination 6 of the ladder if the 
coefficient of static friction between the friction pad A and the 
ground is u, = 0.4. Assume the wall at B is smooth. The center 
of gravity for the man is at G. Neglect the weight of the ladder. 


8-6. The 180-lb man climbs up the ladder and stops at the 
position shown after he senses that the ladder is on the verge 
of slipping. Determine the coefficient of static friction between 
the friction pad at A and ground if the inclination of the ladder 
is 0 = 60° and the wall at B is smooth. The center of gravity for 
the man is at G. Neglect the weight of the ladder. 


\ 


2 


reat 


1" 
hi 


i 
i 


! 
i 


-—3 ft a A 

Probs. 8-5/6 

8-7. The uniform thin pole has a weight of 30 lb and a 
length of 26 ft. If it is placed against the smooth wall and on 
the rough floor in the position d = 10 ft, will it remain in 
this position when it is released? The coefficient of static 
friction is wp, = 0.3. 


*8-8. The uniform pole has a weight of 30 lb and a length 
of 26 ft. Determine the maximum distance d it can be placed 
from the smooth wall and not slip. The coefficient of static 
friction between the floor and the pole is n, = 0.3. 


B 


Probs. 8-7/8 
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°8-9. If the coefficient of static friction at all contacting 
surfaces is u,, determine the inclination @ at which the 
identical blocks, each of weight W, begin to slide. 


Prob. 8-9 


8-10. The uniform 20-lb ladder rests on the rough floor 
for which the coefficient of static friction is uw, = 0.8 and 
against the smooth wall at B. Determine the horizontal 
force P the man must exert on the ladder in order to cause 
it to move. 


8-11. The uniform 20-lb ladder rests on the rough floor 
for which the coefficient of static friction is uw, = 0.4 and 
against the smooth wall at B. Determine the horizontal 
force P the man must exert on the ladder in order to cause 
it to move. 


Probs. 8-10/11 


*8-12. The coefficients of static and kinetic friction 
between the drum and brake bar are », = 0.4 and np, = 0.3, 
respectively. If M = 50N-m and P = 85 N determine the 
horizontal and vertical components of reaction at the pin O. 
Neglect the weight and thickness of the brake. The drum has 
a mass of 25 kg. 


°8-13. The coefficient of static friction between the drum 
and brake bar is p, = 0.4. If the moment M = 35N-m, 
determine the smallest force P that needs to be applied to 
the brake bar in order to prevent the drum from rotating. 
Also determine the corresponding horizontal and vertical 
components of reaction at pin O. Neglect the weight and 
thickness of the brake bar. The drum has a mass of 25 kg. 


700 mm ‘ 


Probs. 8-12/13 


8-14. Determine the minimum coefficient of static 
friction between the uniform 50-kg spool and the wall so 
that the spool does not slip. 


Prob. 8-14 


8-15. The spool has a mass of 200 kg and rests against the 
wall and on the floor. If the coefficient of static friction at B 
is (u,)g = 0.3, the coefficient of kinetic friction is 
(ux)g = 0.2, and the wall is smooth, determine the friction 
force developed at B when the vertical force applied to the 
cable is P = 800N. 


Prob. 8-15 


*8-16. The 80-lb boy stands on the beam and pulls on the 
cord with a force large enough to just cause him to slip. If 
the coefficient of static friction between his shoes and the 
beam is (45)p = 0.4, determine the reactions at A and B. 
The beam is uniform and has a weight of 100 Ib. Neglect the 
size of the pulleys and the thickness of the beam. 


e8-17. The 80-lb boy stands on the beam and pulls with a 
force of 40 Ib. If (u,)p = 0.4, determine the frictional force 
between his shoes and the beam and the reactions at A and 
B.The beam is uniform and has a weight of 100 lb. Neglect 
the size of the pulleys and the thickness of the beam. 


Probs. 8—16/17 
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8-18. The tongs are used to lift the 150-kg crate, whose 
center of mass is at G. Determine the least coefficient of 
static friction at the pivot blocks so that the crate can be 
lifted. 


Prob. 8-18 


8-19. Two blocks A and B have a weight of 10 lb and 6 lb, 
respectively. They are resting on the incline for which the 
coefficients of static friction are w4 = 0.15 and wg = 0.25. 
Determine the incline angle @ for which both blocks begin 
to slide. Also find the required stretch or compression in the 
connecting spring for this to occur. The spring has a stiffness 
of k = 2 Ib/ft. 


*8-20. Two blocks A and B have a weight of 10 1b and 6 lb, 
respectively. They are resting on the incline for which the 
coefficients of static friction are w4 = 0.15 and wg = 0.25. 
Determine the angle 6 which will cause motion of one of 
the blocks. What is the friction force under each of the 
blocks when this occurs? The spring has a stiffness of 
k = 2 1b/ft and is originally unstretched. 


k =2\b/tt 


Probs. 8-19/20 
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e821. Crates A and B weigh 200 Ib and 150 Ib, 
respectively. They are connected together with a cable and 
placed on the inclined plane. If the angle @ is gradually 
increased, determine 6 when the crates begin to slide. The 
coefficients of static friction between the crates and the 
plane are wy = 0.25 and wg = 0.35. 


Prob. 8-21 


8-22. A man attempts to support a stack of books 
horizontally by applying a compressive force of F = 120N 
to the ends of the stack with his hands. If each book has a 
mass of 0.95 kg, determine the greatest number of books 
that can be supported in the stack. The coefficient of static 
friction between the man’s hands and a book is (,);, = 0.6 
and between any two books (j1;), = 0.4. 


Prob. 8-22 


8-23. The paper towel dispenser carries two rolls of paper. 
The one in use is called the stub roll A and the other is the 
fresh roll B. They weigh 2 Ib and 5 lb, respectively. If the 
coefficients of static friction at the points of contact C and D 
are (ps)c = 0.2 and (u;)p = 0.5, determine the initial 
vertical force P that must be applied to the paper on the stub 
roll in order to pull down a sheet. The stub roll is pinned in the 
center, whereas the fresh roll is not. Neglect friction at the pin. 


Prob. 8-23 


*8-24. The drum has a weight of 100 lb and rests on the 
floor for which the coefficient of static friction is u, = 0.6. If 
a = 2 ft and b = 3 ft, determine the smallest magnitude of 
the force P that will cause impending motion of the drum. 


e825. The drum has a weight of 100 lb and rests on the 
floor for which the coefficient of static friction is u, = 0.5. If 
a = 3 ft and b = 4 ft, determine the smallest magnitude of 
the force P that will cause impending motion of the drum. 


Probs. 8—24/25 


8-26. The refrigerator has a weight of 180 lb and rests ona 
tile floor for which pw, = 0.25. If the man _ pushes 
horizontally on the refrigerator in the direction shown, 
determine the smallest magnitude of horizontal force 
needed to move it. Also, if the man has a weight of 150 Ib, 
determine the smallest coefficient of friction between his 
shoes and the floor so that he does not slip. 


8-27. The refrigerator has a weight of 180 lb and rests ona 
tile floor for which w, = 0.25. Also, the man has a weight of 
150 lb and the coefficient of static friction between the floor 
and his shoes is w, = 0.6. If he pushes horizontally on the 
refrigerator, determine if he can move it. If so, does the 
refrigerator slip or tip? 


3 ft 


TTT A 


Probs. 8—26/27 


*8-28. Determine the minimum force P needed to push 
the two 75-kg cylinders up the incline. The force acts 
parallel to the plane and the coefficients of static friction of 
the contacting surfaces are mw, = 0.3, wg = 0.25, and 
bc = 0.4. Each cylinder has a radius of 150 mm. 


Prob. 8-28 
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e829. Ifthe center of gravity of the stacked tables is at G, 
and the stack weighs 100 Ib, determine the smallest force P 
the boy must push on the stack in order to cause movement. 
The coefficient of static friction at A and B is pw, = 0.3. The 
tables are locked together. 


Prob. 8-29 


8-30. The tractor has a weight of 8000 lb with center of 
gravity at G. Determine if it can push the 550-lb log up the 
incline. The coefficient of static friction between the log and 
the ground is uw, = 0.5, and between the rear wheels of the 
tractor and the ground yp, = 0.8. The front wheels are free 
to roll. Assume the engine can develop enough torque to 
cause the rear wheels to slip. 


8-31. The tractor has a weight of 8000 lb with center of 
gravity at G. Determine the greatest weight of the log that 
can be pushed up the incline. The coefficient of static 
friction between the log and the ground is pw, = 0.5, and 
between the rear wheels of the tractor and the ground 
pL, = 0.7. The front wheels are free to roll. Assume the 
engine can develop enough torque to cause the rear wheels 
to slip. 


Probs. 8-30/31 
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*8-32. The 50-kg uniform pole is on the verge of slipping 
at A when 6 = 45°. Determine the coefficient of static 
friction at A. 


Prob. 8-32 


e8-33. A force of P = 20 lb is applied perpendicular to 
the handle of the gooseneck wrecking bar as shown. If the 
coefficient of static friction between the bar and the wood is 
bt, = 0.5, determine the normal force of the tines at A on 
the upper board. Assume the surface at C is smooth. 


Prob. 8-33 3in. Sin. 


8-34. The thin rod has a weight W and rests against the 
floor and wall for which the coefficients of static friction are 
a and pp, respectively. Determine the smallest value of 6 


for which the rod will not move. ~ 
B 


Prob. 8-34 


8-35. A roll of paper has a uniform weight of 0.75 lb and 
is suspended from the wire hanger so that it rests against 
the wall. If the hanger has a negligible weight and the 
bearing at O can be considered frictionless, determine the 
force P needed to start turning the roll if 6 = 30°. The 
coefficient of static friction between the wall and the paper 
is uw, = 0.25. 


*8-36. A roll of paper has a uniform weight of 0.75 lb and 
is suspended from the wire hanger so that it rests against 
the wall. If the hanger has a negligible weight and the 
bearing at O can be considered frictionless, determine the 
minimum force P and the associated angle 6 needed to start 
turning the roll. The coefficient of static friction between 
the wall and the paper is wz, = 0.25. 


Probs. 8-35/36 


e8-37. If the coefficient of static friction between the 
chain and the inclined plane is uw, = tan 6, determine the 
overhang length b so that the chain is on the verge of 
slipping up the plane. The chain weighs w per unit length. 


Prob. 8-37 


8-38. Determine the maximum height / in meters to 
which the girl can walk up the slide without supporting 
herself by the rails or by her left leg. The coefficient of static 
friction between the girl’s shoes and the slide is p, = 0.8. 


Prob. 8-38 


8-39. If the coefficient of static friction at B is uw, = 0.3, 
determine the largest angle 6 and the minimum coefficient 
of static friction at A so that the roller remains self-locking, 
regardless of the magnitude of force P applied to the belt. 
Neglect the weight of the roller and neglect friction 
between the belt and the vertical surface. 


*8-40. If 0 = 30°, determine the minimum coefficient of 
static friction at A and B so that the roller remains self- 
locking, regardless of the magnitude of force P applied to 
the belt. Neglect the weight of the roller and neglect friction 
between the belt and the vertical surface. 


Probs. 8-39/40 
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e841. The clamp is used to tighten the connection 
between two concrete drain pipes. Determine the least 
coefficient of static friction at A or B so that the clamp does 
not slip regardless of the force in the shaft CD. 


Prob. 8-41 


8-42. The coefficient of static friction between the 150-kg 
crate and the ground is wu, = 0.3, while the coefficient of 
static friction between the 80-kg man’s shoes and the 
ground is px = 0.4. Determine if the man can move the 
crate. 


8-43. If the coefficient of static friction between the crate 
and the ground is pw, = 0.3, determine the minimum 
coefficient of static friction between the man’s shoes and 
the ground so that the man can move the crate. 


Probs. 8—42/43 
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*8-44, The 3-Mg rear-wheel-drive skid loader has a center 
of mass at G. Determine the largest number of crates that 
can be pushed by the loader if each crate has a mass of 
500 kg. The coefficient of static friction between a crate and 
the ground is 4, = 0.3, and the coefficient of static friction 
between the rear wheels of the loader and the ground is 
LL, = 0.5. The front wheels are free to roll. Assume that the 
engine of the loader is powerful enough to generate a 
torque that will cause the rear wheels to slip. 


Prob. 8-44 


e845. The 45-kg disk rests on the surface for which the 
coefficient of static friction is 4,4 = 0.2. Determine the 
largest couple moment M that can be applied to the bar 
without causing motion. 


8-46. The 45-kg disk rests on the surface for which the 
coefficient of static friction is w4 = 0.15. If M = 50N-m, 
determine the friction force at A. 


Probs. 8—45/46 


8-47. Block C has a mass of 50 kg and is confined between 
two walls by smooth rollers. If the block rests on top of the 
40-kg spool, determine the minimum cable force P needed 
to move the spool. The cable is wrapped around the spool’s 
inner core. The coefficients of static friction at A and B are 
Kha = 0.3 and Ma 0.6. 


*8-48. Block C has a mass of 50 kg and is confined 
between two walls by smooth rollers. If the block rests on 
top of the 40-kg spool, determine the required coefficients 
of static friction at A and B so that the spool slips at A and 
B when the magnitude of the applied force is increased to 
P = 300N. 


Probs. 8-47/48 


e849. The 3-Mg four-wheel-drive truck (SUV) has a 
center of mass at G. Determine the maximum mass of the 
log that can be towed by the truck. The coefficient of static 
friction between the log and the ground is », = 0.8, and the 
coefficient of static friction between the wheels of the truck 
and the ground is 4, = 0.4. Assume that the engine of the 
truck is powerful enough to generate a torque that will 
cause all the wheels to slip. 


8-50. A 3-Mg front-wheel-drive truck (SUV) has a center 
of mass at G. Determine the maximum mass of the log that 
can be towed by the truck. The coefficient of static friction 
between the log and the ground is mw, = 0.8, and the 
coefficient of static friction between the front wheels of the 
truck and the ground is 4, = 0.4. The rear wheels are free to 
roll. Assume that the engine of the truck is powerful enough 
to generate a torque that will cause the front wheels to slip. 


Probs. 8—49/50 


8-51. If the coefficients of static friction at contact points 
A and B are p, = 0.3 and pi, = 0.4 respectively, determine 
the smallest force P that will cause the 150-kg spool to have 
impending motion. 


*§8-52. Ifthe coefficients of static friction at contact points 
A and B are p, = 0.4 and pw, = 0.2 respectively, determine 
the smallest force P that will cause the 150-kg spool to have 
impending motion. 


Probs. 8—51/52 


e8-53. The carpenter slowly pushes the uniform board 
horizontally over the top of the saw horse. The board has a 
uniform weight of 3 lb/ft, and the saw horse has a weight of 
15 lb and a center of gravity at G. Determine if the saw 
horse will stay in position, slip, or tip if the board is pushed 
forward when d = 10 ft. The coefficients of static friction 
are shown in the figure. 


8-54. The carpenter slowly pushes the uniform board 
horizontally over the top of the saw horse. The board has a 
uniform weight of 3 lb/ft, and the saw horse has a weight of 
15 Ib and a center of gravity at G. Determine if the saw 
horse will stay in position, slip, or tip if the board is pushed 
forward when d = 14 ft. The coefficients of static friction 
are shown in the figure. 


Probs. 8-53/54 
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8-55. If the 75-lb girl is at position d = 4 ft, determine the 
minimum coefficient of static friction , at contact points A 
and B so that the plank does not slip. Neglect the weight of 
the plank. 


*8-56. If the coefficient of static friction at the contact 
points A and B is uw, = 0.4 , determine the minimum distance 
d where a 75-lb girl can stand on the plank without causing it 
to slip. Neglect the weight of the plank. 


Fe 12 ft *] 


Probs. 8-55/56 


°8-57. If each box weighs 150 lb, determine the least 
horizontal force P that the man must exert on the top box in 
order to cause motion. The coefficient of static friction 
between the boxes is w, = 0.5, and the coefficient of static 
friction between the box and the floor is wi = 0.2. 


8-58. If each box weighs 150 lb, determine the least 
horizontal force P that the man must exert on the top box in 
order to cause motion. The coefficient of static friction 
between the boxes is x, = 0.65, and the coefficient of static 
friction between the box and the floor is uw, = 0.35. 


Probs. 8-57/58 
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8-59. If the coefficient of static friction between the collars 
A and B and the rod is pw, = 0.6, determine the maximum 
angle @ for the system to remain in equilibrium, regardless of 
the weight of cylinder D. Links AC and BC have negligible 
weight and are connected together at C by a pin. 


*8-60. If 6 = 15°, determine the minimum coefficient of 
static friction between the collars A and B and the rod 
required for the system to remain in equilibrium, regardless 
of the weight of cylinder D. Links AC and BC have 
negligible weight and are connected together at C by a pin. 


Probs. 8—59/60 


e8-61. Each of the cylinders has a mass of 50 kg. If the 
coefficients of static friction at the points of contact are 
ba = 0.5, up = 0.5, uc = 0.5, and wp = 0.6, determine the 
smallest couple moment M needed to rotate cylinder E. 


Prob. 8-61 


8-62. Blocks A, B, and C have weights of 50 Ib, 25 Ib, and 
15 lb, respectively. Determine the smallest horizontal force P 
that will cause impending motion. The coefficient of static 
friction between A and B is p, = 0.3, between B and 
C, ps = 0.4, and between block C and the ground, 
b's, = 0.35. 


Prob. 8-62 


8-63. Determine the smallest force P that will cause 
impending motion. The crate and wheel have a mass of 
50 kg and 25 kg, respectively. The coefficient of static 
friction between the crate and the ground is uw, = 0.2, and 
between the wheel and the ground pj = 0.5. 


*8-64. Determine the smallest force P that will cause 
impending motion. The crate and wheel have a mass of 
50 kg and 25 kg, respectively. The coefficient of static 
friction between the crate and the ground is uw, = 0.5, and 
between the wheel and the ground pi, = 0.3. 


Probs. 8-63/64 
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Fal CONCEPTUAL PROBLEMS 


P8-1. Is it more effective to move the load forward at 
constant velocity with the boom fully extended as shown, or 
should the boom be fully retracted? Power is supplied to 
the rear wheels. The front wheels are free to roll. Do an 
equilibrium analysis to explain your answer. 


P8-1 


P8-2. The lug nut on the free-turning wheel is to be 
removed using the wrench. Which is the most effective way 
to apply force to the wrench? Also, why is it best to keep the 
car tire on the ground rather than first jacking it up? 
Explain your answers with an equilibrium analysis. 


P8-3. The rope is used to tow the refrigerator. Is it best to 
pull slightly up on the rope as shown, pull horizontally, or 
pull somewhat downwards? Also, is it best to attach the 
rope at a high position as shown, or at a lower position? Do 
an equilibrium analysis to explain your answer. 


P8-4. The rope is used to tow the refrigerator. In order to 
prevent yourself from slipping while towing, is it best to pull 
up as shown, pull horizontally, or pull downwards on the 
rope? Do an equilibrium analysis to explain your answer. 


P8-3/4 


P8-5. Is it easier to tow the load by applying a force along = 


the tow bar when it is in an almost horizontal position as 
shown, or is it better to pull on the bar when it has a steeper 
slope? Do an equilibrium analysis to explain your answer. 


P8-5 
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Wedges are often used to adjust the 
elevation of structural or mechanical 


parts. Also, they provide stability for 
objects such as this pipe. 


Impending 
---> 


motion 


8.3 Wedges 


A wedge is a simple machine that is often used to transform an applied 
force into much larger forces, directed at approximately right angles to 
the applied force. Wedges also can be used to slightly move or adjust 
heavy loads. 

Consider, for example, the wedge shown in Fig. 8—12a, which is used to 
lift the block by applying a force to the wedge. Free-body diagrams of 
the block and wedge are shown in Fig. 8-12b. Here we have excluded 
the weight of the wedge since it is usually small compared to the weight 
W of the block. Also, note that the frictional forces F, and F, must 
oppose the motion of the wedge. Likewise, the frictional force F; of the 
wall on the block must act downward so as to oppose the block’s 
upward motion. The locations of the resultant normal forces are not 
important in the force analysis since neither the block nor wedge will 
“tip.” Hence the moment equilibrium equations will not be considered. 
There are seven unknowns, consisting of the applied force P, needed to 
cause motion of the wedge, and six normal and frictional forces. The 
seven available equations consist of four force equilibrium equations, 
=F, = 0, =F, = 0 applied to the wedge and block, and three frictional 
equations, F = uN, applied at the surface of contact. 

If the block is to be /owered, then the frictional forces will all act in a 
sense opposite to that shown in Fig. 8-12. Provided the coefficient of 
friction is very small or the wedge angle 6 is large, then the applied force 
P must act to the right to hold the block. Otherwise, P may have a 
reverse sense of direction in order to pull on the wedge to remove it. If P 
is not applied and friction forces hold the block in place, then the wedge 
is referred to as self-locking. 


(a) (b) 


Fig. 8-12 


EXAMPLE |8.6 


The uniform stone in Fig. 8—13a has a mass of 500 kg and is held in the 
horizontal position using a wedge at B. If the coefficient of static 
friction is w, = 0.3 at the surfaces of contact, determine the minimum 
force P needed to remove the wedge. Assume that the stone does not 
slip at A. 


SOLUTION 

The minimum force P requires F = u,N at the surfaces of contact 
with the wedge. The free-body diagrams of the stone and wedge are 
shown in Fig. 8-135. On the wedge the friction force opposes the 
impending motion, and on the stone at A, F, = p,N 4, since slipping 
does not occur there. There are five unknowns. Three equilibrium 
equations for the stone and two for the wedge are available for 
solution. From the free-body diagram of the stone, 


G+ 2M, =0; -—4905 N(0.5 m) + (Ng cos 7° N)(1 m) 
+ (0.3Nz sin 7° N)(1m) = 0 
Ng = 2383.1 N 


Using this result for the wedge, we have 


+12F,=0; Nc — 2383.1 cos 7° N — 0.3(2383.1 sin 7° N) = 0 
Nc = 2452.5N 


2383.1 sin 7° N — 0.3(2383.1 cos 7° N) + 
P — 0.3(2452.5 N) = 0 
P = 1154.9N = 1.15 kN Ans. 


NOTE: Since P is positive, indeed the wedge must be pulled out. If P 
were zero, the wedge would remain in place (self-locking) and the 
frictional forces developed at B and C would satisfy Fz < w,Nz and 
Fo < bsNe. 


8.3. WEDGES 


Impending 
a 


motion 
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Square-threaded screws 
find applications on valves, 
jacks, and vises, where 
particularly large forces 
must be developed along 
the axis of the screw. 


rae 


8.4 Frictional Forces on Screws 


In most cases screws are used as fasteners; however, in many types of 
machines they are incorporated to transmit power or motion from one 
part of the machine to another. A square-threaded screw is commonly used 
for the latter purpose, especially when large forces are applied along its 
axis. In this section we will analyze the forces acting on square-threaded 
screws. The analysis of other types of screws, such as the V-thread, is based 
on these same principles. 

For analysis, a square-threaded screw, as in Fig. 8-14, can be considered 
a cylinder having an inclined square ridge or thread wrapped around it. If 
we unwind the thread by one revolution, as shown in Fig. 8-145, the slope 
or the lead angle @ is determined from @ = tan '(J/27r). Here / and 2ar 
are the vertical and horizontal distances between A and B, where r is the 
mean radius of the thread. The distance / is called the /ead of the screw 
and it is equivalent to the distance the screw advances when it turns one 
revolution. 


Upward Impending Motion. Let us now consider the case of a 
square-threaded screw that is subjected to upward impending motion 
caused by the applied torsional moment M, Fig. 8-15.* A free-body 
diagram of the entire unraveled thread can be represented as a block as 
shown in Fig. 8-14a. The force W is the vertical force acting on the 
thread or the axial force applied to the shaft, Fig. 8-15, and M/r is 
the resultant horizontal force produced by the couple moment M about 
the axis of the shaft. The reaction R of the groove on the thread, has 
both frictional and normal components, where F = pw, N. The angle of 
static friction is $, = tan (F/N) = tan ‘u,. Applying the force 
equations of equilibrium along the horizontal and vertical axes, we have 


45 YR =0; M/r— Rsin(¢, + 0) =0 
+1=F,=0; Reos(¢, + 6)-W=0 


Eliminating R from these equations, we obtain 


M = rW tan (¢, + 6) (8-3) 


(a) 
Fig. 8-14 


(b) 


*For applications, M is developed by applying a horizontal force P at a right angle to the 
end of a lever that would be fixed to the screw. 
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Fig. 8-15 


Self-Locking Screw. A screwis said to be self-locking if it remains 
in place under any axial load W when the moment M is removed. For this 
to occur, the direction of the frictional force must be reversed so that R 
acts on the other side of N. Here the angle of static friction @, becomes 
greater than or equal to 0, Fig. 8-16d. If ¢, = 0, Fig. 8-16), then R will act 
vertically to balance W, and the screw will be on the verge of winding 
downward. 


Downward Impending Motion. (¢, > @). If a screw is self- 
locking, a couple moment M’ must be applied to the screw in the 
opposite direction to wind the screw downward (¢, > 0). This causes a 
reverse horizontal force M'/r that pushes the thread down as indicated 
in Fig. 8-16c. Using the same procedure as before, we obtain 


M' = rW tan (6 — ,) (8-4) 


Downward Impending Motion. (¢, < @). If the screw is not 
self-locking, it is necessary to apply a moment M” to prevent the screw 
from winding downward (¢, < 6). Here, a horizontal force M"/r is 
required to push against the thread to prevent it from sliding down the 
plane, Fig. 8-16d. Thus, the magnitude of the moment M” required to 
prevent this unwinding is 


M" = Wr tan (¢, — 0) (8-5) 


If motion of the screw occurs, Eqs. 8-3, 8-4, and 8-5 can be applied by 
simply replacing @, with x. 


Ww 


Mr 


Upward screw motion 
(a) 
Ww 


R 
bs = OV, 


Self-locking screw (0 = ¢5) 
(on the verge of rotating downward) 


(b) 
w 


M'/, 
| a. 


A 


n 


Downward screw motion (6 > ds) 


(c) 
w 


Downward screw motion (6 < ds) 
(d) 
Fig. 8-16 
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EXAMPLE |8.7 


FRICTION 


The turnbuckle shown in Fig. 8-17 has a square thread with a mean 
radius of 5 mm and a lead of 2 mm. If the coefficient of static friction 
between the screw and the turnbuckle is , = 0.25, determine the 
moment M that must be applied to draw the end screws closer 
together. 


SOLUTION 
The moment can be obtained by applying Eq. 8-3. Since friction at 
two screws must be overcome, this requires 


M = 2[Wrtan(d + )] (1) 


Here W = 2000N, r = 5mn, @, = tan! w, = tan 1(0.25) = 14.04°, 
and @ = tan !(J/27r) = tan '(2 mm/[27(5 mm)]) = 3.64°. Substituting 
these values into Eq. 1 and solving gives 


M = 2[(2000 N)(5 mm) tan(14.04° + 3.64°)] 
= 6374.7N:-mm = 6.37N:-m Ans. 


NOTE: When the moment is removed, the turnbuckle will be self- 
locking; i.e., it will not unscrew since ¢, > 0. 
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ETPROBLEMS 


e8-65. Determine the smallest horizontal force P required 
to pull out wedge A. The crate has a weight of 300 Ib and the 
coefficient of static friction at all contacting surfaces is 
bu, = 0.3. Neglect the weight of the wedge. 


AS 


Prob. 8-65 


8-66. Determine the smallest horizontal force P required 
to lift the 200-kg crate. The coefficient of static friction at 
all contacting surfaces is w, = 0.3. Neglect the mass of 
the wedge. 


Prob. 8-66 


8-67. Determine the smallest horizontal force P required 
to lift the 100-kg cylinder. The coefficients of static friction 
at the contact points A and B are (p,), = 0.6 and 
(us)p = 0.2, respectively; and the coefficient of static 
friction between the wedge and the ground is “, = 0.3. 


C 


Prob. 8-67 


*8-68. The wedge has a negligible weight and a coefficient 
of static friction uw, = 0.35 with all contacting surfaces. 
Determine the largest angle @ so that it is “self-locking.” 
This requires no slipping for any magnitude of the force P 
applied to the joint. 


Prob. 8-68 


°8-69. Determine the smallest horizontal force P 
required to just move block A to the right if the spring force 
is 600 N and the coefficient of static friction at all contacting 
surfaces on A is x, = 0.3. The sleeve at C is smooth. Neglect 
the mass of A and B. 


Prob. 8-69 


8-70. The three stone blocks have weights of 
W, = 600 1b, Wg = 1501b, and We = 500 1b. Determine 
the smallest horizontal force P that must be applied to 
block C in order to move this block. The coefficient of static 
friction between the blocks is uw, = 0.3, and between the 
floor and each block pi, = 0.5. 


Prob. 8-70 
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8-71. Determine the smallest horizontal force P required 
to move the wedge to the right. The coefficient of static 
friction at all contacting surfaces is w, = 0.3. Set @ = 15° 
and F = 400N. Neglect the weight of the wedge. 


*8-72. If the horizontal force P is removed, determine the 
largest angle 6 that will cause the wedge to be self-locking 
regardless of the magnitude of force F applied to the 
handle. The coefficient of static friction at all contacting 
surfaces is w, = 0.3. 


450 mm 


Probs. 8—71/72 


e8-73. Determine the smallest vertical force P required to 
hold the wedge between the two identical cylinders, each 
having a weight of W. The coefficient of static friction at all 
contacting surfaces is w, = 0.1. 


8-74. Determine the smallest vertical force P required to 
push the wedge between the two identical cylinders, each 
having a weight of W. The coefficient of static friction at all 
contacting surfaces is wu, = 0.3. 


Probs. 8—73/74 


8-75. If the uniform concrete block has a mass of 500 kg, 
determine the smallest horizontal force P needed to move 
the wedge to the left. The coefficient of static friction 
between the wedge and the concrete and the wedge and the 
floor is x, = 0.3. The coefficient of static friction between 
the concrete and floor is 4, = 0.5. 


Prob. 8-75 


*8-76. The wedge blocks are used to hold the specimen 
in a tension testing machine. Determine the largest design 
angle 6 of the wedges so that the specimen will not slip 
regardless of the applied load. The coefficients of static 
friction are w4 = 0.1 at A and wz = 0.6 at B. Neglect the 
weight of the blocks. 


Prob. 8-76 


°8-77. The square threaded screw of the clamp has a 
mean diameter of 14 mm and a lead of 6 mm. If w, = 0.2 for 
the threads, and the torque applied to the handle is 
1.5 N+ m, determine the compressive force F on the block. 


Prob. 8-77 


8-78. The device is used to pull the battery cable terminal 
C from the post of a battery. If the required pulling force is 
85 lb, determine the torque M that must be applied to the 
handle on the screw to tighten it. The screw has square 
threads, a mean diameter of 0.2 in., a lead of 0.08 in., and the 
coefficient of static friction is uw, = 0.5. 


Prob. 8-78 


8.4 FRICTIONAL FORCES ON SCREWS 419 


8-79. The jacking mechanism consists of a link that has a 
square-threaded screw with a mean diameter of 0.5 in. anda 
lead of 0.20 in., and the coefficient of static friction is 
bs = 0.4. Determine the torque M that should be applied to 
the screw to start lifting the 6000-1b load acting at the end of 
member ABC. 


i 20 in. 


Prob. 8-79 


*8-80. Determine the magnitude of the horizontal force P 
that must be applied to the handle of the bench vise in order 
to produce a clamping force of 600 N on the block. The 
single square-threaded screw has a mean diameter of 
25 mm and a lead of 7.5 mm. The coefficient of static 
friction is w, = 0.25. 


°8-81. Determine the clamping force exerted on the 
block if a force of P = 30 N is applied to the lever of the 
bench vise. The single square-threaded screw has a mean 
diameter of 25 mm and a lead of 7.5 mm. The coefficient of 
static friction is w, = 0.25. 


Probs. 8-80/81 
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8-82. Determine the required horizontal force that must 
be applied perpendicular to the handle in order to develop 
a 900-N clamping force on the pipe. The single square- 
threaded screw has a mean diameter of 25 mm and a lead of 
5 mm. The coefficient of static friction is 4, = 0.4. Note: The 
screw is a two-force member since it is contained within 
pinned collars at A and B. 


8-83. If the clamping force on the pipe is 900 N, 
determine the horizontal force that must be applied 
perpendicular to the handle in order to loosen the screw. 
The single square-threaded screw has a mean diameter of 
25 mm and a lead of 5 mm. The coefficient of static friction 
is uw, = 0.4. Note: The screw is a two-force member since it 
is contained within pinned collars at A and B. 


~ |200 mm 


Probs. 8-82/83 


*8-84. The clamp provides pressure from several directions 
on the edges of the board. If the square-threaded screw has a 
lead of 3 mm, mean radius of 10 mm, and the coefficient of 
static friction is uw, = 0.4, determine the horizontal force 
developed on the board at A and the vertical forces 
developed at B and Cif a torque of M = 1.5 N- mis applied 
to the handle to tighten it further. The blocks at B and C are 
pin connected to the board. 


Prob. 8-84 


°8-85. Ifthe jack supports the 200-kg crate, determine the 
horizontal force that must be applied perpendicular to the 
handle at E to lower the crate. Each single square-threaded 
screw has a mean diameter of 25 mm and a lead of 7.5 mm. 
The coefficient of static friction is uw, = 0.25. 


8-86. If the jack is required to lift the 200-kg crate, 
determine the horizontal force that must be applied 
perpendicular to the handle at E. Each single square- 
threaded screw has a mean diameter of 25 mm and a lead of 
7.5 mm. The coefficient of static friction is uw, = 0.25. 


Probs. 8-85/86 


8-87. The machine part is held in place using the 
double-end clamp. The bolt at B has square threads with a 
mean radius of 4 mm and a lead of 2 mm, and the 
coefficient of static friction with the nut is uw, = 0.5. If a 
torque of M = 0.4N-mis applied to the nut to tighten it, 
determine the normal force of the clamp at the smooth 
contacts A and C. 


Prob. 8-87 
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8.5 Frictional Forces on Flat Belts 


Whenever belt drives or band brakes are designed, it is necessary to 
determine the frictional forces developed between the belt and its 
contacting surface. In this section we will analyze the frictional forces 
acting on a flat belt, although the analysis of other types of belts, such as 
the V-belt, is based on similar principles. 

Consider the flat belt shown in Fig. 8-18a, which passes over a fixed 
curved surface. The total angle of belt to surface contact in radians is B, 
and the coefficient of friction between the two surfaces is . We wish to 
determine the tension T> in the belt, which is needed to pull the belt 
counterclockwise over the surface, and thereby overcome both the 
frictional forces at the surface of contact and the tension 7, in the other 
end of the belt. Obviously, 7, > 7 . 


Frictional Analysis. A free-body diagram of the belt segment in 
contact with the surface is shown in Fig. 8-18b. As shown, the normal and 
frictional forces, acting at different points along the belt, will vary both in 
magnitude and direction. Due to this unknown distribution, the analysis 
of the problem will first require a study of the forces acting on a 
differential element of the belt. 

A free-body diagram of an element having a length ds is shown in 
Fig. 8-18c. Assuming either impending motion or motion of the belt, 
the magnitude of the frictional force dF = dN. This force opposes 
the sliding motion of the belt, and so it will increase the magnitude 
of the tensile force acting in the belt by dT. Applying the two force 
equations of equilibrium, we have 


d d 
N\+IF, = 0; T cos( 2) + wdN — (T + dT) cos( 2) =0 


d d 
+7ZF y= 0; dN — (T + dT) sin( @) - r sin( =0 


Since dé is of infinitesimal size, sin(d6/2) = d6/2 and cos(d@/2) = 1. 
Also, the product of the two infinitesimals dT and d6/2 may be neglected 
when compared to infinitesimals of the first order. As a result, these two 
equations become 


wdN = dT 
and 

dN =T dé 
Eliminating dN yields 

ae yap 


Motion or impending 
motion of belt relative 


to surface 
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Motion or impending 
motion of belt relative 


to surface 


Integrating this equation between all the points of contact that the belt 
makes with the drum, and noting that T = T, at 0 = 0 and T = T> at 


0 = B, yields 

T B 
dT i: 
—=yp]| do 

[ T 0 
eee 
a up 
Flat or V-belts are often used to transmit Solving for 7, we obtain 


the torque developed by a motor to a 


wheel attached to a pump, fan or blower. 


where 


T>, T, = belt tensions; T, opposes the direction of motion (or 
impending motion) of the belt measured relative to the 
surface, while 7> acts in the direction of the relative belt 
motion (or impending motion); because of friction, 
TST; 

be = coefficient of static or kinetic friction between the belt 
and the surface of contact 
B = angle of belt to surface contact, measured in radians 
= 2.718..., base of the natural logarithm 


fas) 


Note that 7, is independent of the radius of the drum, and instead it is 
a function of the angle of belt to surface contact, B. As a result, this 
equation is valid for flat belts passing over any curved contacting surface. 


8.5 FRICTIONAL FORCES ON FLAT BELTS 


EXAMPLE |8.8 


The maximum tension that can be developed in the cord shown in 
Fig. 8-19a is 500 N. If the pulley at A is free to rotate and the coefficient 
of static friction at the fixed drums B and Cis pu, = 0.25, determine the 
largest mass of the cylinder that can be lifted by the cord. 


(a) 


SOLUTION 

Lifting the cylinder, which has a weight W = mg, causes the cord to 
move counterclockwise over the drums at B and C; hence, the 
maximum tension 7 in the cord occurs at D. Thus, F = T, = SOON. 
A section of the cord passing over the drum at B is shown in 
Fig. 8-195. Since 180° = 7 rad the angle of contact between the drum 
and the cord is B = (135°/180°)a = 37/4 rad. Using Eq. 8-6, we have 


Ty = Tyet"; 500N = T,e°*(G/4)7] 


Hence, 


500N _ 500N 
2513/47] ‘1.80 


T,= 277.4N 


Since the pulley at A is free to rotate, equilibrium requires that the 
tension in the cord remains the same on both sides of the pulley. 

The section of the cord passing over the drum at C is shown in 
Fig. 8-19c. The weight W < 277.4 N. Why? Applying Eq. 8-6, we obtain 


i T ,e%?, QTIAN = Weo5l3/4)71 
W = 153.9N 
so that 
WwW 153.9N 
& 9.81 m/s” 


= 15.7 kg Ans. 


Impendi 


ng 


motion ——~ 
a 


185% 


500 N 


277.4N 


B 
T; 
(b) 
Impending 
motion. —— 
7 
g 135° 
C 
W =mg 
(c) 
Fig. 8-19 
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ETPROBLEMS 


*8-88. Blocks A and B weigh 50 lb and 30 Ib, respectively. 
Using the coefficients of static friction indicated, determine 
the greatest weight of block D without causing motion. 


e8-89. Blocks A and B weigh 75 lb each, and D weighs 
30 Ib. Using the coefficients of static friction indicated, 
determine the frictional force between blocks A and B and 
between block A and the floor C. 


Hepa = 0.6 


Hac = 0.4 


Probs. 8-88/89 


8-90. A cylinder having a mass of 250 kg is to be 
supported by the cord which wraps over the pipe. 
Determine the smallest vertical force F needed to support 
the load if the cord passes (a) once over the pipe, 8 = 180°, 
and (b) two times over the pipe, 8B = 540°. Take uw, = 0.2. 


Prob. 8-90 


8-91. A cylinder having a mass of 250 kg is to be 
supported by the cord which wraps over the pipe. 
Determine the largest vertical force F that can be applied 
to the cord without moving the cylinder. The cord passes 
(a) once over the pipe, 8 = 180°, and (b) two times over the 
pipe, B = 540°. Take p, = 0.2. 


Prob. 8-91 


*8-92. The boat has a weight of 500 lb and is held in 
position off the side of a ship by the spars at A and B.A man 
having a weight of 130 lb gets in the boat, wraps a rope 
around an overhead boom at C, and ties it to the end of the 
boat as shown. If the boat is disconnected from the spars, 
determine the minimum number of half turns the rope must 
make around the boom so that the boat can be safely 
lowered into the water at constant velocity. Also, what is the 
normal force between the boat and the man? The coefficient 
of kinetic friction between the rope and the boom is 
bs = 0.15. Hint: The problem requires that the normal force 
between the man’s feet and the boat be as small as possible. 


Prob. 8-92 


e8-93. The 100-lb boy at A is suspended from the cable 
that passes over the quarter circular cliff rock. Determine if 
it is possible for the 185-lb woman to hoist him up; and if 
this is possible, what smallest force must she exert on the 
horizontal cable? The coefficient of static friction between 
the cable and the rock is uw, = 0.2, and between the shoes of 
the woman and the ground py}, = 0.8. 


8-94. The 100-lb boy at A is suspended from the cable 
that passes over the quarter circular cliff rock. What 
horizontal force must the woman at A exert on the cable in 
order to let the boy descend at constant velocity? The 
coefficients of static and kinetic friction between the cable 
and the rock are yw, = 0.4 and pu, = 0.35, respectively. 


Probs. 8—93/94 


8-95. A 10-kg cylinder D, which is attached to a small 
pulley B, is placed on the cord as shown. Determine the 
smallest angle 0 so that the cord does not slip over the peg at 
C. The cylinder at E has a mass of 10 kg, and the coefficient 
of static friction between the cord and the peg is w, = 0.1. 


*8-96. A 10-kg cylinder D, which is attached to a small 
pulley B, is placed on the cord as shown. Determine the 
largest angle @ so that the cord does not slip over the peg at 
C. The cylinder at E has a mass of 10 kg, and the coefficient 
of static friction between the cord and the peg is uw, = 0.1. 


Probs. 8—95/96 
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°8-97. Determine the smallest lever force P needed to 
prevent the wheel from rotating if it is subjected to a torque 
of M = 250 N-m. The coefficient of static friction between 
the belt and the wheel is w, = 0.3. The wheel is pin 
connected at its center, B. 


Prob. 8-97 


8-98. If a force of P = 200N is applied to the handle of 
the bell crank, determine the maximum torque M that can 
be resisted so that the flywheel is not on the verge of 
rotating clockwise. The coefficient of static friction between 
the brake band and the rim of the wheel is uw, = 0.3. 


Prob. 8-98 
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8-99. Show that the frictional relationship between the 
belt tensions, the coefficient of friction py, and the angular 
contacts a and B for the V-belt is T, = T,e%8/it(ey?), 


Impending 
motion 


Prob. 8-99 


*8-100. Determine the force developed in spring AB in 
order to hold the wheel from rotating when it is subjected 
to a couple moment of M = 200N-m. The coefficient of 
static friction between the belt and the rim of the wheel is 
bs = 0.2, and between the belt and peg C, wy, = 0.4. The 
pulley at B is free to rotate. 


e8-101. If the tension in the spring is Fyg = 2.5kN, 
determine the largest couple moment that can be applied to 
the wheel without causing it to rotate. The coefficient of 
static friction between the belt and the wheel is uw, = 0.2, 
and between the belt the peg yu, = 0.4. The pulley B free to 
rotate. 


8-102. The simple band brake is constructed so that the 
ends of the friction strap are connected to the pin at A and 
the lever arm at B. If the wheel is subjected to a torque of 
M = 80 lb: ft, determine the smallest force P applied to the 
lever that is required to hold the wheel stationary. The 
coefficient of static friction between the strap and wheel is 
bs = 0.5. 


Prob. 8-102 


8-103. A 180-lb farmer tries to restrain the cow from 
escaping by wrapping the rope two turns around the tree 
trunk as shown. If the cow exerts a force of 250 lb on the 
rope, determine if the farmer can successfully restrain the 
cow. The coefficient of static friction between the rope and 
the tree trunk is w, = 0.15, and between the farmer’s shoes 
and the ground pj, = 0.3. 


Probs. 8-100/101 


Prob. 8-103 


*8-104. The uniform 50-lb beam is supported by the rope 
which is attached to the end of the beam, wraps over the 
rough peg, and is then connected to the 100-Ib block. If 
the coefficient of static friction between the beam and the 
block, and between the rope and the peg, is pw, = 0.4, 
determine the maximum distance that the block can be 
placed from A and still remain in equilibrium. Assume the 
block will not tip. 


Prob. 8-104 


e8-105. The 80-kg man tries to lower the 150-kg crate 
using a rope that passes over the rough peg. Determine the 
least number of full turns in addition to the basic wrap 
(165°) around the peg to do the job. The coefficients of 
static friction between the rope and the peg and between 
the man’s shoes and the ground are », = 0.1 and pj} = 0.4, 
respectively. 


8-106. If the rope wraps three full turns plus the basic 
wrap (165°) around the peg, determine if the 80-kg man can 
keep the 300-kg crate from moving. The coefficients of 
static friction between the rope and the peg and between 
the man’s shoes and the ground are ww, = 0.1 and py = 0.4, 
respectively. 


Probs. 8-105/106 
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8-107. The drive pulley B in a video tape recorder is on 
the verge of slipping when it is subjected to a torque of 
M = 0.005 N- m. If the coefficient of static friction between 
the tape and the drive wheel and between the tape and the 
fixed shafts A and C is nw, = 0.1, determine the tensions T, 
and T> developed in the tape for equilibrium. 


Prob. 8-107 


*8-108. Determine the maximum number of 50-lb packages 
that can be placed on the belt without causing the belt to 
slip at the drive wheel A which is rotating with a constant 
angular velocity. Wheel B is free to rotate. Also, find the 
corresponding torsional moment M that must be supplied 
to wheel A. The conveyor belt is pre-tensioned with the 
300-lb horizontal force. The coefficient of kinetic friction 
between the belt and platform P is pw, = 0.2, and the 
coefficient of static friction between the belt and the rim of 
each wheel is w, = 0.35. 


P = 300 lb 


Prob. 8-108 
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e8-109. Blocks A and B have a mass of 7 kg and 10 kg, 
respectively. Using the coefficients of static friction 
indicated, determine the largest vertical force P which can 
be applied to the cord without causing motion. 


300 mm bp = 0.1 


Prob. 8-109 


8-110. Blocks A and B have a mass of 100 kg and 150 kg, 
respectively. If the coefficient of static friction between A 
and B and between B and C is pw, = 0.25, and between the 
ropes and the pegs D and E yw, = 0.5, determine the 
smallest force F needed to cause motion of block B if 
P=30N. 


Prob. 8-110 


8-111. Block A has a weight of 100 lb and rests on a 
surface for which p, = 0.25. If the coefficient of static 
friction between the cord and the fixed peg at Cis uw, = 0.3, 
determine the greatest weight of the suspended cylinder B 
without causing motion. 


Prob. 8-111 


*8-112. Block A has a mass of 50 kg and rests on surface 
B for which p, = 0.25. If the coefficient of static friction 
between the cord and the fixed peg at C is pw, = 0.3, 
determine the greatest mass of the suspended cylinder D 
without causing motion. 


e8-113. Block A has a mass of 50 kg and rests on surface 
B for which p, = 0.25. If the mass of the suspended cylinder 
D is 4 kg, determine the frictional force acting on A and 
check if motion occurs. The coefficient of static friction 
between the cord and the fixed peg at Cis uj; = 0.3. 


Probs. 8-112/113 


8.6 FRICTIONAL FORCES ON COLLAR BEARINGS, PIVOT BEARINGS, AND DISKS 


*8.6 Frictional Forces on Collar Bearings, 
Pivot Bearings, and Disks 


Pivot and collar bearings are commonly used in machines to support an 
axial load on a rotating shaft. Typical examples are shown in Fig. 8-20. 
Provided these bearings are not lubricated, or are only partially lubricated, 
the laws of dry friction may be applied to determine the moment needed 
to turn the shaft when it supports an axial force. 


P 
Ae oli 


LR 
Pivot bearing Ri 
a 
(a) 


Collar bearing 


(b) 


Fig. 8-20 


Frictional Analysis. The collar bearing on the shaft shown in 
Fig. 8-21 is subjected to an axial force P and has a total bearing or contact 
area a(R — Rj). Provided the bearing is new and evenly supported, 
then the normal pressure p on the bearing will be uniformly distributed 
over this area. Since 2 F, = 0, then p, measured as a force per unit area, 
is p = P/a(R5 — R}). 

The moment needed to cause impending rotation of the shaft can be 
determined from moment equilibrium about the z axis. A differential 
area element dA = (r d@)(dr), shown in Fig. 8-21, is subjected to both a 
normal force dN = p dA and an associated frictional force, 


MsP 


— dA 
m(R3 — Ri) 


dF = p,dN = psp daA = 


Fig. 8-21 
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The motor that turns the disk of this 
sanding machine develops a torque that 
must overcome the frictional forces 
acting on the disk. 


Fig. 8-21 (Repeated) 


The normal force does not create a moment about the z axis of the 
shaft; however, the frictional force does;namely,dM = r dF. Integration 
is needed to compute the applied moment M needed to overcome all the 
frictional forces. Therefore, for impending rotational motion, 


=M, = 0; M- [rar =o 
A 


Substituting for dF and dA and integrating over the entire bearing area 
yields 


Ry p20 nm P LL P R Qa 
M= [ |e |(raoar) = P|, Par | do 
rR, Jo La( Ry — Riz) m(Rz — Rj) JR, 0 
or 


Meee (= = zi) (8-7) 
yy es 
3° \ RS — Ri 


The moment developed at the end of the shaft, when it is rotating at 
constant speed, can be found by substituting uw, for uw, in Eq. 8-7. 

In the case of a pivot bearing, Fig. 8—20a, then R, = Rand R, = 0, and 
Eq. 8-7 reduces to 


2 
M = 3hsPR (8-8) 


Remember that Eqs. 8-7 and 8-8 apply only for bearing surfaces 
subjected to constant pressure. If the pressure is not uniform, a variation 
of the pressure as a function of the bearing area must be determined 
before integrating to obtain the moment. The following example 
illustrates this concept. 
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EXAMPLE |8.9 


The uniform bar shown in Fig. 8-22a has a weight of 4 Ib. If it is 
assumed that the normal pressure acting at the contacting surface 
varies linearly along the length of the bar as shown, determine the 
couple moment M required to rotate the bar. Assume that the bar’s 
width is negligible in comparison to its length. The coefficient of static 
friction is equal to pw, = 0.3. 


SOLUTION 

A free-body diagram of the bar is shown in Fig. 8-22b. The intensity 
Wo of the distributed load at the center (x = 0) is determined from 
vertical force equilibrium, Fig. 8—22a. 


1 
+73SF,=0; —-4lb+ alF(2 ito =0 w=2\b/ft 


Since w = 0 at x = 2 ft, the distributed load expressed as a function 
of x is 


w= @rby(1 s +) =2-x 


The magnitude of the normal force acting on a differential segment of 
area having a length dx is therefore 


dN = wdx = (2 — x)dx 


The magnitude of the frictional force acting on the same element of 
area 1s 


dF = p,dN = 0.3(2 — x)dx 
Hence, the moment created by this force about the z axis is 
dM = x dF = 0.3(2x — x*)dx 


The summation of moments about the z axis of the bar is determined 
by integration, which yields 

2 
=M,=0; M- 2f (0.3)(2x — x”) dx = 0 
0 


M = 0.6{ x2 — — 
o6(« 3 


M = 0.8 lb-ft 
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Unwinding the cable from this spool 
requires overcoming friction from the 
supporting shaft. 


Rotation 


Fig. 8-23 


8.7 Frictional Forces on Journal Bearings 


When a shaft or axle is subjected to lateral loads, a journal bearing is 
commonly used for support. Provided the bearing is not lubricated, or is 
only partially lubricated, a reasonable analysis of the frictional resistance 
on the bearing can be based on the laws of dry friction. 


Frictional Analysis. A typical journal-bearing support is shown in 
Fig. 8—23a. As the shaft rotates, the contact point moves up the wall of the 
bearing to some point A where slipping occurs. If the vertical load acting 
at the end of the shaft is P, then the bearing reactive force R acting at A 
will be equal and opposite to P, Fig. 8-235. The moment needed to 
maintain constant rotation of the shaft can be found by summing 
moments about the z axis of the shaft; i.e., 


=M, = 0; M — (Rsin d;)r = 0 
or 
M = Rrsin $x (8-9) 


where ¢, is the angle of kinetic friction defined by tan d, = 
F/N = pN/N = py. In Fig. 8-23c, it is seen that r sin d, = ry. The 
dashed circle with radius ry is called the friction circle, and as the shaft 
rotates, the reaction R will always be tangent to it. If the bearing is partially 
lubricated, 4, is small, and therefore sin ¢, ~ tan dy, ~ px. Under these 
conditions, a reasonable approximation to the moment needed to 
overcome the frictional resistance becomes 


M & Rrpg (8-10) 


In practice, this type of journal bearing is not suitable for long service 
since friction between the shaft and bearing will wear down the surfaces. 
Instead, designers will incorporate “ball bearings” or “rollers” in journal 
bearings to minimize frictional losses. 


(c) 
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EXAMPLE |8.10 


The 100-mm-diameter pulley shown in Fig. 8—24a fits loosely on a 
10-mm-diameter shaft for which the coefficient of static friction is 
bts = 0.4. Determine the minimum tension T in the belt needed to 
(a) raise the 100-kg block and (b) lower the block. Assume that no 
slipping occurs between the belt and pulley and neglect the weight of 
the pulley. 


100 kg T (a) 

SOLUTION 
Part (a). A free-body diagram of the pulley is shown in Fig. 8—24b. 
When the pulley is subjected to belt tensions of 981 N each, it makes 
contact with the shaft at point P;. As the tension T is increased, the 
contact point will move around the shaft to point P, before motion 
impends. From the figure, the friction circle has a _ radius 
rp = rsin ¢,. Using the simplification that sin ¢, ~ tan d, ~ mw, then 
rp © rus =(Smm)(0.4) = 2mm, so that summing moments about 
P, gives 
G+2Mp, = 0; 981 N(52 mm) — 7(48 mm) = 0 

T = 1063 N = 1.06 kN Ans. 


If a more exact analysis is used, then @, = tan! 0.4 = 21.8°. Thus, the 
radius of the friction circle would be ry = rsin @, = 5 sin 21.8° = 
1.86 mm. Therefore, 


G+ Mp, = 0; 
981 N(50 mm + 1.86 mm) — 7(50 mm — 1.86 mm) = 0 

T = 1057N = 1.06 kN Ans. 
Part (b). When the block is lowered, the resultant force R acting 
on the shaft passes through point as shown in Fig. 8-24c. Summing 
moments about this point yields 
G+ 2Mp, = 0; 981 N(48 mm) — 7(52 mm) = 

T = 906N Ans. 

NOTE: The difference between raising and lowering the block is 
thus 157 N. 


Impending 
\ motion 
\ 


981 N 


52mm 48mm 


Impending 
\ motion 
\ 


48mm 52mm 
(c) 
Fig. 8-24 
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Rigid surface of contact 


(a) 


CRN 
Na 


Soft surface of contact 


(b) 


*8.8 Rolling Resistance 


When a rigid cylinder rolls at constant velocity along a rigid surface, the 
normal force exerted by the surface on the cylinder acts perpendicular to 
the tangent at the point of contact, as shown in Fig. 8—25a. Actually, 
however, no materials are perfectly rigid, and therefore the reaction of the 
surface on the cylinder consists of a distribution of normal pressure. For 
example, consider the cylinder to be made of a very hard material, and the 
surface on which it rolls to be relatively soft. Due to its weight, the cylinder 
compresses the surface underneath it, Fig. 8—25D. As the cylinder rolls, the 
surface material in front of the cylinder retards the motion since it is being 
deformed, whereas the material in the rear is restored from the deformed 
state and therefore tends to push the cylinder forward. The normal 
pressures acting on the cylinder in this manner are represented in Fig. 8—-25b 
by their resultant forces N; and N,. Because the magnitude of the force of 
deformation, Ng, and its horizontal component is always greater than that 
of restoration, N,, and consequently a horizontal driving force P must be 
applied to the cylinder to maintain the motion. Fig. 8-25b.* 

Rolling resistance is caused primarily by this effect, although it is also, 
to a lesser degree, the result of surface adhesion and relative micro- 
sliding between the surfaces of contact. Because the actual force P 
needed to overcome these effects is difficult to determine, a simplified 
method will be developed here to explain one way engineers have 
analyzed this phenomenon. To do this, we will consider the resultant of 
the entire normal pressure, N= N,+N,, acting on the cylinder, 
Fig. 8-25c. As shown in Fig. 8—25d, this force acts at an angle 6 with the 
vertical. To keep the cylinder in equilibrium, i.e., rolling at a constant 
rate, it is necessary that N be concurrent with the driving force P and the 
weight W. Summing moments about point A gives Wa = P(r cos 6). 
Since the deformations are generally very small in relation to the 
cylinder’s radius, cos 0 ~ 1; hence, 

Wa ~ Pr 
or 


je (8-11) 


The distance a is termed the coefficient of rolling resistance, which 
has the dimension of length. For instance, a ~ 0.5mm for a wheel 
rolling on a rail, both of which are made of mild steel. For hardened 


*Actually, the deformation force N, causes energy to be stored in the material as its 
magnitude is increased, whereas the restoration force N,, as its magnitude is decreased, 
allows some of this energy to be released. The remaining energy is Jost since it is used to 
heat up the surface, and if the cylinder’s weight is very large, it accounts for permanent 
deformation of the surface. Work must be done by the horizontal force P to make up for 
this loss. 
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steel ball bearings on steel, a ~ 0.1 mm. Experimentally, though, this 
factor is difficult to measure, since it depends on such parameters as 
the rate of rotation of the cylinder, the elastic properties of the 
contacting surfaces, and the surface finish. For this reason, little 
reliance is placed on the data for determining a. The analysis presented 
here does, however, indicate why a heavy load (W) offers greater 
resistance to motion (P) than a light load under the same conditions. 
Furthermore, since Wa/r is generally very small compared to ,W, the 
force needed to roll a cylinder over the surface will be much less than 
that needed to slide it across the surface. It is for this reason that a 
roller or ball bearings are often used to minimize the frictional 
resistance between moving parts. 


Rolling resistance of railroad wheels on the 
rails is small since steel is very stiff. By 
comparison, the rolling resistance of the 
wheels of a tractor in a wet field is very large. 


EXAMPLE |8.11 


A 10-kg steel wheel shown in Fig. 8—26a has a radius of 100 mm and 
rests on an inclined plane made of soft wood. If 6 is increased so that 
the wheel begins to roll down the incline with constant velocity when 
6 = 1.2°, determine the coefficient of rolling resistance. 
98.1 cos 1.2°N 


SOLUTION 

As shown on the free-body diagram, Fig. 8-26b, when the wheel has 
impending motion, the normal reaction N acts at point A defined by the 
dimension a. Resolving the weight into components parallel and 
perpendicular to the incline, and summing moments about point A, yields 


@ +My, = Oz 
— (98.1 cos 1.2° N)(a) + (98.1 sin 1.2° N)(100 cos 1.2° mm) = 0 


Solving, we obtain 


a = 2.09 mm Ans. 
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| | PROBLEMS 


8-114. The collar bearing uniformly supports an axial 
force of P = 800 lb. If the coefficient of static friction is 
bs = 0.3, determine the torque M required to overcome 
friction. 


8-115. The collar bearing uniformly supports an axial 
force of P = 500 lb. Ifa torque of M = 3 lb- ft is applied to 
the shaft and causes it to rotate at constant velocity, 
determine the coefficient of kinetic friction at the surface of 
contact. 


Probs. 8-114/115 


*8-116. If the spring exerts a force of 900 Ib on the block, 
determine the torque M required to rotate the shaft. The 
coefficient of static friction at all contacting surfaces is 
ps = 0.3. 


¢8-117. The disk clutch is used in standard transmissions 
of automobiles. If four springs are used to force the two 
plates A and B together, determine the force in each spring 
required to transmit amoment of M = 600 Ib: ft across the 
plates. The coefficient of static friction between A and B is 
bs = 0.3. 


Prob. 8-117 


8-118. If P = 900N is applied to the handle of the bell 
crank, determine the maximum torque M the cone clutch 
can transmit. The coefficient of static friction at the 
contacting surface is uw, = 0.3. 


Prob. 8-116 


Prob. 8-118 


8-119. Because of wearing at the edges, the pivot bearing 
is subjected to a conical pressure distribution at its surface 
of contact. Determine the torque M required to overcome 
friction and turn the shaft, which supports an axial force P. 
The coefficient of static friction is u,. For the solution, it is 
necessary to determine the peak pressure pp in terms of P 
and the bearing radius R. 


Prob. 8-119 


*8-120. The pivot bearing is subjected to a parabolic 
pressure distribution at its surface of contact. If the 
coefficient of static friction is 4,, determine the torque M 
required to overcome friction and turn the shaft if it 
supports an axial force P. 


2 
P = po 1 F3) 


Prob. 8-120 
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e8-121. The shaft is subjected to an axial force P. If the 
reactive pressure on the conical bearing is uniform, 
determine the torque M that is just sufficient to rotate the 
shaft. The coefficient of static friction at the contacting 
surface is p,. 


Prob. 8-121 


8-122. The tractor is used to push the 1500-lb pipe. To do 
this it must overcome the frictional forces at the ground, 
caused by sand. Assuming that the sand exerts a pressure on 
the bottom of the pipe as shown, and the coefficient of static 
friction between the pipe and the sand is p, = 0.3, 
determine the horizontal force required to push the pipe 
forward. Also, determine the peak pressure po. 


| 12 ft | 


Prob. 8-122 
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8-123. The conical bearing is subjected to a constant 
pressure distribution at its surface of contact. If the 
coefficient of static friction is w,, determine the torque M 
required to overcome friction if the shaft supports an axial 
force P. 


P 


<bu 


Prob. 8-123 


*8-124. Assuming that the variation of pressure at the 
bottom of the pivot bearing is defined as p = po(R,/r), 
determine the torque M needed to overcome friction if the 
shaft is subjected to an axial force P. The coefficient of static 
friction is yw. For the solution, it is necessary to determine 
Po in terms of P and the bearing dimensions R and R>. 


<b 


Prob. 8-124 


e8-125. The shaft of radius r fits loosely on the journal 
bearing. If the shaft transmits a vertical force P to the 
bearing and the coefficient of kinetic friction between the 
shaft and the bearing is py, determine the torque M 
required to turn the shaft with constant velocity. 


Prob. 8-125 


8-126. The pulley is supported by a 25-mm-diameter pin. 
If the pulley fits loosely on the pin, determine the smallest 
force P required to raise the bucket. The bucket has a mass 
of 20 kg and the coefficient of static friction between the 
pulley and the pin is pw, = 0.3. Neglect the mass of the 
pulley and assume that the cable does not slip on the pulley. 


8-127. The pulley is supported by a 25-mm-diameter pin. 
If the pulley fits loosely on the pin, determine the largest 
force P that can be applied to the rope and yet lower the 
bucket. The bucket has a mass of 20 kg and the coefficient 
of static friction between the pulley and the pin is p, = 0.3. 
Neglect the mass of the pulley and assume that the cable 
does not slip on the pulley. 


Probs. 8—126/127 


*8-128. The cylinders are suspended from the end of the 
bar which fits loosely into a 40-mm-diameter pin. If A has a 
mass of 10 kg, determine the required mass of B which is 
just sufficient to keep the bar from rotating clockwise. The 
coefficient of static friction between the bar and the pin is 
bs = 0.3. Neglect the mass of the bar. 


e8-129. The cylinders are suspended from the end of the 
bar which fits loosely into a 40-mm-diameter pin. If A has a 
mass of 10 kg, determine the required mass of B which is just 
sufficient to keep the bar from rotating counterclockwise. 
The coefficient of static friction between the bar and the pin 
is uw, = 0.3. Neglect the mass of the bar. 


; 600 mm —— 


800 mm 


Probs. 8-128/129 


8-130. The connecting rod is attached to the piston by 
a 0.75-in.-diameter pin at B and to the crank shaft by a 
2-in.-diameter bearing A. If the piston is moving 
downwards, and the coefficient of static friction at the 
contact points is 4, = 0.2, determine the radius of the 
friction circle at each connection. 


8-131. The connecting rod is attached to the piston by a 
20-mm-diameter pin at B and to the crank shaft by a 
50-mm-diameter bearing A. If the piston is moving 
upwards, and the coefficient of static friction at the contact 
points is w, = 0.3, determine the radius of the friction circle 
at each connection. 


Probs. 8-130/131 
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*8-132. The 5-kg pulley has a diameter of 240 mm and the 
axle has a diameter of 40 mm. If the coefficient of kinetic 
friction between the axle and the pulley is pw, = 0.15, 
determine the vertical force P on the rope required to lift 
the 80-kg block at constant velocity. 


°8-133. Solve Prob. 8-132 if the force P is applied 
horizontally to the right. 


Probs. 8-132/133 


8-134. The bell crank fits loosely into a 0.5-in-diameter 
pin. Determine the required force P which is just sufficient 
to rotate the bell crank clockwise. The coefficient of static 
friction between the pin and the bell crank is u, = 0.3. 


8-135. The bell crank fits loosely into a 0.5-in-diameter 
pin. If P = 41 Ib, the bell crank is then on the verge of 
rotating counterclockwise. Determine the coefficient of 
static friction between the pin and the bell crank. 


a 10 in. 


Probs. 8—134/135 
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*8-136. The wagon together with the load weighs 150 Ib. 
If the coefficient of rolling resistance is a = 0.03 in, 
determine the force P required to pull the wagon with 
constant velocity. 


Prob. 8-136 


e8-137. The lawn roller has a mass of 80 kg. If the arm BA 
is held at an angle of 30° from the horizontal and the 
coefficient of rolling resistance for the roller is 25 mm, 
determine the force P needed to push the roller at constant 
speed. Neglect friction developed at the axle, A, and assume 
that the resultant force P acting on the handle is applied 
along arm BA. P 


Prob. 8-137 


8-138. Determine the force P required to overcome 
rolling resistance and pull the 50-kg roller up the inclined 
plane with constant velocity. The coefficient of rolling 
resistance is a = 15 mm. 


8-139. Determine the force P required to overcome 
rolling resistance and support the 50-kg roller if it rolls 
down the inclined plane with constant velocity. The 
coefficient of rolling resistance is a = 15 mm. 

P 


300 mm 30° 


30° 


Probs. 8-138/139 


*8-140. The cylinder is subjected to a load that has a 
weight W. If the coefficients of rolling resistance for the 
cylinder’s top and bottom surfaces are a, and az, 
respectively, show that a horizontal force having a 
magnitude of P = [W(a, + ag)]/2r is required to move the 
load and thereby roll the cylinder forward. Neglect the 
weight of the cylinder. 


Prob. 8-140 


e8-141. The 1.2-Mg steel beam is moved over a level 
surface using a series of 30-mm-diameter rollers for which 
the coefficient of rolling resistance is 0.4 mm at the ground 
and 0.2 mm at the bottom surface of the beam. Determine 
the horizontal force P needed to push the beam forward at 
a constant speed. Hint: Use the result of Prob. 8-140. 


)OGOOOOGGES 


Prob. 8-141 


8-142. Determine the smallest horizontal force P that 
must be exerted on the 200-Ib block to move it forward. The 
rollers each weigh 50 Ib, and the coefficient of rolling 
resistance at the top and bottom surfaces is a = 0.2 in. 


Prob. 8-142 
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Dry Friction 


Frictional forces exist between two 
rough surfaces of contact. These forces 
act on a body so as to oppose its motion 
or tendency of motion. 


A static frictional force approaches a 
maximum value of F, = u,N, where py, 
is the coefficient of static friction. In this 
case, motion between the contacting 
surfaces is impending. 


If slipping occurs, then the friction force 
remains essentially constant and equal 
to F, = uN. Here py, is the coefficient 
of kinetic friction. 


The solution of a problem involving 
friction requires first drawing the free- 
body diagram of the body. If the 
unknowns cannot be determined strictly 
from the equations of equilibrium, and 
the possibility of slipping occurs, then 
the friction equation should be applied 
at the appropriate points of contact in 
order to complete the solution. 


It may also be possible for slender 
objects, like crates, to tip over, and this 
situation should also be investigated. 
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a. 


Rough surface 


Impending 


= 


F 
N 


Impending slipping Tipping 
F=u;N 
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Wedges 


Wedges are inclined planes used to 
increase the application of a force. The 
two force equilibrium equations are 
used to relate the forces acting on 
the wedge. 


An applied force P must push on the 
wedge to move it to the right. 


If the coefficients of friction between 
the surfaces are large enough, then P 
can be removed, and the wedge will be 
self-locking and remain in place. 


Screws 


Square-threaded screws are used to 
move heavy loads. They represent an 
inclined plane, wrapped around a 
cylinder. 


The moment needed to turn a screw 
depends upon the coefficient of friction 
and the screw’s lead angle 0. 


If the coefficient of friction between the 
surfaces is large enough, then the screw 
will support the load without tending to 
turn, i.e., it will be self-locking. 


Flat Belts 


The force needed to move a flat belt 
over a rough curved surface depends 
only on the angle of belt contact, B, and 
the coefficient of friction. 


Impending 
--=.2> 


motion 


M = Wr tan(6 + 4,;) 
Upward Impending Screw Motion 


M' = Wr tan(@ — ¢,) 
Downward Impending Screw 
Motion 


O>¢ 


M" = Wr tan(¢ — 0@,) 
Downward Screw Motion 
gs > 0 


Motion or impending 
motion of belt relative 
to surface 


Collar Bearings and Disks 


The frictional analysis of a collar 
bearing or disk requires looking at a 
differential element of the contact area. 
The normal force acting on this element 
is determined from force equilibrium 
along the shaft, and the moment needed 
to turn the shaft at a constant rate is 
determined from moment equilibrium 
about the shaft’s axis. 


If the pressure on the surface of a collar 
bearing is uniform, then integration 
gives the result shown. 


Journal Bearings 


When a moment is applied to a shaft in 
a nonlubricated or partially lubricated 
journal bearing, the shaft will tend to 
roll up the side of the bearing until 
slipping occurs. This defines the radius 
of a friction circle, and from it the 
moment needed to turn the shaft can be 
determined. 


Rolling Resistance 


The resistance of a wheel to rolling over 
a surface is caused by localized 
deformation of the two materials in 
contact. This causes the resultant normal 
force acting on the rolling body to be 
inclined so that it provides a component 
that acts in the opposite direction of the 
applied force P causing the motion. This 
effect is characterized using the 
coefficient of rolling resistance, a, which 
is determined from experiment. 


M = Rrsin ¢$,; 


CHAPTER REVIEW 
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ze REVIEW PROBLEMS 


8-143. A single force P is applied to the handle of the 
drawer. If friction is neglected at the bottom and the 
coefficient of static friction along the sides is pw, = 0.4, 
determine the largest spacing s between the symmetrically 
placed handles so that the drawer does not bind at the 
corners A and B when the force P is applied to one of 
the handles. 


t 1.25m | 


f 
i 
B = 
— 


P 


Chest 


Prob. 8-143 


*8-144. The semicircular thin hoop of weight W and 
center of gravity at G is suspended by the small peg at A.A 
horizontal force P is slowly applied at B. If the hoop begins 
to slip at A when 6 = 30°, determine the coefficient of static 
friction between the hoop and the peg. 


e8-145. The truck has a mass of 1.25 Mg and a center of 
mass at G. Determine the greatest load it can pull if (a) the 
truck has rear-wheel drive while the front wheels are free to 
roll, and (b) the truck has four-wheel drive. The coefficient of 
static friction between the wheels and the ground is p, = 0.5, 
and between the crate and the ground, it is w, = 0.4. 


8-146. Solve Prob. 8-145 if the truck and crate are 
traveling up a 10° incline. 


Probs. 8-145/146 


8-147. If block A has a mass of 1.5 kg, determine the 
largest mass of block B without causing motion of the 
system. The coefficient of static friction between the blocks 
and inclined planes is uw, = 0.2. 


Prob. 8-144 


Prob. 8-147 


*8-148. The cone has a weight W and center of gravity at 
G. If a horizontal force P is gradually applied to the string 
attached to its vertex, determine the maximum coefficient 
of static friction for slipping to occur. 


es 


Prob. 8-148 


e8-149. The tractor pulls on the fixed tree stump. 
Determine the torque that must be applied by the engine to 
the rear wheels to cause them to slip. The front wheels are 
free to roll. The tractor weighs 3500 Ib and has a center of 
gravity at G. The coefficient of static friction between the 
rear wheels and the ground is x, = 0.5. 


8-150. The tractor pulls on the fixed tree stump. If the 
coefficient of static friction between the rear wheels and 
the ground is w, = 0.6, determine if the rear wheels slip or 
the front wheels lift off the ground as the engine provides 
torque to the rear wheels. What is the torque needed to 
cause this motion? The front wheels are free to roll. The 
tractor weighs 2500 lb and has a center of gravity at G. 


“—st—$ 3 ft 


Probs. 8-149/150 
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8-151. A roofer, having a mass of 70 kg, walks slowly in an 
upright position down along the surface of a dome that has 
a radius of curvature of r = 20 m. If the coefficient of static 
friction between his shoes and the dome is p, = 0.7, 
determine the angle @ at which he first begins to slip. 


Prob. 8-151 


*8-152. Column D is subjected to a vertical load of 
8000 lb. It is supported on two identical wedges A and B for 
which the coefficient of static friction at the contacting 
surfaces between A and B and between B and Cis p, = 0.4. 
Determine the force P needed to raise the column and the 
equilibrium force P’ needed to hold wedge A stationary. 
The contacting surface between A and D is smooth. 


e8-153. Column D is subjected to a vertical load of 8000 Ib. 
It is supported on two identical wedges A and B for which 
the coefficient of static friction at the contacting surfaces 
between A and B and between B and C is p, = 0.4. If the 
forces P and P’ are removed, are the wedges self-locking? 
The contacting surface between A and D is smooth. 


8000 Ib 


Probs. 8—152/153 


When a water tank is designed, it is important to be able to determine its center of 
gravity, calculate its volume and surface area, and reduce three-dimensional distributed 


loadings caused by the water pressure to their resultants. All of these topics are 
discussed in this chapter. 


Center of Gravity and 
Centroid 


CHAPTER OBJECTIVES 


© To discuss the concept of the center of gravity, center of mass, and 
the centroid. 


® To show how to determine the location of the center of gravity and 
centroid for a system of discrete particles and a body of arbitrary 
shape. 


© To use the theorems of Pappus and Guldinus for finding the surface 
area and volume for a body having axial symmetry. 


® To present a method for finding the resultant of a general 
distributed loading and show how it applies to finding the resultant 
force of a pressure loading caused by a fluid. 


9.1 Center of Gravity, Center of Mass, 
and the Centroid of a Body 


In this section we will first show how to locate the center of gravity for a 
body, and then we will show that the center of mass and the centroid of a 
body can be developed using this same method. 


Center of Gravity. A body is composed of an infinite number of 
particles of differential size, and so if the body is located within a 
gravitational field, then each of these particles will have a weight dW, 
Fig. 9-la. These weights will form an approximately parallel force 
system, and the resultant of this system is the total weight of the body, 
which passes through a single point called the center of gravity, G, 
Fig. 9-1b.* 


*This is true as long as the gravity field is assumed to have the same magnitude and 
direction everywhere. That assumption is appropriate for most engineering applications, 
since gravity does not vary appreciably between, for instance, the bottom and the top of 
a building. 
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(a) (b) 
Fig. 9-1 


Using the methods outlined in Sec. 4.8, the weight of the body is the sum 
of the weights of all of its particles, that is 


+i, = SF: W= {dw 


The location of the center of gravity, measured from the y axis, is 
determined by equating the moment of W about the y axis, Fig. 9-1), to 
the sum of the moments of the weights of the particles about this same 
axis. If dW is located at point (X, V, Z), Fig. 9-1a, then 


(Mp)y = 2My; xW = [xdW 

Similarly, if moments are summed about the x axis, 

(Mz), = =My; yw = fydw 

Finally, imagine that the body is fixed within the coordinate system and 
this system is rotated 90° about the y axis, Fig. 9-1c. Then the sum of the 
moments about the y axis gives 

(Mr)y = =My; zW = {zdw 


Therefore, the location of the center of gravity G with respect to the x, y, 
z axes becomes 


x= y= B= (9-1) 


Here 


x, y, z are the coordinates of the center of gravity G, Fig. 9-1b. 
X, y, z are the coordinates of each particle in the body, Fig. 9-1a. 
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Center of Mass of a Body. In order to study the dynamic z 
response or accelerated motion of a body, it becomes important to locate 
the body’s center of mass C,,,, Fig. 9-2. This location can be determined 
by substituting dW = g dm into Eqs. 9-1. Since g is constant, it cancels 


out, and so 
He dm iE dm fr dm 


x= y= Z= 
[am [am [am 


Centroid of a Volume. If the body in Fig. 9-3 is made from a 
homogeneous material, then its density p (rho) will be constant. 
Therefore, a differential element of volume dV has a mass dm = p dV. 
Substituting this into Eqs. 9-2 and canceling out p, we obtain formulas 
that locate the centroid C or geometric center of the body; namely 


[xav [pav [za 
za Vv = Vv 


y= % = (9-3) 


[ow fa fav 
Vv Vv Ve 


These equations represent a balance of the moments of the volume of 
the body. Therefore, if the volume possesses two planes of symmetry, 
then its centroid must lie along the line of intersection of these two y 
planes. For example, the cone in Fig. 9-4 has a centroid that lies on the y 
axis so that ¥ = z = 0. The location y can be found using a single 
integration by choosing a differential element represented by a thin disk 
having a thickness dy and radius r= z. Its volume is dV = Fig. 9-3 
ar’ dy = wz’ dy and its centroid is at * = 0, y = y,z = 0. 


(9-2) 
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(a) 


Integration must be used to determine the 
location of the center of gravity of this goal 
post due to the curvature of the supporting 
member. 


dy 


Centroid of an Area. If an area lies in the x-y plane and is bounded 
by the curve y = f(x), as shown in Fig. 9-5a, then its centroid will be in 
this plane and can be determined from integrals similar to Eqs. 9-3, 


namely, 
Js dA [o dA 
x=s* = (9-4) 


Jaa Jaa 
A A 


These integrals can be evaluated by performing a single integration if we 
use a rectangular strip for the differential area element. For example, if a 
vertical strip is used, Fig. 9-5), the area of the element is dA = y dx, and 
its centroid is located at ¥ = x and V = y/2. If we consider a horizontal 
strip, Fig. 9-5c, then dA = x dy, and its centroid is located at ¥ = x/2 and 


y=y- 


Centroid of a Line. If a line segment (or rod) lies within the x-y 
plane and it can be described by a thin curve y = f(x), Fig. 9-6a, then its 
centroid is determined from 


[xa [oa 
= ih = fh 
= 


Ve (9-5) 


fat fat 
ik L 
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Here, the length of the differential element is given by the Pythagorean 
theorem, dL = V(dx)* + (dy)? , which can also be written in the form 


ge. % (2) 5 
= —_ + —., 
dL Te dx dx dx 


or 


Either one of these expressions can be used; however, for application, 
the one that will result in a simpler integration should be selected. For 
example, consider the rod in Fig. 9-6b, defined by y = 2x”. The length of 
the element is dL = V1 + (dy/dx) dx, and since dy/dx = 4x, then 
dL = V1 + (4x)? dx. The centroid for this element is located at ¥ = x 
and y = y. 


Important Points 


° The centroid represents the geometric center of a body. 
This point coincides with the center of mass or the center of 
gravity only if the material composing the body is uniform or 
homogeneous. 


Formulas used to locate the center of gravity or the centroid 
simply represent a balance between the sum of moments of all 
the parts of the system and the moment of the “resultant” for the 
system. 


In some cases the centroid is located at a point that is not on the 
object, as in the case of a ring, where the centroid is at its center. 
Also, this point will lie on any axis of symmetry for the body, 
Fig. 9-7. 


dL 
z LL 
RSE. Fay dy 
| sy dx 
y 
1 
x 
(a) 


Fig. 9-7 
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Procedure for Analysis 


The center of gravity or centroid of an object or shape can be 
determined by single integrations using the following procedure. 


Differential Element. 


® Select an appropriate coordinate system, specify the coordinate 
axes, and then choose a differential element for integration. 


For lines the element is represented by a differential line segment 
of length dL . 


For areas the element is generally a rectangle of area dA, having 
a finite length and differential width. 


For volumes the element can be a circular disk of volume dV, 
having a finite radius and differential thickness. 


Locate the element so that it touches the arbitrary point (x, y, z) 
on the curve that defines the boundary of the shape. 


Size and Moment Arms. 


® Express the length dL, area dA, or volume dV of the element in 
terms of the coordinates describing the curve. 


© Express the moment arms X, y, z for the centroid or center of 
gravity of the element in terms of the coordinates describing 
the curve. 


Integrations. 


© Substitute the formulations for X, Vy, Z and dL, dA, or dV into the 
appropriate equations (Eqs. 9-1 through 9-5). 


Express the function in the integrand in terms of the same 
variable as the differential thickness of the element. 


The limits of the integral are defined from the two extreme 
locations of the element’s differential thickness, so that when the 
elements are “summed” or the integration performed, the entire 
region is covered.* 


*Formulas for integration are given in Appendix A. 
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EXAMPLE |9.1 


Locate the centroid of the rod bent into the shape of a parabolic arc as 
shown in Fig. 9-8. 


SOLUTION 


Differential Element. The differential element is shown in Fig. 9-8. 
It is located on the curve at the arbitrary point (x, y). 


Area and Moment Arms. The differential element of length dL 


can be expressed in terms of the differentials dx and dy using the 
Pythagorean theorem. 


= 2 De (& ‘ 
dL = \V (dx)? + (dy)* = =) +1dy 


Since x = y’, then dx/dy = 2y. Therefore, expressing dL in terms of 
y and dy, we have 


dL = V(2y)? + 1dy 


As shown in Fig. 9-8, the centroid of the element is located at ¥ = x, 
va 


Integrations. Applying Eqs. 9-5, using the formulas in Appendix A 
to evaluate the integrals, we get 


1m 1m 
[xa xV4y? + 1dy i yV4y? + 1 dy 
0 0 


a 


L 
= 1m a 1m 
fat il V4y? + 1dy [ V4y? + 1dy 
0 0 


0.6063 
= 1.479 = 0.410 m 


1m 
[oa i yV4y* + 1 dy 
Vis : = att 
ja i Vay? + 1 dy 
0 


0.8484 
= a79 7 0.574 m Ans. 


NOTE: These results for C seem reasonable when they are plotted on 
Fig. 9-8. 
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EXAMPLE |9.2 


CENTER OF GRAVITY AND CENTROID 


Locate the centroid of the circular wire segment shown in Fig. 9-9. 


X= Rcosé | 


Fig. 9-9 


SOLUTION 
Polar coordinates will be used to solve this problem since the arc is 
circular. 


Differential Element. A differential circular arc is selected as 
shown in the figure. This element intersects the curve at (R, 0). 


Length and Moment Arm. The length of the differential element 
is dL = Rdoé, and its centroid is located at ¥ = R cos 6 and 
y =R sin 0. 


Integrations. Applying Eqs. 9-5 and integrating with respect to 0, 
we obtain 


/2 r/2 
iE dL i (R cos 0)R dé ca cos 6 dé 
0 _ 0 I 


L — 

1/2 1/2 7 
fat [ Rdo Rf do 
L 0 0 


Ans. 


x= 


2R 


r/2 1/2 
dL i (R sin 6)R do we | sin 6 do 
0 0 
= = = Ans. 


a/2 a/2 "7 
/ dL i Rdo R i: do 
L 0 0 


NOTE: As expected, the two coordinates are numerically the same 
due to the symmetry of the wire. 
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EXAMPLE |9.3 


Determine the distance y measured from the x axis to the centroid of 
the area of the triangle shown in Fig. 9-10. 


Y 


SOLUTION 
Differential Element. Consider a rectangular element having a 
thickness dy, and located in an arbitrary position so that it intersects 


the boundary at (x, y), Fig. 9-10. 


Area and Moment Arms. The area of the element is dA = x dy 


b are : = 
= ra — y) dy, and its centroid is located a distance y = y from the 


X axis. 


Integration. Applying the second of Eqs. 9-4 and integrating with 
respect to y yields 


h 
[oaa fo? Ht 
= A 0 
Sr 
fas 
A 


NOTE: This result is valid for any shape of triangle. It states that the 
centroid is located at one-third the height, measured from the base of 
the triangle. 
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EXAMPLE |9.4 


yo 


y= 


Locate the centroid for the area of a quarter circle shown in Fig. 9-11. 


y 


Fig. 9-11 
SOLUTION 


Differential Element. Polar coordinates will be used, since the 
boundary is circular. We choose the element in the shape of a triangle, 
Fig. 9-11. (Actually the shape is a circular sector; however, neglecting 
higher-order differentials, the element becomes triangular.) The 
element intersects the curve at point (R, 6). 


Area and Moment Arms. The area of the element is 


R2 
dA = }(R)(Rd6) = 748 


and using the results of Example 9.3, the centroid of the (triangular) 
element is located at ¥ = {Rcos 0, ¥ = [Rsin 0. 


Integrations. Applying Eqs. 9-4 and integrating with respect to 0, 


we obtain 
2 1/2 
IN cos 6 d@ 
_ Xs 0 _ 4R 


Ans. 
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EXAMPLE |9.5 


Locate the centroid of the area shown in Fig. 9-12a. 


SOLUTION | 

Differential Element. A differential element of thickness dx is 
shown in Fig. 9-12a. The element intersects the curve at the arbitrary 
point (x, y), and so it has a height y. 

Area and Moment Arms. The area of the element is dA = y dx, 
and its centroid is located at ¥ = x,y = y/2. 


Integrations. Applying Eqs. 9-4 and integrating with respect to x yields 


1m Im 
xdA d ad 
_ i if xy dx [ x * 0.250 


= = 0.75m 


Im im 0.333 
Jaa i ydx i x? dx 
A 0 0 


Im Im 
JdA 2)yd CD eal 
fren f ore f rarer aig 
= = = = = 0.3m Ans. 


lian iia 0.333 
Jaa a ydx i eds i 
a 0 0 


SOLUTION II 

Differential Element. The differential element of thickness dy is 
shown in Fig. 9-125. The element intersects the curve at the arbitrary 
point (x, y), and so it has a length (1 — x). 


Area and Moment Arms. The area of the element is 
dA = (1 — x) dy, and its centroid is located at 


= (=) jb SR aF ns 
5 a ad = Vis, 


2 ae 
Integrations. Applying Eqs. 9-4 and integrating with respect to y, 
we obtain 


1m 
[saa - [ [(1 + x)/2](1 — x) dy - 


Jaa fo — x) dy 


~ 


0.333 


NOTE: Plot these results and notice that they seem reasonable. Also, 
for this problem, elements of thickness dx offer a simpler solution. 
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EXAMPLE |9.6 


Locate the centroid of the semi-elliptical area shown in Fig. 9-13a. 


Fig. 9-13 
SOLUTION | 
Differential Element. The rectangular differential element parallel 
to the y axis shown shaded in Fig. 9-13a will be considered. This 
element has a thickness of dx and a height of y. 


Area and Moment Arms. Thus, the area is dA = y dx, and its 
centroid is located at ¥ = x and y = y/2. 


Integration. Since the area is symmetrical about the y axis, 


x=0 Ans. 


2 
Applying the second of Eqs. 9-4 with y = ,/1— a we have 


2Mty, 1 pt 2 
Vda / (wax i (1 as 
_ Is ee ) PE Noe 4 4/3 
2 


= 0.424 ft Ans. 


~ i; a 2 ft — 2 ft 7 og 
dA | d i 1-—d 
ydx x 

A 2 ft Ste 4 
SOLUTION II 
Differential Element. The shaded rectangular differential element 
of thickness dy and width 2x, parallel to the x axis, will be considered, 
Fig. 9-13b. 
Area and Moment Arms. The area is dA = 2x dy, and its centroid 
is atx = Oandy = y. 
Integration. Applying the second of Eqs. 9-4, with x = 2V1-y’, 
we have 


1ft 1ft 
[oaa [ vera [ avira 4/3 
== = = - ft = 0.424 ft Ans 
faa [2a [Wore 

0 0 
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EXAMPLE |9.7 


Locate the y centroid for the paraboloid of revolution, shown in 
Fig. 9-14. 


- z = 100y 
ig ae 


(0, ¥, 2), 


SOLUTION 


Differential Element. An element having the shape of a thin disk is 
chosen. This element has a thickness dy, it intersects the generating 
curve at the arbitrary point (0, y, z), and so its radius is r = z. 


Volume and Moment Arm. The volume of the element is dV= 
(7z’) dy, and its centroid is located at ¥ = y. 


Integration. Applying the second of Eqs. 9-3 and integrating with 
respect to y yields 


100 mm 100 mm 
pp dV i y(az’) dy 1000 | y’ dy 
= V 0 0 
y= = = = 66.7 mm 


100 mm 100 mm 
[av [ (az’) dy 1000 | ydy 
y 0 0 


460 CHAPTER 9 CENTER OF GRAVITY AND CENTROID 


EXAMPLE |9.8 


Determine the location of the center of mass of the cylinder shown in 
Fig. 9-15 if its density varies directly with the distance from its base, 
i.e., p = 200z kg/m’. 


Fig. 9-15 
SOLUTION 
For reasons of material symmetry, 
x=y=0 Ans. 


Differential Element. A disk element of radius 0.5 m and thickness 
dz is chosen for integration, Fig. 9-15, since the density of the entire 
element is constant for a given value of z. The element is located along 
the z axis at the arbitrary point (0, 0, z). 


Volume and Moment Arm. The volume of the element is 
dV= 7(0.5)* dz, and its centroid is located at Z = z. 


Integrations. Using an equation similar to the third of Eqs. 9-2 and 
integrating with respect to z, noting that p = 200z, we have 


1m 
_ / Las / z(200z)| a(0.5) dz| 


1m 
[ (200z)a(0.5)? dz 
0 
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ey FUNDAMENTAL PROBLEMS 


F9-1. Determine the centroid (x, y) of the shaded area. F9-4. Locate the center mass x of the straight rod if its 
mass per unit length is given by m = mo(1 + x?/L*). 


y, 
y 
x 
L. va .| 
a F9-4 
F9-1 
F9-2. Determine the centroid (X, y) of the shaded area. F9-5. Locate the centroid y of the homogeneous solid 


formed by revolving the shaded area about the y axis. 
y 


F9-2 F9-5 


F9-3. Determine the centroid y of the shaded area. F9-6. Locate the centroid z of the homogeneous solid 
formed by revolving the shaded area about the z axis. 
y 


F9-3 
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CENTER OF GRAVITY AND CENTROID 


ETPROBLEMS 


e9-1. Determine the mass and the location of the center of 
mass (X, y) of the uniform parabolic-shaped rod. The mass 
per unit length of the rod is 2 kg/m. 


Prob. 9-1 


9-2. The uniform rod is bent into the shape of a parabola 
and has a weight per unit length of 6 lb/ft. Determine the 
reactions at the fixed support A. 


Prob. 9-2 


9-3. Determine the distance x to the center of mass of the 
homogeneous rod bent into the shape shown. If the rod has 
amass per unit length of 0.5 kg/m, determine the reactions 
at the fixed support O. 


Prob. 9-3 


*9_4, Determine the mass and locate the center of mass 
(x, y) of the uniform rod. The mass per unit length of the 
rod is 3 kg/m. 


BY 
FY 
y=4-x 
4m 
1 x 
a 
Prob. 9-4 
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e9-5, Determine the mass and the location of the center of 
mass xX of the rod if its mass per unit length is 


m = m1 + x/L). 


y 


+ s 
Prob. 9-5 


9-6. Determine the location (x, y) of the centroid of the wire. 


y 


2 ft —+ 


Prob. 9-6 


9-7. Locate the centroid x of the circular rod. Express the 
answer in terms of the radius r and semiarc angle a. 


y 


=I 


Prob. 9-7 


*9-8. Determine the area and the centroid (x, y) of the area. 


4m 


Prob. 9-8 


e9-9, Determine the area and the centroid (x, y) of the area. 


B 1m .| 


Prob. 9-9 


9-10. Determine the area and the centroid (X, y) of the area. 


I 3 ft 


Prob. 9-10 
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9-11. Determine the area and the centroid (X, y) of the area. 9-14. Determine the area and the centroid (*, y) of the area. 


Prob. 9-14 


9-15. Determine the area and the centroid (x, y) of the area. 


Prob. 9-11 


*™9-12, Locate the centroid x of the area. 


e™9-13. Locate the centroid y of the area. 
Prob. 9-15 


*9-16. Locate the centroid (x, y) of the area. 


y = Jx!/2 + 2x5/3 


2 ft | 


Probs. 9-12/13 Prob. 9-16 
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e9-17. Determine the area and the centroid (x, y) of the area. 


y 


Prob. 9-17 


9-18. The plate is made of steel having a density of 
7850 kg/m*°. If the thickness of the plate is 10 mm, determine 
the horizontal and vertical components of reaction at the pin 
A and the tension in cable BC. 


y 


Prob. 9-18 


9-19. Determine the location X to the centroid C of the 
upper portion of the cardioid, r = a(1 — cos @). 


r=a(1—cos@) 
y 


Prob. 9-19 


*9-20. The plate has a thickness of 0.5 in. and is made of 
steel having a specific weight of 490 Ib/ft®. Determine the 
horizontal and vertical components of reaction at the pin A 
and the force in the cord at B. 


Prob. 9-20 


e921. Locate the centroid X of the shaded area. 


Prob. 9-21 
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9-22. Locate the centroid x of the area. e9-25. Determine the area and the centroid (x, y) of the 
9-23. Locate the centroid y of the area. aes 
y y 


0.5 in. 


3 ft 
7 x 
I- 3 ft 
Probs. 9-22/23 Prob. 9-25 
*9-24, Locate the centroid (x, y) of the area. 9-26. Locate the centroid x of the area. 


9-27. Locate the centroid y of the area. 


3 —| 


Prob. 9-24 Probs. 9-26/27 
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*9_28. Locate the centroid X of the area. 


e9-29. Locate the centroid y of the area. 


Probs. 9-28/29 


9-30. The steel plate is 0.3 m thick and has a density of 
7850 kg/m°. Determine the location of its center of mass. 
Also determine the horizontal and vertical reactions at the 
pin and the reaction at the roller support. Hint: The normal 
force at B is perpendicular to the tangent at B, which is 
found from tan @ = dy/dx. 


2m——__| 


Prob. 9-30 


9-31. Locate the centroid of the area. Hint: Choose 
elements of thickness dy and length [(2 — y) — y’]. 


Prob. 9-31 


*9_32, Locate the centroid X of the area. 


e9-33. Locate the centroid y of the area. 


Probs. 9-32/33 
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9-34. If the density at any point in the rectangular plate is e9-37. Locate the centroid y of the homogeneous solid 
defined by p= po(1 + x/a), where py is a constant, formed by revolving the shaded area about the y axis. 
determine the mass and locate the center of mass x of the 

plate. The plate has a thickness ¢. 


y 


+ a 


Prob. 9-34 


9-35. Locate the centroid y of the homogeneous solid 
formed by revolving the shaded area about the y axis. 


Prob. 9-37 


9-38. Locate the centroid z of the homogeneous solid 
frustum of the paraboloid formed by revolving the shaded 
area about the z axis. 


Prob. 9-35 


*9_36. Locate the centroid Z of the solid. 


Prob. 9-36 Prob. 9-38 
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9-39. Locate the centroid y of the homogeneous solid e9-41. Determine the mass and locate the center of mass y 

formed by revolving the shaded area about the y axis. of the hemisphere formed by revolving the shaded area 
about the y axis. The density at any point in the hemisphere 
can be defined by p = po(1 + y/a), where pg is a constant. 


Prob. 9-41 


9-42. Determine the volume and locate the centroid (y, Z) 
of the homogeneous conical wedge. 


Prob. 9-39 


*9-40. Locate the center of mass y of the circular cone 
formed by revolving the shaded area about the y axis. The 
density at any point in the cone is defined by p = (p9/h)y, 
where pg is a constant. 


Prob. 9-42 
9-43. The hemisphere of radius r is made from a stack of 
very thin plates such that the density varies with height, a 
p = kz, where k is a constant. Determine its mass and the 
distance Z to the center of mass G. 


z 


Prob. 9-40 Prob. 9-43 
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9.2 Composite Bodies 


A composite body consists of a series of connected “simpler” shaped 
bodies, which may be rectangular, triangular, semicircular, etc. Such a body 
can often be sectioned or divided into its composite parts and, provided 
the weight and location of the center of gravity of each of these parts are 
known, we can then eliminate the need for integration to determine the 
center of gravity for the entire body. The method for doing this follows the 
same procedure outlined in Sec. 9.1. Formulas analogous to Eqs. 9-1 result; 
however, rather than account for an infinite number of differential weights, 
we have instead a finite number of weights. Therefore, 


(9-6) 


xX, y,Z represent the coordinates of the center of gravity G of the 
composite body. 

X, y, Z tepresent the coordinates of the center of gravity of each 
composite part of the body. 

=W _ is the sum of the weights of all the composite parts of the body, 
or simply the total weight of the body. 


When the body has a constant density or specific weight, the center of 
gravity coincides with the centroid of the body. The centroid for composite 
lines, areas, and volumes can be found using relations analogous to 
Eqs. 9-6; however, the W’s are replaced by L’s, A’s, and V’s, respectively. 
Centroids for common shapes of lines, areas, shells, and volumes that often 
make up a composite body are given in the table on the inside back cover. 


In order to determine the force required to 
tip over this concrete barrier it is first 
necessary to determine the location of its 
center of gravity G. Due to symmetry, G will 
lie on the vertical axis of symmetry. 


Procedure for Analysis 


The location of the center of gravity of a body or the centroid of a 
composite geometrical object represented by a line, area, or volume 
can be determined using the following procedure. 


Composite Parts. 


© Using a sketch, divide the body or object into a finite number of 
composite parts that have simpler shapes. 
If a composite body has a hole, or a geometric region having no 
material, then consider the composite body without the hole and 
consider the hole as an additional composite part having negative 
weight or size. 


Moment Arms. 


© Establish the coordinate axes on the sketch and determine the 
coordinates X, y, z of the center of gravity or centroid of each part. 


Summations. 
® Determine xX, y, z by applying the center of gravity equations, 
Eqs. 9-6, or the analogous centroid equations. 


® If an object is symmetrical about an axis, the centroid of the 
object lies on this axis. 


If desired, the calculations can be arranged in tabular form, as 
indicated in the following three examples. 


9.2. Composite BopDIEs 


The center of gravity of this water tank can 
be determined by dividing it 
composite parts and applying Eqs. 9-6. 


into 
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EXAMPLE |9.9 


CENTER OF GRAVITY AND CENTROID 


Locate the centroid of the wire shown in Fig. 9-16a. 


SOLUTION 


Composite Parts. The wire is divided into three segments as shown 
in Fig. 9-16b. 


Moment Arms. The location of the centroid for each segment is 
determined and indicated in the figure. In particular, the centroid of 


segment (1) is determined either by integration or by using the table 
on the inside back cover. 


Summations. For convenience, the calculations can be tabulated as 
follows: 


Segment 


L (mm) 


X (mm) 


Y(mm) Z(mm) XL (mm’) JL (mm?) ZL (mm?) 


77(60) = 188.5 
40 
20 


XL = 248.5 


= te) 11 310 —7200 0 


20 0 800 0 
40 0 800 —200 


D*XL = 11310 ZYL = —5600 YzZL = —200 


ein 
3 


— 2yk 
ass 


Z2L 
De 


EXAMPLE |9.10 


Locate the centroid of the plate area shown in Fig. 9-17a. 


yi 


Fig. 9-17 
SOLUTION 


Composite Parts. The plate is divided into three segments as 
shown in Fig. 9-17b. Here the area of the small rectangle @) is 
considered “negative” since it must be subtracted from the larger 
one 


Moment Arms. The centroid of each segment is located as indicated 
in the figure. Note that the ¥ coordinates of @) and @ are negative. 


Summations. Taking the data from Fig. 9-175, the calculations are 
tabulated as follows: 


Segment A (ft?) % (ft) Y(ft) XA (ft) JA (ft?) 
4(3)(3) = 4.5 el 4.5 4.5 
(3)(3) = 9 Shs les Pigs 13.5 
(2)(1) = -2 2572 5 =A 
— SAH=115— S¥A=-4 SPA=14 


XXA —4 
ZA TIES 


—0.348 ft 


SjA 14 
SA 115 


E22 itt Ans. 


NOTE: If these results are plotted in Fig. 9-17, the location of point C 
seems reasonable. 


9.2. Composite BODIES 


esate 


473 


474 CHAPTER 9 CENTER OF GRAVITY AND CENTROID 


EXAMPLE |9.11 


Locate the center of mass of the assembly shown in Fig. 9-18a. The 
conical frustum has a density of p, = 8 Mg/m°, and the hemisphere 
has a density of p, = 4Mg/m*. There is a 25-mm-radius cylindrical 
hole in the center of the frustum. 


SOLUTION 


Composite Parts. The assembly can be thought of as consisting of 
four segments as shown in Fig. 9-18b. For the calculations, @) and 
must be considered as “negative” segments in order that the four 
segments, when added together, yield the total composite shape 
shown in Fig. 9-184. 


Moment Arm. Using the table on the inside back cover, the 
computations for the centroid Z of each piece are shown in the figure. 


Summations. Because of symmetry, note that 
— v0 Ans. 


Since W = mg, and g is constant, the third of Eqs. 9-6 becomes 
Z = Yzm/=m.The mass of each piece can be computed from m = pV 
and used for the calculations. Also, 1 Mg/m* = 10°° kg/mm}, so that 


Segment m (kg) Z(mm) zm (kg: mm) 
1 50)?(200) = 4.189 50 209.440 
2 St)? = 1047 = 18:75 Sees) 
3 = 100 + 25 = 125 — 65.450 
4 


50 —78.540 
YZm = 45.815 


45.815 


100 mm — 75 mm 


200mm _! 55 mm 


2 A a 


3 (50) = 18.75 mm 


50 mm 


(b) 
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ey FUNDAMENTAL PROBLEMS 


F9-7. Locate the centroid (x, y, Z) of the wire bent in the F9-10. Locate the centroid (x, y) of the cross-sectional area. 
shape shown. 


|— 3 in. — 


F9-7 F9-10 


F9-8. Locate the centroid y of the beam’s cross-sectional F9-11. Locate the center of mass (x,y,z) of the 
area. homogeneous solid block. 
y 


150 mm |150 mm 


50 <7 


Zz 


6 ft 
300 mm 
2ft Y 
” 4 ft 
ft 
25mm 25mm 
F9-8 F9-11 
F9-9. Locate the centroid y of the beam’s cross- F9-12. Determine the center of mass (xX, y,Z) of the 
sectional area. homogeneous solid block. eo 
Z 


se 
15m 


F9-9 F9-12 
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PTPROSLEMS 


*9-44, Locate the centroid (x, y) of the uniform wire bent 9-46. Locate the centroid (x, y, Z) of the wire. 
in the shape shown. 

y z 

| 100 mm : 


= 
20 mm 


150 mm 


' ns 7 
so sn 


Prob. 9-44 Prob. 9-46 


e9-45. Locate the centroid (ZX, y, Z) of the wire. 9-47. Locate the centroid (x, y, Z) of the wire which is bent 
in the shape shown. 
z 


P 
mth 
<> 


x y 


Prob. 9-45 Prob. 9-47 


*9_48. The truss is made from seven members, each having 
a mass per unit length of 6 kg/m. Locate the position (x, y) 
of the center of mass. Neglect the mass of the gusset plates 
at the joints. 


Prob. 9-48 


°9-49, Locate the centroid (x, y) of the wire. If the wire is 
suspended from A, determine the angle segment AB makes 
with the vertical when the wire is in equilibrium. 


Prob. 9-49 
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9-50. Each of the three members of the frame has a mass 
per unit length of 6 kg/m. Locate the position (X, y) of the 
center of mass. Neglect the size of the pins at the joints and 
the thickness of the members. Also, calculate the reactions 
at the pin A and roller E. 


y 


ania 


Prob. 9-50 


9-51. Locate the centroid (x, y) of the cross-sectional area 
of the channel. 


1 in. 


1 in. _| k— 9 ee 


Prob. 9-51 


478 CHAPTER 9 CENTER OF GRAVITY AND CENTROID 


*9-52. Locate the centroid y of the cross-sectional area of 9-54. Locate the centroid y of the channel’s cross- 
the concrete beam. sectional area. 


Prob. 9-54 
3in. 3in. 
Prob. 9-52 
e9-53. Locate the centroid y of the cross-sectional area of 9-55. Locate the distance y to the centroid of the 
the built-up beam. member’s cross-sectional area. 
y 


0.5 in.|0.5 in. 


L 3 in. 1. 3 in. 


Prob. 9-53 Prob. 9-55 
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*9-56. Locate the centroid y of the cross-sectional area of 9-58. Locate the centroid x of the composite area. 
the built-up beam. 


Prob. 9-58 


9-59. Locate the centroid (x, y) of the composite area. 


Prob. 9-56 


e9-57. The gravity wall is made of concrete. Determine the 
location (x, y) of the center of mass G for the wall. 


Prob. 9-59 


*9-60. Locate the centroid (x, y) of the composite area. 


0.6 m 0.6 m 


Prob. 9-57 Prob. 9-60 
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e9-61. Divide the plate into parts, and using the grid for 
measurement, determine approximately the location (x, y) 
of the centroid of the plate. 


200 mm— I 


Prob. 9-61 


9-62. To determine the location of the center of gravity of 
the automobile it is first placed in a level position, with the 
two wheels on one side resting on the scale platform P. In 
this position the scale records a reading of W;. Then, one 
side is elevated to a convenient height c as shown. The new 
reading on the scale is W,. If the automobile has a total 
weight of W, determine the location of its center of gravity 


G(x, y). 


Prob. 9-62 


CENTER OF GRAVITY AND CENTROID 


9-63. Locate the centroid y of the cross-sectional area of 
the built-up beam. 


20 mm 


Prob. 9-63 


*9-64. Locate the centroid y of the cross-sectional area of 
the built-up beam. 


Prob. 9-64 


°9-65. The composite plate is made from both steel (A) 
and brass (B) segments. Determine the mass and location 
(x, y, Z) of its mass center G. Take p,, = 7.85 Mg/m? and 
Pbr = 8.74 Mg/m?. z 


Prob. 9-65 


9-66. The car rests on four scales and in this position the 
scale readings of both the front and rear tires are shown by 
F, and Fz. When the rear wheels are elevated to a height of 
3 ft above the front scales, the new readings of the front 
wheels are also recorded. Use this data to compute the 
location x and y to the center of gravity G of the car. The 
tires each have a diameter of 1.98 ft. 


P 9.40 ft dl 


F, = 1129 lb + 1168 Ib = 2297 Ib 
F = 975 lb + 984 lb = 1959 Ib 


F 4, = 1269 Ib + 1307 lb = 2576 lb 
Prob. 9-66 
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9-67. Uniform blocks having a length L and mass m are 
stacked one on top of the other, with each block overhanging 
the other by a distance d, as shown. If the blocks are glued 
together, so that they will not topple over, determine the 
location x of the center of mass of a pile of n blocks. 


*9-68. Uniform blocks having a length L and mass m are 
stacked one on top of the other, with each block 
overhanging the other by a distance d, as shown. Show that 
the maximum number of blocks which can be stacked in 
this manner isn < L/d. 


y 


Pe 


eal 


Le L | 
Probs. 9-67/68 


°9-69. Locate the center of gravity (x, z) of the sheet- 
metal bracket if the material is homogeneous and has a 
constant thickness. If the bracket is resting on the horizontal 
x-y plane shown, determine the maximum angle of tilt 0 
which it can have before it falls over, i.e., begins to rotate 
about the y axis. 


7420 mm 


60 mnt 


L 


60 ae | i 
| 10 mm dia. holes 
Lb 
20 mm 


. ee 


s 


20 mm 


Prob. 9-60 


482 CHAPTER 9 


9-70. Locate the center of mass for the compressor 
assembly. The locations of the centers of mass of the various 
components and their masses are indicated and tabulated in 
the figure. What are the vertical reactions at blocks A and B 
needed to support the platform? 


y 
4.83 
(eae 
3.68 m 3.26 m 
Bere. | LG 
20 mst, ZEN 
: = d 7 
AL B 
1.80 m 
L 2.42 m - 2.87 m 
2.30 m Mom aes 
@ Instrument panel 230 kg 
@ Filter system 183 kg 
© Piping assembly 120 kg 
@ Liquid storage 85 kg 


@ Structural framework 468 kg 


Prob. 9-70 


9-71. Major floor loadings in a shop are caused by the 
weights of the objects shown. Each force acts through its 
respective center of gravity G. Locate the center of gravity 
(x, y) of all these components. 


1500 Ib 


iS 


Prob. 9-71 
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*9-72. Locate the center of mass (X,y,z) of the 
homogeneous block assembly. 


Prob. 9-72 


e9-73. Locate the center of mass Z of the assembly. The 
hemisphere and the cone are made from materials having 
densities of 8 Mg/m> and 4 Mg/m*, respectively. 


100 mm 


Prob. 9-73 
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9-74. Locate the center of mass z of the assembly. The e9-77,. Determine the distance x to the centroid of the 
cylinder and the cone are made from materials having solid which consists of a cylinder with a hole of length 
densities of 5 Mg/m? and 9 Mg/m%, respectively. h = 50 mm bored into its base. 


9-78. Determine the distance h to which a hole must be 
bored into the cylinder so that the center of mass of the 
assembly is located at x = 64mm. The material has a 
density of 8 Mg/m°. 


Prob. 9-74 Probs. 9-77/78 
9-75. Locate the center of gravity (x,y,z) of the 9-79. The assembly is made from a steel hemisphere, 
homogeneous block assembly having a hemispherical hole. Psy = 7.80 Mg/m*, and an aluminum cylinder, 


Pat = 2.70 Mg/m>. Determine the mass center of the 


“9-76. Locate the center of gravity (x,y,z) of the assembly if the height of the cylinder is h = 200 mm. 


assembly. The triangular and the rectangular blocks are 

made from materials having specific weights of 0.25 Ib/in? *9-80. The assembly is made from a steel hemisphere, 
and 0.1 Ib/in’, respectively. Ps: = 7.80 Mg/m?, and an aluminum cylinder, 
Pat = 2.70 Mg/m?. Determine the height h of the cylinder 
so that the mass center of the assembly is located at 
z = 160 mm. 


Probs. 9-75/76 Probs. 9-79/80 
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The amount of roofing material used on this 
storage building can be estimated by using 
the first theorem of Pappus and Guldinus 
to determine its surface area. 


*9.3 Theorems of Pappus and Guldinus 


The two theorems of Pappus and Guldinus are used to find the surface 
area and volume of any body of revolution. They were first developed by 
Pappus of Alexandria during the fourth century A.D. and then restated at 
a later time by the Swiss mathematician Paul Guldin or Guldinus 
(1577-1643). 


2ur 


Fig. 9-19 


Surface Area. If we revolve a plane curve about an axis that does 
not intersect the curve we will generate a surface area of revolution. For 
example, the surface area in Fig. 9-19 is formed by revolving the curve of 
length L about the horizontal axis. To determine this surface area, we will 
first consider the differential line element of length dL. If this element is 
revolved 27 radians about the axis, a ring having a surface area of 
dA = 2mr dL willbe generated. Thus, the surface area of the entire body 
is A = 27 frdL. Since f{rdL = 7L (Eq. 9-5), then A = 2a7L. If the 
curve is revolved only through an angle 0 (radians), then 


A = 6FL (9-7) 


where 


A = surface area of revolution 
6 = angle of revolution measured in radians, 6 = 27 


r = perpendicular distance from the axis of revolution to 
the centroid of the generating curve 


L = length of the generating curve 


Therefore the first theorem of Pappus and Guldinus states that the 
area of a surface of revolution equals the product of the length of the 
generating curve and the distance traveled by the centroid of the curve in 
generating the surface area. 
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Fig. 9-20 


Volume. A volume can be generated by revolving a plane area about 
an axis that does not intersect the area. For example, if we revolve the 
shaded area A in Fig. 9-20 about the horizontal axis, it generates 
the volume shown. This volume can be determined by first revolving the 
differential element of area dA 27 radians about the axis, so that a ring 
having the volume dV = 27r dA is generated. The entire volume is then 
V = 22 frdA. However, frdA = FA, Eq.9-4,so that V = 277A. If the 
area is only revolved through an angle 6 (radians), then 


V =067A (9-8) 


where 


V = volume of revolution 
= angle of revolution measured in radians, 6 = 27 


i) 


perpendicular distance from the axis of revolution to 
the centroid of the generating area 


A = generating area 


Therefore the second theorem of Pappus and Guldinus states that the 
volume of a body of revolution equals the product of the generating area 
and the distance traveled by the centroid of the area in generating the 
volume. 


Composite Shapes. We may also apply the above two theorems 
to lines or areas that are composed of a series of composite parts. In this 
case the total surface area or volume generated is the addition of the 
surface areas or volumes generated by each of the composite parts. If the 
perpendicular distance from the axis of revolution to the centroid of 
each composite part is 7, then 


A = 02(FL) (>) 
and 
V = 63(FA) (9-10) 


Application of the above theorems is illustrated numerically in the 
following examples. 


The volume of fertilizer contained 
within this silo can be determined using 
the second theorem of Pappus and 
Guldinus. 
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EXAMPLE |9.12 


Show that the surface area of a sphere is A = 477R’ and its volume is 
V= aie 


Fig. 9-21 


SOLUTION 


Surface Area. The surface area of the sphere in Fig. 9-21a is 
generated by revolving a semicircular arc about the x axis. Using the 
table on the inside back cover, it is seen that the centroid of this arc is 
located at a distance r = 2R/z from the axis of revolution (x axis). 
Since the centroid moves through an angle of 6 = 27 rad to generate 
the sphere, then applying Eq. 9-7 we have 


2R 
Al — Oris: A= 2n( = Jer = Aq R? 


Volume. The volume of the sphere is generated by revolving the 
semicircular area in Fig. 9-21b about the x axis. Using the table on the 
inside back cover to locate the centroid of the area, i.e., 7 = 4R/37, 
and applying Eq. 9-8, we have 


_ 4R\/1__, Aes 
V = : V= = R 
Or A; 2n( $2) (Far ) a0 


9.3. THEOREMS OF PAPPUS AND GULDINUS 


EXAMPLE | 9.13 


Determine the surface area and volume of the full solid in Fig. 9-22a. 


SOLUTION 


Surface Area. The surface area is generated by revolving the four 
line segments shown in Fig. 9-225, 27 radians about the z axis. The 
distances from the centroid of each segment to the z axis are also 
shown in the figure. Applying Eq. 9-7, yields 


A = 2m SPL = 2a[(2.5 in.)(2 in.) + (3 ing( V (1 in)? + (1 i] 


+ (3.5 in.)(3 in.) + (3 in.)(1 in.)] 
= 143 in? Ans. 
Volume. The volume of the solid is generated by revolving the two 
area segments shown in Fig. 9-22c, 27 radians about the z axis. The 


distances from the centroid of each segment to the z axis are also 
shown in the figure. Applying Eq. 9-10, we have 


V=20 S7A=21{ (3.1667 in)|} (1 in.(1 in) |+@ in.)[(2 in.)(1 in.)} 


=—47 60 Ans. 


Zz 


2.5 in, + ($)(1 in.) = 3.1667 in. 


EI in.—| 
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(ea FUNDAMENTAL PROBLEMS 


F9-13. Determine the surface area and volume of the solid 
formed by revolving the shaded area 360° about the z axis. 


F9-13 


F9-14. Determine the surface area and volume of the solid 
formed by revolving the shaded area 360° about the z axis. 


z 


F9-15. Determine the surface area and volume of the solid 
formed by revolving the shaded area 360° about the z axis. 


18 in. 


30 in. 


F9-15 


F9-16. Determine the surface area and volume of the solid 
formed by revolving the shaded area 360° about the z axis. 


Zz 


F9-16 
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ETPROBLEMS 


e9-81. The elevated water storage tank has a conical top *9-84. Determine the surface area from A to B of the tank. 
and hemispherical bottom and is fabricated using thin steel 
plate. Determine how many square feet of plate is needed 
to fabricate the tank. 


9-85. Determine the volume within the thin-walled tank 
from A to B. 


9-82. The elevated water storage tank has a conical top 
and hemispherical bottom and is fabricated using thin steel 
plate. Determine the volume within the tank. 


Probs. 9-81/82 Probs. 9-84/85 


9-83. Determine the volume of the solid formed by 9-86. Determine the surface area of the roof of the 
revolving the shaded area about the x axis using the second structure if it is formed by rotating the parabola about the 
theorem of Pappus—Guldinus. The area and centroid y of the y axis. 

shaded area should first be obtained by using integration. 


Prob. 9-83 Prob. 9-86 
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9-87. Determine the surface area of the solid formed by 9-90. Determine the surface area and volume of the solid 
revolving the shaded area 360° about the z axis. formed by revolving the shaded area 360° about the z axis. 


*9-88. Determine the volume of the solid formed by 
revolving the shaded area 360° about the z axis. 


| Prob. 9-90 


Probs. 9-87/88 
e9-89. Determine the volume of the solid formed by 9-91. Determine the surface area and volume of the solid 
revolving the shaded area 360° about the z axis. formed by revolving the shaded area 360° about the z axis. 


mm 


mm 


| \ sia 


Prob. 9-89 Prob. 9-91 


*9-92, The process tank is used to store liquids during 
manufacturing. Estimate both the volume of the tank and 
its surface area. The tank has a flat top and a thin wall. 


Prob. 9-92 


e9-93. The hopper is filled to its top with coal. Estimate 
the volume of coal if the voids (air space) are 35 percent of 
the volume of the hopper. 


15m@ 


Prob. 9-93 
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9-94, The thin-wall tank is fabricated from a hemisphere 
and cylindrical shell. Determine the vertical reactions that 
each of the four symmetrically placed legs exerts on the 
floor if the tank contains water which is 12 ft deep in 
the tank. The specific gravity of water is 62.4 lb/ft®. Neglect 
the weight of the tank. 


9-95. Determine the approximate amount of paint needed 
to cover the outside surface of the open tank. Assume that a 
gallon of paint covers 400 ft. 


Probs. 9-94/95 


*9_96, Determine the surface area of the tank, which 
consists of a cylinder and hemispherical cap. 


°9-97, Determine the volume of the thin-wall tank, which 
consists of a cylinder and hemispherical cap. 


\ 


Ly 


P| 


| ! | | 
———— 


Probs. 9-96/97 
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9-98. The water tank AB has a hemispherical top and is 
fabricated from thin steel plate. Determine the volume 
within the tank. 


9-99, The water tank AB has a hemispherical roof and is 
fabricated from thin steel plate. If a liter of paint can cover 
3m’ of the tank’s surface, determine how many liters are 
required to coat the surface of the tank from A to B. 


Probs. 9-98/99 


*9-100. Determine the surface area and volume of the 
wheel formed by revolving the cross-sectional area 360° 
about the z axis. 


Prob. 9-100 
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e9-101. Determine the outside surface area of the 
storage tank. 


9-102. Determine the volume of the thin-wall storage tank. 


/k—— 15 “| 
a 
4 ft 


Probs. 9-101/102 


9-103. Determine the height h to which liquid should be 
poured into the conical paper cup so that it contacts half the 
surface area on the inside of the cup. 


150 mm 


Prob. 9-103 


9.4 RESULTANT OF A GENERAL DISTRIBUTED LOADING 


*9.4 Resultant of a General Distributed 
Loading 


In Sec. 4.9, we discussed the method used to simplify a two-dimensional 
distributed loading to a single resultant force acting at a specific point. In 
this section we will generalize this method to include flat surfaces that 
have an arbitrary shape and are subjected to a variable load distribution. 
Consider, for example, the flat plate shown in Fig. 9-23a, which is subjected 
to the loading defined by p = p(x, y) Pa, where 1 Pa (pascal) = 1 N/m’. 
Knowing this function, we can determine the resultant force Fp acting on 
the plate and its location (x, y), Fig. 9-23b. 


Magnitude of Resultant Force. The force dF acting on the 
differential area dA m’ of the plate, located at the arbitrary point (x, y), 
has a magnitude of dF = [p(x, y) N/m?](dA m’) = [p(x, y) dA]N. 
Notice that p(x, y) dA = dV, the colored differential volume element 
shown in Fig. 9-23a. The magnitude of Fp is the sum of the differential 
forces acting over the plate’s entire surface area A. Thus: 


Fr=2F; Fp = [oenaa- [av-v (9-11) 
A Vv 


This result indicates that the magnitude of the resultant force is equal to 
the total volume under the distributed-loading diagram. 


Location of Resultant Force. The location (x, y) of Fe is 
determined by setting the moments of Fr equal to the moments of all the 
differential forces dF about the respective y and x axes: From Figs. 9-23a 
and 9-23b, using Eq. 9-11, this results in 


[een dA J: dV [oven dA [ow 
= A V 2 A V 


i p(x,y)dA i dV | p(x,y) dA / dV 


Hence, the line of action of the resultant force passes through the 
geometric center or centroid of the volume under the distributed-loading 
diagram. 


x= = y= = (9-12) 


The resultant of a wind loading that is 
distributed on the front or side walls of 


this building must be calculated using 
integration in order to design the 
framework that holds the building 
together. 
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*9.5 Fluid Pressure 


According to Pascal’s law, a fluid at rest creates a pressure p at a point 
that is the same in all directions. The magnitude of p, measured as a force 
per unit area, depends on the specific weight y or mass density p of the 
fluid and the depth z of the point from the fluid surface.* The relationship 
can be expressed mathematically as 


jo = We = 8s (9-13) 


where g is the acceleration due to gravity. This equation is valid only for 
fluids that are assumed incompressible, as in the case of most liquids. Gases 
are compressible fluids, and since their density changes significantly with 
both pressure and temperature, Eq. 9-13 cannot be used. 

To illustrate how Eq. 9-13 is applied, consider the submerged plate 
shown in Fig. 9-24. Three points on the plate have been specified. Since 
point B is at depth z, from the liquid surface, the pressure at this point 
has a magnitude p; = yz,. Likewise, points C and D are both at depth z,; 
hence, p2 = yZo. In all cases, the pressure acts normal to the surface area 
dA located at the specified point. 

Using Eq. 9-13 and the results of Sec. 9.4, it is possible to determine 
the resultant force caused by a liquid and specify its location on the 
surface of a submerged plate. Three different shapes of plates will now 
be considered. 


Fig. 9-24 


*In particular, for water y = 62.4 Ib/ft*, or y = pg = 9810 N/m? since p = 1000 kg/m* 
and g = 9.81 m/s’. 


Flat Plate of Constant Width. A flat rectangular plate of 
constant width, which is submerged in a liquid having a specific weight y, 
is shown in Fig. 9—25a. Since pressure varies linearly with depth, Eq. 9-13, 
the distribution of pressure over the plate’s surface is represented by a 
trapezoidal volume having an intensity of p,; = yz, at depth z, and 
Po = YZ, at depth z,. As noted in Sec. 9.4, the magnitude of the resultant 
force Fp is equal to the volume of this loading diagram and Fz has a line 
of action that passes through the volume’s centroid C. Hence, Fp does 
not act at the centroid of the plate; rather, it acts at point P, called the 
center of pressure. 

Since the plate has a constant width, the loading distribution may also 
be viewed in two dimensions, Fig. 9-255. Here the loading intensity is 
measured as force/length and varies linearly from w, = bp, = byz, to 
Ww, = bp, = byz. The magnitude of Fr in this case equals the 
trapezoidal area, and Fr has a line of action that passes through 
the area’s centroid C. For numerical applications, the area and location 
of the centroid for a trapezoid are tabulated on the inside back cover. 


Fig. 9-25 
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The walls of the tank must be designed 
to support the pressure loading of the 
liquid that is contained within it. 


Liquid surface 
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Liquid surface 


(b) 


Fig. 9-26 


Liquid surface Curved Plate of Constant Width. When a submerged plate of 
constant width is curved, the pressure acting normal to the plate 
continually changes both its magnitude and direction, and therefore 
calculation of the magnitude of Fr and its location P is more difficult 
than for a flat plate. Three- and two-dimensional views of the loading 
distribution are shown in Figs. 9-26a and 9-26), respectively. Although 
integration can be used to solve this problem, a simpler method exists. 
This method requires separate calculations for the horizontal and 
vertical components of Fr. 

For example, the distributed loading acting on the plate can be 
represented by the equivalent loading shown in Fig. 9-26c. Here the plate 
supports the weight of liquid Wy contained within the block BDA. This 
force has a magnitude W; = (yb)(areagp,) and acts through the centroid 
of BDA. In addition, there are the pressure distributions caused by the 
liquid acting along the vertical and horizontal sides of the block. Along the 
vertical side AD, the force F4p has a magnitude equal to the area of 
the trapezoid. It acts through the centroid C 4p of this area. The distributed 
loading along the horizontal side AB is constant since all points lying in 
this plane are at the same depth from the surface of the liquid. The 
magnitude of F,4, is simply the area of the rectangle. This force acts 
through the centroid C4, or at the midpoint of AB. Summing these three 
forces yields Fp = =F = Fap + Fyg + Wy. Finally, the location of the 
center of pressure P on the plate is determined by applying Mr = =M, 
which states that the moment of the resultant force about a convenient 
reference point such as D or B, in Fig. 9-265, is equal to the sum of the 
moments of the three forces in Fig. 9-26c about this same point. 


Flat Plate of Variable Width. The pressure distribution acting 
on the surface of a submerged plate having a variable width is shown in 
Fig. 9-27. If we consider the force dF acting on the differential area strip 
dA, parallel to the x axis, then its magnitude is dF = pdA. Since the 
depth of dA is z, the pressure on the element is p = yz. Therefore, 
dF = (yz)dA and so the resultant force becomes 


Fp= [dF =yfzdA 


If the depth to the centroid C’ of the area is z, Fig. 9-27, then, 
[zdA = ZA. Substituting, we have 


Fr = yZA (9-14) 


In other words, the magnitude of the resultant force acting on any flat 
plate is equal to the product of the area A of the plate and the pressure 
Pp = yz at the depth of the area’s centroid C’. As discussed in Sec. 9.4, this 
force is also equivalent to the volume under the pressure distribution. 
Realize that its line of action passes through the centroid C of this 
volume and intersects the plate at the center of pressure P, Fig. 9-27. 
Notice that the location of C’ does not coincide with the location of P. 


Fig. 9-27 
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The resultant force of the water pressure 
and its location on the elliptical back plate 
of this tank truck must be determined by 
integration. 
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EXAMPLE |9.14 


Determine the magnitude and location of the resultant hydrostatic force 
acting on the submerged rectangular plate AB shown in Fig. 9-28a. The 
plate has a width of 1.5 m; p,, = 1000 kg/m?. 


SOLUTION | 
The water pressures at depths A and B are 


PA = PwZa = (1000 kg/m*)(9.81 m/s”)(2 m) = 19.62 kPa 
Pp = Pw8Zp = (1000 kg/m) (9.81 m/s”)(5m) = 49.05 kPa 


Since the plate has a constant width, the pressure loading can be 
viewed in two dimensions as shown in Fig. 9-28. The intensities of 
the load at A and B are 


wa = bp, = (1.5m)(19.62 kPa) = 29.43 kN/m 
Wp = bpg = (1.5 m)(49.05 kPa) = 73.58 kN/m 


From the table on the inside back cover, the magnitude of the 
resultant force Fr created by this distributed load is 


Fr = area of a trapezoid = 5(3)(29.4 + 73.6) = 154.5 kN Ans. 


This force acts through the centroid of this area, 


1 Eas + 73.58 


=3\ 04 6 7358 Jo ues 


measured upward from B, Fig. 9-31b. 


SOLUTION II 

The same results can be obtained by considering two components of 
Fp, defined by the triangle and rectangle shown in Fig. 9-28c. Each 
force acts through its associated centroid and has a magnitude of 


Fre = (29.43 KN/m)(3 m) = 88.3 kN 
F, = $(44.15 kN/m)(3 m) = 66.2 kN 
Hence, 


Fre = Fre + F, = 88.3 + 66.2 = 154.5kN Ans. 


The location of Fr is determined by summing moments about B, 
Fig. 9-285 and c, i.e., 


C+(Mr)g = =Msg; (154.5)h = 88.3(1.5) + 66.2(1) 
h=129m Ans. 


NOTE: Using Eq. 9-14, the resultant force can be calculated as 
Fr = yZA = (9810 N/m)(3.5 m)(3 m)(1.5 m) = 154.5 KN. 
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EXAMPLE |9.15 


Determine the magnitude of the resultant hydrostatic force acting on 
the surface of a seawall shaped in the form of a parabola as shown in 
Fig. 9-29a. The wall is 5 m long; p,, = 1020 kg/m%. 


wz = 150.1 kN/m 


Fig. 9-29 


SOLUTION 
The horizontal and vertical components of the resultant force will be 
calculated, Fig. 9-29b. Since 


Pp = Pw8Zp = (1020 kg/m*)(9.81 m/s?)(3 m) = 30.02 kPa 


wg = bpz = 5 m(30.02 kPa) = 150.1 kN/m 


Thus, 


F, = (3 m)(150.1 kKN/m) = 225.1 kN 


The area of the parabolic sector ABC can be determined using the 
table on the inside back cover. Hence, the weight of water within this 
5 m long region is 


lin (pwgb) (area azc) 
= (1020 kg/m*)(9.81 m/s”)(5 m)|3(1 m)(3 m)] = 50.0kN 
The resultant force is therefore 


Fr = VF2 + F2 = V/(225.1 KN)? + (50.0KN)? 


= 231 kN 
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EXAMPLE |9.16 


Determine the magnitude and location of the resultant force acting 
on the triangular end plates of the water trough shown in Fig. 9-30a; 
Py = 1000 kg/m?. 


SOLUTION 
The pressure distribution acting on the end plate E is shown in Fig. 9-30. 
The magnitude of the resultant force is equal to the volume of this 
loading distribution. We will solve the problem by integration. Choosing 
the differential volume element shown in the figure, we have 

dF = dV = pdA = p,gz(2x dz) = 19 620zx dz 
The equation of line AB is 

x = 0.5(1 — z) 

Hence, substituting and integrating with respect to z from z = 0 to 
z = 1myields 


1m 
F=V= [av = [ (19 620)z[0.5(1 — z)] dz 


1m 
= 9810 [ (z — 2) dz =1635N=1.64kN Ans. 
0 


This resultant passes through the centroid of the volume. Because of 
symmetry, 

x=0 Ans. 
Since Z = z for the volume element, then 


Im 1m 
1 dV i z(19 620)z[0.5(1 — z)] dz ssio [ (22 — 23) dz 
a Vv 0 0 
z= = 


1 1 
i dV 635 635 
Vv 


= 05m Ans. 


NOTE: We can also determine the resultant force by applying Eq. 9-14, 
Fr = yZA = (9810 N/m?)($)(1 m)[5(1 m)(1 m)] = 1.64 KN. 
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F9-17. Determine the magnitude of the hydrostatic force 
acting per meter length of the wall. Water has a density of 
p = 1Mg/m’*. 


F9-17 


F9-18. Determine the magnitude of the hydrostatic force 
acting on gate AB, which has a width of 4 ft. The specific 


weight of water is y = 62.4 lb/ft?. 


4ft 


|—3 # —_ 
F9-18 
F9-19. Determine the magnitude of the hydrostatic force 


acting on gate AB, which has a width of 1.5 m. Water has a 
density of p = 1 Mg/m’. 


F9-20. Determine the magnitude of the hydrostatic force 
acting on gate AB, which has a width of 2 m. Water has a 
density of p = 1 Mg/m’%. 


F9-21. Determine the magnitude of the hydrostatic force 
acting on gate AB, which has a width of 2 ft. The specific 
weight of water is y = 62.4 lb/ft’. 


F9-21 
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ETPROBLEMS 


*9-104. The tank is used to store a liquid having a specific 
weight of 80 Ib/ft*. If it is filled to the top, determine the 
magnitude of the force the liquid exerts on each of its two 
sides ABDC and BDFE. 


= eee 


Prob. 9-104 


e9-105. The concrete “gravity” dam is held in place by its 
own weight. If the density of concrete is p, = 2.5 Mg/m’, 
and water has a density of p,, = 1.0 Mg/m*, determine the 
smallest dimension d that will prevent the dam from 
overturning about its end A. 


Prob. 9-105 


9-106. The symmetric concrete “gravity” dam is held in 
place by its own weight. If the density of concrete is 
po = 2.5Mg/m3, and water has a _ density of 
py = 1.0Mg/m*, determine the smallest distance d at its 
base that will prevent the dam from overturning about its 
end A. The dam has a width of 8 m. 


Prob. 9-106 


9-107. The tank is used to store a liquid having a specific 
weight of 601b/ft®. If the tank is full, determine the 
magnitude of the hydrostatic force on plates CDEF and 
ABDC. 


Prob. 9-107 


*9-108. The circular steel plate A is used to seal the 
opening on the water storage tank. Determine the 
magnitude of the resultant hydrostatic force that acts on it. 
The density of water is p,, = 1 Mg/m*. 


e9-109. The elliptical steel plate B is used to seal the 
opening on the water storage tank. Determine the 
magnitude of the resultant hydrostatic force that acts on it. 
The density of water is p,, = 1 Mg/m*. 


Probs. 9-108/109 


9-110. Determine the magnitude of the hydrostatic force 
acting on the glass window if it is circular, A. The specific 
weight of seawater is y,, = 63.6 Ib/ft®. 


9-111. Determine the magnitude and location of the 
resultant hydrostatic force acting on the glass window if it is 
elliptical, B. The specific weight of seawater is 
Yw = 63.6 lb/ft. 


Probs. 9-110/111 
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*9-112. Determine the magnitude of the hydrostatic force 
acting per foot of length on the seawall. y,, = 62.4 lb/ft®. 


—_ 


2 ft 


Prob. 9-112 


e9-113. If segment AB of gate ABC is long enough, the 
gate will be on the verge of opening. Determine the length 
L of this segment in order for this to occur. The gate is 
hinged at B and has a width of 1 m. The density of water is 
Pw = 1Mg/ m’, 


9-114. If L =2 m, determine the force the gate ABC exerts 
on the smooth stopper at C. The gate is hinged at B, free at 
A, and is 1 m wide. The density of water is p,, = 1 Mg/m*. 


Probs. 9-113/114 
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9-115. Determine the mass of the counterweight A if the 
1-m-wide gate is on the verge of opening when the water is 
at the level shown. The gate is hinged at B and held by the 
smooth stop at C. The density of water is p,, = 1 Mg/m’. 


*9-116. If the mass of the counterweight at A is 6500 kg, 
determine the force the gate exerts on the smooth stop at C. 
The gate is hinged at B and is 1-m wide. The density of 
water is py, = 1 Mg/m’. 


Probs. 9-115/116 


e9-117. The concrete gravity dam is designed so that it is held 
in position by its own weight. Determine the factor of safety 
against overturning about point A if x = 2 m. The factor of 
safety is defined as the ratio of the stabilizing moment divided 
by the overturning moment. The densities of concrete 
and water are conc = 2.40Mg/m? and p, = 1 Mg/m?, 
respectively. Assume that the dam does not slide. 


Probs. 9-117 
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9-118. The concrete gravity dam is designed so that it is 
held in position by its own weight. Determine the minimum 
dimension x so that the factor of safety against overturning 
about point A of the dam is 2. The factor of safety is defined 
as the ratio of the stabilizing moment divided by the 
overturning moment. The densities of concrete and water 
ale Peone = 2.40 Mg/m? and p, = 1 Mg/m*, respectively. 
Assume that the dam does not slide. 


Probs. 9-118 


9-119. The underwater tunnel in the aquatic center is 
fabricated from a transparent polycarbonate material 
formed in the shape of a parabola. Determine the magnitude 
of the hydrostatic force that acts per meter length along the 
surface AB of the tunnel. The density of the water is 
py = 1000 kg/m’. 


Prob. 9-119 


CHAPTER REVIEW 


Center of Gravity and Centroid 


The center of gravity G represents a 
point where the weight of the body can 
be considered concentrated. The 
distance from an axis to this point can be 
determined from a balance of moments, 
which requires that the moment of the 
weight of all the particles of the body 
about this axis must equal the moment 
of the entire weight of the body about 
the axis. 


The center of mass will coincide with 
the center of gravity provided the 
acceleration of gravity is constant. 


The centroid is the location of the 
geometric center for the body. It is 
determined in a similar manner, using a 
moment balance of geometric elements 
such as line, area, or volume segments. 
For bodies having a continuous shape, 
moments are summed (integrated) 
using differential elements. 


The center of mass will coincide with 
the centroid provided the material is 
homogeneous, i.e., the density of the 
material is the same throughout. The 
centroid will always lie on an axis of 
symmetry. 


CHAPTER REVIEW 


505 


506 CHAPTER 9 CENTER OF GRAVITY AND CENTROID 


Composite Body 


If the body is a composite of several 
shapes, each having a known location for 
its center of gravity or centroid, then the 
location of the center of gravity or 
centroid of the body can be determined 
from a discrete summation using its 
composite parts. 


Theorems of Pappus and Guldinus 


The theorems of Pappus and Guldinus 
can be used to determine the surface 
area and volume of a body of revolution. 


The surface area equals the product of the 
length of the generating curve and the 
distance traveled by the centroid of 
the curve needed to generate the area. 


The volume of the body equals the 
product of the generating area and the 
distance traveled by the centroid of this 
area needed to generate the volume. 


General Distributed Loading 


The magnitude of the resultant force is 
equal to the total volume under the 
distributed-loading diagram. The line of 
action of the resultant force passes 
through the geometric center or 
centroid of this volume. 


Fluid Pressure 


The pressure developed by a liquid at a 
point on a submerged surface depends 
upon the depth of the point and the 
density of the liquid in accordance with 
Pascal’s law, p= pgh= yh. This 
pressure will create a linear distribution 


of loading on a flat vertical or inclined 
surface. 


If the surface is horizontal, then the 
loading will be uniform. 


In any case, the resultants of these 
loadings can be determined by finding 
the volume under the loading curve or 
using Fr = yzA, where Z is the depth to 
the centroid of the plate’s area. The line 
of action of the resultant force passes 
through the centroid of the volume of 
the loading diagram and acts at a point P 
on the plate called the center of 
pressure. 


CHAPTER REVIEW 
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eS REVIEW PROBLEMS 


*9_120. Locate the centroid x of the shaded area. 9-123. Locate the centroid z of the solid. 
e9-121. Locate the centroid y of the shaded area. 


¥ 
—h 
yaw 
4in. 
1 in. 
| Prob. 9-123 
1 x 
x lin Hl lin | 


Probs. 9-120/121 


9-122. Locate the centroid y of the beam’s cross-sectional *9_-124, The steel plate is 0.3 m thick and has a density of 
area. 7850 kg/m*. Determine the location of its center of mass. Also 
compute the reactions at the pin and roller support. 


50 mm 50 mm 


75 mm—>-— 75 mm—| 
25mm 


100 mm 
| : 
in a 
25mm 25mm 


Prob. 9-122 Prob 9.124 


e9-125. Locate the centroid (x, y) of the area. 


1 in. 


>| 3 in. -| 


x 6 in. 


Prob. 9-125 


9-126. Determine the location (x, y) of the centroid for 
the structural shape. Neglect the thickness of the member. 


y 


3 in. 


1.5 ine—1.5 incl —|— il 1.5 in——+1.5 in- 
1in.! 1 in. 
Prob. 9-126 


9-127. Locate the centroid y of the shaded area. 


y 


Prob. 9-127 
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*9-128. The load over the plate varies linearly along the 
sides of the plate such that p = e [x(4 — y)] kPa. Determine 
the resultant force and its position (x, y) on the plate. 


8 kPa 
3m 
4m 


Prob. 9-128 


e9-129. The pressure loading on the plate is described by 
the function p = {—240/(x + 1) + 340} Pa. Determine 
the magnitude of the resultant force and coordinates of the 
point where the line of action of the force intersects 
the plate. 


Prob. 9-129 
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Moments of Inertia 


CHAPTER OBJECTIVES 


® To develop a method for determining the moment of inertia for 
an area. 


© To introduce the product of inertia and show how to determine the 
maximum and minimum moments of inertia for an area. 


® To discuss the mass moment of inertia. 


10.1 Definition of Moments of Inertia 
for Areas 


Whenever a distributed loading acts perpendicular to an area and its 
intensity varies linearly, the computation of the moment of the loading 
distribution about an axis will involve a quantity called the moment of 
inertia of the area. For example, consider the plate in Fig. 10-1, which is 
subjected to a fluid pressure p. As discussed in Sec. 9.5, this pressure p 
varies linearly with depth, such that p = yy, where y is the specific 
weight of the fluid. Thus, the force acting on the differential area dA of 
the plate is dF = pdA = (y y)dA.The moment of this force about the 
x axis is therefore dM = y dF = yy’dA,and so integrating dM over the 
entire area of the plate yields M = y [ yd A. The integral f ydA is called 
the moment of inertia I, of the area about the x axis. Integrals of this 
form often arise in formulas used in fluid mechanics, mechanics of 
materials, structural mechanics, and mechanical design, and so the 
engineer needs to be familiar with the methods used for their 
computation. 
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Moment of Inertia. By definition, the moments of inertia of a 
differential area dA about the x and y axes are d/, = y’dA and 
aly = x’ dA, respectively, Fig. 10-2. For the entire area A the moments 
of inertia are determined by integration; ie., 


i= [yaa 

A 

i= fxtaa 
A 


We can also formulate this quantity for dA about the “pole” O or 
z axis, Fig. 10-2. This is referred to as the polar moment of inertia. It is 
defined as dJ, = r? dA, where r is the perpendicular distance from the 
pole (z axis) to the element dA. For the entire area the polar moment of 
inertia is 


(10-1) 


in = i PdA=I1,+ I, (10-2) 
A 


Fig. 10-2 2 


This relation between Jo and /,, J, is possible since r° = x t+ y’, 
Fig. 10-2. 

From the above formulations it is seen that /,, /,, and Jog will always 
be positive since they involve the product of distance squared and area. 
Furthermore, the units for moment of inertia involve length raised to the 


fourth power, e.g., m*, mm’, or ft*, in’. 


10.2  Parallel-Axis Theorem for an Area 


The parallel-axis theorem can be used to find the moment of inertia of an 
area about any axis that is parallel to an axis passing through the centroid 
and about which the moment of inertia is known. To develop this theorem, 
we will consider finding the moment of inertia of the shaded area shown 
in Fig. 10-3 about the x axis. To start, we choose a differential element dA 
located at an arbitrary distance y’ from the centroidal x' axis. If the 
distance between the parallel x and x’ axes is d,, then the moment of 
inertia of dA about the x axis is dI, = (y' + a.) dA. For the entire area, 


i= Jo + dy dA 
A 


= [oraa+ ra, fyaa+ ay faa 
Fig. 10-3 A A A 
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The first integral represents the moment of inertia of the area about the 
centroidal axis, /,,. The second integral is zero since the x’ axis passes 
through the area’s centroid C; i.e., Ty dA = y [dA = 0 since y’ = 0. 
Since the third integral represents the total area A, the final result is 
therefore 


1, = Ty Pi Ad; (10-3) 
A similar expression can be written for /,; 1.e., 
I, = 1, + Ad; (10-4) 


And finally, for the polar moment of inertia, since Jc = I, + Iy and 
@=da + d;, we have 


Jo = Je + Ad? (10-5) 


The form of each of these three equations states that the moment of 
inertia for an area about an axis is equal to its moment of inertia about a 
parallel axis passing through the area’s centroid plus the product of the 
area and the square of the perpendicular distance between the axes. 


10.3 Radius of Gyration of an Area 


The radius of gyration of an area about an axis has units of length and is 
a quantity that is often used for the design of columns in structural 
mechanics. Provided the areas and moments of inertia are known, the radii 
of gyration are determined from the formulas 


. =a fh 
x A 
I, 
k, =./— 10-6 
¥ A ( ) 
Jo 
ko =/2 
? A 


The form of these equations is easily remembered since it is similar to 
that for finding the moment of inertia for a differential area about 
an axis. For example, /, = iA: whereas for a differential area, 
di,= ¥ dA. 


In order to predict the strength and 
deflection of this beam, it is necessary to 
calculate the moment of inertia of the 
beam’s cross-sectional area. 
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Fig. 10-4 
Procedure for Analysis 


In most cases the moment of inertia can be determined using a 
single integration. The following procedure shows two ways in 
which this can be done. 


° If the curve defining the boundary of the area is expressed as 
y = f(x), then select a rectangular differential element such that 
it has a finite length and differential width. 


© The element should be located so that it intersects the curve at 
the arbitrary point (x, y). 


Case 1 


® Orient the element so that its length is parallel to the axis about 
which the moment of inertia is computed. This situation occurs when 
the rectangular element shown in Fig. 10-4a is used to determine J , 
for the area. Here the entire element is at a distance y from the x axis 
since it has a thickness dy. Thus J, = i ydA.To find /,, the element 
is oriented as shown in Fig. 10-4b. This element lies at the same 
distance x from the y axis so that J, = fxd A. 


Case 2 


® The length of the element can be oriented perpendicular to the axis 
about which the moment of inertia is computed; however, Eq. 10-1 
does not apply since all points on the element will vot lie at the same 
moment-arm distance from the axis. For example, if the rectangular 
element in Fig. 10-4a is used to determine /,, it will first be 
necessary to calculate the moment of inertia of the element about 
an axis parallel to the y axis that passes through the element’s 
centroid, and then determine the moment of inertia of the element 
about the y axis using the parallel-axis theorem. Integration of this 
result will yield J. See Examples 10.2 and 10.3. 
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EXAMPLE |10.1 


Determine the moment of inertia for the rectangular area shown in 
Fig. 10-5 with respect to (a) the centroidal x’ axis, (b) the axis x, 
passing through the base of the rectangle, and (c) the pole or z’ axis 
perpendicular to the x’—y’ plane and passing through the centroid C. 


SOLUTION (CASE 1) 


515 


Part (a). The differential element shown in Fig. 10-5 is chosen for 
integration. Because of its location and orientation, the entire element 
is at a distance y’ from the x’ axis. Here it is necessary to integrate 
from y' = —h/2 to y’ = h/2. Since dA = b dy’, then 


h/2 h/2 
Ty = [” dA = / y*(bdy’) = » | y” dy’ 
A —h/2 —h/2 


1 
i 3 
Si oh 


Part (b). The moment of inertia about an axis passing through the 
base of the rectangle can be obtained by using the above result of part 
(a) and applying the parallel-axis theorem, Eq. 10-3. 


I,, = 1 + Adj, 


=> — a — = — 


Part (c). To obtain the polar moment of inertia about point C, we 
must first obtain J, which may be found by interchanging the 


dimensions b and h in the result of part (a), ie., 


: 3 
Ty = 7yhb 


Using Eq. 10-2, the polar moment of inertia about C is therefore 


Ans. 
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EXAMPLE |10.2 


Determine the moment of inertia for the shaded area shown in 
Fig. 10-6a about the x axis. 


SOLUTION | (CASE 1) 

(100 - x) — A differential element of area that is parallel to the x axis, as shown in 
Fig. 10-6a, is chosen for integration. Since this element has a thickness 
dy and intersects the curve at the arbitrary point (x, y), its area is 
dA = (100 — x) dy. Furthermore, the element lies at the same 
distance y from the x axis. Hence, integrating with respect to y, from 
y = Oto y = 200 mm, yields 


200 mm 
[y dA = i y’(100 — x) dy 
A 0 


200 mm 
f * 
0 


107(10°) mm* 


SOLUTION II (CASE 2) 

A differential element parallel to the y axis, as shown in Fig. 10-6, is 
chosen for integration. It intersects the curve at the arbitrary point (x, y). 
In this case, all points of the element do not lie at the same distance 
from the x axis, and therefore the parallel-axis theorem must be used 
to determine the moment of inertia of the element with respect to this 
axis. For a rectangle having a base b and height h, the moment of 
inertia about its centroidal axis has been determined in part (a) of 
Example 10.1. There it was found that J, = 7,bh’. For the differential 
element shown in Fig. 10-6), b=dx and h=yy, and _ thus 
N= pax y®. Since the centroid of the element is ¥ = y/2 from the 
x axis, the moment of inertia of the element about this axis is 


> a il a 
Lx —| -— dx dl, = dle + day = Lary’ + ydx(2) 
100 mm 


(This result can also be concluded from part (b) of Example 10.1.) 
Integrating with respect to x, from x = 0 to x = 100 mm, yields 


(b) 
I, 


107(10°) mm* Ans. 
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EXAMPLE |10.3 


Determine the moment of inertia with respect to the x axis for the 
circular area shown in Fig. 10—7a. 


SOLUTION | (CASE 1) 
Using the differential element shown in Fig. 10—7a, since dA = 2x dy, 


we have 
L, = [ru = [en dy 
A A 


4 


= [ XeVe=F) ay = 22 


4 


SOLUTION II (CASE 2) 
When the differential element shown in Fig. 10-7b is chosen, the 
centroid for the element happens to lie on the x axis, and since 


ly = bh for a rectangle, we have 


dl, 


Integrating with respect to x yields 


2 3/2 ma’ 
a | ze — ey or i Ans. 
=a 


NOTE: By comparison, Solution I requires much less computation. 
Therefore, if an integral using a particular element appears difficult to 
evaluate, try solving the problem using an element oriented in the 
other direction. 
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at FUNDAMENTAL PROBLEMS 


F10-1. Determine the moment of inertia of the shaded F10-3. Determine the moment of inertia of the shaded 
area about the x axis. area about the y axis. 
y y 


F10-1 F10-3 


F10-2. Determine the moment of inertia of the shaded F10-4. Determine the moment of inertia of the shaded 
area about the x axis. area about the y axis. 


1m + 


F10-2 F10-4 


| | PROBLEMS 
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e10-1. Determine the moment of inertia of the area about 
the x axis. 


10-2. Determine the moment of inertia of the area about 
the y axis. 


en y = 0.25 x5 


Probs. 10-1/2 


10-3. Determine the moment of inertia of the area about 
the x axis. 


*10-4. Determine the moment of inertia of the area about 
the y axis. 


Probs. 10-3/4 


10-5. Determine the moment of inertia of the area about 
the x axis. 


10-6. Determine the moment of inertia of the area about 
the y axis. 


Probs. 10-5/6 


10-7. Determine the moment of inertia of the area about 
the x axis. 


*10-8. Determine the moment of inertia of the area about 
the y axis. 


e10-9. Determine the polar moment of inertia of the area 
about the z axis passing through point O. 


+—— 1 m ——+| 


Probs. 10-7/8/9 
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10-10. Determine the moment of inertia of the area about 
the x axis. 


10-11. Determine the moment of inertia of the area about 
the y axis. 


y 


py =x 


8 in. 


2 in. 


Probs. 10-10/11 


*10-12. Determine the moment of inertia of the area 
about the x axis. 


e10-13. Determine the moment of inertia of the area 
about the y axis. 


y =2-2x3 


1 in.——| 


Probs. 10-12/13 


10-14. Determine the moment of inertia of the area about 
the x axis. Solve the problem in two ways, using rectangular 
differential elements: (a) having a thickness of dx, and 
(b) having a thickness of dy. 


10-15. Determine the moment of inertia of the area about 
the y axis. Solve the problem in two ways, using rectangular 
differential elements: (a) having a thickness of dx, and 
(b) having a thickness of dy. 


y =4-4x? 


4in. 


Probs. 10-14/15 k 


1in.| 1 in. 


*10-16. Determine the moment of inertia of the triangular 
area about the x axis. 
¢10-17. Determine the moment of inertia of the triangular 
area about the y axis. 


—" 


Probs. 10-16/17 
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10-18. Determine the moment of inertia of the area about 10-22. Determine the moment of inertia of the area about 
the x axis. the x axis. 
10-19. Determine the moment of inertia of the area about 10-23. Determine the moment of inertia of the area about 
the y axis. the y axis. 


Probs. 10-18/19 Probs. 10-22/23 
*10-20. Determine the moment of inertia of the area *10-24. Determine the moment of inertia of the area 
about the x axis. about the x axis. 
10-21. Determine the moment of inertia of the area 10-25. Determine the moment of inertia of the area 
about the y axis. about the y axis. 


10-26. Determine the polar moment of inertia of the area 
about the z axis passing through point O. 


2 in. 


Probs. 10-20/21 Probs. 10-24/25/26 
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10.4 Moments of Inertia for 
Composite Areas 


A composite area consists of a series of connected “simpler” parts or 
shapes, such as rectangles, triangles, and circles. Provided the moment of 
inertia of each of these parts is known or can be determined about a 
common axis, then the moment of inertia for the composite area about 
this axis equals the algebraic sum of the moments of inertia of all its parts. 


Procedure for Analysis 


The moment of inertia for a composite area about a reference axis 
can be determined using the following procedure. 


Composite Parts. 


© Using a sketch, divide the area into its composite parts and 
indicate the perpendicular distance from the centroid of each 
part to the reference axis. 


Parallel-Axis Theorem. 


© If the centroidal axis for each part does not coincide with the 
reference axis, the parallel-axis theorem, J = J + Ad’, should be 
used to determine the moment of inertia of the part about the 
reference axis. For the calculation of J, use the table on the inside 
back cover. 


Summation. 


° The moment of inertia of the entire area about the reference axis 
is determined by summing the results of its composite parts 
about this axis. 


If a composite part has a “hole,” its moment of inertia is found 
by “subtracting” the moment of inertia of the hole from the 
moment of inertia of the entire part including the hole. 


For design or analysis of this Tee beam, 
engineers must be able to locate the 
centroid of its cross-sectional area, and 
then find the moment of inertia of this 
area about the centroidal axis. 
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EXAMPLE |10.4 


Determine the moment of inertia of the area shown in Fig. 10-8a 
about the x axis. 


100 mm —| k— 100 mm —| 


25 mm| 


SOLUTION 


Composite Parts. The area can be obtained by subtracting the 
circle from the rectangle shown in Fig. 10-85. The centroid of each 
area is located in the figure. 


Parallel-Axis Theorem. The moments of inertia about the x axis 
are determined using the parallel-axis theorem and the data in the 
table on the inside back cover. 


Circle 


y + Ad? 


I, = y 


iE 
1 
4 


a(25)* + (25)?(75)* = 11.4(10°) mm* 
Rectangle 
I, =Iy + Ad 
5 (100) (150)? + (100)(150)(75)? = 112.5(10°) mm? 
Summation. The moment of inertia for the area is therefore 


I, = —11.4(10°) + 112.5(10°) 
101(10°) mm4 
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EXAMPLE |10.5 


Determine the moments of inertia for the cross-sectional area of the 
member shown in Fig. 10—9a about the x and y centroidal axes. 


SOLUTION 


Composite Parts. The cross section can be subdivided into the three 
rectangular areas A, B, and D shown in Fig. 10-9b. For the calculation, 
the centroid of each of these rectangles is located in the figure. 


Parallel-Axis Theorem. From the table on the inside back cover, or 
Example 10.1, the moment of inertia of a rectangle about its 
centroidal axis is J = tbh’. Hence, using the parallel-axis theorem 
for rectangles A and D, the calculations are as follows: 


Rectangles A and D 


I, = Ty + Ad; = (100)(300)° + (100)(300)(200)? 


1.425(10°) mm* 


55 (300)(100) + (100)(300)(250)? 


1.90(10°) mm4 


Rectangle B 


= — See 9 4 
Fig. 10-9 i= 17 (600) (100) = 0.05(10°) mm 


I 


1 
= 7p (100) (600)° = 1.80(10°) mm‘4 


y 


Summation. The moments of inertia for the entire cross section 
are thus 


I, = 2[1.425(10°)] + 0.05(10°) 
= 2.90(10°) mm‘ 
I, = 2[1.90(10°)] + 1.80(10°) 


= 5,60(10°) mm* 


ce FUNDAMENTAL PROBLEMS 


10.4 MOMENTS OF INERTIA FOR COMPOSITE AREAS 525 


F10-5. Determine the moment of inertia of the beam’s 
cross-sectional area about the centroidal x and y axes. 


150 mm | 150 mm 
50 mm 


F10-5 


F10-6. Determine the moment of inertia of the beam’s 
cross-sectional area about the centroidal x and y axes. 


FAiZd 


I: a 
= aml 


30 mm 30 mm 


F10-6 


F10-7. Determine the moment of inertia of the cross- 
sectional area of the channel with respect to the y axis. 


F10-8. Determine the moment of inertia of the cross- 
sectional area of the T-beam with respect to the x’ axis 
passing through the centroid of the cross section. 


30 mm 


F10-8 
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[PROBLEMS 


10-27. Determine the distance y to the centroid of the 
beam’s cross-sectional area; then find the moment of inertia 
about the x’ axis. 


*10-28. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis. 


e10-29. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


1 in. 1 in. 


Probs. 10-27/28/29 


10-30. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis. 


10-31. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


60mm |} 60mm 


Probs. 10-30/31 


*10-32. Determine the moment of inertia of the 
composite area about the x axis. 


e10-33. Determine the moment of inertia of the 
composite area about the y axis. 


150 mm | 150 mm 


<—— 300 mm ——>} 


Probs. 10—32/33 


10-34. Determine the distance y to the centroid of the 
beam’s cross-sectional area; then determine the moment of 
inertia about the x’ axis. 


10-35. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


Probs. 10—34/35 


*10-36. Locate the centroid y of the composite area, then 
determine the moment of inertia of this area about the 
centroidal x’ axis. 


e10-37. Determine the moment of inertia of the 
composite area about the centroidal y axis. 


Probs. 10-36/37 


10-38. Determine the distance y to the centroid of the 
beam’s cross-sectional area; then find the moment of inertia 
about the x’ axis. 


10-39. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis. 


*10-40. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


50 mm | 50 mm 


Probs. 10-38/39/40 
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10-41. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis. 


10-42. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


50mm 50mm 


Probs. 10-41/42 


10-43. Locate the centroid y of the cross-sectional area 
for the angle. Then find the moment of inertia J, about the 
x’ centroidal axis. 


*10-44. Locate the centroid x of the cross-sectional area 
for the angle. Then find the moment of inertia /,, about the 
y’ centroidal axis. 


Probs. 10—43/44 
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°10-45. Determine the moment of inertia of the 
composite area about the x axis. 


10-46. Determine the moment of inertia of the composite 
area about the y axis. 


Probs. 10-45/46 


10-47. Determine the moment of inertia of the composite 
area about the centroidal y axis. 


*10-48. Locate the centroid y of the composite area, then 
determine the moment of inertia of this area about the 
x! axis. 


240 mm 


150 mm!150 aa 50 mm 


Probs. 10-47/48 


e10-49. Determine the moment of inertia J, of the 
section. The origin of coordinates is at the centroid C. 


10-50. Determine the moment of inertia /,, of the section. 
The origin of coordinates is at the centroid C. 


7 
200 mm 


do 
( — oa 


20 mm 
20 mm 


20 mm—- — 


Probs. 10—49/50 


10-51. Determine the beam’s moment of inertia J, about 
the centroidal x axis. 


*10-52. Determine the beam’s moment of inertia J, about 
the centroidal y axis. 


Probs. 10-51/52 
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e10-53. Locate the centroid y of the channel’s cross- 
sectional area, then determine the moment of inertia of the 
area about the centroidal x’ axis. 


10-54. Determine the moment of inertia of the area of the 
channel about the y axis. 


Probs. 10-53/54 


10-55. Determine the moment of inertia of the cross- 
sectional area about the x axis. 


*10-56. Locate the centroid x of the beam’s cross- 
sectional area, and then determine the moment of inertia of 
the area about the centroidal y’ axis. 


180 mm 


-—100 mm _| 


Probs. 10-55/56 


°10-57. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis. 


10-58. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis. 


12mm 


Probs. 10-57/58 


10-59. Determine the moment of inertia of the beam’s 
cross-sectional area with respect to the x’ axis passing 
through the centroid C of the cross section. y = 104.3 mm. 


Prob. 10-59 


530 CHAPTER 10 MOMENTS OF INERTIA 


Fig. 10-10 


The effectiveness of this beam to resist 
bending can be determined once its 
moments of inertia and its product of 
inertia are known. 


*10.5 Product of Inertia for an Area 


It will be shown in the next section that the property of an area, called 
the product of inertia, is required in order to determine the maximum and 
minimum moments of inertia for the area. These maximum and minimum 
values are important properties needed for designing structural and 
mechanical members such as beams, columns, and shafts. 

The product of inertia of the area in Fig. 10-10 with respect to the x 
and y axes is defined as 


lee i xydA (10-7) 


If the element of area chosen has a differential size in two directions, as 
shown in Fig. 10-10, a double integration must be performed to evaluate 
T,y. Most often, however, it is easier to choose an element having a 
differential size or thickness in only one direction in which case the 
evaluation requires only a single integration (see Example 10.6). 

Like the moment of inertia, the product of inertia has units of length 
raised to the fourth power, e.g., m*, mm‘ or ft*, int. However, since x or y 
may be negative, the product of inertia may either be positive, negative, 
or zero, depending on the location and orientation of the coordinate 
axes. For example, the product of inertia /,, for an area will be zero if 
either the x or y axis is an axis of symmetry for the area, as in Fig. 10-11. 
Here every element dA located at point (x, y) has a corresponding 
element dA located at (x, —y). Since the products of inertia for these 
elements are, respectively, xy dA and —xydA, the algebraic sum or 
integration of all the elements that are chosen in this way will cancel 
each other. Consequently, the product of inertia for the total area 
becomes zero. It also follows from the definition of /,, that the “sign” of 
this quantity depends on the quadrant where the area is located. As 
shown in Fig. 10-12, if the area is rotated from one quadrant to another, 
the sign of /,, will change. 


y 


Fig. 10-11 
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Fig. 10-12 


Parallel-Axis Theorem. Consider the shaded area shown in 
Fig. 10-13, where x’ and y’ represent a set of axes passing through the 
centroid of the area, and x and y represent a corresponding set of parallel 
axes. Since the product of inertia of dA with respect to the x and y axes is 
dI,, = (x' + d,)(y' + d,) dA, then for the entire area, 


Ty = es + d,)(y' + dy) dA 
A 


= Jevaasafyaasdy[waas aa, faa 
A A “JA A 


The first term on the right represents the product of inertia for the 
area with respect to the centroidal axes, J". The integrals in the second 
and third terms are zero since the moments of the area are taken about 
the centroidal axis. Realizing that the fourth integral represents the 
entire area A, the parallel-axis theorem for the product of inertia 
becomes 


=Tyy + Add, (10-8) 


It is important that the algebraic signs for d, and d, be maintained 
when applying this equation. 
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EXAMPLE |10.6 


MOMENTS OF INERTIA 


Determine the product of inertia /,, for the triangle shown in 
Fig. 10-14a. 


SOLUTION | 

A differential element that has a thickness dx, as shown in Fig. 10-145, 
has an area dA = ydx. The product of inertia of this element with 
respect to the x and y axes is determined using the parallel-axis theorem. 


al, = dI yy aF dAXxy 
where X and ¥ locate the centroid of the element or the origin of the 


x', y’ axes. (See Fig. 10-13.) Since d/,y = 0, due to symmetry, and 
Xx = x,y = y/2, then 


Fig. 10-14 


SOLUTION II 

The differential element that has a thickness dy, as shown in Fig. 10-14c, 
can also be used. Its area is dA = (b — x) dy. The centroid is located 
at point ¥ = x + (b — x)/2 = (b + x)/2, ¥ = y, so the product of 
inertia of the element becomes 


dI yy = d py + dAXY 


=0+ (0-2 a(2F*)y 


(opr) aff 22) a 


Integrating with respect to y from y = 0 to y = h yields 
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EXAMPLE |10.7 


Determine the product of inertia for the cross-sectional area of the 
member shown in Fig. 10—15a, about the x and y centroidal axes. 


100 mm | 


Fig. 10-15 


SOLUTION 
As in Example 10.5, the cross section can be subdivided into three 
composite rectangular areas A, B, and D, Fig. 10-15b. The coordinates 


for the centroid of each of these rectangles are shown in the figure. 
Due to symmetry, the product of inertia of each rectangle is zero about 
a set of x’, y’ axes that passes through the centroid of each rectangle. 
Using the parallel-axis theorem, we have 


Rectangle A 
Ty = Ley + Addy 
= 0 + (300)(100)(—250)(200) = —1.50(10°) mm* 
Rectangle B 
ly = ley + Addy 
=0+0=0 
Rectangle D 
Ty = Ley + Addy 
= 0 + (300)(100)(250)(—200) = —1.50(10°) mm* 
The product of inertia for the entire cross section is therefore 
Igy = —1.50(10°) + 0 — 1.50(10°) = —3.00(10°) mm* Ans. 


NOTE: This negative result is due to the fact that rectangles A and D 
have centroids located with negative x and negative y coordinates, 
respectively. 
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*10.6 Moments of Inertia for an Area 
about Inclined Axes 


In structural and mechanical design, it is sometimes necessary to calculate 
the moments and product of inertia /,, J,, and [,,,, for an area with respect 
to a set of inclined wu and v axes when the values for 6, /,, ,, and I, are 
known. To do this we will use transformation equations which relate the x, 
y and u, v coordinates. From Fig. 10-16, these equations are 


u = xcosé+ ysind 


v = ycos@ — xsind 


With these equations, the moments and product of inertia of dA about 
the u and v axes become 


dl, = v' dA = (ycos@ — xsin@)?dA 
dl, = wu? dA = (xcos@ + ysin@)*dA 
dI,, = uvdA = (xcos@ + ysin@)(ycos@ — xsin@)dA 
Expanding each expression and integrating, realizing that J, = [y? dA, 
i [x dA, and 1,, = [xy dA, we obtain 
I, = 1, cos’ 6 + Ly sin’ @ — 21, sin 6 cos 6 
I, = I, sin’ @ + dy cos? @ + 21x) sin 6 cos 6 
Ty = I, sin 8 cos 6 — I, sin 6 cos 6 + Iyy(cos* 0 — sin’ 0) 


Using the trigonometric identities sin2 6 = 2sin@cos@ and cos26 
= cos’@ — sin’@ we can simplify the above expressions, in which case 


Veen Ge eee 

I, = 5 oF 5 cos 26 — I,, sin 20 
tee } 

IL,= sae a 26 1, sin 20 (10-9) 
phe 

Ly = sin 26 + I, cos 20 


Notice that if the first and second equations are added together, we can 
show that the polar moment of inertia about the z axis passing through 
point O is, as expected, independent of the orientation of the u and v 
axes; Le., 


Joti? dyad, + Ty 


10.6 MOMENTS OF INERTIA FOR AN AREA ABOUT INCLINED AXES 


Principal Moments of Inertia. Equations 10-9 show that I,,, I, 
and J/,,, depend on the angle of inclination, 0, of the u, v axes. We will 
now determine the orientation of these axes about which the moments 
of inertia for the area are maximum and minimum. This particular set of 
axes is called the principal axes of the area, and the corresponding 
moments of inertia with respect to these axes are called the principal 
moments of inertia. In general, there is a set of principal axes for every 
chosen origin O. However, for structural and mechanical design, the 
origin O is located at the centroid of the area. 

The angle which defines the orientation of the principal axes can be 
found by differentiating the first of Eqs. 10-9 with respect to @ and 
setting the result equal to zero. Thus, 


dl, 
do 


l= I, 
= 2 5 *) sin 20 — 214,008 28 = 0 


Therefore, at 0 = 6», 


(10-10) 


The two roots 6,, and 6,, of this equation are 90° apart, and so they each 
specify the inclination of one of the principal axes. In order to substitute 
them into Eq. 10-9, we must first find the sine and cosine of 26,, and 26,,.. 
This can be done using these ratios from the triangles shown in 
Fig. 10-17, which are based on Eq. 10-10. 

Substituting each of the sine and cosine ratios into the first or second 
of Eqs. 10-9 and simplifying, we obtain 


feel ae 
Jox = ee ( 5 ) es (10-11) 


Depending on the sign chosen, this result gives the maximum or 
minimum moment of inertia for the area. Furthermore, if the above 
trigonometric relations for @,, and 6,, are substituted into the third of 
Eggs. 10-9, it can be shown that J/,,, = 0; that is, the product of inertia with 
respect to the principal axes is zero. Since it was indicated in Sec. 10.6 that 
the product of inertia is zero with respect to any symmetrical axis, it 
therefore follows that any symmetrical axis represents a principal axis of 
inertia for the area. 


Fig. 10-17 
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EXAMPLE |10.8 


Determine the principal moments of inertia and the orientation of the 
principal axes for the cross-sectional area of the member shown in 
Fig. 10-18a with respect to an axis passing through the centroid. 


SOLUTION 

The moments and product of inertia of the cross section with respect 
to the x, y axes have been determined in Examples 10.5 and 10.7. The 
results are 


I, = 2.90(10°) mm* J, = 5.60(10°) mm* J, = —3.00(10°) mm4 


Using Eq. 10-10, the angles of inclination of the principal axes u and 
v are 


BD —L yy —[-3.00(107)] ee 
ane (I, —1,)/2 [2.9000 — 5.60010)/2 


26, = —65.8° and 114.2° 


Thus, by inspection of Fig. 10-185, 
@,, — —32.9° and 6, = 57.1° Ans. 


The principal moments of inertia with respect to these axes are 
determined from Eq. 10-11. Hence, 
Tete, — 2 
min 2) 9) y 
2.90(10°) + 5.60(10°) 
7 2 


2.90(10°) — 5.60(10°) 
= al 2 


Fig. 10-18 


i + [-3.00(10°) 


Imex = 4,25(10°) + 3.29(10”) 


Tas = 75400 )mm Tj, — 01960(10 mm Ans. 


NOTE: The maximum moment of inertia, Imax = 7.54(10°) mm’, 
occurs with respect to the u axis since by inspection most of the cross- 
sectional area is farthest away from this axis. Or, stated in another 
manner, Jy,, occurs about the u axis since this axis is located within 
+45° of the y axis, which has the larger value of J (J, > ,,). Also, this 
can be concluded by substituting the data with @ = 57.1° into the first 
of Eqs. 10-9 and solving for /,,. 
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*10.7 Mohr’s Circle for Moments 
of Inertia 


Equations 10-9 to 10-11 have a graphical solution that is convenient to use 


and generally easy to remember. Squaring the first and third of Eqs. 10-9 
and adding, it is found that 


I, + Iy\? I, - 1,\2 
(4. 2 ) + hy =( 2 ) ee 


Here /,, /,, and J, are known constants. Thus, the above equation may 
be written in compact form as 


es a a) 1 T = R 


When this equation is plotted on a set of axes that represent the 
respective moment of inertia and the product of inertia, as shown in 
Fig. 10-19, the resulting graph represents a circle of radius 


I, — L\2 
= 2 
r=,|( —)+ 4, 


and having its center located at point (a, 0), where a = (J, + I,)/2. The 
circle so constructed is called Mohr’s circle, named after the German 
engineer Otto Mohr (1835-1918). 


Axis for minor principal 
moment of inertia, [nin 


Axis for major principal 
moment of inertia, Jax 


(a) (b) 
Fig. 10-19 
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Procedure for Analysis 


The main purpose in using Mohr’s circle here is to have a 
convenient means for finding the principal moments of inertia for 
an area. The following procedure provides a method for doing this. 


Determine /,, /, and Ion 


° Establish the x, y axes and determine /,, /,, and /,,, Fig. 10-19a. 


xy? 


Axis for minor principal Construct the Circle. 
moment of inertia, [nin 


® Construct a rectangular coordinate system such that the abscissa 
represents the moment of inertia /, and the ordinate represents 


the product of inertia /,,, Fig. 10-19b. 


Determine the center of the circle, O, which is located at a 
distance (J, + I,)/2 from the origin, and plot the reference point 
A having coordinates (/,, /,,). Remember, /, is always positive, 


Axis for major principal whereas /,, can be either positive or negative. 
moment of inertia, [jax 


@ Connect the reference point A with the center of the circle and 
determine the distance OA by trigonometry. This distance 
represents the radius of the circle, Fig. 10-19b. Finally, draw 
the circle. 


Principal Moments of Inertia. 


® The points where the circle intersects the J axis give the values 
of the principal moments of inertia 7,,;, and J,,,x. Notice that, 
as expected, the product of inertia will be zero at these points, 
Fig. 10-195. 


Principal Axes. 


° To find the orientation of the major principal axis, use 
trigonometry to find the angle 20,,, measured from the radius 
OA to the positive I axis, Fig. 10-19b. This angle represents twice 
the angle from the x axis to the axis of maximum moment of 
inertia [max, Fig. 10-19a. Both the angle on the circle, 26,,, and 
the angle 6,,, must be measured in the same sense, as shown in 
Fig. 10-19. The axis for minimum moment of inertia [pin is 
perpendicular to the axis for Jax. 


Using trigonometry, the above procedure can be verified to be in 
accordance with the equations developed in Sec. 10.6. 
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EXAMPLE |10.9 


Using Mohr’s circle, determine the principal moments of inertia and 
the orientation of the major principal axes for the cross-sectional area 
of the member shown in Fig. 10-20a, with respect to an axis passing 
through the centroid. y 


100 mm. - 


— Pe mm 
600 mm 


SOLUTION @) 


Determine I,, ly, I,y. The moments and product of inertia have 
been determined in Examples 10.5 and 10.7 with respect to the x, y 
axes shown in Fig. 10-20a. The results are J, = 2.90(10°) mm‘, 
I, = 5.60(10°) mm*, and J, = —3.00(10°) mm‘. 

Construct the Circle. The J and /,,, axes are shown in Fig. 10-20b. The 
center of the circle, O, lies at a distance (I, + 1,)/2 = (2.90 + 5.60)/2 = 4.25 
from the origin. When the reference point A(/,, .y) or A(2.90,—3.00) is 
connected to point O, the radius OA is determined from the triangle 
OBA using the Pythagorean theorem. 


OA = V(1.35)? + (—3.00)? = 3.29 


The circle is constructed in Fig. 10—20c. 


Principal Moments of Inertia. The circle intersects the / axis at 
points (7.54, 0) and (0.960, 0). Hence, 
Tone = (4.25 + 3.29)10° = 7.54107) mom" 
Tmin = (4.25 — 3.29)10° = 0.960(10°) mm‘4 
Principal Axes. As shown in Fig. 10-20c, the angle 20, is 
determined from the circle by measuring counterclockwise from OA 
to the direction of the positive I axis. Hence, 
|BA| 3.00 
= ° CaS = ‘o a = ° 
20 = 180° — sin aa = 180° — sin i 3.29 = 114.2 
The principal axis for Imax = 7.54(10°) mm‘ is therefore oriented at 
an angle @,, = 57.1°, measured counterclockwise, from the positive x 
axis to the positive u axis. The v axis is perpendicular to this axis. The 
results are shown in Fig. 10-20d. 


Ths (10°) mm* 


-— 4.25 + 1.35 
2.90 +] O 


7 7 (10°) mm* 
—3.00 


A (2.90, —3.00) 


(b) 


Ty (10°) mm*4 
+-—Imax = 7-54 


7 (10°) mm* 


A (2.90, 3.00) 
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| | PROBLEMS 


*10-60. Determine the product of inertia of the parabolic 
area with respect to the x and y axes. 


°10-61. Determine the product of inertia J, of the right 
half of the parabolic area in Prob. 10-60, bounded by the 
lines y = 2in.andx = 0. y 


k—1 in—| 


y = 2x2 


Probs. 10-60/61 


10-62. Determine the product of inertia of the quarter 
elliptical area with respect to the x and y axes. 


y 


Prob. 10-62 


10-63. Determine the product of inertia for the area with 
respect to the x and y axes. 


; 8 in ——- 


Prob. 10-63 


*10-64. Determine the product of inertia of the area with 
respect to the x and y axes. 


y 
4in. 
x 
| 
ww 4in. 
| 
y=4e-8) 
Prob. 10-64 


¢10-65. Determine the product of inertia of the area with 
respect to the x and y axes. 
y 


r 
| . 


1+? m—>| 


By = x9 + 2x7 + Ax 


Prob. 10-65 


10-66. Determine the product of inertia for the area with 
respect to the x and y axes. 
y 


yy =1-0.5x 


> 
| | 


l~< 


Prob. 10-66 


10-67. Determine the product of inertia for the area with 
respect to the x and y axes. 


Prob. 10-67 


*10-68. Determine the product of inertia for the area of 
the ellipse with respect to the x and y axes. 


4 in. i 


Prob. 10-68 


¢10-69. Determine the product of inertia for the parabolic 
area with respect to the x and y axes. 


|. 4in. | 


Prob. 10-69 
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10-70. Determine the product of inertia of the composite 
area with respect to the x and y axes. 


Prob. 10-70 


10-71. Determine the product of inertia of the cross- 
sectional area with respect to the x and y axes that have 
their origin located at the centroid C. 


Prob. 10-71 
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*10-72. Determine the product of inertia for the beam’s 10-74. Determine the product of inertia for the beam’s 
cross-sectional area with respect to the x and y axes that cross-sectional area with respect to the x and y axes that 
have their origin located at the centroid C. have their origin located at the centroid C. 


50 mm 


' 


4. 5mm 
30 mm —| 
Prob. 10-72 Prob. 10-74 
°10-73. Determine the product of inertia of the beam’s 10-75. Locate the centroid x of the beam’s cross-sectional 
cross-sectional area with respect to the x and y axes. area and then determine the moments of inertia and the 


product of inertia of this area with respect to the u and 
v axes. The axes have their origin at the centroid C. 


300 


Prob. 10-73 Prob. 10-75 
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*10-76. Locate the centroid (x, y) of the beam’s cross- 10-78. Determine the moments of inertia and the product 
sectional area, and then determine the product of inertia of of inertia of the beam’s cross-sectional area with respect to 
this area with respect to the centroidal x’ and y’ axes. the u and v axes. 


200 mm 
Prob. 10-76 Prob. 10-78 
e10-77. Determine the product of inertia of the beam’s 10-79. Locate the centroid y of the beam’s cross-sectional 
cross-sectional area with respect to the centroidal x and area and then determine the moments of inertia and the 
y axes. product of inertia of this area with respect to the u and 
Vv axes. 


Prob. 10-77 Prob. 10-79 
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*10-80. Locate the centroid X and y of the cross-sectional 
area and then determine the orientation of the principal 
axes, which have their origin at the centroid C of the area. 
Also, find the principal moments of inertia. 


— 


Prob. 10-80 


e10-81. Determine the orientation of the principal axes, 
which have their origin at centroid C of the beam’s cross- 
sectional area. Also, find the principal moments of inertia. 


100 mm—139 mm 


Prob. 10-81 


10-82. Locate the centroid y of the beam’s cross-sectional 
area and then determine the moments of inertia of this area 
and the product of inertia with respect to the u and v axes. 
The axes have their origin at the centroid C. 


75 mm'75 mm 


Prob. 10-82 


10-83. Solve Prob. 10-75 using Mohr’s circle. 


*10-84. Solve Prob. 10-78 using Mohr’s circle. 


°10-85. Solve Prob. 10-79 using Mohr’s circle. 


10-86. Solve Prob. 10-80 using Mohr’s circle. 


10-87. Solve Prob. 10-81 using Mohr’s circle. 


*10-88. Solve Prob. 10-82 using Mohr’s circle. 


10.8 


10.8 Mass Moment of Inertia 


The mass moment of inertia of a body is a measure of the body’s resistance 
to angular acceleration. Since it is used in dynamics to study rotational 
motion, methods for its calculation will now be discussed.* 

Consider the rigid body shown in Fig. 10-21. We define the mass 
moment of inertia of the body about the z axis as 


T= | r>dm (10-12) 


Here r is the perpendicular distance from the axis to the arbitrary 
element dm. Since the formulation involves r, the value of [is unique for 
each axis about which it is computed. The axis which is generally chosen, 
however, passes through the body’s mass center G. Common units used 
for its measurement are kg: m” or slug: ft’. 

If the body consists of material having a density p, then dm = p dV, 
Fig. 10-22a. Substituting this into Eq. 10-12, the body’s moment of 
inertia is then computed using volume elements for integration; i.e. 


i i rp dV (10-13) 
4 


For most applications, p will be a constant, and so this term may be 
factored out of the integral, and the integration is then purely a function 
of geometry. 


L=_p | r’ dV (10-14) 
V 


dm = pdV 
(x, y, z) 


(a) 
Fig. 10-22 


*Another property of the body which measures the symmetry of the body’s mass with 
respect to a coordinate system is the mass product of inertia. This property most often 
applies to the three-dimensional motion of a body and is discussed in Engineering 
Mechanics: Dynamics (Chapter 21). 
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Fig. 10-21 
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Al é dz 
i = 
Te ma! 
15. >. 
: J wy , we 
(b) (c) 
Fig. 10-22 


Procedure for Analysis 


If a body is symmetrical with respect to an axis, as in Fig. 10-22, then 
its mass moment of inertia about the axis can be determined by 
using a single integration. Shell and disk elements are used for this 
purpose. 


Shell Element. 


If a shell element having a height z, radius y, and thickness dy 
is chosen for integration, Fig. 10-22b, then its volume is 
dV = (2zry)(z) dy. 


This element can be used in Eq. 10-13 or 10-14 for determining 
the moment of inertia J, of the body about the z axis since the 
entire element, due to its “thinness,” lies at the same perpendicular 
distance r = y from the z axis (see Example 10.10). 


Disk Element. 


If a disk element having a radius y and a thickness dz is chosen 
for integration, Fig. 10-22c, then its volume is dV = (ay) dz. 


In this case the element is finite in the radial direction, and 
consequently its points do not all lie at the same radial distance r 
from the z axis. As a result, Eqs. 10-13 or 10-14 cannot be used to 
determine /,. Instead, to perform the integration using this 
element, it is first necessary to determine the moment of inertia 
of the element about the z axis and then integrate this result (see 
Example 10.11). 
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EXAMPLE |10.10 


Determine the mass moment of inertia of the cylinder shown in 
Fig. 10-23a about the z axis. The density of the material, p, is constant. 


Fig. 10-23 


SOLUTION 

Shell Element. This problem will be solved using the shell element 
in Fig. 10-235 and thus only a single integration is required. The 
volume of the element is dV = (2mr)(h) dr, and so its mass is 
dm = p dV = p(2mhr dr). Since the entire element lies at the same 
distance r from the z axis, the moment of inertia of the element is 


dl, = r’? dm = p2ahr° dr 


Integrating over the entire cylinder yields 


R 
I,= [ram = pamh | Pdr =o" Rh 
m 0 2 


Since the mass of the cylinder is 


R 
m= [am = v2nn [ rdr = pahR* 
m 0 
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EXAMPLE |10.11 
A solid is formed by revolving the shaded area shown in Fig. 10-24a 


about the y axis. If the density of the material is 5 slug/ft*, determine 
the mass moment of inertia about the y axis. 


y 
ee 
By ai 


SOLUTION 


Disk Element. The moment of inertia will be determined using this 
disk element, as shown in Fig. 10-245. Here the element intersects the 
curve at the arbitrary point (x, y) and has a mass 


dm = p dV = p(x’) dy 


Although all points on the element are not located at the same 
distance from the y axis, it is still possible to determine the moment of 
inertia d/, of the element about the y axis. In the previous example it 
was shown that the moment of inertia of a homogeneous cylinder 
about its longitudinal axis is [ = ‘mR’, where m and R are the mass 
and radius of the cylinder. Since the height of the cylinder is not 
involved in this formula, we can also use this result for a disk. Thus, for 
the disk element in Fig. 10-245, we have 


1 1 
die 3 (dm) x? = 7 lela") dy]x? 


Substituting x = y’, p = 5slug/ft*, and integrating with respect to y, 
from y = Oto y = 1 ft, yields the moment of inertia for the entire solid. 


= 
0 


lft 
y bs) x 


5 ft 
“dy — Ei y® dy = 0.873 slug: ft? Ans. 
0 
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Fig. 10-25 


Parallel-Axis Theorem. If the moment of inertia of the body 
about an axis passing through the body’s mass center is known, then the 
moment of inertia about any other parallel axis can be determined by 
using the parallel-axis theorem. To derive this theorem, consider the body 
shown in Fig. 10-25. The z’ axis passes through the mass center G, 
whereas the corresponding parallel z axis lies at a constant distance d 
away. Selecting the differential element of mass dm, which is located at 
point (x’, y’), and using the Pythagorean theorem, r* = (d + x’)? + y’”, 
the moment of inertia of the body about the z axis is 


T= [ram - [te + x’)? + y?] dm 


= [rey adm 42d fa dm + & fam 


Since r’? = x’? + y", the first integral represents J¢. The second 
integral is equal to zero, since the z’ axis passes through the body’s mass 
center, i.e., f- x'dm=x f dm = 0 since x = 0. Finally, the third integral 
is the total mass m of the body. Hence, the moment of inertia about the z 
axis becomes 


2 


Il=Ig+md@ (10-15) 


where 
Ig = moment of inertia about the z’ axis passing through the mass 
center G 
m = mass of the body 


d = distance between the parallel axes 


Mass MOMENT OF INERTIA 
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Radius of Gyration. Occasionally, the moment of inertia of a 
body about a specified axis is reported in handbooks using the radius of 
gyration, k. This value has units of length, and when it and the body’s 
mass m are known, the moment of inertia can be determined from the 
equation 


= ik Or = (10-16) 


Note the similarity between the definition of & in this formula and r in 
the equation dI = r’ dm, which defines the moment of inertia of a 
differential element of mass dm of the body about an axis. 


Composite Bodies. If a body is constructed from a number of 
simple shapes such as disks, spheres, and rods, the moment of inertia of 
the body about any axis z can be determined by adding algebraically the 
moments of inertia of all the composite shapes computed about the same 
axis. Algebraic addition is necessary since a composite part must be 
considered as a negative quantity if it has already been included within 
another part—as in the case of a “hole” subtracted from a solid plate. 
Also, the parallel-axis theorem is needed for the calculations if the 
center of mass of each composite part does not lie on the z axis. In this 
regard, formulas for the mass moment of inertia of some common 
shapes, such as disks, spheres, and rods, are given in the table on the 
inside back cover. 


This flywheel, which operates a metal 
cutter, has a large moment of inertia about 
its center. Once it begins rotating it is 
difficult to stop it and therefore a uniform 
motion can be effectively transferred to 
the cutting blade. 


10.8 Mass MOMENT OF INERTIA 


EXAMPLE | 10.12 


If the plate shown in Fig. 10-26a has a density of 8000 kg/m? and a 
thickness of 10 mm, determine its mass moment of inertia about an 
axis perpendicular to the page and passing through the pin at O. 


a m 


(b) 


0.125 m 


O Thickness 0.01 m 


(a) 
Fig. 10-26 


SOLUTION 

The plate consists of two composite parts, the 250-mm-radius disk 
minus a 125-mm-radius disk, Fig. 10-26b. The moment of inertia about 
O can be determined by finding the moment of inertia of each of 
these parts about O and then algebraically adding the results. The 
computations are performed by using the parallel-axis theorem in 
conjunction with the data listed in the table on the inside back cover. 


Disk. The moment of inertia of a disk about an axis perpendicular 
to the plane of the disk and passing through Gis Ig = Smr’. The mass 
center of both disks is 0.25 m from point O. Thus, 


ma = paVy = 8000 kg/m? [77(0.25 m)?(0.01 m)] = 15.71 kg 
(lo)a = mara + mgd? 
= $(15.71 kg) (0.25 m)? + (15.71 kg)(0.25 m)? 
= 1.473 kg-m? 


Hole. For the smaller disk (hole), we have 
Mp = ppV, = 8000 kg/m? [77(0.125 m)?(0.01 m)] = 3.93 kg 


(lo)n = 2Mur + mya? 
= 4(3.93 kg) (0.125 m)? + (3.93 kg)(0.25 m)* 
= 0.276 kg +m? 
The moment of inertia of the plate about the pin is therefore 
To = Uo)a — Uo)n 
= 1.473 kg-m* — 0.276 kg: m? 
= 1.20kg-m? 
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EXAMPLE |10.13 


|—4 fr—|1 


Fig. 10-27 


The pendulum in Fig. 10-27 consists of two thin rods each having a 
weight of 10 lb. Determine the pendulum’s mass moment of inertia 
about an axis passing through (a) the pin at O, and (b) the mass center 
G of the pendulum. 


SOLUTION 


Part (a). Using the table on the inside back cover, the moment of 
inertia of rod OA about an axis perpendicular to the page and passing 
through the end point O of the rod is Jp = gme. Hence, 


i 1/ 101b 
i Se ( 
Uoalo = 3m = 3\ 357 tye 


Realize that this same value may be computed using Ig = gm? and 
the parallel-axis theorem; i.e., 


1 1 ( 101b 10 Ib 
Z —mlP? + = 1 (Re em + PP any 
Uoalo = gym + md = aye) * one 


Ott)? = 0.414 sluc <ft- 
£ 


0.414 slug - ft? 
For rod BC we have 


1 
Gialo = ee oe (Ss )e it) -P aS ia) 


12 12. \.32.2 ft/s? B02 tts" 


1.346 slug: ft? 
The moment of inertia of the pendulum about O is therefore 


Io = 0.414 + 1.346 = 1.76 slug: ft? Ans. 


Part (b). The mass center G will be located relative to the pin at O. 
Assuming this distance to be y, Fig. 10-27, and using the formula for 
determining the mass center, we have 

Sym — 1(10/32.2) + 2(10/32.2) 


Y= Sm ~ (40/322) + (10/322)  1>o* 


The moment of inertia /g may be computed in the same manner as 
Io, which requires successive applications of the parallel-axis theorem 
in order to transfer the moments of inertia of rods OA and BC to G.A 
more direct solution, however, involves applying the parallel-axis 
theorem using the result for Jp determined above; i.e., 


201 
om 5 \(1s0 ft)? 
32.2 ft/s 


Ig = 0.362 slug - ft? Ans. 


Io =Ig+ md’;  1.76slug: ft? = Ig + ( 
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ETPROBLEMS 


e10-89. Determine the mass moment of inertia J, of the 
cone formed by revolving the shaded area around the z axis. 
The density of the material is p. Express the result in terms 
of the mass m of the cone. 


Prob. 10-89 


10-90. Determine the mass moment of inertia J, of the 
right circular cone and express the result in terms of the 
total mass m of the cone. The cone has a constant density p. 


Prob. 10-90 


10-91. Determine the mass moment of inertia J, of the 
slender rod. The rod is made of material having a variable 
density p = po(1 + x/l), where po is constant. The cross- 
sectional area of the rod is A. Express the result in terms of 


the mass m of the rod. : 


Prob. 10-91 
*10-92. Determine the mass moment of inertia J, of the 
solid formed by revolving the shaded area around the y 
axis. The density of the material is p. Express the result in 
terms of the mass m of the solid. 


Prob. 10-92 
e10-93. The paraboloid is formed by revolving the shaded 
area around the x axis. Determine the radius of gyration k,. 
The density of the material is p = 5 Mg/m’°. 


200 mm 


Prob. 10-93 
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*10-96. The solid is formed by revolving the shaded area 
around the y axis. Determine the radius of gyration k,. The 
specific weight of the material is y = 380 lb/ft*. 


10-94. Determine the mass moment of inertia J, of the 
solid formed by revolving the shaded area around the y axis. 
The density of the material is p. Express the result in terms 
of the mass m of the semi-ellipsoid. 


x 
Prob. 10-94 Prob. 10-96 
10-95. The frustum is formed by rotating the shaded area °10-97. Determine the mass moment of inertia J, of the 
around the x axis. Determine the moment of inertia 7, and solid formed by revolving the shaded area around the z axis. 
express the result in terms of the total mass m of the The density of the material is p = 7.85 Mg/m*. 


frustum. The material has a constant density p. 


Prob. 10-95 Prob. 10-97 


10-98. Determine the mass moment of inertia J, of the 
solid formed by revolving the shaded area around the z axis. 
The solid is made of a homogeneous material that weighs 
400 Ib. 


Prob. 10-98 


10-99. Determine the mass moment of inertia J, of the 
solid formed by revolving the shaded area around the y axis. 
The total mass of the solid is 1500 kg. 


Prob. 10-99 
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*10-100. Determine the mass moment of inertia of the 
pendulum about an axis perpendicular to the page and 
passing through point O. The slender rod has a mass of 10 kg 
and the sphere has a mass of 15 kg. 


Prob. 10-100 


¢10-101. The pendulum consists of a disk having a mass of 
6 kg and slender rods AB and DC which have a mass per unit 
length of 2 kg/m. Determine the length L of DC so that the 
center of mass is at the bearing O. What is the moment of 
inertia of the assembly about an axis perpendicular to the 
page and passing through point O? 


Prob. 10-101 
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10-102. Determine the mass moment of inertia of the 
2-kg bent rod about the z axis. 


Prob. 10-102 


10-103. The thin plate has a mass per unit area of 
10 kg/m’. Determine its mass moment of inertia about the 
y axis. 


*10-104. The thin plate has a mass per unit area of 
10 kg/m?. Determine its mass moment of inertia about the 
Z axis. 


z 


200 mm 


“I 


Probs. 10-103/104 


¢10-105. The pendulum consists of the 3-kg slender rod 
and the 5-kg thin plate. Determine the location y of the 
center of mass G of the pendulum; then find the mass 
moment of inertia of the pendulum about an axis 
perpendicular to the page and passing through G. 


0.5 m 
oe 


Le te 


Prob. 10-105 


10-106. The cone and cylinder assembly is made of 
homogeneous material having a density of 7.85 Mg/m°. 
Determine its mass moment of inertia about the z axis. 


Prob. 10-106 
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10-107. Determine the mass moment of inertia of the 10-110. Determine the mass moment of inertia of the thin 

overhung crank about the x axis. The material is steel plate about an axis perpendicular to the page and passing 

having a density of p = 7.85 Mg/m*. through point O. The material has a mass per unit area of 
20 kg/m”. 


*10-108. Determine the mass moment of inertia of the 
overhung crank about the x’ axis. The material is steel 
having a density of p = 7.85 Mg/m*. 


t mm 
30 mm 
te 
150 mm 
x 180 mm 
x’ = 150 mm 150 mm 
30 mm 
20 re 30 mm 30 mm = 
Probs. 10-107/108 Prob. 10-110 
¢10-109. If the large ring, small ring and each of the spokes 10-111. Determine the mass moment of inertia of the thin 
weigh 100 Ib, 15 lb, and 20 lb, respectively, determine the mass plate about an axis perpendicular to the page and passing 
moment of inertia of the wheel about an axis perpendicular through point O. The material has a mass per unit area of 
to the page and passing through point A. 20 kg/m?. 


Prob. 10-109 Prob. 10-111 
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CHAPTER REVIEW 


Area Moment of Inertia 


The area moment of inertia represents the 
second moment of the area about an axis. 
It is frequently used in formulas related to 
the strength and stability of structural 
members or mechanical elements. 


If the area shape is irregular but can 
be described mathematically, then a 
differential element must be selected 
and integration over the entire area must 
be performed to determine the moment 
of inertia. 


Parallel-Axis Theorem 


If the moment of inertia for an area is 
known about a centroidal axis, then its 
moment of inertia about a parallel axis 
can be determined using the parallel-axis 
theorem. 


T=1+ Ad 


Composite Area 


If an area is a composite of common 
shapes, as found on the inside back cover, 
then its moment of inertia is equal to the 
algebraic sum of the moments of inertia of 
each of its parts. 


Product of Inertia 


The product of inertia of an area is used in 
formulas to determine the orientation of 
an axis about which the moment of inertia 
for the area is a maximum or minimum. 


If the product of inertia for an area is 
known with respect to its centroidal x’, y’ 
axes, then its value can be determined 
with respect to any x, y axes using the 
parallel-axis theorem for the product of 
inertia. 


Hy, = fou 
A 


Hes = iy 45 Ad,d, 


Principal Moments of Inertia 


Provided the moments of inertia, 7, and 
I,, and the product of inertia, J,,, are 
known, then the transformation formulas, 
or Mohr’s circle, can be used to determine 
the maximum and minimum or principal 
moments of inertia for the area, as well as 
finding the orientation of the principal 
axes of inertia. 
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Mass Moment of Inertia 


The mass moment of inertia is a property 
of a body that measures its resistance to a 
change in its rotation. It is defined as the 
“second moment” of the mass elements of 
the body about an axis. 


For homogeneous bodies having axial 
symmetry, the mass moment of inertia can 
be determined by a single integration, using 
a disk or shell element. 


The mass moment of inertia of a 
composite body is determined by using 
tabular values of its composite shapes 
found on the inside back cover, along with 
the parallel-axis theorem. 


I= Ig + md’ 
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zz REVIEW PROBLEMS 


*10-112. Determine the moment of inertia of the beam’s 10-115. Determine the moment of inertia of the beam’s 
cross-sectional area about the x axis which passes through cross-sectional area with respect to the x’ axis passing 
the centroid C. through the centroid C. 


¢10-113. Determine the moment of inertia of the beam’s 
cross-sectional area about the y axis which passes through 
the centroid C. 


Probs. 10-112/113 Prob. 10-115 
10-114. Determine the moment of inertia of the beam’s *10-116. Determine the product of inertia for the angle’s 
cross-sectional area about the x axis. cross-sectional area with respect to the x’ and y’ axes 


having their origin located at the centroid C. Assume all 
corners to be right angles. 


Prob. 10-114 Prob. 10-116 
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°10-117. Determine the moment of inertia of the area *10-120. The pendulum consists of the slender rod OA, 
about the y axis. which has a mass per unit length of 3 kg/m. The thin disk 
has a mass per unit area of 12kg/m?. Determine the 
distance y to the center of mass G of the pendulum; then 
calculate the moment of inertia of the pendulum about an 
axis perpendicular to the page and passing through G. 


10-118. Determine the moment of inertia of the area 
about the x axis. 


Bd 
; dy = 4-x? 
1 ft 
x 
2#t —— 
Probs. 10-117/118 Prob. 10-120 

10-119. Determine the moment of inertia of the area e10-121. Determine the product of inertia of the area 
about the x axis. Then, using the parallel-axis theorem, find with respect to the x and y axes. 


the moment of inertia about the x’ axis that passes through 
the centroid C of the area. y = 120 mm. 


Prob. 10-119 Prob. 10-121 


Equilibrium and stability of this articulated crane boom as a function of the boom 
position can be analyzed using methods based on work and energy, which are 
explained in this chapter. 


Virtual Work 


CHAPTER OBJECTIVES 


© To introduce the principle of virtual work and show how it applies to 
finding the equilibrium configuration of a system of pin-connected 
members. 


® To establish the potential-energy function and use the potential- 
energy method to investigate the type of equilibrium or stability of 
a rigid body or system of pin-connected members. 


11.1. Definition of Work 


The principle of virtual work was proposed by the Swiss mathematician 
Jean Bernoulli in the eighteenth century. It provides an alternative method 
for solving problems involving the equilibrium of a particle, a rigid body, 
or a system of connected rigid bodies. Before we discuss this principle, 
however, we must first define the work produced by a force and by a 
couple moment. 
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VIRTUAL WORK 


Work of a Force. A force does work when it undergoes a 
displacement in the direction of its line of action. Consider, for example, 
the force F in Fig. 11-1a that undergoes a differential displacement dr. If 
6 is the angle between the force and the displacement, then the 
component of F in the direction of the displacement is F cos 6. And so 
the work produced by F is 


dU = F drcos@ 


Notice that this expression is also the product of the force F and 
the component of displacement in the direction of the force, dr cos 0, 
Fig. 11-1b. If we use the definition of the dot product (Eq. 2-14) the 
work can also be written as 


dU = F-ar 


As the above equations indicate, work is a scalar, and like other scalar 
quantities, it has a magnitude that can either be positive or negative. 

In the SI system, the unit of work is a joule (J), which is the work 
produced by a 1-N force that displaces through a distance of 1 m in the 
direction of the force (1 J = 1 N-m).The unit of work in the FPS system 
is the foot-pound (ft + Ib), which is the work produced by a 1-lb force that 
displaces through a distance of 1 ft in the direction of the force. 

The moment of a force has this same combination of units; however, 
the concepts of moment and work are in no way related. A moment is a 
vector quantity, whereas work is a scalar. 


Work of a Couple Moment. The rotation of a couple moment 
also produces work. Consider the rigid body in Fig. 11-2, which is acted 
upon by the couple forces F and -F that produce a couple moment M 
having a magnitude M = Fr. When the body undergoes the differential 
displacement shown, points A and B move dr, and drg to their final 
positions A’ and B’, respectively. Since drg = dr, + dr’, this movement 
can be thought of as a translation dr 4, where A and B move to A’ and 
B" ,and a rotation about A’, where the body rotates through the angle dé 
about A.The couple forces do no work during the translation dr 4 because 
each force undergoes the same amount of displacement in opposite 
directions, thus canceling out the work. During rotation, however, F is 
displaced dr” = r d@, and so it does work dU = F dr” = Fr dé. Since 
M = Fr, the work of the couple moment M is therefore 


dU = Mdé 


If M and dé have the same sense, the work is positive; however, if they 
have the opposite sense, the work will be negative. 
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Virtual Work. The definitions of the work of a force and a couple 
have been presented in terms of actual movements expressed by 
differential displacements having magnitudes of dr and dé. Consider 
now an imaginary or virtual movement of a body in static equilibrium, 
which indicates a displacement or rotation that is assumed and does not 
actually exist. These movements are first-order differential quantities and 
will be denoted by the symbols dr and 60 (delta r and delta 6), 
respectively. The virtual work done by a force having a virtual 
displacement 6r is 


6U = F cos 6 ar | (11-1) 


Similarly, when a couple undergoes a virtual rotation 56 in the plane of 
the couple forces, the virtual work is 


dU = M 60 (11-2) 


11.2 Principle of Virtual Work 


The principle of virtual work states that if a body is in equilibrium, then 
the algebraic sum of the virtual work done by all the forces and couple 
moments acting on the body, is zero for any virtual displacement of the 
body. Thus, 


dU = 0 (11-3) 


For example, consider the free-body diagram of the particle (ball) that 
rests on the floor, Fig. 11-3. If we “imagine” the ball to be displaced 
downwards a virtual amount dy, then the weight does positive virtual 
work, W dy, and the normal force does negative virtual work, —N dy. 
For equilibrium the total virtual work must be zero, so_ that 
dU =W dy—N dy=(W—-N)éy=0. Since dy #0, then N=W = as 
required by applying =F, = 0. 


Fig. 11-3 
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In a similar manner, we can also apply the virtual-work equation 
6U = 0 to a rigid body subjected to a coplanar force system. Here, 
separate virtual translations in the x and y directions and a virtual 
rotation about an axis perpendicular to the x-y plane that passes through 
an arbitrary point O, will correspond to the three equilibrium equations, 
LF, = 0, 2F, = 0, and 2Mo = 0. When writing these equations, it is 
not necessary to include the work done by the internal forces acting 
within the body since a rigid body does not deform when subjected to an 
external loading, and furthermore, when the body moves through a 
virtual displacement, the internal forces occur in equal but opposite 
collinear pairs, so that the corresponding work done by each pair of 
forces will cancel. 

To demonstrate an application, consider the simply supported beam in 
Fig. 11-4a. When the beam is given a virtual rotation 66 about point B, 
Fig. 114d, the only forces that do work are P and A,. Since dy = / 60 
and 6éy’ = (//2) 66, the virtual work equation for this case is 
5U = A,(166) — P(I/2) 66 = (Al — PI/2) 66 = 0. Since 66 # 0, then 
A, = P/2. Excluding 60, notice that the terms in parentheses actually 
represent the application of 2» Mz = 0. 

As seen from the above two examples, no added advantage is gained 
by solving particle and rigid-body equilibrium problems using the 
principle of virtual work. This is because for each application of the 
virtual-work equation, the virtual displacement, common to every term, 
factors out, leaving an equation that could have been obtained in a more 
direct manner by simply applying an equation of equilibrium. 
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11.3 Principle of Virtual Work for a 
System of Connected Rigid Bodies 


The method of virtual work is particularly effective for solving equilibrium 
problems that involve a system of several connected rigid bodies, such as 
the ones shown in Fig. 11-5. 

Each of these systems is said to have only one degree of freedom since 
the arrangement of the links can be completely specified using only one 
coordinate 0. In other words, with this single coordinate and the length of 
the members, we can locate the position of the forces F and P. 

In this text, we will only consider the application of the principle of 
virtual work to systems containing one degree of freedom*. Because they 
are less complicated, they will serve as a way to approach the solution of 
more complex problems involving systems with many degrees of freedom. 
The procedure for solving problems involving a system of frictionless 
connected rigid bodies follows. 


Important Points 


A force does work when it moves through a displacement in the 
direction of the force. A couple moment does work when it 
moves through a collinear rotation. Specifically, positive work is 
done when the force or couple moment and its displacement 
have the same sense of direction. 


The principle of virtual work is generally used to determine the 
equilibrium configuration for a system of multiply connected 
members. 


A virtual displacement is imaginary; ie., it does not really 
happen. It is a differential displacement that is given in the 
positive direction of a position coordinate. 


Forces or couple moments that do not virtually displace do no 
virtual work. 


*This method of applying the principle of virtual work is sometimes called the method 
of virtual displacements because a virtual displacement is applied, resulting in the 
calculation of a real force. Although it is not used here, we can also apply the principle of 
virtual work as a method of virtual forces. This method is often used to apply a virtual force 
and then determine the displacements of points on deformable bodies. See R. C. Hibbeler, 
Mechanics of Materials, 7th edition, Pearson/Prentice Hall, 2007. 


This scissors lift has one degree of 
freedom. Without the need for 
dismembering the mechanism, the 
force in the hydraulic cylinder AB 
required to provide the lift can be 
determined directly by using the 
principle of virtual work. 
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Procedure for Analysis 


Free-Body Diagram. 


® Draw the free-body diagram of the entire system of connected 
bodies and define the coordinate q. 


© Sketch the “deflected position” of the system on the free-body 
diagram when the system undergoes a positive virtual 
displacement 6q. 


Virtual Displacements. 


© Indicate position coordinates s, each measured from a fixed point 
on the free-body diagram. These coordinates are directed to the 
forces that do work. 


© Each of these coordinate axes should be parallel to the line of 
action of the force to which it is directed, so that the virtual work 
along the coordinate axis can be calculated. 


® Relate each of the position coordinates s to the coordinate q; 
then differentiate these expressions in order to express each 
virtual displacement 6s in terms of 6g. 


Virtual-Work Equation. 


® Write the virtual-work equation for the system assuming that, 
whether possible or not, each position coordinate s undergoes a 
positive virtual displacement 6s. If a force or couple moment is in 
the same direction as the positive virtual displacement, the work 
is positive. Otherwise, it is negative. 


° Express the work of each force and couple moment in the 
equation in terms of 6q. 


© Factor out this common displacement from all the terms, and 
solve for the unknown force, couple moment, or equilibrium 
position q. 
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EXAMPLE | 11.1 


Determine the angle 6 for equilibrium of the two-member linkage 
shown in Fig. 11-6a. Each member has a mass of 10 kg. 


SOLUTION 

Free-Body Diagram. The system has only one degree of freedom 
since the location of both links can be specified by the single 
coordinate (q =) 6. As shown on the free-body diagram in Fig. 11-6), 
when @ has a positive (clockwise) virtual rotation 60, only the force F 
and the two 98.1-N weights do work. (The reactive forces D, and D, 
are fixed, and B, does not displace along its line of action.) 


Virtual Displacements. If the origin of coordinates is established at 
the fixed pin support D, then the position of F and W can be specified 
by the position coordinates xz and y,,. In order to determine the work, 
note that, as required, these coordinates are parallel to the lines of 
action of their associated forces. Expressing these position 
coordinates in terms of 6 and taking the derivatives yields 


Xz = 2(1 cos 6) m dxzg = —2 sind 60m (1) 

Y» = 3(1 sin @) m dy, = 0.5 cos 6 60m (2) 
It is seen by the signs of these equations, and indicated in Fig. 11-65, that 
an increase in 6 (i.e., 60) causes a decrease in x and an increase in y,. 


Virtual-Work Equation. If the virtual displacements 5xg and dy, 
were both positive, then the forces W and F would do positive work 
since the forces and their corresponding displacements would have the 
same sense. Hence, the virtual-work equation for the displacement 66 is 


6U = 0; W Sy, + W dy, + F dxz = 0 (3) 
Substituting Eqs. 1 and 2 into Eq. 3 in order to relate the virtual 
displacements to the common virtual displacement 66 yields 

98.1(0.5 cos 8 60) + 98.1(0.5 cos 8 60) + 25(—2 sin 6 66) = 0 


Notice that the “negative work” done by F (force in the opposite 
sense to displacement) has actually been accounted for in the above 
equation by the “negative sign” of Eq. 1. Factoring out the common 
displacement 56 and solving for 6, noting that 66 # 0, yields 


(98.1 cos 8 — 50 sin 0) 66 = 0 


98.1 
G= an = 63.0° Ans. 


NOTE: If this problem had been solved using the equations of 
equilibrium, it would be necessary to dismember the links and apply 
three scalar equations to each link. The principle of virtual work, by 
means of calculus, has eliminated this task so that the answer is 
obtained directly. 


W=91N W=981N 
(b) 


Fig. 11-6 
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EXAMPLE | 11.2 


Determine the required force P in Fig. 11—7a, needed to maintain 
equilibrium of the scissors linkage when 6 = 60°. The spring is 
unstretched when 6 = 30°. Neglect the mass of the links. 


SOLUTION 


Free-Body Diagram. Only F, and P do work when 6 undergoes a 
positive virtual displacement 66, Fig. 11—7b. For the arbitrary position 
0, the spring is stretched (0.3 m) sin @ — (0.3 m) sin 30°, so that 


F, = ks = 5000 N/m [(0.3 m) sin @ — (0.3 m) sin 30°] 
= (1500 sin 6 — 750) N 


Virtual Displacements. The position coordinates, xg and xp, 
measured from the fixed point A, are used to locate F, and P. These 
coordinates are parallel to the line of action of their corresponding 
forces. Expressing xg and xp in terms of the angle 6 using 
trigonometry, 


Xp = (0.3 m) sind 
Xp = 3[(0.3 m) sin 6] = (0.9 m) sin 6 
Differentiating, we obtain the virtual displacements of points B and D. 


dxXpz = 0.3 cos 6 56 (1) 
dxp = 0.9 cos 6 60 (2) 


Virtual-Work Equation. Force P does positive work since it acts in 
the positive sense of its virtual displacement. The spring force F, does 
negative work since it acts opposite to its positive virtual 
displacement. Thus, the virtual-work equation becomes 


dU = 0; —F,6xg+PSxp = 0 
— [1500 sin @ — 750] (0.3 cos 0 0) + P (0.9 cos 6 80) = 0 
[0.9P + 225 — 450 sin 6] cos 6 60 = 0 


Since cos 066 # 0, then this equation requires 
P =500sin 6 — 250 
When 6 = 60°, 
P = 500 sin 60° — 250 = 183N 
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EXAMPLE |11.3 
If the box in Fig. 11—8a has a mass of 10 kg, determine the couple 
moment M needed to maintain equilibrium when 6 = 60°. Neglect 


the mass of the members. 


10(9.81) N 


Fig. 11-8 
SOLUTION 


Free-Body Diagram. When 6 undergoes a positive virtual 
displacement 66, only the couple moment M and the weight of the box 
do work, Fig. 11-8). 


Virtual Displacements. The position coordinate y;, measured from 
the fixed point B, locates the weight, 10(9.81) N. Here, 


ype = (0.45 m) sin é + b 
where b is a constant distance. Differentiating this equation, we obtain 


dyz = 0.45 mcos 6 60 (1) 


Virtual-Work Equation. The virtual-work equation becomes 
6U = 0; M60 — [10(9.81) NJéyz = 0 


Substituting Eq. 1 into this equation 
M650 — 10(9.81) N(0.45 m cos 6 66) = 0 
60(M — 44.145 cos 0) = 0 
Since 66 # 0, then 
M — 44.145 cos 6 = 0 
Since it is required that 6 = 60°, then 
M = 44.145 cos 60° = 22.1N-m 
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EXAMPLE | 11.4 


The mechanism in Fig. 11—-9a supports the 50-lb cylinder. Determine 
the angle @ for equilibrium if the spring has an unstretched length of 
2 ft when 6 = 0°. Neglect the mass of the members. 


SOLUTION 


Free-Body Diagram. When the mechanism undergoes a positive 
virtual displacement 60, Fig. 11—9b, only F, and the 50-lb force do work. 
Since the final length of the spring is 2(1 ft cos 6), then 


F, = ks = (200 Ib/ft)(2 ft — 2 ft cos 6) = (400 — 400 cos 6) Ib 


Virtual Displacements. The position coordinates xp and x, are 
established from the fixed point A to locate F, at D and at E. 
The coordinate yg, also measured from A, specifies the position of the 
50-lb force at B. The coordinates can be expressed in terms of 6 using 
trigonometry. 


Xp = (1 ft) cos 0 
Xp = 3[(1 ft) cos 6] = (3 ft) cos 6 
yg = (2 ft) sin @ 


Differentiating, we obtain the virtual displacements of points D, E, 
and B as 


dXp = —1sin 6 60 (1) 
6xX~_ = —3 sin 6 60 (2) 
dyp = 2 cos 6 60 (3) 


Virtual-Work Equation. The virtual-work equation is written as if 
all virtual displacements are positive, thus 


6U = 0; Oven  SU6y, = For. — 0 


(400 — 400 cos 6)(—3 sin @ 60) + 50(2 cos 6 60) 
—(400 — 400 cos 6)(—1 sin 6 50) = 0 
60 (800 sin 8 cos 8 — 800 sin @ + 100 cos 0) = 0 
Since 66 # 0, then 
800 sin 6 cos 6 — 800 sin 6 + 100 cos 6 = 0 


Solving by trial and error, 
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a FUNDAMENTAL PROBLEMS 


Fl1-1. Determine the required magnitude of force P to 
maintain equilibrium of the linkage at @ = 60°. Each link 
has a mass of 20 kg. 


Fl1-4. The linkage is subjected to a force of P = 6KN. 
Determine the angle @ for equilibrium. The spring is 
unstretched at 6 = 60°. Neglect the mass of the links. 


Fl1-2. Determine the magnitude of force P required to 
hold the 50-kg smooth rod in equilibrium at 6 = 60°. 


F11-2 


F11-3. The linkage is subjected to a force of P = 2 KN. 
Determine the angle @ for equilibrium. The spring is 
unstretched when 6 = 0°. Neglect the mass of the links. 


P=2kN 
k =15kN/m oom 
5) Hc 
7B t oe 
0.6m 


F11-4 


Fl1-5. Determine the angle 0 where the 50-kg bar is in 
equilibrium. The spring is unstretched at 6 = 60°. 


B 


6k = 600N/m 


F11-5 


Fl1-6. The scissors linkage is subjected to a force of 
P =150N. Determine the angle 6 for equilibrium. The 
spring is unstretched at 6 = 0°. Neglect the mass of the links. 


F11-6 
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ET PROBLEMS 


e11-1. The 200-kg crate is on the lift table at the position 11-3. The “Nuremberg scissors” is subjected to a 
0 = 30°. Determine the force in the hydraulic cylinder AD horizontal force of P = 600 N. Determine the angle 6 for 
for equilibrium. Neglect the mass of the lift table’s equilibrium. The spring has a stiffness of k = 15 kN/m and 
components. is unstretched when @ = 15°. 


*11-4. The “Nuremberg scissors” is subjected to a 
horizontal force of P = 600 N. Determine the stiffness k of 
the spring for equilibrium when 6 = 60°. The spring is 
unstretched when 6 = 15°. 


Probs. 11-3/4 


Prob. 11-1 


11-2. The uniform rod OA has a weight of 10 lb. When the e11-5. Determine the force developed in the spring 
rod is in a vertical position,@ = 0°, the spring is unstretched. required to keep the 10 Ib uniform rod AB in equilibrium 
Determine the angle 6 for equilibrium if the end of the spring when @ = 35°. 

wraps around the periphery of the disk as the disk turns. 


k = 15 lb/ft 
\ i 


k = 30 1b /ft 


Prob. 11-2 Prob. 11-5 
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11-6. Ifa force of P = 5 lb is applied to the handle of the e11-9. Ifa force P = 100N is applied to the lever arm of 
mechanism, determine the force the screw exerts on the cork the toggle press, determine the clamping force developed in 
of the bottle. The screw is attached to the pin at A and passes the block when 6 = 45°. Neglect the weight of the block. 
through the collar that is attached to the bottle neck at B. 


500 mm: 


Prob. 11-9 
Prob. 11-6 
11-7. The pin-connected mechanism is constrained at A by 11-10. When the forces are applied to the handles of the 
a pin and at B by a roller. If P = 10 lb, determine the angle bottle opener, determine the pulling force developed on 
@ for equilibrium. The spring is unstretched when 6 = 45°. the cork. 


Neglect the weight of the members. 


*11-8. The pin-connected mechanism is constrained by a 
pin at A and a roller at B. Determine the force P that must 
be applied to the roller to hold the mechanism in 
equilibrium when 6 = 30°. The spring is unstretched when 
0 = 45°. Neglect the weight of the members. 


Probs. 11-7/8 Prob. 11-10 
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11-11. If the spring has a stiffness k and an unstretched 
length /), determine the force P when the mechanism is in 
the position shown. Neglect the weight of the members. 


*11-12. Solve Prob. 11-11 if the force P is applied 
vertically downward at B. 


Probs. 11-11/12 


e11-13. Determine the angles @ for equilibrium of the 
4-Ib disk using the principle of virtual work. Neglect the 
weight of the rod. The spring is unstretched when 6 = 0° and 
always remains in the vertical position due to the roller guide. 


k = 501b/ft 


AA 


Prob. 11-13 


11-14. The truck is weighed on the highway inspection 
scale. If a known mass m is placed a distance s from the 
fulcrum B of the scale, determine the mass of the truck m, if 
its center of gravity is located at a distance d from point C. 
When the scale is empty, the weight of the lever ABC 
balances the scale CDE. 


Prob. 11-14 


11-15. The assembly is used for exercise. It consists of four 
pin-connected bars, each of length L, and a spring of 
stiffness k and unstretched length a (< 2L). If horizontal 
forces are applied to the handles so that 6 is slowly 
decreased, determine the angle 6 at which the magnitude of 
P becomes a maximum. 


Prob. 11-15 
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*11-16. A 5-kg uniform serving table is supported on each 
side by pairs of two identical links, AB and CD, and springs 
CE. If the bowl has a mass of 1 kg, determine the angle 6 
where the table is in equilibrium. The springs each have a 
stiffness of k = 200 N/m and are unstretched when 6 = 90° 
. Neglect the mass of the links. 


e11-17. A 5-kg uniform serving table is supported on each 
side by two pairs of identical links, AB and CD, and springs 
CE. If the bowl has a mass of 1 kg and is in equilibrium when 
6 = 45°, determine the stiffness k of each spring. The springs 
are unstretched when 6 = 90°. Neglect the mass of the links. 


150 mm, 


50 mm 
2 


Probs. 11-16/17 


11-18. If a vertical force of P = 50N is applied to the 
handle of the toggle clamp, determine the clamping force 
exerted on the pipe. 


100 mm 
.\ 300 mm —- 


Prob. 11-18 


11-19. The spring is unstretched when 0 = 45° and has a 
stiffness of k = 1000 lb/ft. Determine the angle @ for 
equilibrium if each of the cylinders weighs 50 lb. Neglect the 
weight of the members. The spring remains horizontal at all 
times due to the roller. 


Prob. 11-19 


*11-20. The machine shown is used for forming metal 
plates. It consists of two toggles ABC and DEF, which are 
operated by the hydraulic cylinder. The toggles push the 
moveable bar G forward, pressing the plate into the cavity. 
If the force which the plate exerts on the head is P = 8 kN, 
determine the force F in the hydraulic cylinder when 
@ = 30°. 


G 


Prob. 11-20 
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e11-21. The vent plate is supported at B by a pin. If it weighs 
15 Ib and has a center of gravity at G, determine the stiffness 
k of the spring so that the plate remains in equilibrium at 
0 = 30°. The spring is unstretched when 6 = 0°. 


Prob. 11-21 


11-22. Determine the weight of block G required to 
balance the differential lever when the 20-Ib load F is 
placed on the pan. The lever is in balance when the load and 
block are not on the lever. Take x = 12 in. 


11-23. If the load F weighs 20 lb and the block G weighs 
2 Ib, determine its position x for equilibrium of the 
differential lever. The lever is in balance when the load and 
block are not on the lever. 


—, 


Probs. 11-—22/23 


*11-24. Determine the magnitude of the couple moment 
M required to support the 20-kg cylinder in the 
configuration shown. The smooth peg at B can slide freely 
within the slot. Neglect the mass of the members. 


Prob. 11-24 


e11-25. The crankshaft is subjected to a torque of 
M = 501b- ft. Determine the vertical compressive force F 
applied to the piston for equilibrium when 6 = 60°. 


Prob. 11-25 


*11.4 Conservative Forces 


If the work of a force only depends upon its initial and final positions, and 
is independent of the path it travels, then the force is referred to as a 
conservative force. The weight of a body and the force of a spring are two 
examples of conservative forces. 


Weight. Consider a block of weight W that travels along the path in 
Fig. 11-10a. When it is displaced up the path by an amount dr, then the 
work is dU = W: dr or dU = —W(dr cos 0) = —Wdy, as shown in Fig. 
11-10b. In this case, the work is negative since W acts in the opposite 
sense of dy. Thus, if the block moves from A to B, through the vertical 
displacement h, the work is 


h 
u--| W dy = —Wh 
0 


The weight of a body is therefore a conservative force, since the work 
done by the weight depends only on the vertical displacement of the 
body, and is independent of the path along which the body travels. 


Spring Force. Now consider the linearly elastic spring in Fig. 11-11, 
which undergoes a displacement ds. The work done by the spring force 
on the block is dU = —F, ds = —ks ds. The work is negative because F, 
acts in the opposite sense to that of ds. Thus, the work of F, when the 
block is displaced from s = s; to s = 5s is 


U= ~ [*ksas = -(443 — tks?) 


Here the work depends only on the spring’s initial and final positions, sj 
and sj, measured from the spring’s unstretched position. Since this result 
is independent of the path taken by the block as it moves, then a spring 
force is also a conservative force. 


Undeformed 
position 


Fig. 11-11 


11.4 CONSERVATIVE FORCES 


(a) 


Ww 


ts a 
dy = drcos@ io 
(b) 
Fig. 11-10 
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Friction. In contrast to a conservative force, consider the force of 
friction exerted on a sliding body by a fixed surface. The work done by 
the frictional force depends on the path; the longer the path, the greater 
the work. Consequently, frictional forces are nonconservative, and most 
of the work done by them is dissipated from the body in the form of heat. 


*11.5 Potential Energy 
When a conservative force acts on a body, it gives the body the capacity 


to do work. This capacity, measured as potential energy, depends on the 
location of the body relative to a fixed reference position or datum. 


Gravitational Potential Energy. If a body is located a distance 
y above a fixed horizontal reference or datum as in Fig. 11-12, the weight 
of the body has positive gravitational potential energy V, since W has the 
capacity of doing positive work when the body is moved back down to 
the datum. Likewise, if the body is located a distance y below the datum, 
V, is negative since the weight does negative work when the body is 
moved back up to the datum. At the datum, V, = 0. 

Measuring y as positive upward, the gravitational potential energy of 
the body’s weight W is therefore 


V, = Wy (11-4) 


Elastic Potential Energy. When a spring is either elongated or 
compressed by an amount s from its unstretched position (the datum), 
the energy stored in the spring is called elastic potential energy. It is 
determined from 


V, = $ ks? (11-5) 


This energy is always a positive quantity since the spring force acting on 
the attached body does positive work on the body as the force returns 
the body to the spring’s unstretched position, Fig. 11-13. 


Undeformed Undeformed 
position position 
5 iS 
AA Fs 
WW es 
Vi= +z ks? 


Fig. 11-13 


Potential Function. In the general case, if a body is subjected to 
both gravitational and elastic forces, the potential energy or potential 
function V of the body can be expressed as the algebraic sum 


where measurement of V depends on the location of the body with 
respect to a selected datum in accordance with Eqs. 11-4 and 11-5. 

In particular, if a system of frictionless connected rigid bodies has a 
single degree of freedom, such that its vertical position from the datum is 
defined by the coordinate qg, then the potential function for the system 
can be expressed as V = V(q). The work done by all the weight and 
spring forces acting on the system in moving it from q, to qz, is measured 
by the difference in V3i.e., 


Ui-2 = V(q) — V(42) (11-7) 


For example, the potential function for a system consisting of a block of 
weight W supported by a spring, as in Fig. 11-14, can be expressed in 
terms of the coordinate (q =) y, measured from a fixed datum located at 
the unstretched length of the spring. Here 


V 


V, + Ve 


—Wy + $ky’ (11-8) 


If the block moves from y, to y2, then applying Eq. 11-7 the work of W 
and F, is 


Ui-2 = V(n) — V2) = —WO1 — yp) + 3k — Zky3 


(a) 
Fig. 11-14 
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*11.6  Potential-Energy Criterion for - 
Equilibrium 


If a frictionless connected system has one degree of freedom, and its 
position is defined by the coordinate q, then if it displaces from q to 
q + dq, Eq. 11-7 becomes 


dU = V(q) — V(q + dq) 


or 


If the system is in equilibrium and undergoes a virtual displacement 5q, 
rather than an actual displacement dq, then the above equation becomes 
6U = —6V. However, the principle of virtual work requires that 5U = 0, 
and therefore, 5V = 0, and so we can write 6V = (dV/dq)éq = 0. Since 
dq # 0, this expression becomes 


OM a 


7 (11-9) 


Hence, when a frictionless connected system of rigid bodies is in 
equilibrium, the first derivative of its potential function is zero. For 
example, using Eq. 11-8 we can determine the equilibrium position for 
the spring and block in Fig. 11—14a. We have 


—=-W+ky=0 


Hence, the equilibrium position y = yeq is 


_W 
Yeq ~ 


Of course, this same result can be obtained by applying =F’, = 0 to the 
forces acting on the free-body diagram of the block, Fig. 11-145. 
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*11.7 Stability of Equilibrium 
Configuration 


The potential function V of a system can also be used to investigate the 
stability of the equilibrium configuration, which is classified as stable, 
neutral, or unstable. 


Stable Equilibrium. A system is said to be stable if a system has a 
tendency to return to its original position when a small displacement is 
given to the system. The potential energy of the system in this case is at 
its minimum. A simple example is shown in Fig. 11—15a. When the disk is 
given a small displacement, its center of gravity G will always move 
(rotate) back to its equilibrium position, which is at the Jowest point of its 
path. This is where the potential energy of the disk is at its minimum. 


Neutral Equilibrium. A system is said to be in neutral equilibrium 
if the system still remains in equilibrium when the system is given a 
small displacement away from its original position. In this case, the 
potential energy of the system is constant. Neutral equilibrium is shown 
in Fig. 11-15), where a disk is pinned at G. Each time the disk is rotated, 
a new equilibrium position is established and the potential energy 
remains unchanged. 


Unstable Equilibrium. A system is said to be unstable if it has a 
tendency to be displaced further away from its original equilibrium 
position when it is given a small displacement. The potential energy of 
the system in this case is a maximum. An unstable equilibrium position 
of the disk is shown in Fig. 11—15c. Here the disk will rotate away from its 
equilibrium position when its center of gravity is slightly displaced. At 
this highest point, its potential energy is at a maximum. 


Stable equilibrium Neutral equilibrium — Unstable equilibrium 


(a) (b) (c) 
Fig. 11-15 


The counterweight at A balances the 
weight of the deck B of this simple lift 
bridge. By applying the method of 
potential energy we can study the stability 
of the structure for various equilibrium 
positions of the deck. 
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V 
av —( 
dq° dV _ 
dq eV 
ae 
LV a 
dg ° dq 
dV 
q 
deq eq qeq 


Stable equilibrium 


(a) 


During high winds and when going around 
a curve, these sugar-cane trucks can become 
unstable and tip over since their center of 
gravity is high off the road when they are 
fully loaded. 


Unstable equilibrium 


(b) 


Neutral equilibrium 


(c) 


Fig. 11-16 


One-Degree-of-Freedom System. If a system has only one 
degree of freedom, and its position is defined by the coordinate q, then the 
potential function V for the system in terms of g can be plotted, Fig. 11-16. 
Provided the system is in equilibrium, then dV/dq, which represents the 
slope of this function, must be equal to zero. An investigation of stability 
at the equilibrium configuration therefore requires that the second 
derivative of the potential function be evaluated. 

If d’V /dq’ is greater than zero, Fig. 11-16a, the potential energy of the 
system will be a minimum. This indicates that the equilibrium 
configuration is stable. Thus, 


wi, 4 
dq , dq2 
If d’V/dq? is less than zero, Fig. 11-16, the potential energy of the 


system will be a maximum. This indicates an unstable equilibrium 
configuration. Thus, 


vi, av 
dq ° dq2 


stable equilibrium (11-10) 


unstable equilibrium (11-11) 

Finally, if d’?V/dq? is equal to zero, it will be necessary to investigate 
the higher order derivatives to determine the stability. The equilibrium 
configuration will be stable if the first non-zero derivative is of an even 
order and it is positive. Likewise, the equilibrium will be unstable if this 
first non-zero derivative is odd or if it is even and negative. If all the 
higher order derivatives are zero, the system is said to be in neutral 
equilibrium, Fig 11-16c. Thus, 


dv dav dv 
dq dq2 dq3 


0 neutral equilibrium (11-12) 


This condition occurs only if the potential-energy function for the 
system is constant at or around the neighborhood of deg. 
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Procedure for Analysis 


Using potential-energy methods, the equilibrium positions and the 
stability of a body or a system of connected bodies having a single 
degree of freedom can be obtained by applying the following 
procedure. 


Potential Function. 


© Sketch the system so that it is in the arbitrary position specified 
by the coordinate q. 


Establish a horizontal datum through a fixed point* and express 
the gravitational potential energy V, in terms of the weight W of 
each member and its vertical distance y from the datum, 
Vey yy 


Express the elastic potential energy V, of the system in terms of 
the stretch or compression, s, of any connecting spring, 
V. = ae 


Formulate the potential function V = V, + V, and express the 
position coordinates y and s in terms of the single coordinate q. 


Equilibrium Position. 


© The equilibrium position of the system is determined by taking 
the first derivative of V and setting it equal to zero, dV /dq = 0. 


Stability. 


© Stability at the equilibrium position is determined by evaluating 
the second or higher-order derivatives of V. 


If the second derivative is greater than zero, the system is stable; 
if all derivatives are equal to zero, the system is in neutral 
equilibrium; and if the second derivative is less than zero, the 
system is unstable. 


*The location of the datum is arbitrary, since only the changes or differentials of 
V are required for investigation of the equilibrium position and its stability. 
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The uniform link shown in Fig. 11—-17a has a mass of 10 kg. If the spring 
is unstretched when @ = 0°, determine the angle 6 for equilibrium and 
investigate the stability at the equilibrium position. 


SOLUTION 
Potential Function. The datum is established at the bottom of the 
link, Fig. 11-175. When the link is located in the arbitrary position 0, 
the spring increases its potential energy by stretching and the weight 
decreases its potential energy. Hence, 
1 

VeVi Ve = aks Wy 

Since / = s + cos @ors = /(1 — cos @), and y = (1/2) cos 6, then 


1 l 
V= ame — cos 9)? + w(5 cos a) 


Equilibrium Position. The first derivative of V is 
WV 2 aap : Le 
716 = kI*(1 — cos @) sin @ 7 sind = 0 


eae = cos 9) = * sin @ = 0 


This equation is satisfied provided 
sin @ = 0 0 = 0° Ans. 
Ww 10(9.81) | 
0 = ( 1 —- —————_| = 53.8° Ans. 
ae 2(200)(0.6) e 
Stability. The second derivative of V is 
dV 


Wi 
= kI’(1 — cos @) cos 6 + ki’ sin @ sin 8 — —cos 6 
de’ 2 


Wil 
= kI’(cos 6 — cos 20) — a 008 6 


Substituting values for the constants, with 6 = 0° and 6 = 53.8°, yields 


Fig 11-17 


2 10(9.81) (0.6 
ale 200(0.6)?(cos 0° — cos 0°) — ee 0° 
d0 |e=0° 2 
—29.4 <0 (unstable equilibrium at 6 = 0°) Ans. 


ce 10(9.81) (0.6 
ae = 200(0.6)*(cos 53.8° — cos 107.6°) — Eee aekes 
dO” | 9=53.8° 2 


= 46.9 >0 (stable equilibrium at 6 = 53.8°) Ans. 
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If the spring AD in Fig. 11-18a has a stiffness of 18 kN/m and is 
unstretched when 6 = 60°, determine the angle 6 for equilibrium. The 
load has a mass of 1.5 Mg. Investigate the stability at the equilibrium 
position. 


SOLUTION 


Potential Energy. The gravitational potential energy for the load 
with respect to the fixed datum, shown in Fig. 11-185, is 


V, = mgy = 1500(9.81) N[(4 m) sin 6 + A] = 58860 sin 6 + 14715h 


where / is a constant distance. From the geometry of the system, the 
elongation of the spring when the load is on the platform is 
s = (4m) cos@ — (4m) cos 60° = (4m) cos@ — 2m. 

Thus, the elastic potential energy of the system is 


V, = 3ks* = 5(18 000 N/m)(4 m cos 6 — 2 m)? = 9000(4 cos @ — 2)? 


The potential energy function for the system is therefore 


V =V, + V. = 58 860 sin 8 + 14715h + 9000(4 cos 6 — 2)? (1) 


Equilibrium. When the system is in equilibrium, 


_ = 58 860 cos @ + 18 000(4 cos 6 — 2)(—4 sin 6) = 0 


58 860 cos 6 — 288 000 sin 6 cos 6 + 144 000 sin 6 = 0 
Since sin 20 = 2 sin 6 cos 6, 
58 860 cos 6 — 144000 sin 26 + 144000 sin 6 = 0 
Solving by trial and error, 
0 = 28.18° and 6 = 45.51° 
Stability. Taking the second derivative of Eq. 1, 


av 
ee = —58 860 sin 6 — 288 000 cos 26 + 144 000 cos 0 


Substituting 6 = 28.18° yields 


Unstable 


And for 6 = 45.51°, 


2 
ae = 64073 > 0 Stable 
do 


4m cosé 


(b) 


Fig 11-18 
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EXAMPLE | 11.7 


The uniform block having a mass m rests on the top surface of the half 
cylinder, Fig. 11-19a. Show that this is a condition of unstable 
equilibrium if h > 2R. 


SOLUTION 


Potential Function. The datum is established at the base of the 
cylinder, Fig. 11-19b. If the block is displaced by an amount 6 from the 
equilibrium position, the potential function is 


Vee 
= 0 + mgy 
From Fig. 11-185, 


h 
y= (e+ 2) cosa + Rosin g 


y h 
(R+4) cos@ V= mel (k + * cos 0 + R@sin a] 


Fig 11-19 Equilibrium Position. 


av 


h 
= me(—Asin 6 + R@cos a) =0 


Note that 0 = 0° satisfies this equation. 


Stability. Taking the second derivative of V yields 
dV 


h ; 
ae = me(—Zeos + Rcos@ — R@sin a) 


Since all the constants are positive, the block is in unstable 
equilibrium provided h > 2R, because then d’°V /dé” < 0. 


PROBLEMS 


11-26. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (4x° — x? — 3x + 10) ft-lb, where x is given in feet, 
determine the equilibrium positions and investigate the 
stability at each position. 


11-27. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (24sin 6 + 10 cos 20) ft: lb, 0° = 6 = 90°, determine 
the equilibrium positions and investigate the stability at 
each position. 


*11-28. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (y> + 2y? — 4y + 50) J, where y is given in meters, 
determine the equilibrium positions and investigate the 
stability at each position. 


e11-29. The 2-Mg bridge, with center of mass at point G, is 
lifted by two beams CD, located at each side of the bridge. 
If the 2-Mg counterweight EF is attached to the beams as 
shown, determine the angle @ for equilibrium. Neglect the 
weight of the beams and the tie rods. 


Prob. 11-29 
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11-30. The spring has a stiffness k = 6001b/ft and is 
unstretched when 6 = 45°. If the mechanism is in equilibrium 
when 6 = 60°, determine the weight of cylinder D. Neglect 
the weight of the members. Rod AB remains horizontal at all 
times since the collar can slide freely along the vertical guide. 


Prob. 11-30 


11-31. If the springs at A and C_ have an unstretched 
length of 10 in. while the spring at B has an unstretched 
length of 12 in., determine the height h of the platform 
when the system is in equilibrium. Investigate the stability 
of this equilibrium configuration. The package and the 
platform have a total weight of 150 Ib. 


1 = 20 Ib/in. 


i 


k,=20lb/in. ky = 30 Ib/in. 


Prob. 11-31 
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*11-32. The spring is unstretched when 6 = 45° and has a 11-34. Ifa 10-kg load J is placed on the pan, determine the 
stiffness of k = 10001b/ft. Determine the angle @ for position x of the 0.75-kg block H for equilibrium. The scale is 


equilibrium if each of the cylinders weighs 50 Ib. Neglect the in balance when the weight and the load are not on the scale. 
weight of the members. 50 
mm 100 = mm - | 
A |D E 
© ° ° TTT TITTY TTT 
00 mm | A 

i 

| 

| 

= 
Prob. 11-34 


11-35. Determine the angles @ for equilibrium of the 
200-Ib cylinder and investigate the stability of each position. 
The spring has a stiffness of k = 300Ib/ft and an 


Prob. 11-32 
unstretched length of 0.75 ft. 


e11-33. A 5-kg uniform serving table is supported on each 
side by pairs of two identical links, AB and CD, and springs 
CE. If the bowl has a mass of 1 kg, determine the angle @ 
where the table is in equilibrium. The springs each have a 
stiffness of k = 200 N/m and are unstretched when 6 = 90°. 
Neglect the mass of the links. 


250mm 150mm 


Prob. 11-35 


*11-36. Determine the angles 6 for equilibrium of the 
50-kg cylinder and investigate the stability of each position. 
The spring is uncompressed when 6 = 60°. 


A ae 
WM NZ 


k = 900 N/m 
Prob. 11-33 Prob. 11-36 


e11-37. If the mechanism is in equilibrium when @ = 30°, 
determine the mass of the bar BC. The spring has a stiffness 
of k = 2kN/m and is uncompressed when 6 = 0°. Neglect 
the mass of the links. 


600 mm 


Prob. 11-37 


11-38. The uniform rod OA weighs 20 lb, and when the rod 
is in the vertical position, the spring is unstretched. 
Determine the position 6 for equilibrium. Investigate the 
stability at the equilibrium position. 
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11-39. The uniform link AB has a mass of 3 kg and is pin 
connected at both of its ends. The rod BD, having negligible 
weight, passes through a swivel block at C. If the spring has a 
stiffness of k = 100 N/m and is unstretched when 6 = 0°, 
determine the angle @ for equilibrium and investigate the 
stability at the equilibrium position. Neglect the size of the 
swivel block. 


Prob. 11-39 


*11-40. The truck has a mass of 20 Mg and a mass center at 
G. Determine the steepest grade 6 along which it can park 
without overturning and investigate the stability in this 
position. 


Prob. 11-38 


Prob. 11-40 
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e11-41. The cylinder is made of two materials such that it 11-43. Determine the height / of the cone in terms of the 
has a mass of m and a center of gravity at point G. Show radius r of the hemisphere so that the assembly is in neutral 
that when G lies above the centroid C of the cylinder, the equilibrium. Both the cone and the hemisphere are made 
equilibrium is unstable. from the same material. 


Prob. 11-41 Prob. 11-43 
11-42. The cap has a hemispherical bottom and a mass m. *11-44. A homogeneous block rests on top of the 
Determine the position h of the center of mass G so that the cylindrical surface. Derive the relationship between the 
cup is in neutral equilibrium. radius of the cylinder, r, and the dimension of the block, b, 


for stable equilibrium. Hint: Establish the potential energy 
function for a small angle 6, i.e., approximate sin 8 ~ 0, and 
cos 6 = 1 — 67/2. 


Prob. 11-42 Prob. 11-44 
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e11-45. The homogeneous cone has a conical cavity cut *11-48. The assembly shown consists of a semicircular 
into it as shown. Determine the depth d of the cavity in cylinder and a triangular prism. If the prism weighs 8 Ib and 
terms of h so that the cone balances on the pivot and the cylinder weighs 2 lb, investigate the stability when the 
remains in neutral equilibrium. assembly is resting in the equilibrium position. 


Prob. 11-45 Prob. 11-48 
11-46. The assembly shown consists of a semicylinder and e11-49. A conical hole is drilled into the bottom of the 
a rectangular block. If the block weighs 8 lb and the cylinder, and it is then supported on the fulcrum at A. 
semicylinder weighs 2 lb, investigate the stability when the Determine the minimum distance d in order for it to remain 
assembly is resting in the equilibrium position. Set h = 4 in. in stable equilibrium. 


11-47. The 2-lb semicylinder supports the block which has 
a specific weight of y = 80 Ib/ft®. Determine the height h 
of the block which will produce neutral equilibrium in the 
position shown. 


Probs. 11-46/47 Prob. 11-49 
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CHAPTER REVIEW 


Principle of Virtual Work 


The forces on a body will do virtual work dy, Sy’ —virtual displacements 
when the body undergoes an imaginary 
differential displacement or rotation. 60—virtual rotation 


For equilibrium, the sum of the virtual 
work done by all the forces acting on the 
body must be equal to zero for any virtual 
displacement. This is referred to as the 
principle of virtual work, and it is useful for 
finding the equilibrium configuration for a 
mechanism or a reactive force acting on a 
series of connected members. 


6U =0 


If the system of connected members has 
one degree of freedom, then its position 
can be specified by one independent 
coordinate such as 0. 


To apply the principle of virtual work, it is 
first necessary to use position coordinates 
to locate all the forces and moments on 
the mechanism that will do work when 
the mechanism undergoes a_ virtual 
movement 60. 


The coordinates are related to the 
independent coordinate 0 and then these 
expressions are differentiated in order to 
relate the virtual coordinate displacements 
to the virtual displacement 66. 


Finally, the equation of virtual work is 
written for the mechanism in terms of the 
common virtual displacement 66, and then 
it is set equal to zero. By factoring 60 out of 
the equation, it is then possible to determine 
either the unknown force or couple 
moment, or the equilibrium position 0. 


Potential-Energy Criterion for Equilibrium 


When a system is subjected only to 
conservative forces, such as weight and 
spring forces, then the equilibrium 
configuration can be determined using the 
potential-energy function V for the system. 


The potential-energy function is established 
by expressing the weight and spring 
potential energy for the system in terms of 
the independent coordinate q. 


Once the potential-energy function is 
formulated, its first derivative is set equal 


to zero. The solution yields the equilibrium 
position deg for the system. 


The stability of the system can be 
investigated by taking the second derivative 
of V. 


>0 


<0 


CHAPTER REVIEW 


stable equilibrium 


unstable equilibrium 


neutral equilibrium 
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x REVIEW PROBLEMS 


11-50. The punch press consists of the ram R, connecting *11-52. The uniform links AB and BC each weigh 2 Ib 
rod AB, and a flywheel. If a torque of M = 50N-m is and the cylinder weighs 20 lb. Determine the horizontal 
applied to the flywheel, determine the force F applied at the force P required to hold the mechanism at 9 = 45°. The 
ram to hold the rod in the position 6 = 60°. spring has an unstretched length of 6 in. 


Prob. 11-50 Prob. 11-52 
11-51. The uniform rod has a weight W. Determine the e11-53. The spring attached to the mechanism has an 
angle 6 for equilibrium. The spring is uncompressed when unstretched length when 6 = 90°. Determine the position 6 
0 = 90°. Neglect the weight of the rollers. for equilibrium and investigate the stability of the 


mechanism at this position. Disk A is pin connected to the 
frame at B and has a weight of 20 lb. 


Prob. 11-51 Prob. 11-53 


11-54. Determine the force P that must be applied to the 
cord wrapped around the drum at C which is necessary to 
lift the bucket having a mass m. Note that as the bucket is 
lifted, the pulley rolls on a cord that winds up on shaft B and 
unwinds from shaft A. 


ze 


N 
N 
N 


N 
8, 


Prob. 11-54 


11-55. The uniform bar AB weighs 100 lb. If both springs 
DE and BC are unstretched when 6 = 90°, determine the 
angle @ for equilibrium using the principle of potential 
energy. Investigate the stability at the equilibrium position. 
Both springs always remain in the horizontal position due 
to the roller guides at C and E. 


k =4 1b fin. 
B : Wi Ji 


WWW> 


Prob. 11-55 
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*11-56. The uniform rod AB has a weight of 10 Ib. If the 
spring DC is unstretched when @ = 0°, determine the angle 
@ for equilibrium using the principle of virtual work. The 
spring always remains in the horizontal position due to the 
roller guide at D. 


e11-57. Solve Prob. 11-56 using the principle of potential 
energy. Investigate the stability of the rod when it is in the 
equilibrium position. 


k = 501b/ft 


Probs. 11-56/57 


11-58. Determine the height h of block B so that the rod 
is in neutral equilibrium. The springs are unstretched when 
the rod is in the vertical position. The block has a weight W. 


Prob. 11-58 


APPENDIX 


Mathematical Review 
and Expressions 


Geometry and Trigonometry Review 
The angles 6 in Fig. A-1 are equal between the transverse and two 
parallel lines. 


Fig. A-1 


For a line and its normal, the angles 6 in Fig. A-2 are equal. 


Fig. A-2 
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For the circle in Fig. A-3 s = 6r, so that when 6 = 360° = 27 rad then 
the circumference is s =2zr. Also, since 180° = 7 rad, then 
0 (rad) = (7/180°)6°. The area of the circle is A = ar’. 


A Cc 
a c 
b B 


Fig. A-4 


The sides of a similar triangle can be obtained by proportion as in 
Fig. A-4, where 7 = ; = Zi 
For the right triangle in Fig. A-5, the Pythagorean theorem is 

h = V(0) + (ay 


The trigonometric functions are 


O 
i g=— 
sin h 
a 

g=- 
cos h 
tang =— 
a 


This is easily remembered as “soh, cah, toa”, i.e., the sine is the opposite 


over the hypotenuse, etc. The other trigonometric functions follow 
from this. 


1 h 
csc 96 = —— = — 
sin 0 O 
1 h 
sec 9 = =— 
cos 0 a 
1 
cot @ = 


—- 
© 
3 
2 
II 
ols 


Fig. A-3 


h (hypotenuse) 


o (opposite) 


a (adjacent) 


Fig. A-5 
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Trigonometric Identities Power-Series Expansions 
sin’ 6 + cos*6 = 1 : : 
a x 24. 
sin x = x — 31 +++, COSX = ~ 3,7 oo 
sin(@ + @) = sindcos@ + cos O@sind 
sin 20 = 2 sin 6 cos 0 
i x? 
sinh x =x + 3, + ,coshx =1+ 57+ - 
cos(6 + ¢) = cos@cosd@ F sindsind ; ; 
cos 20 = cos” @ — sin? 6 
Derivatives 
1+cos260 , 1 — cos 26 
cos9 = + ,siné = + 
2 2 
d d d d 
ax) = mut om (sin uw) = cos ea 
sin 0 
tan @ = 
cos 0 
2 @ = sec? 29 = csc2 d d d d d 
1 + tan’ 0 = sec’ 0 1 + cot’ 6 = csc“ 0 alt?) _ a 4 ve Fy (C08 #) _ sinus 
Quadratic Formula 
du dv 


If ax’ + bx +c = 0, thenx = 


ee eer d () Pax “dx dd > du 


es = —— tan uw) = sec” u—— 
2a dx ) x 


d d d d 
Hyperbolic Functions Tx ot) = —csc? un Ty sinh w) = cosh a 
e~-—e* 
oe 
sinh x 7 
d du d . du 
p = Fx (See u) = tanu sec Wx Fx (cosh u) = sinhu 
ere 
cosh x = , 
2 
sinh x d du 
tanh x = ae —_ bedad 
a = ae ae (csc u) csc u cot u ae 
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Integrals 


ntl 
x" dx = 
n+1 


dx 1 
= —In(a + bx) + 
J: = hk pina bx) + C 


/ dx | 1 yp 
a+ bx? 2V -ba lLa-— xV-ab 


+Ci,n#-1 


|e 


d 1 
/<s = —In(bx2 +a) +C 


a+bx2 2b 
V ab 
a 


x 
tan | + C,ab>0 


[=e _& a 

at+bx* bb prv/ab 
2 

| Ver bax - ZV GF ba + C 

~2(2a — 3bx)Via + bx)’ 


15b* 


[ve bx dx = 


[ evar bear - 


2(8a* — 12abx + 15b*x”)V (a + bx)? an 
105° 


1 
/ Var — x? dx =] xVa? — x? + asin + C; 
a 
a>0O 


1 
[we eax 3 V (a r)3+4+C 


| eve eax = | (a? — x’) 


a x 
+£(x Fo + a? sin!) +Cia>0 
a 


/ Vir + adx = 
1 
s[xve ta’ + a In(x + Vx? + 7) | +C 
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1 
[VP eed = VEAP HC 


[ eve ee ax - INGE 


4 
a a’ 
+ aa a? — n(x + x’ +a’) +C 
/ dx 2Va + bx | 
Va + bx b 


x dx 


a ON. 2 
ae soe 


Va+ bx + cx? + 


/ dx 1 in| 
Va + bx + cx? Ve 


: sin FP Fcc <o 


sin x dx = —cosx + C 


cosxdx = sinx+C 


1 
(ax) dx = —,cos(ax) + * sin(ax) +C 
a a 


tad 
io) 
ie) 
a 


sinh x dx = coshx + C 


cosh x dx = sinhx + C 


fees Se Oe ee, ee 
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Fundamental Problems 
Partial Solutions And Answers 


Chapter 2 
F2-1. 
Fr = V(2 KN)? + (6 KN)? — 2(2 KN)(6 KN) cos 105° 
= 6.798 kN = 6.80 kN Ans. 
sin sin 105° 
= : = 58.49° 
6KN 6.798KN’ ® 
0 = 45° + h = 45° + 58.49° = 103° Ans. 
F222. Fr = V'2007 + 500? — 2(200)(500) cos 140° 
= 666 N Ans. 
F2-3. Fr = V'6007 + 8007 — 2(600)(800) cos 60° 
= 721.11N = 721N Ans. 
sina _ sin 60° 73.90° 
g00 - iai* 
& = a — 30° = 73.90° — 30° = 43.9° Ans. 
F, 30 
F224, — =— : F,=2201b Ans. 
sin 45° sin 105° 
F 30 
—— ; F, = 15.5 1b Ans. 
sin 30° sin 105° 
Exp 450 
F2-5. = 
5 sin 105° sin 30° 
Fug = 869 lb Ans. 
Fic _ 450 
sin 45° sin 30° 
Fuc = 636 lb Ans. 
F 6 
F2-6. = F = 3.11kN Ans. 
. sin 30° sin 105° 
ae F, = 4.39 kN An 
sin 45° sin 105° . . . 
F2-7. (Fi),=0 (Ff), = 300N Ans. 
(F)), = —(450 N) cos 45° = —318N Ans. 
(F))y = (450 N) sin 45° = 318 N Ans. 
(F3), = (3)600 N = 360N Ans. 
(Fs), = ($)600 N = 480 N Ans. 


F2-8. Fr, = 300 + 400 cos 30° — 250(3) = 446.4N 
Fry = 400 sin 30° + 250(2) = 350N 


Fr = V (446.4)? + 350? = 567N Ans. 
6 = tan Ze = 38.1°2 Ans. 


+ (Fr)x = ZF; 
(FR)x = — (700 Ib) cos 30° + 0 + (2) (600 Ib) 


= —246.22 Ib 
+1 (Fr)y = ZF,; 
(Fr)y = —(700 Ib) sin 30° — 400 Ib — () (600 Ib) 
= —1230Ib 
Fr = V (246.22 Ib)? + (1230 1b)? = 12541b Ans. 
@ = tan (3208) = 78.68° 
@ = 180° + & = 180° + 78.68° = 259° Ans. 
F2-10.  4(Fr), = 2F 5 


F2-11. 


F2-12. 


F2-13. 


750 N = F cos 6 + (7,)(325 N) + (600 N)cos45° 
+T(FR)y ==F, 
0 = Fsin0 + ('3)(325N) — (600 N)sin 45° 


tan 6 = 0.6190 0 = 31.76° = 31.8°24 Ans. 
F = 236N Ans. 


LF), = ZF xg 

(800 Ib) cos 45° = F cos @ + 50 Ib — (2)90 Ib 
+1(Fr)y = Fy; 

—(80 Ib) sin4s° = F sin @ — ($)(90 Ib) 

tan@ = 0.2547 6 = 14.299 = 143° ~— Ans. 


F = 62.51b Ans. 

(Fr)x = 15(3) + 0 + 15(3) = 24kN—> 

(Fr)y = 15(3) + 20 — 15(3) = 20KN 7 

Fr = 31.2kN Ans. 
6 = 39.8° Ans. 


F,, = 75 cos 30° sin 45° = 45.93 Ib 
F,= 75 cos 30° cos 45° = 45.93 lb 


F, = —75 sin 30° = —37.5 Ib 


a = cos” (4528 23) = = 52.2° Ans. 
B = cos 1/538 33) = 52,2° Ans. 
y= cos '(=225) = 120° Ans. 
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F2-14. 


F2-15. 


F2-16. 


F2-17. 


F2-18. 


F2-19. 


F2-20. 


F2-21. 


PARTIAL SOLUTIONS AND ANSWERS 


cos B = V1 — cos? 120° — cos? 60° = 4 


Require B = 135°. 


t 0.7071 


F = Fur = (500 N)(—0.5i — 0.7071j + 0.5k) 


= {-250i — 354j + 250k} N 


cos’a + cos7135° + cos? 120° = 1 
a = 60° 


Ans. 


F = Fur = (500 N)(0.5i — 0.7071j — 0.5k) 


= {250i — 354j — 250k} N 
F, = (50 Ib) sin 45° = 35.36 Ib 
F' = (50 Ib) cos 45° = 35.36 Ib 
F, = (3) (5.36 Ib) = 21.21 Ib 
F, = (3)(35.36 Ib) = 28.28 Ib 
F = {-21.2i + 28.3j + 35.4k} Ib 


F, = (750 N) sin 45° = 530.33 N 
F' = (750 N) cos 45° = 530.33N 
F, = (530.33 N) cos 60° = 265.1 N 
F, = (530.33 N) sin 60° = 459.3 N 
F, = {265i—459j + 530k} N 


F; = ($)(500 Ib) j + (3) (S00 Ib)k 
= {400j + 300k} Ib 

F, = [(800 Ib) cos 45°] cos 30° i 

+ [(800 Ib) cos 45°] sin 30°9j 

+ (800 Ib) sin 45° (—k) 


= {489.901 + 282.84j — 565.69k} Ib 
266k} Ib Ans. 


Fr =F, + EF, = {490i + 683] 


ry4g = {-6i + 6j + 3k} m Ans. 
rap = V(-6m)? + (6m)? + 3m)? = 9m Ans. 

a = 132°, B = 48.2°, y = 70.5° Ans. 
tap = {-4i + 2j + 4k} ft Ans. 


rap = V(—-4 ft? 


a = cos (48) = 131.8° 
6 = 180° — 131.8° = 48.2° 


rg = {2i + 3j — 6k} m 

Fz = Fpug 
= (630 N)(3i + 3j — $k) 
= {180i + 270j — 540k} N 


Ans. 


Ans. 


Ans. 


(2 ft)? + (4 ft)? = 6ft Ans. 


Ans. 


Ans. 


F2-22. 


F2-23. 


F 2-24. 


F2-25. 


F2-26. 


F2-27. 


F2-28. 


F = Fugg = 900N(-§i + 3j — $k) 
= {—400i + 700j — 400k} N 


Fz = Fpug 
= (840 N)(3i — 3j — $k) 
= {360i — 240j — 720k} N 
Fo = Fouc 
= (420 N) (3i + 3j — $k) 
= {120i + 180j — 360k} N 


Fe = V'(480 NY? + (—60 Ny? + (—1080 NY? 


= 1.18kN 
F, = Fpug 
= (600 Ib)(-3i + $j — 3k) 
= {—200i + 400j — 400k} Ib 


Fo = Fouc 
= (490 Ib)(-$i + 3j — 3k) 
= {-420i + 210j — 140k} Ib 


Fp = Fz + Fc = {-620i + 610j —540k} Ib 


= 1. 2s 2 
Uso = 31+ 3j — 3k 


up = —0.5345i + 0.8018) + 0.2673k 


6 = cos! (uyg -up) = 57.7° 


6 = cos | (uy4g * ur) = 68.9° 


2, AD g. Soe 
Yoa = Blt iJ 
Uoa*j = Uoa(1) cos 0 


cos 8 = 3 0 = 67.4° 


Uo, = Gi+ di 
F = Fu; = [650j] N 
Foa = F-utoa = 250N 
Fo, = Foatoa = {231i + 96.2j} N 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


{4i+1 j-6k}m 


F2-29.  F = (400 N) 
V(4my + (1m)? + (-6 my 
= {219.781 + 54.947 — 329.67k} N 
{-4j-6k}m 
U4o — 
V(-4 my? + (-6 my’ 
= —0.5547j — 0.8321k 
(F 40) proj _ F-uyo = 244N Ans. 
F2-30. F = [(—600 Ib) cos 60°] sin 30°% 
+ [(600 Ib) cos 60°] cos 30° j 
+ [(600 Ib) sin 60°] k 
= {-150i + 259.81j + 519.62k} Ib 
uy = —i+ $j + 4k 
(F.4)proy = Fug = 446.41 Ib = 446 Ib Ans. 
(F 4)per = V (600 Ib)? — (446.41 Ib)? 
= 401 Ib Ans. 
Chapter 3 
F3-1. + =E=0; $hic— Fxg cos 30° = 0 
+T OF, =0; 2 Fac + Fagsin 30° — 550 = 0 
Fap = 478 lb Ans. 
Fac = 518 1b Ans. 
F3-2. +12 F, = 0; —2(1500) sin@ + 700 = 0 
a= 135° 
Lage = 2(x2thss) = 10.3 ft Ans. 
F3-3. 4>F, = 0; T cos@ — Tcos¢ = 0 
6=0 
+T3F,=0; 27% sino — 49.05N = 0 
@ = tan ($52) = 36.87° 
T = 40.9N Ans. 
F324, +72F, = 0; $(F,p) — 5(9.81) sin 45° = 0 
Fy = 43.35N 
Fp = K(l — 1p); 43.35 = 200(0.5 — Ip) 
Io = 0.283 m Ans. 
F3-5. +1=F,=0; (392.4N)sin 30° — m,(9.81) = 0 


my, = 20kg Ans. 


F3-6. 


F3-7. 


F3-8. 


F3-9. 


F3-10. 
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+T=F,=0;  T,ygsin 15° — 10(9.81) N = 0 
T ap = 379.03 N = 379N Ans. 
SUF, =0; Treo — 379.03 N cos 15° = 0 
T gc = 366.11 N = 366N Ans. 
SUF, =0; Tcpcosé — 366.11N = 0 
+1=F,=0;  Tcpsiné — 15(9.81)N = 0 
Tcp = 395N Ans. 
6 = 21.9° Ans. 
=F, =0; [(2)F3|(3)+ 600N-F,=0 (1) 
SF, = 05 (3): ~ [(3)Fs](3) = (2) 
2F,=0; (§)F3+ (@)F,-900N=0 ~~ (3) 
F; = 716N Ans. 
F, = 466N Ans. 
F, = 879N Ans. 


=F, =0; Fap($) — 900 = 0 


Fap = 1125N = 1.125kN Ans. 
ZF, =0; Fac(#) - 1125(3) = 0 
F ac = 843.75 N = 844N Ans. 
=F, =0; Fag — 843.75(2) = 0 

F 4p = 506.25N = 506N Ans. 
Fyp = Fro( 2) = 5 Fani = 5 Favi oF 5 Fank 

TAD 
EF, =O; SF ap — 600 = 0 

F ap = 900N Ans. 

=F, =0; Fagcos 30° — } (900) = 0 

F ap = 692.82 N = 693N Ans. 
=F, =0; 4(900) + 692.82 sin 30° — Fac = 0 

Fac = 646.41 N = 646N Ans. 


Fyc = Fac {—cos 60° sin 30° i 
+ cos 60° cos 30° j + sin 60° k} 
= -0.25Fyci + 0.4330Fycj + 0.8660F yc k 
Fup = Fap{cos 120°i + cos 120° j + cos 45°k} 
= -0.5F api — 0.5Fapj + 0.7071F apk 


DF, =0; 0.4330Fyc — 0.5Fyp = 0 

SFE, = 0; 0.8660Fyc + 0.7071 F yp — 300 = 0 
F ap = 175.74 1b = 176 Ib Ans. 
F ac = 202.92 Ib = 203 Ib Ans. 


TE =0; Fyg — 0.25(202.92) — 0.5(175.74) = 0 


F 4p = 138.60 1b = 139 1b Ans. 
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FH. Fy = es 
TAB 
{—6i + 3j + 2k} ft 
= FR 
V(—6 ft)? + (GB ft)? + (2 ft” 
= -$F,i + 3 Fj + 3 Fek 
Ke - (7°) 
TAC 
{—-6i — 2j + 3k} ft 
= Feo 
V(-6 ft)? + (—2 ft)? + (ft)? 
= -§ Fei — 9Fcj + 3 Fok 
W = {-150k} Ib 
DF, = 0; -§ Fg — $ Fo + Fp = 0 (1) 
SF, = 0; 3 Fg — 3 Fo =0 (2) 
DF, = 0; 5 Fg + 3 Fo — 150 =0 (3) 
Fp = 162 lb Ans. 
Fo = 1.5(162 Ib) = 242 Ib Ans. 
Fp = 346.15 lb = 346 Ib Ans. 
Chapter 4 
F4-1. © +Mo = 600 sin 50° (5) + 600 cos 50° (0.5) 
= 2.49 kip: ft Ans. 
F4-2. © +Mo = —(2)(100 N)(2 m)—(3)(100 N)(5 m) 
= —460 N-m = 460N-m) Ans. 
F4-3. © +Mo = [(300N) sin 30°][0.4m + (0.3 m) cos 45°] 
— [(300 N) cos 30°][(0.3 m) sin 45°] 
= 36.7N-m Ans. 
F4-4. © +Mo = (600 Ib)(4 ft + (3 ft)cos 45° — 1 ft) 
= 3.07 kip: ft Ans. 
F4-5. C +Mo = 50 sin 60° (0.1 + 0.2 cos 45° + 0.1) 
— 50 cos 60°(0.2 sin 45°) 
=11.2N-m Ans. 
F4-6. © +Mo = 500 sin 45° (3 + 3 cos 45°) 
— 500 cos 45° (3 sin 45°) 
= 1.06kN-m Ans. 
F4-7. © +(Mp)o = >Fad; 
(Mr)o = —(600 N)(1 m) 
+ (500 N)[3 m + (2.5 m) cos 45°] 
— (300N)[(2.5 m) sin 45°] 
= 1254N-m = 1.25kN-m Ans. 


F4-8. 


F4-9, 


F4-10. 


F4-11. 


F4-12. 


G+(Mp)o = =Fad; 
(Ma)o = [(3)500 N ](0.425 m) 
— [($)500 N ](0.25 m) 
— [(600 N) cos 60°](0.25 m) 


— [(600 N) sin 60°](0.425 m) 
—268 N-m = 268N-mJ 
G+(Mp)o = =Fd; 
(Mr)o = (300 cos 30° Ib)(6 ft + 6 sin 30° ft) 
— (300 sin 30° 1b)(6 cos 30° ft) 
+ (200 Ib)(6 cos 30° ft) 
= 2.60 kip: ft 


ll 


Ans. 


F = Fuy, = 500 N(3i — 2§) = {400i — 300j}N 
Mo = toa X F = {3j} m x {400i — 300j} N 


= {-1200k} N-m Ans. 
or 
Mo = tog X F = {4i} m X {400i — 300j} N 
= {-1200k} N-m Ans. 
F= Fuge 
4i-—4j—2k} ft 
= 120 6) aa a | 
V(4 ft? + (—4 ft)? + (-2 tty? 
= {80i — 80j — 40k} Ib 
ijk 
Mo =Ic x F=]5 0 0 
80 —80 —40 
= {200j — 400k} Ib- ft Ans. 
or 
ijk 
Mo =YIrg x F= 1 4 2 
80 -—80 —40 
= {200j — 400k} Ib- ft Ans. 
Fr _ F, + KF, 
= {(100 — 200)i + (—120 + 250)j 
+ (75 + 100)k} Ib 
= {-100i + 130j + 175k} Ib 
i jk 
(Mr)o = 14 X Fr = + 5 3 
—100 130 175 
= {485i — 1000j + 1020k} lb-ft Ans. 


1 0 0 
F413. M, =i-(togXF) = 10.3 04 -02 
300 200 150 
= 20N:m Ans. 
r 0.3i + 0.4j} m 
F4-14. Uoa = As { i 
ra V0.3 my + (0.4m)? 
06 O08 0 
Moa _ Uga' (FAB x F) = 0 0 —0.2 
300 200 150 
= —72N:m Ans. 
F4-15.  F = (200N) cos 120° i 
+ (200 N) cos 60° j + (200 N) cos 45° k 
= {-100i + 100j + 141.42k} N 
1 0 0 
Mj =i, XF)=| 0 03 ~~ 0.25 
100 100 141.42 
=174N-m 
0 1 O 
F416. M,=j(taX F)=|-3 -4 2 
30 -20 50 
= 210N-m Ans. 
r —4i + 3j}ft 
F417. uyg = = { p = -0.81 + 0.6] 
‘Tap -\/(—4 ft)? + (3 ft)” 
M ap = Wap‘ ("ac X F) 
i jk 
-08 06 0 
= = —4 lb-ft 
0 0 2 
50 -40 20 
Map > M apuyp an {3.2i = 2.4j} lb-ft Ans. 
F418. F, = [(3)500N](2) = 240N 
F, = [()500 N](#) = 320N 
F,, = (500 N)(3) = 300N 
M, = 300 N(2 m) — 320 N(3 m) 
= —360N-m Ans. 
M, = 300 N(2m) — 240 N(3 m) 
= —120N-m Ans. 


M, = 240 N(2m) — 320 N(2 m) 
= —-160N-m Ans. 


F4-19. 


F4-20. 


F421. 


F422. 


F4-23. 


F4-24., 
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C+Mc, = YM, = 400(3) — 400(5) + 300(5) 


+ 200(0.2) = 740 N-m Ans. 
Also, 
C Mc, = 300(5) — 400(2) + 200(0.2) 
= 740 N-m Ans. 
G+Mc, = 300(4) + 200(4) + 150(4) 
= 2600 Ib: ft Ans. 


G+(Mp)R = =M,z 
—1.5kN-m = (2 kN)(0.3 m) —F(0.9 m) 
F = 2.33 kN Ans. 


G +Mc = 10(3)(2) — 10($)(4) = -20kN-m 
= 20kN-mD 
ry [—2i + 2j + 3.5k] ft 
mh V-28y + On? + G5 ty 
gst + asi? ek 
> —k 
Us = 531 — 73/ 
(M.); = (M.)iW1 
= (450 Ib-ft)(-Ai + #i + 32k) 
= {—200i + 200j + 350k} Ib-ft 
(M.)2 = (M.)2u2 = (250 Ib-ft)(—k) 
= {250k} lb-ft 
(M.)3 = (M.)3 us = (300 Ib-ft)(55i — 354) 
= {180i — 240j} Ib-ft 
(M.)r = =M:; 
(M.)a = {-20i — 40j + 100k} Ib-ft Ans. 


u,= 


Fz = (2)(450 N)j — (2)(450 N) k 
= {360j — 270k} N 


ijk 
M.=ragXFe=|04 0 0 
0 360 —270 
= {108j + 144k} N-m Ans. 
Also, 
M, = (t4 X Fy) + (tg X Fa) 
ijk i jk 
= 10 0 0.3) + |0.4 0 0.3 
0 -—360 270 0 360 —270 
= {108j + 144k} N-m Ans. 
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F4-25. + Fa, = SF Fey = 200 — 2(100) = 140 Ib 


+ Fry = =F; Fry = 150 — (100) = 70 Ib 


Fr = V140? + 70? = 157 Ib Ans. 
0= tan 1(2) = 26.6° Ans. 
C+ Mya, = =My; 
Ma, = 3 (100)(4) — $ (100)(6) + 150(3) 
Mr, = 210 Ib: ft Ans. 
F426. 5 Fry = DF; Fry = $ (50) = 40N 
+) Fry = XFy; Fry = 40 + 30 + 3 (50) 
= 100N 
Fr = V (40) + (100)? = 108N Ans. 
6 = tan (4%) = 68.2°S Ans. 
C + Ma, = =My; 
Ma, = 30(3) + 3 (50)(6) + 200 
= 470N-m Ans. 
F427. + (Fer), = >Fo 
(Fr), = 900 sin 30° = 450N => 
+T(Fr)y = TEs 
(Fr)y = —900 cos 30° — 300 
= —1079.42 N = 1079.42N | 
Fr = V4507 + 1079.427 
= 1169.47 N = 1.17kN Ans. 
6 = tan (RH) = 67.49% Ans. 


G+(Mp)a = 2M 4; 
(Mp), = 300 — 900 cos30° (0.75) — 300(2.25) 
= —959.57N:m 


= 960 N-m) Ans. 


F428. + (Fr), = Fe 
(Fr), = 150(3) + 50 
+1 (Fr)y = ZF 
(fF), = —150(2) - 100(2) 
—180 1b = 180 Ib | 
Fr = V60? + 180? = 189.74 1b = 190 1b Ans. 
d= tan 1%) = 71.6°% Ans. 
G+(Mpe)4 = =M a; 
(Mp)4 = 100(3)(1) — 100(3)(6) — 150(3)(3) 
= —640 = 640 lb-ft D 


100(3) = 60 Ib—> 


ll 


ll 


Ans. 


F4-29. 


F4-30. 


F4-31. 


F4-32. 


Fr=F, +E 
= (—300i + 150j + 200k) + (—450k) 
= {—300i + 150j — 250k} N Ans. 
toa = (2 — 0)j = {2j} m 
Yor = (-1.5-0)i + (2 — 0j + A -— Ok 
= {-1.5i + 2j + 1k} m 
(Mr)o = =M; 
(Mr)o = Fos X F, + toa X Fy 
i j k ij k 
=/-15 2 1/+|0 2 Oo 
—300 150 200] |0 0 —450 
= {—650i + 375k}N-m Ans 
F, = {—100j} N 
{—0.4i — 0.3k} m 
F, = (200N) 
V(-0.4m)? + (—0.3 m)?? 
= {—160i — 120k} N 
M. = {—75i} N-m 
Fz = {-160i — 100j — 120k} N Ans. 
(Mr)o = (0.3k)x(—100j) 
i j k 
+10 05 03 | + (-75i) 
-160 0 —120 
= {-105i — 48j + 80k} Nem Ans. 
+l)Fr= Fy; Fr = 500 + 250 + 500 
= 1250 |b Ans. 
C+Frx = 2Mo; 
1250(x) = 500(3) + 250(6) + 500(9) 
x = 6ft Ans. 
” 
=e = 2G 
(Fr)x = 100(3)+ 50 sin 30° = 85 lb > 
+t (Fry = =F;; 
(Fay = 200 + 50 cos 30° — 100(5) 
= 163.30 Ib? 
Fr = V 85? + 163.307 = 184 Ib 
6 = tan! 2) = 625° 4 Ans. 
G+(Mp)4 = =My; 
163.30(d) = 200(3) — 100(2)(6) + 50 cos 30°(9) 
d = 3.12 ft Ans. 


F4-33.  >(Fp), = SF ys 
(Fry = 15(3) = 12kN—> 
+t(Fr)y = Fy; 
(Fry = —20 + 15(2) = -11kN = 11kNJ 
Fr = V122 + 12 = 16.3kN Ans. 
0= tan 1(7}) = 425° Ans. 
G+(Mr)a = =My; 
11(d) = -20(2) — 15(2)(2) + 15(3)(6) 
d = 0.909 m Ans. 
F4-34. 4(Fp), = =F y 


(Fr)x = (3) 5KN — 8KN 
= —5kN = 5kN<— 
+t(Fr)y = =Fy; 
(Fr)y = —6KN — (3) 5kN 


= —10 kN = 10kN1 
Fr = V5? + 10? = 11.2kN Ans. 
6= tan 128%) = 63.4°O7 Ans. 


G+(Mp)a = =My; 
5 kN(d) = 8kN(3 m) — 6kN(0.5 m) 


— [($)5 kN](2 m) 
— [(3)5kN](4 m) 
d=0.2m Ans. 
F4-35. +)Fp=>Fz Fr = 400 + 500 — 100 
= 800N Ans. 
Mr, = =M,; —800y = —400(4) — 500(4) 
y = 450m Ans. 
Mry = =My; 800x = 500(4) — 100(3) 
x = 2.125m Ans. 
F4-36. +) Fp = >F, 
Fr = 200 + 200 + 100 + 100 
= 600N Ans. 
Mr, = =M,; 
600y = 200(1) + 200(1) + 100(3) — 100(3) 
y = —0.667 m Ans. 
Mry = =M,; 


600x = 100(3) + 100(3) + 200(2) — 200(3) 
x = 0.667 m Ans. 
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F4-37. +1 Fr =F; 
Fr = —6(1.5) — 9(3) — 3(1.5) 
Fr = 40.5kN 1 Ans. 
G+(MR)a = =M a; 
—40.5(d) = 6(1.5)(0.75) 
— 9(3)(1.5) — 3(1.5)(3.75) 
d=1.25m Ans. 
F4-38. Fr = + (6)(150) + 8(150) = 16501b Ans. 
C +M,, = =M a; 
1650d = [5 (6)(150)|(4) + [8(150)](10) 
d = 8.36 ft Ans. 
F4-39, +} Fr = XFy; 
Fr = —3(6)(3) — 3()(6) 
Fr=27kN1 Ans. 
G+(Mp)a, = =My; 
—27(d) = 3 (6)(3)(1) — 5 (6)(6)(2) 
d=1m Ans. 
F440. +1 FR = XF,; 
Fr = +(50)(6) + 150(6) + 500 
= 1550 Ib Ans. 
C+ My, = =M,y; 
1550d = [3 (50)(6) |(4) + [150(6)](3) + 500(9) 
d = 5.03 ft Ans. 
F441. +1Fr= Fy 
—Fr = —37(3)(4.5) — 366) 
Fr = 24.75kN 1 Ans. 
G+(Mp)a = =My; 
—24.75(d) = —5(3)(4.5)(1.5) — 3(6)(3) 
d =2.59m Ans. 
4 
F442, Fr= / w(x) dx = | 2.5x3 dx = 160N 
0 
C +M a, = =M a; 


4 
[eo dx | 2.5x4 dx 
0 


y= = 


fv (x) dx 160 


= 3.20m 
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Chapter 5 
FS-1, > F,=0; —A, + 500(3) =0 
A, = 300 Ib Ans. 
C+EZM, = 0; B,(10) — 500(3)(5) — 600 = 0 
By = 260 Ib Ans. 
+T=F,=0; A, + 260 - 500(3) = 0 
Ay = 140 1b Ans. 
F5-2. C+2M, = 0; 
Fep sin 45°(1.5 m) — 4kN(3 m) = 0 
Fep = 11.31 KN = 11.3kN Ans. 
4SF,=0; A, + (11.31 KN) cos 45° = 0 
A, = —8kN = 8kN<— Ans. 
+TIF, = 0; 
Ay + (11.31 KN) sin 45° — 4kN = 0 
A, = —4kN = 4kN | Ans. 
F5-3. C+2M, = 0; 


F5-4. 


Nzl6m + (6m) cos 45°] 
— 10 kN[2 m + (6m) cos 45°] 


—5kN(4m) = 0 
Ng = 8.047 kN = 8.05 kN Ans. 
LF, = 0; 
(5 KN) cos 45° — A, = 0 
A, = 3.54kN Ans. 
+1XF, = 0; 
Ay + 8.047 KN — (5 KN) sin 45° — 10kKN = 0 
Ay = 5.49 kN Ans. 


“33F, = 0; —A, + 400 cos 30° = 
A, = 346N Ans. 
+1=F y = 9; 
Ay — 200 — 200 — 200 — 400 sin 30° = 0 
A, = 800N Ans. 


G+=M, = 0; 

Mx, — 200(2.5) — 200(3.5) — 200(4.5) 

— 400 sin 30°(4.5) — 400 cos 30°(3 sin 60°) = 0 
My, = 3.90kN-m Ans. 


F5-5. 


F5-6. 


F5-7. 


F5-8. 


G+=M, = 0; 
N(0.7 m) — [25(9.81) N] (0.5 m) cos 30° = 0 
Ne = 151.71 N = 152N Ans. 
LIF, = 0; 
T 4p cos 15° — (151.71 N) cos 60° = 0 

T ap = 78.53N = 78.5N Ans. 
+T=F, =0; 


F 4 + (78.53 N) sin 15° 
+ (151.71 N) sin 60° — 25(9.81) N = 0 


F,4 = 93.5N Ans. 
LF, = 0; 

Ne sin 30° — (250 N) sin 60° = 0 

Ne = 433.0N = 433 N Ans. 


—N, sin 30°(0.15 m) — 433.0 N(0.2 m) 

+ [(250 N) cos 30°](0.6 m) = 0 

Na =S774N = 577N Ans. 
+TIF, = 0; 

Ng-—577.4N + (433.0 N)cos 30° 

— (250 N) cos 60° = 0 

Ng = 327N Ans. 


Ta +Tg+ Te — 200 — 500 =0 


T (4) — T-(4) + 500(2) + 200(2) = 0 
T 4 = 350 1b, Tg = 2501b, To = 1001lb-~— Ans. 
=My, = 0; 
600 N(0.2 m) + 900 N(0.6 m) — F4(1 m) = 0 
F 4 = 660N Ans. 
=M, = 0; 
D(0.8 m) — 600 N(0.5 m) — 900 N(0.1 m) = 0 
D, = 487.5N Ans. 
DF, = 0; D,=0 Ans. 
=F, =.0; D, = 0 Ans. 
ZF, = 0; 


Tac + 660N + 487.5N — 900N — 600N =0 
Tac = 352.5N Ans. 


F5-9. 


F5-10. 


F5-11. 


=F, =0; 400N + C, = 0; 
C, = —400N 

=My, = 0; 
C, = —900N 

=M,=0; B,(0.6m) + 600 N (1.2 m) 

+ (—400 N)(0.4 m) = 0 

B, = —933.3N 

=M, = 0; 

—B, (0.6m) + —(—900 N)(1.2 m) 

+ (—400 N)(0.6 m) = 0 


B, = 1400N 
SF, =0; 1400N + (—900N)—A, = 0 
A, = 500N 
Z=F,=0; A, — 933.3N + 600N =0 
A, = 333.3N 
=F, = 0; B, =0 
=M, = 0; 


C,(0.4m + 0.6m)=0 C,=0 
ZF,=0; A,+0=0 A,=0 
=M, = 0;C(0.6 m + 0.6m) + B,(0.6 m) 
— 450 N(0.6 m + 0.6m) = 0 
1.2C, + 0.6B, — 540 = 0 
=M, = 0; —C,(0.6m + 0.4m) 
— B(0.6 m) + 450 N(0.6 m) = 0 

C, — 0.6B, + 270 = 0 
C, = 1350N B, = —1800N 
XF, = 0; 
A, + 1350N + (—1800 N) — 450 N = 0 
A, = 900N 


TPS 0) ApH 0 

=M,=0; —9(3) + Fep(3) = 0 

Fog = 9kN 

=M,=0; Fer(3) — 6(3) = 0 

For = 6kN 

=M, =0; 9(4) — A,(4) — 6(1.5) = 0 
A, = 6.75 kN 

=F,=0; A,+6-6=0 A,=0 

SF,=0; Fop + 9-94 675 =0 


—6.75 KN 


S 
B 
I 


Ans. 


—C, (0.4m) — 600N (0.6m) = 0 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 
Ans. 


Ans. 
Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 
Ans. 


Ans. 
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F5-12. =F, = 0; A.=0 Ans. 
=F, = 0; A, = 0 Ans. 
=F, = 0; A, + Fac — 80=0 
=M, = 0;(M,), + 6F ac — 80(6) = 0 
=M, = 0;3F gc — 80(1.5) = 0 Fee = 40 1b Ans. 
=M, = 0;(M,), = 0 Ans. 

A, = 40 1b (M4), = 240 Ib-ft Ans. 
Chapter 6 
F6-1. = Joint A. 
+T=F,=0; 225lb — Fapsin 45° = 0 
F ap = 318.20 lb = 318 Ib (C) Ans. 
*DF,=0; Faz — (318.20 Ib) cos 45° = 0 
F 4p = 225 |b (T) Ans. 
Joint B. 
SSF,=0; Fac — 2251b = 0 
Fae = 225 1b(T) Ans. 
+1XF,=0; Fan =0 Ans. 
Joint D. 
LF, = 0; 
Fep cos 45° + (318.20 Ib) cos 45° — 450 lb = 0 
Fen = 318.20 lb = 318 Ib (T) Ans. 
F6-2. Joint D: 
+T3IF, = 0; 2 Fen — 300 = 0; 
Fep = 500 lb (T) Ans. 
SF, = 0;-Fap + 4 (500) = 0 
F ap = 400 Ib (C) Ans. 
Fee = 500 1b (1), Fue = Fag e 0 Ans. 
F6-3. A, = 0, A, = C, = 4001b 

Joint A: 

tT SF, =0; -3 Faz + 400 =0 
F ap = 667 lb (C) Ans. 
Joint C: 

+ TSF, = 0;-Fpc + 400 = 0; 
F pc = 400 lb (C) Ans. 
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F6-4. 


F6-5. 


F6-6. 


F6-7. 


PARTIAL SOLUTIONS AND ANSWERS 


Joint C. 

+T=F,=0; 2F cos30°- P=0 
Fac = Fg = F = 703 = 0.5774P (C) 
Joint B. 


+,.>F, = 0; 0.5774P cos 60° — Fag = 0 
F ap = 0.2887P (T) 
F ap = 0.2887P = 2kN 


P = 6.928 kN 

Fac = Fgc = 0.5774P = 1.5kN 

P = 2.598 kN 

The smaller value of P is chosen, 

P = 2.598 kN = 2.60 kN Ans. 
Foz = 0 Ans. 
Fop = 0 Ans. 
Far = 0 Ans. 
For = 0 Ans. 
Joint C. 

+T=F,=0; 259.81 1b — Fep sin 30° = 0 
Fep = 519.62 Ib = 520 lb (C) Ans. 
SUF, = 0; (519.62 Ib) cos 30° — Fac = 0 

Fc = 450 lb (T) Ans. 
Joint D. 


4NDFy = 0; Fpg—519.62 lb = 0 


Fpg = 519.62 lb = 520 lb (C) Ans. 

Joint B. 
T2F,=0; Fegsing=0 Fp =0 Ans. 
*>F,=0; 450lb — Fy, =0 
F 4p = 450 lb (T) Ans. 
Joint A. 
+T=F, =0; 340.19 lb — Far = 0 
F ag = 340 Ib (C) Ans. 
+1 =F, = 0; For sin 45° — 600 — 800 = 0 

For = 1980 Ib (T) Ans. 
G+>Mc = 0; Fre(4) — 800(4) = 0 

Fre = 800 Ib (T) Ans. 
G+>Mp = 0; Fgc(4) — 600(4) — 800(8) = 0 

F gc = 2200 Ib (C) Ans. 


+/7ZFy = 0; Fgpcos30°=0 Fgp = 0 Ans. 


F6-8. 


F6-9. 


F6-10. 


F6-11. 


+T3F,=0; Frc + 33.33 KN — 40kN = 0 


F xc = 6.67 kN (C) Ans. 
G+ =Mx = 0; 
33.33 KN(8 m) — 40 KN(2 m) — Fep(3m) = 0 
Fp = 62.22KN = 62.2 KN (T) Ans. 
+3OF,=0; Fry — 62.22kN =0 

Fre = 62.2 KN (C) Ans. 
C+5M,=0; G,(12m) — 20kN(2m) 


— 30kN(4 m) — 40 kN(6 m) = 0 
G, = 33.33 KN 

From the geometry of the truss, 

¢@ = tan 1(3 m/2 m) = 56.31°. 


G+=Mx = 0; 
33.33 KN(8 m) — 40 kN(2m) — Fep(3 m) = 0 
Fp = 62.2 kN (T) Ans. 
G+EMp=0; 33.33kKN(6m) — Fx,(3m) = 0 
F x; = 66.7 KN (C) Ans. 
+T=F, =0; 
33.33 KN — 40 kN + Fxpsin 56.31° = 0 
Fp = 8.01 kN (T) Ans. 


From the geometry of the truss, 
tan @ = CMa" = 1.732 6 = 60° 
G+IMc = 0; 
Fp sin 30°(6 ft) + 300 Ib(6 ft) = 0 
Fer = —600 lb = 600 lb (C) Ans. 
G+=Mp = 0; 
300 Ib(6 ft) — Fe, sin 60° (6 ft) = 0 
For = 346.41 lb = 346 lb (T) Ans. 
G+=Mrz = 0, 
300 Ib(9 ft) — 300 Ib(3 ft) — Fgc(9 ft)tan 30° = 0 
F gc = 346.41 lb = 346 lb (T) Ans. 


From the geometry of the truss, 
6 = tan! (1 m/2 m) = 26.57° 
¢@ = tan! (3 m/2m) = 56.31°. 


The location of G can be found using similar 
triangles. 
1m 2m 


2m 2m+x 
4m=2m+x 


x=2m 


F6-12. 


F6-13. 


F6-14. 


F6-15. 


G+ =Mg = 0; 
26.25 KN(4 m) — 15 kN(2m) — Fep(3m) = 0 


Feop = 25 kN (T) Ans. 
G +=Mp = 0; 
26.25 kKN(2 m) — Fp cos 26.57°(2 m) = 0 

F op = 29.3 kN (C) Ans. 
G+=Moy = 0; 15kN(4m) — 26.25 kN(2 m) 


— Fgp sin 56.31°(4 m) = 0 
Fop = 2.253kN = 2.25kN(T) Ans. 


G+=My = 0; 
F pc(12 ft) + 1200 1b(9 ft) — 1600 Ib(21 ft) = 0 
F pc = 1900 Ib (C) Ans. 
G+=Mp = 0; 
1200 Ib(21 ft) — 1600 Ib(9 ft) — Fy/(12 ft) = 0 
F 1, = 900 lb (C) Ans. 
C+2Mc = 0; Fy, cos 45°(12 ft) + 1200 Ib(21 ft) 
— 900 Ib(12 ft) — 1600 Ib(9 ft) = 0 


Fy, = 0 Ans. 
+T=F,=0; 3P- 60=0 
P = 201b Ans. 
G+=Mc = 0; 
—(3)(F.az)(9) + 400(6) + 500(3) = 0 
4=F, = 0;-C, + 2 (541.67) = 0 
C, = 325 |b Ans. 
+TIF, =0;C, + § (541.67) — 400 — 500 = 0 
Cy = 467 lb Ans. 
G+=M, = 0; 100 N(250 mm) — N;z(50 mm) = 0 
Nz = 500N Ans. 
+ DF, =0; (500N) sin 45° — A, =0 
A, = 353.55 N 
+T =F, = 0; A, — 100 N — (S00 N) cos 45° = 0 
A, = 453.55 N 


F4 = V‘(353.55 N)? + (453.55 N)? 


= S7SN Ans. 
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F6-16. ¢+>Mc¢ = 0; 
F yg cos 45°(1) — Faz sin 45°(3) 
+ 800 + 400(2) = 0 
F ap = 1131.37N 
+ DF, = 0; -C, + 1131.37 cos 45° = 0 
C, = 800N Ans. 
+ TF, = 0;—-C, + 1131.37 sin 45° — 400 = 0 
C, = 400N Ans. 
F6-17. Plate A: 
TIF, = 0; 2T + Nag — 100 =0 
Plate B: 
TXF, = 0; 2T — Nag — 30 = 0 
T = 32.5 lb, Nap = 35 |b Ans. 
F6-18. Pulley C: 
TF, = 0; T-2P =0;T = 2P 
Beam: 
+T=F,=0; 2P+P-6=0 
P=2kN Ans. 
G+=M, = 0; 2(1) — 6(x) = 0 
x = 0.333 m Ans. 
Chapter 7 
F7-1, G+=M,=0;  B,(6) — 10(1.5) — 15(4.5) = 0 
B, = 13.75 kN 
RSF, = 0: Nc =0 Ans. 
+T=F,=0; Vce+13.75-15=0 
Vo = 1.25kN Ans. 
G+=Mc=0; — 13.75(3) — 15(1.5) — Mc = 0 
Mc = 18.75kN-m_ Ans. 
F7-2. G+=M,=0; 30 — 10(1.5) — A,(3) = 0 
Ay = 5kN 
LF, = 0; Nc =0 Ans. 
+T=F,=0; 5-Vce=0 
Vo =5kN Ans. 
G+=Mc=0; Me + 30- 5(1.5) = 0 


Mc = —22.5kN-m Ans. 
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F7-3. 


F7-4. 


F7-5. 


F7-6. 


F7-7. 
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*EF.=0; B,=0 
G+2M,=0; 3(6)(3) — B,(9) = 0 
By = 6 kip 
LUF,=0; Nco=0 Ans. 
G+T2F,=0; Vce-6=0 
Vo = 6kip Ans. 
Mc = —27 kip: ft Ans. 
G+EM,=0; B,(6) — 12(1.5) — 9(3)(4.5) = 0 
B, = 23.25 kN 
LF, = 0: Nc =0 Ans. 
+TXF,=0; Ve + 23.25 — 9(1.5) = 0 
Vo = —9.75 kN Ans. 
G+=2Mc = 0; 
23.25(1.5) — 9(1.5)(0.75) - Mc = 0 
Mc = 24.15kN-m Ans. 
G+EM,=0; — B,(6) — 5 (9)(6)(3) = 0 
B, = 13.5kN 
LUFF, = 0; Nc =0 Ans. 
+TIF,=0; Ve +135 -—5(9)3) =0 
Vco=0 Ans. 
GC +=Mc =0; 13.5(3) — 5 (9)(3)(1) — Mc = 0 
Mc = 27kN-m Ans. 
1 
By(6) — 5 (6)(3)(2) — 6(3)(4.5) = 0 
B, = 16.5kN 
TF, = 0; Nc =0 Ans. 
+TXF,=0; Ve+ 165 — 6(3) =0 
Vc = 1.50kN Ans. 
G+=EMc=0; 16.5(3) — 6(3)(1.5) - Mc = 0 
Mc = 22.5kN:m Ans. 
+TIF,=0; 6-V=0 V=6kN 
G+=Mo=0; M+18-6x=0 


M = (6x — 18)kN-m 


F7-8. 


F7-9. 


F7-10. 


F7-11. 


F7-12. 


F7-13. 


+ TSF, = 0; V-2x=0 
V = (-2x) kip 
G+EZMj=0; M+ 2x(%)-15=0 


M = (15 — x?) kip- ft 
Vi.-9 = —2(9) = —-18 kip 
M|,=9 = 15 — 9° = —66 kip: ft 


eae = 0; V 
V = -(x”) KN 
G+EMo=0; M +3 (2x)(x)(¥) = 0 
M = -(32°)kN-m 


4 (2x)(x) = 0 


+ TIF, = 0; V-2=0 
V =-2kN 
G+=Mo = 0; M+2x=0 


M = (-2x)kN-m 
Region3 =x <3m 
+ TX=F, = 0; V-5=0 V= 
G+=Mo = 0; M+5x=0 
M = (—5x)kN-m 
Region0 <x =6m 
+T=F,=0; V+5=0 V=-5kN 
G+=Mo = 0; 5(6 — x) - M=0 
M = (5(6 — x)) KN-m 


SkN 


Region0 =x <3m 


+1 =F, = 0; V=0 
G+=Mo = 0; M-—12=0 

M =12kN-m 
Region3m <x =6m 
+TXF, = 0; V+4=0 V = —4kN 
G+=Mo = 0; 4(6-— x) - M=0 

M = (46 — x)) kKN-m 
x=0, V=-4, M=0; 
x=7, = —10, = —4; 
= 27, =-18, M=-—14; 


F7-14. x =0, = 18, = -27; 
eH 15, V6, = -9; 
£23, = 6, M =0; 

F7-15. x=0, V=8, M = 0; 
ae = M = 48; 

=12*, V=-10, M = 60; 
= 18, =-10, M= 

F7-16. x=0, V=0, M =0; 
15: Fou M = -6.75; 
x=4s, VSO, M = -6.75; 
rab, =; M=0 

E717. x =0, = 9, M =0; 

3 =; M =9; 
6, =-9% M=0 

F7-18. x = 0, = 135, M=0; 

3, =; M = 27; 
6 V=~-135, M=0 

Chapter 8 

F8-1. +f2F,=0;  N —50(9.81) — 200(3) = 

N = 610.5N 
4=F,=0; F-200(3)=0 
F = 160N 


F< Fryax = bsN = 0.3(610.5) = 183.15 N, 
therefore F = 160 N 
F8-2. G+>M,;=0; 
N (3) + 0.2N 4(4) — 30(9.81)(2) = 0 
Na = 154.89N 
SRS 0: P — 154.89 = 0 
P = 154.89N = 155N 
F8-3. Crate A 
+TSF,=0; N,—50(9.81) =0 


N, = 490.5N 
4SF,=0; T — 0.25(490.5) = 0 
T = 122.62N 


0 


Ans. 


Ans. 
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Crate B 
+ TXF,=0; Ng t Psin30° — 50(9.81) = 0 
Nz = 490.5 — 0.5P 


UF, = 0; 
P cos30° — 0.25(490.5 — 0.5 P) — 122.62 = 0 
P = 247N Ans. 
F884. %>F.,=0; N,-—03N,=0 
+ TSFy =0; 
Nz + 0.3N,4 + P — 100(9.81) = 0 
P(0.6) + N3(0.9) — 0.3N,(0.9) 
— 0.3 Ny, (0.9) = 0 
Nx, = 175.70N Np = 585.67N 
P = 343N Ans. 
F8-5. If slipping occurs: 
+1XF,=0; Ne — 2501lb = 0 Nc = 250 1b 
STF, =0; P— 0.4(250) = 0 P = 100 lb 
If tipping occurs: 
G+=M, = 0; —P(4.5) + 250(1.5) = 0 
P = 83.3 1b Ans. 
Chapter 9 
1 lm 
xdA >| y3 dy 
= A 2 Jo 
F9-1. _ - es = 0.4m Ans. 
dA 1B gq 
f | yay 
lm 
| ydA | y® dy 
y= =, =0571m Ans. 
dA 134 
| | yay 
1m 
xdA | x(x3 dx) 
F2, x= = 
dA x dx 
A 0 
= 0.8m Ans. 
Im 
ydA i = x(x dx 
2, A _ Jo 2 ( ) 
y lm 
dA | x dx 
A 0 


= 0.286 m Ans. 
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2m yl2 _ SVA_— 100[2(200)(50)] + 225[50(400)] 
ydA i (2( 2) Jay FY SA ~~ 2(200)(50) + 50 
4 0 V/2 (200)(50) (400) 
F9-3. = 2m yl? = 162.5 mm Ans. 
he [ae : 
A 0 V2 nay: S224 = 0.25[4(0.5)] + 1.75[0.5(2.5)] 
=12m Ans. se So 4(0.5) + 0.5(2.5) 
r = 0.827 in. Ans. 
| =o i of m1 iE a _ -SyA_—_2[4(0.5)] + 0.25[(0.5)(2.5)] 
ie oan _ 40 : : a SA 4(0.5) + (0.5)(2.5) 
- dm i, nol : | ms = 1,33 in. Ans. 
‘ 7 roi, ge 22” 2 12OO)= 44 Oe) 
=f Ans. =V 2(7)(6) + 4(2)(3) 
16 = 167 ft Ans. 
7 1™ (a , _ S¥V__ 3.5[2(7)(6)] + 1[4(2)(3)] 
7 [ow ed es ve SV 2(7)(6) + 4(2)(3) 
F9-5 = = in = 2.94 ft Ans 
dV eer = 
: 4 ae 3[2(7)(6)] + 1.5[4(2)(3)] 
= 0.667 m Ans. =V 2(7)(6) + 4(2)(3) 
= 2.67 ft Ans. 
/ 2 ft On . 
zdV | {7 (4 — z) az) DxXV 
64 = x= 
ros, 7a” _ Jo ii F9-12. Xx SV 
[ow i =" (4 = zy dz 1 1 
Vv o 64 0.25[0.5(2.5)(1.8)] + 025{ 4.5)1.8)05) | + 4a.5y0.8,05)| 
= 0.786 ft Ans. 
_ SEL 0.5(2.5)(1.8) + 5 (15)(1.8)(05) + 3(1.5)(1.8)(0.5) 
BT = 0.391m Ans. 
150(300) + 300(600) + 300(400) — SPV 5.00625 
= y= = = 139m Ans. 
300 + 600 + 400 xV 3.6 
= 265 mm Ans. _— 2ZV 2.835 0.7875 A 
= Sy¥L Zz SV 36 : m ns. 
gee 
=L F9-13. A = 20S7L 
0(300) + 300(600) + 600(400) Vee 
= Si 200 hd = 2n|0.75(1.5) + 1.5(2) + 0.75V(1.5)? + (2)°] 
= 323 mm Ans. = 37.7 m7? Ans. 
z= zie V = 2n37A 
_ 0(300) + 0(600) + (—200)(400) = 2n[0.75(1.5)(2) + 0.5(3)(1.5)(2)] 
300 + 600 + 400 = 18.8 m3 Ans. 
= —61.5 mm Ans. 
F9-14. A = 2037L 
F9-8. y= ZYA _ 150[300(50)] + 325[50(300)] = 2n|1.95V(0.9)? + (1.2)? + 2.4(1.5) + 1.95(0.9) + 1.5(2.7)] 
DA 300(50) + 50(300) ' 
— 9375 mm Aes = 77.5 m Ans. 
: , V =272rA 


= 2nf 1.8(5)(0.9)(1.2) + 1.95(0.9)(1.5)] 
= 22.6 m? Ans. 


F9-15, A = 27D7L 
= 2n[7.5(15) + 15(18) + 22.5V15? + 20? + 15(30)] 


= 8765 in? Ans. 
V=27=raA 

= 2n|7.5(15)(38) + 20(5)(15)(20) 

= 45710 in? Ans. 


F9-16. A = 272rL 


= 2ar[*2( 202?) 1.5(2) 0.75(1.5) 

= 40.1 m? Ane 
V =27=ra 

= 2n[85(7U5)) + 0.75(1.5)2)] 

= 21.2 m° dee 


F9-17.  w, = pyghb = 1000(9.81)(6)(1) 
= 58.86 kN/m 
Rr = 5 (58.76)(6) = 176.58kN =177kN Ans. 


F9-18.  w, = y, hb = 62.4 (4)(4) = 998.4 lb/ft 
Fr = 998.4(3) = 3.00 kip Ans. 


F9-19. wy = pyghgb = 1000(9.81)(2)(1.5) 
= 29.43 kN/m 
= 5 (29.43)(V(1.5) + (2)7) 


= 36.8kN Ans. 


F9-20. wy = pygh,ab = 1000(9.81)(3)(2) 


= 58.86 kN/m 
Wp = pyghgb = 1000(9.81)(5)(2) 
= 98.1 kN/m 
= } (58.86 + 98.1)(2) = 157kN Ans. 


F9-21.  w4 = yyhab = 62.4(6)(2) = 748.8 lb/ft 
Wp = Ywhpb = 62.4(10)(2) = 1248 lb/ft 
= } (748.8 + 1248)( V3) + (4)’) 


= 4.99 kip Ans. 


Chapter 10 
F10-1. 


a 
1, = fy dA = | "v[(1 — y?\dy] = 0.111 m* Ans. 
A 0 
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F10-2. 
lm 
; ydA= i y*(y*? dy) = 0.222 m4 Ans. 
A 0 
F10-3. 
1m 
i= Je dA = | «(227 dx = 0.273 m4 Ans. 
: A 0 
F10-4 


1m 
i= | x aA | x[(1 — x73) dx] = 0.0606 m+ Ans. 
A 0 


F10-5. 1, = [75 (50)(450°) + 0] + [;5(300)(50*) + 0] 
= 383(10°) mm‘ Ans. 


1, = [75 (450)(50) + 0] 
+ 2{;5(50)(1507) + (150)(50)(100)7] 
= 183(10°) mm‘ Ans. 
F106. I, = 35 (ot) 200" = 75 (300)( 140°) 
= 171(10°) mm Ans. 
1, = 75 (200)(360°) — 35(140)(300°) 
= 463(10°) mm* Ans. 
F10-7. 1, = 2[;5(50)(200°) + 0] 
+ [;5(300)(50*) + 0] 
= 69.8 (10°) mm4 Ans. 
F10-8. 
_ SyA_— 15(150)(30) + 105(30)(150) 
Y""SA—__150(30) + 301150) 
I. = S(I1 + Ad’) 
= [4 (150)(30)> + (150)(30)(60 — 15)’] 
+ [;5(30)(150)> + 30(150)(105 — 65)?| 
= 25.1 (10°) mm‘4 Ans. 
Chapter 11 
Fil-1. = yg = 0.75 sind dy¥G = 0.75 cos 6 60 
Xc = 2(1.5) cos 0 6xc = —3 sin 6 60 
sU=0; 2Wédyg + Pdxc = 0 


(294.3 cos 6 — 3P sin 0)60 = 0 
P = 98.1 cot Op—co: = 56.6N Ans. 
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F11-2. 


F11-3. 


F11-4. 


PARTIAL SOLUTIONS AND ANSWERS 


x4 = 5cos0 6x4 = —5sin 6 60 
yg = 2.5 sin@ dyG = 2.5 cos 6 60 
6U = 0; Pdx,4 + (-Wéyc) = 0 
(5P sin @ — 1226.25 cos 6)50 = 0 
P = 245.25 cot 6|g—69° = 142 N Ans. FU-S. 
Xz = 0.6 sin @ dxz = 0.6 cos 6 60 
Yc = 0.6 cos 0 dyc = —0.6 sin 6 60 
6U = 0; F,,0Xg + (—Pdyc) = 0 
—9(10°) sin @ (0.6 cos 6 60) 
— 2000(—0.6 sin @ 60) = 0 
sin @ = 0 6 = 0° Ans. F116. 
—5400 cos 8 + 1200 = 0 
0 = 77.16° = 77.2° Ans. 
Xp = 0.9 cos 6 dxz = —0.9 sin 060 
Xc = 2(0.9 cos 6) dxc = —1.8 sin 060 


BU = 0; 
6(10°)(—0.9 sin 0 58) 


Pdxg + (—F,,dxc) = 0 


— 36(10°)(cos @ — 0.5)(—1.8 sin @ 50) = 0 


sin 6 (64 800 cos 8 — 37 800)60 = 0 


sin @ = 0 0 = 0° Ans. 
64800 cos 8 — 37 800 = 0 
6 = 54.31° = 54,3° Ans. 
yg = 2.5 sin0 dyg = 2.5 cos 6 60 
x4 = Scos0é 6xc = —S sin 6 60 
SU = 0; Wdyg + (—F,pdx4) = 0 
(15 000 sin @ cos 6 — 7500 sin @ 
— 1226.25 cos 0)60 = 0 
6 = 56.33° = 56.3° Ans. 


F,, = 15 000 (0.6 — 0.6 cos 6) 

Xc = 3[0.3 sin 6] dxc = 0.9 cos 6 60 

yg = 2[0.3 cos 6] dyz = —0.6 sin 6 60 

SU =0; = Pdxc + Fypdypg = 0 

(135 cos 6 — 5400 sin 8 + 5400 sin @ cos 6)50 = 0 
@ = 20.9° Ans. 
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Answers to Selected Problems 


Chapter 1 Chapter 2 
1-1. a. 4.66m 2-1. Fr= V6 + 8 — 2(6)(8) cos 75° = 8.67 KN 
b. 55.68 sina = sin 38 a = 63.05° 
c. 4.56kN = 3.05° 
d. 2.77 Mg 2-2. Fr=105kN 
1-2 aN eH 1S 
b. MN/m 2-3. T =6.57kN 
c. N/s’ 0 = 30.6° 
pares 2-5 Pu ma F,, = 386 lb 
1-3. a. 0.431 g * sin 105° sin 30° i 
b. 35.3 kN F,, = 283 |b 
ce. 5.32m 2-6. F,, = 150 1b 
1-5. a. GNis F,, = 260 1b 
b. Gg/N 2-7. 6 =78.6° 
c. GN/(kg -s) Fr = 3.92kN 
1-6. a. 45.3 MN 2-9. Fr= V8? + 62 — 2(8)(6) cos 100° = 10.8 kN 
b. 56.8 km sing’ _ sin 100° 
5.63 6 — 10.80 
‘ ie 6’ = 33.16° 
1-7. a. 3.65 Gg — 316° 
b. W, = 35.8 MN Per ee 
ce W,, = 5.89 MN , 12% 
i ay Cena Fr = 10.4kN 
ee 2-11. Fr =400N 
1-9 1 Pa = 20.9(107*) lb/ft eee 
1 ATM = 101 kPa _F, or 
1-10. a. W = 98.1N 2-13, — ape =a ae | EN 
b. W = 4.90 mN é 
c. W = 44.1 kN : a =a F, = 344N 
1-11. a. 0.447 kg-m/N sin 70" __ sin 80 
b. 0.911 kes 2-14. 6 = 53.5° 
c. 18.8 GN/m ge Pap i - i 
1-13. a. 27.1N-m ° oe ” 98 
b. 70.7 kN/m3 2-17, —” =——"__ F,, =77.6N 
sin 30° sin 75° 
ce. 1.27 mm/s F 150 
1-14. 2.71 Mg/m3 a F>, = 150N 


sin 75° sin 75°’ 


= = <} 
1-15. py = 1.00 Mg/m jie. HN 


1-17. a m=2.04¢ 


perks 2-19. F, = 325N 
c. m = 6.12 Gg Cee 
1-18. a. 0.04 MN? : A ai 
b. 25 um? ~ee a 
c. 0.064 km? 2-21. F, = 6cos 30° = 5.20kN 


F, = 6sin 30° = 3kN 


1-19. F =7.41yN eps 


1-21. 26.9 um-kg/N 
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2-22. 


2-23. 


2-25. 


2-26. 


2-27. 


2-29. 


2-30. 


2-31. 


2-33. 


2-34. 
2-35. 


2-37. 


2-38. 


2-39. 


2-41. 


2-42. 


2-43. 


2-45. 


2-46. 
2-47. 


6 = 90° 
F> = 2.50 kN 
Fr = 4.33 kN 
Fr = 8.09kN 
= 98.5° 


Fo _ F 
sing ~ sin(@ — ) 


d= 


NID 


Fr = V(FY + (FY — 2(F)(F) cos (180° — 6) 
Fr = 2F cos (5) 


F 4 = 3.66kN 
Fz = 7.07kN 
Fz = 5.00kN 
F 4 = 8.66kN 
6 = 60° 


F 4 = 600 cos 30° = 520N 

Fz = 600 sin 30° = 300N 

0 = 10.9° 

Fin = 235 Ib 

F = 974 |b 

0 = 16.2° 

Fr = V 499.62? + 493.017 = 702 N 


6 = 44.6° 


@ = 42.4° F, = 731N 
F, = 67.3 1b 
F, = -162 1b 


5.196 = -2 + F,cosp + 4 
~3 = -3.464 + Fysind — 3 


= 47.3° F, = 4.71kN 
F, = 12.9kN 

Fr = 13.2kN 

@ = 29.1° F, = 275N 


0 = 700 sin 30° — Fgcos 0 
1500 = 700 cos 30° + Fgsin @ 
0 = 68.6° Fz = 960N 
Fr = 839N 

ob = 14.8° 

Fr = 463 |b 

0 = 39.6° 

0 = F,sin @ — 180 — 240 

Fr = F,cos¢@ + 240 — 100 


F, = 4201b 
Fr = 140 1b 
6=63.7° F;=120F, 
6 = 543° F,=686N 
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2-49, 


2-50. 
2-51. 


2-53. 


2-54. 


2-55. 


2-57. 


2-58. 


2-59. 


2-61. 


2-62. 


2-63. 


2-65. 


Fr = V(—103.05)? + (—42.57)? = 111 1b 

6 = 202° 

1.22kN <= P = 3.17kN 

Fr=391N 

6 = 16.4° 

Fr = V(05F; + 300)? + (0.8660F; — 240)? 
FR = Fi — 115.69F, + 147 600 


F> = 88.1 1b 

Fr = 161 1b 

6 = 38.3° 

FR = (—4.1244 — F cos 45°) + (7—F sin 45°) 
dF rR 

2F R dF 2(—4.1244 — F cos 45°)(—cos 45°) 

+ 2(7 — F sin 45°)(—sin 45°) = 0 

F = 2.03 kN 

Fr = 7.87kN 

F, = {F, cos di + F,sin@j}N 


F, = {-159i + 276j + 318k} N 
F, = {424i + 300j — 300k} N 
F, = 600(3)(+i)+0 j+600(2)(+k) 
= {480i + 360k} N 
F, = 400 cos 60°i + 400 cos 45°j 
+ 400 cos 120°k 
= {2001 + 283j — 200k} N 


Fr = 754 |b 
a@ = 25,5° 

B = 68.0° 
y= 717° 

F, = -200N 
Fy = 200N 
F, = 283N 


% 
—100k = {(F2, — 33.40)i + (Fp, + 19.28)j 
+ (Fo, — 45.96)k} 


F = 66.41b 
a = 59.8° 
B = 107° 


y = 144° 
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2-66. 


2-67. 


2-69. 


2-70. 


2-71. 


2-73. 


2-74. 


2-75. 


2-77. 


2-78. 


2-79. 


2-81. 


ANSWERS TO SELECTED PROBLEMS 


a = 124° 
B = 71.3° 
y = 140° 


F, = {14.0j — 48.0k} Ib 
F, = {901 — 127j + 90k} Ib 

—300i + 650j + 250k 
= (459.281 + 265.17j — 530.33k) 

+ (F cos ai + F cos Bj + F cosyk) 
F’(cos* a + cos? B + cos” y) = 1333 518.08 
F =115kN 


a=13109 B=705° y= 475° 
F = 882N 

a=1210 B=527 y=53.0° 
Fz = 718 1b 

ap = 86.8° 

Br = 13.3° 

yr = 103° 


Fr = V(550)? + (52.1)? + (270)? = 615N 
a = 26.6° 


B = 85.1° 
y = 64.0° 
a, = 45.6° 
B, = 53.1° 
¥1 = 66.4° 
a, = 90° 

B, = 53.1° 
¥1 = 66.4° 


F, cos ay = —150.57 
F, cos By = —86.93 
F, cos yz = 46.59 


F, = 180N 
a = 147° 

Bo = 119° 

yy = 75.0° 

a = 121° 

y = 53.1° 

Fr = 754N 
B = 52.5° 

F3; = 9.58kN 
a3 = 15.5° 
B3 = 98.4° 
¥3 = 77.0° 

a = 64.67° 
F, = 1.28kN 
F,, = 2.60 kN 


y 


F, = 0.776 kN 


2-82. 


2-83. 


2-85. 


2-86. 


2-87. 
2-89. 


2-90. 


2-91. 


2-93. 


F = 2.02 kN 

F, = 0.523 kN 

F; = 166N 

a = 97.5° 

B = 63.7° 

y = 27.5° 

F, = V(-17.10)? + (8.68)? + (—26.17) 
= 32.4 1b 

a = 122° 

Bo = 74.5° 

yy = 144° 

Vag = {—3i + 6j + 2k} m 

rap = 7m 

z=535m 

F, = {400i — 400j — 200k} Ib 

Fo = {250i + 500j — 500k} Ib 

Fr = V6502 + 1002 + (—700)? = 960 Ib 

a = 47.4° 

B = 84.0° 

y = 137° 

a = 72.8° 

B = 83.3° 

y = 162° 

Fr = 822N 

Fr = 1.38kN 

a = 824° 

B = 125° 

y = 144° 


(4 cos 30° i — 4 sin 30° j — 6k) 


F, = 60 


V(4 cos 30°)? + (—4 sin 30°)? + (—6) 


= (288i — 16.6j 


2-94, 
2-95. 


49.9 k} Ib 

F; = {-28.8i — 16.6j 
(4j - 6k) 

V'(4)? + (-6) 

(33.3 j — 49.9 k} Ib 

Fr = 150 Ib 

a = 90° 

B = 90° 

y = 180° 

F = 52.1 1b 

F = (59.41 — 88.2j 

a = 63.9° 

B = 131° 

y = 128° 


49.9 k} Ib 


Ko = 60 


ll 


83.2k} Ib 


2-97. 


2-98. 


2-99, 


2-101. 


2-102. 


2-103. 
2-105. 


2-106. 
2-107. 
2-109. 


2-110. 


rg = {(0 — 0)i + [0 — (—2.299)] j 
+ (0 — 0.750) k} m 

Icp = {[-0.5 — (-2.5)]i + [0 — (—2.299)]j 
+ (0 — 0.750) k} m 


F, = {285j — 93.0k} N 

Fo = {159i + 183j — 59.7k} N 
F, = {-43.5i + 174j — 174k} N 
F, = {53.21 — 79.8] — 146k} N 
Fo = 1.62kN 

Fz = 2.42kN 


Fr = 3.46kN 


_F_ 1200: 90+ _ 80 
u>F 1701 — 703 — 10k 


Fr = 124kip 

a = 90° 

B = 90° 

y = 180° 

F,4 = Fz = Fc = 3261b 

F, = {301 — 20j — 60k} Ib 
F, = {301 + 20j — 60k} Ib 
Fo = {—30i1 + 20j — 60k} Ib 
F, = {—30i — 20j — 60k} Ib 


Fr = 240 1b 

a = 90° 

B = 90° 

y = 180° 

F = 105 1b 

F = {—6.61i — 3.73j + 9.29k} Ib 

r, = (0 — 0.75)i + (0 — 0)j + GB — 0k 


= {-0.75i + Oj + 3k}m 
F, = {-1.46i + 5.82 k} kN 
rc = [0 — (—0.75 sin 45°)]i 
+ [0 — (—0.75 cos 45°)]j + (3 — 0)k 
Fo = {0.8571 + 0.857j + 4.85 k} KN 
rg = [0 — (—0.75 sin 30°)]i 
+ (0 — 0.75 cos 30°)j + (3 — 0)k 
F, = {0.970i — 1.68j + 7.76k} kN 


Fr = 185kN 
a = 88.8° 
B = 92.6° 
y = 2.81° 


F = (143i + 248j — 201k} Ib 


ANSWERS TO SELECTED PROBLEMS 


2-113. 


Up, = 


(Fide, 
2-134. 


2-135. 


2-137. 


2-138. 


2-139, 


» Ugp = —sin 30° + cos 30°F 


(Fao) = (24)(7) + (-48)(-4) 
+ 16(-3) = 46.9N 


(Fyo), = V (56)? — (46.86)? = 30.7N 


. rpc = 5.39m 


(Fep). = 498 N 


~ uy = cos 120°i + cos 60°j + cos 45° k 


|Proj F2| = 71.6N 


. Fac = 45.2N 


Fac = {321 — 32j} N 


. F, = 333N 


F, = 373N 


+ Uyc = 0.1581i + 0.27395 — 0.9487k 


(F ac): = —569 Ib 


0 Fac= 366 lb 


Fac = {293j + 219k} Ib 
(F gc) = 245N 

(F gc). = 316N 

Wo, = 31+ 35 — 3k 

b = 65.8° 

(Fi)e, = 50.6 N 


~ 8 = 97.3° 


. Tap = {-15i + 3j + 8k} ft 
tac = {-15i — 8j + 12k} ft 
6 = 342° 

. Fy, = 47.81b 
Fac = 45.5 1b 

. F,=—-75N 
F, = 260N 


= cos 30° sin 30°% + cos 30° cos 30°j — sin 30°k 


cos 135°i + cos 60°j + cos 60°k 
= 5.44 Ib 

Fr=178N 

@ = 100° 

Fr = 215 1b 

6 = 52.7° 

rga = {—3i} ft 

¥gc = {6i + 4j — 2k} ft 

@ = 143° 

F, = 178N 

0 = 85.2° 

F 4p = 215 |b 

@ = 52.7° 
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624 ANSWERS TO SELECTED PROBLEMS 


250 Fy _ 3-26. Fx, = 80.71b 
non sin 120° sin 40° Be es Fp = 65.9 Ib 
F,, = 98.7N Fae = 57. 1b 
2-142. Proj F = 48.0N @ = 2.95° 
2-143. F, = {—324i + 130j + 195k} N 3-27. Wr = 123]b 
Fo = {—324i — 130j + 195k} N 3-29. 100 cos @ = W(;5) 
F, = {-194i + 291k} N § = 787° 
W = 51.0 1b 
Chapter 3 330. T = 53.1 1b 
3-1. = Fg4sin 30° — 2009.81) =0 Fp, = 3.92kN 331. F =3931b 
Fc = 3.40 kN 3-33. 2(T cos 30°) — 50 =0 
3-3. Fag = 29.4KN Fp = 14.9N, (Aand D) 
Fc = 15.2 KN, Fgp = 21.5 kN Fr = 40.8N, (Band C) 
3-5. T = 13.3kN, F) = 10.2kN 3.34. P= 147N 
3-6. 6 = 36.3°,T = 14.3kN 3-35. 1 =19.1in. 
3-7. Tac = 22.3kKN 3-37. —Tac + F,cos@ = 0 
Tgp = 32.6 kN a= 7,19 in. 
3-9. = Fagcos 45° — F ac(2) = 0 3-38. k = 6.80 Ib/in. 
F ac = 294.63 Ib 3-39. Wp = 18.3 1b 
W = 412 1b 3-41. 150+ 2Tsing=0 
3-10. T = 7.20kN —2(107.1) cos 44.4° + m(9.81) = 0 
F = 5.40kN m = 15.6kg 
3-11 T = 7.66kN 3-42. m= 2.37kg 
6 = 70.1° 3-43. y= 659m 
3-13. Wecos 30° — 275 cos 6 = 0 3-45. Fyg—3F ap = 0 
6 = 40.9° We = 240 lb = Fact Fup = 0 
3-14. x4c = 0.793 m 


$F ap — 981 = 0 
F ap = Fac = 1.96 kN 
3-46. m= 102kg 


XAB = 0.467 m 
3-15. m= 8.56kg 
3-17. Fogcosé — Fe, cos 30° = 0 


6 = 64.3 Fog = 85.2N 3-47. Fag = 2.52kN 
Fo, = 42.6N Fog = 2.52 kN 

si a _ CB + 
3-18. Fyg=986N Fac = 267N F gp = 3.64 kN 


3-19. d=242m 


2 2p 4 = 
3-21. Joint D, =F, = 0, 3-49. —3F an — 3F ac + Fap = 0 


Fep cos 30° — Fgpcos 45° = 0 3F ap — 3F ac = 0 
Joint B, =F, = 0, 2F 4p + 4F ac — W = 
F gc + 8.7954m cos 45° — 12.4386m cos 30° = Fyc = 225lb Fan = 45016 
m = 48.2 kg W = 375 1b 
3-22. 9 = 35.0° 3-50. Fay = 1.37kip 
3-23. 40 = 50(/V/12 — 1’), 1’ = 2.66 ft F yc = 0.744 kip 
3-25. Joint E, Fzp cos 30° — Fxga(2) = 0 F ap = 1.70 kip 
Joint B, 3-51. Fay = 1.47kip 


F ac = 0.914 kip 


1.3957W cos 30° — 0.8723W(3) — Fpa = 0 
a Fap = 1.42 kip 


W = 57.7 1b 


ANSWERS TO SELECTED PROBLEMS 625 


3-53. 0.1330 Fc — 0.2182 Fp = 0 0.8944 Fo, — 0.8944 Fon — 0.8944 Foc = 0 
0.7682 F x — 0.8865 Fc — 0.8729 Fp = 0 Fo, = 149 Ib 
0.6402 Fz — 0.4432 Fc — 0.4364 Fp — 4905 = 0 Fog = Poe 45h 
Fz = 19.2kN 3-70. 6 = 115° 
Fc = 104kN 3-71. 6 = 4.69° 
Fp = 6.32kN F, = 431kN 
3-54. Faz = 1.21kN 3-73. 1.699(10) cos 60° — F = 0 
Fac = 606N F = 0.850 mN 
Fan = T50N 3-74. Fz, = 110N 
3-55. Faz = 1.31kN Fie= BSN Fag = 319N 
Fac = 763N 3-75. P = 6391b 
Fan = 1085N ae fs 
357. GF, - GFco - 4Fp =0 B3 = 148° 
wha — Fc + Fp = 0 Lod : 3 
2p, 2p 2p, + Ww =0 3-77. Fy + F,cos 60° — 800(2) = 0 
m = 2.62 Mg 800 (3) + F, cos 135° — F; = 0 
3-58. Fy, = 831N F cos 60° — 200 = 0 
Fac = 35.6N F, = 400 Ib 
Fay = 415 N F, = 280 Ib 
3-59. m= 90.3kg F3 = 357 |b 
3-61. (Fag)x — 7F ap — 7F ap = 0 3-78. Fep = 625 lb 
(Fas): + GF as + GF ag — 490.5 = 0 Fea = Fez = 198 Ib 
F ap = 520N 3-79. F, =0 
Fac = Fap = 260N F, = 311 1b 
d = 3.61m F3 = 238 Ib 
3-62. y = 0.374 ft 
z= 251 ft Chapter 4 
3-63. F = 831 lb 4-5. 30 (cos 45°) (18) = F($) (12) 
z = 2.07 ft F = 39.8 Ib 
365. F 0.5 cos 30° a 0.5 cos 30° 0 i es a ENem2 
° ‘AD ‘AC ra . = 04. 
V0.5? + 2? V0.5" + 2? 4-9,  —500 = —F cos 30°(18) — F sin 30°(5) 
F = 27.6 1b 
Fun 0.5 | F 0.5 sin 30° _9 410. Mo =120N-m) 
V0.5 + 27 V0.5 + 2 Mo = 520N-m) 
411. M, = 38.2kN-m)D 
ise Zz 100(9.81) = 0 413. M, = (36cos@ + 18sin@)kN-m 
V057 + 2 AA = 36 sin 8 + 18 cos 8 = 0 
z= 173mm 0 = 26.6°, (M4)max = 40.2kN+m 
3-66. d= 1.64 ft When M , = 0, 
3-67. Fag = Fac = Fap = 375 1b 0 = 36 cos @ + 18 sin 6,@ = 117° 
3-69. —0.3873 Fog + 0.3873 Foc + 100 sin @ = 0 414. C+ My, = 123lb-in) 
6 = 0° F = 23.7 |b 
—0.4472 Fo, — 0.2236 Fog 415. (Mp), = 2.09N-m)D 
—0.2236 Foc + 100 = 0 
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4-17. 


4-18. 
4-19. 


4-21. 


422. 


4-23. 


425. 


ANSWERS TO SELECTED PROBLEMS 


(Mr) c = -30(2)(9) 
= —162 lb-ft = 162 lb: ftD 
(Mz,)c = 260 Ib- ft 


Since (Mr,)c>(Mpr,)c, the gate will rotate 


counterclockwise. 
F 4 = 28.9 lb 
Mp = (537.5 cos @ + 75 sin @) lb: ft 
a. My, = 400V (3)? + (2) 

M, = 144kN-m)5 

@ = 56.3° 
G+M, = 1200 sin 6 + 800 cos 0 
Mmax = 1.44kN-m5 


ll 


Omax = 56.3° 

Mmin = 0 

Omin = 146° 

BC = 24.57 ft 

“0 = 2a3T @ = 23.15° 
1500 = F sin 23.15°(20) 

F = 191 Ib 


(M,), = 118 lb-in.D 

(M 4). = 140 lb- in. D 

M, = 73.9N-m JD 

Fo = 822N<— 

G+Mz = 40 cos 25°(2.5) = 90.6 Ib: ft 
G + Mc = 141 lb-ft 5 

G+M, = 195 lb-ft5 
G+M,=7.71N- m4 

Maximum moment, OB | BA 
C+(Mo) max = 80.0 kKN+m 


6 = 33.6° 
F=115N 
F = 843N 


Mo = {90i — 130j — 60k} Ib: ft 
(Mr)o = {200i — 180j + 30k} lb: ft 
Mo = tou X Fe = {10801 + 720j} N-m 
Mo = toc X Fe = {1080i + 720j}N-m 
Mo = {-720i + 720j} N-m 

(My)o = {-18i + 9j — 3k} N-m 
(Ma)o = {18i + 7.5j + 30k} N-m 
My, =Yac X F 
= {-5.391 + 13.1j + 11.4k} N-m 
Mz, = {10.61 + 13.1j + 29.2k} N-m 
y=1m 

z=3m 

d=115m 


Mo = toa X F, = {110i — 50j + 90k} Ib- ft 


4-49, 


b = rc,y X ¥cR 
b 


a ame 


Mz = gc X F = {10i + 0.750j — 1.56k} KN-m 


4-50. 


4-51. 
4-53. 


4-54. 


4555. 
4-57. 


458. 
4-59. 
4-61. 


4-62. 
4-63. 
4-65. 


4-66. 
4-67. 


4-69. 


4-70. 
4-71. 
4-73 


4-74. 
4-75. 
4-77. 


4-3. 
4-79, 
4-81. 


Mo = 427N-m 


a = 95.2° 
B = 110° 
y = 20.6° 


Mar = {9.331 + 9.33] — 4.67k} N-m 
u=k 

r = 0.25 sin 30° i + 0.25 cos 30° j 
M,=155N:-m 


M, = 15.0 lb-ft 
M, = 4.00 Ib- ft 
M, = 36.0 lb-ft 


Mac = {11.5i + 8.64j} Ib: ft 

Yog = {0.2 cos 45° — 0.2 sin 45°k} m 
M, = 0.828N-m 

M, = 73.0N-m 

F=771N 

Mcp = Ucp ‘tca X F 

=Uucp*!pgz X F = —432 lb: ft 


F = 162 |b 

My = 464 Ib: ft 

u, = —sin 30° i’ + cos 30° j’ 

¥ac = —6cos 15°i’ + 3j’ + 6sin 15°k 
My, = 282 |b: ft 

M = 282 lb: in. 


(M,), = 30 Ib- in. 
(M,)> = 8 lb-in. 

Moa = Uoa' top X W = Uoa ‘tog X W 
W = 56.8 lb 


M, = 148N-m 
F =202N 

M> = 424N-m 

0 = 424.26 cos 45° — M; 
M; = 300N:m 

F = 625N 

(M.)r = 260 Ib: ft > 

F' = 333N 

F = 133N 

F=111N 

6 = 56.1° 


C+Mp = 100 cos 30° (0.3) + 100 sin 30° (0.3) 
— P sin 15° (0.3) — P cos 15°(0.3) = 15 


P=70.7N 


4-82. For minimum P require 6 = 45° 


P=49.5N 
4-83. N =26.0N 
485. a 


Mp = 8 cos 45°(1.8) + 8 sin 45°(0.3) + 2 cos 30°(1.8) 
— 2 sin 30°(0.3) — 2 cos 30°(3.3) — 8 cos 45°(3.3) 
Mp = 9.69kN-m) 
b. Mp = 9.69kN- mJ) 
4-86. (M.)p = 5.20kN: m2) 
4-87. F=14.2kN-m 


4-89. a. C+Mc = 40 cos 30°(4)—60(3)(4) 
= 53.4Ib: ftd 

b. C+Mc = —53.41b+ ft = 53.41b- ftD 
4-90. a. G+Mc = 53.4 1b: ft 

b. C+Mc = 53.4 1b> ft 
491. (Mp =1.04kN-m 

a = 120° 

B = 61.3° 

y = 136° 


4-93. M.=rag X F=rpga, X -F 


a = 11.3° 
g = 101° 
y = 90° 


4-94. F =981N 
4-95. (Mp) = 4.84 kip: ft 

(Mp)y = 29.8 kip: ft 
4-97. Mc = F (15) 

F = 15.4N 
4-98. Mea = {-12.1i — 10.0j — 17.3k} N-m 
4-99, d= 342mm 
4-101. 0 = —M, + 3M; + 75 

= M, - 5M; — 75 

0 = 3M; - 106.7 

M, = 318 lb-ft 

M, = M, = 287 |b- ft 
4-102. (Mc)g = 224N-m 


a = 153° 
B = 63.4° 
y = 90° 
4-103. F, = 200Ib 
F, = 150 1b 
4-105. Fr = V 1.257 + 5.799 = 5.93kN 
6 = 77.8° 


Mp, = 34.8kN-m) 


ANSWERS TO SELECTED PROBLEMS 


4-106. 


4-107. 


4-109. 


4-110. 


4-111. 


4-113. 


4-114. 


4-115. 


4-117. 


4-118. 


4-119. 


4-121. 


4-122. 


4-123. 


4-125. 


4-126. 


Fr = 5.93 kN 
0 = 71.8°7 
Mp, = 11.6kN-m)5 
Fr = 29.9 Ib 
0 = 78.4°4 
Mr, = 214lb-in. 5 
Fr = V533.0P + 100° = 542N 
6 = 10.6°SS 
(Mp)4 = 441N-m9 
Fr = 50.2kN 
0 = 84.3°o7 
(Mp)4 = 239kN-m)D 
Fr = 461N 
0 = 49.4°%G 
(Mp)o = 438N-m)D 
Fr = {2i — 10k} kN 
(Mr)o = Yop X Fg + roc X Fp 
= {-6i + 12j} kN-m 

Fr = {210k} N 
Mao = {-15i + 225j} N-m 
Fr = {(6i-1j— 14k} N 
Mago = {1.30i + 3.30j — 0.450k} N-m 
F, = {-1.768i + 3.062j + 3.536k} kN 
Fr = {0.232i + 5.06j + 12.4k} kN 
M,,=nxXF+nxk 

= (36.0i — 26.1j + 12.2k}kN-m 
Fr = 10.75 kip | 
Mp, = 99.5 kip: ft 


d = 13.7 ft 
Fp = 10.75 kip J 
d = 9.26 ft 


Fre = V (100)? + (898.2)? = 904 Ib 


6 = 6.35° 


= 23.6° 

d = 6.10 ft 
Fr = 197 1b 
6 = 42.6°2 
d = 5.24ft 
Fr = 197 1b 
0 = 42.6°2 
d = 0.824 ft 


Fr = V (42.5) + (50.31)? = 65.9 Ib 


0 = 49.8°SG 


d = 210t 
Fr = 65.9 1b 
0 = 49.8°%G 


d = 4.62 ft 
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628 ANSWERS TO SELECTED PROBLEMS 


4-127, Fr =542N —(0.1 + 3(1.2)) (108) k 
6 = 10.6°SS Myo = { — 194j - 54k}N-m 


d = 0.827m 4-150. b = 4.50 ft 
4-129. Fp = 140kNI 


a = 9.75 ft 
140y = —50(3)—30(11)—40(13) A151. Fp =7Ib 
een us ¥ = 0.268 ft 
oe 4-153. Fp = 107kKN — 
4-130. Fp = 140kN z 
x = 643m J zwdz 
y =7.29m z= 
4-131. Fo = 600N Fp = 500N fi wdz 
4-133. 0 = 200(1.5 cos 45°) — Fg (1.5 cos 30°) ice 
Fg = 163 1b (202! (10% Jas 
Fe = 29315 gent 
oe - one | (2024) (10°)adz 
x = 354m h=1.60m 
4-135. F,=30kN Fp,=20kKN  Fr=190kN 4-154, Fr =10.7kN | 
4-137. Fp = 26kN y=1m 
26(y) = 6(650) + 5(750)—7(600)—8(700) 4-155, Fr = 5771b,0 = 47.5°S 
y = 82.7mm Mra = 2.20 kip: ft 2 
x = 3.85 mm 4-157. Fr = 80.6kip 7T 
aia 7 _ ne ee ia ta 80640x = 34560(6) + fi (x + 12) wdx 
4-139. Fp = 808 lb ¥ = 14.6 ft 
x=352ft y=0.138ft 4-158. Fr = 53.3 1b 
My = —1003 Ib- ft ¥ = 1.60 ft 
4-141, Fp = 990N 4-159, Wax = 18 lb/ft 
uy, = —0.5051 i + 0.3030 j + 0.8081 k Fx = 533.16 
Mp=3.07kKN-m x =1.16m x’ = 2.40 ft 
y = 2.06m 4-161. (dFp), = 62.5(1 + cos @) sin 6 dé 
4-142. Frp=75kN | Fr = 223 1b 1 
¥ = 120m 4-162. Fr = 533lb | 
4-143, Fp =30kN1 Mp, = 533 1b- ft 
¥=34m 4-163, d = 5.54 ft 
4-145. Fe = jwol | 4-165. Mo =ro4 X F = {298i + 15.1j — 200k} Ib- in 
ly rex) = —ly(Z)(£\—1y,(£)(2 4-166. M, = 2.89 kip: ft ) 
calles awl) (6) aol) GE) 4-167. M, = {-59.7i — 159k} N-m 
eo age 4-169. a. Mc =r 4p X (25k) 
4-146. Fr = 3.90kip? Mc = {-5i + 8.75 j} N-m 
d = 11.3 ft b. Mc = og X (25k) + to4 X (—25k) 
4-147. w, = 190 lb/ft Mc = {-5i + 8.75 j} N-m 
Ww, = 282 lb/ft 4170. F = 992N 
4-149. Fr = {—108i} N 4-171. Fg = {—80i — 80j + 40k} Ib 
Mro = —(1 + 3 (1.2)) (108) j Map = {—240i + 720j + 960k} Ib- ft 


4-173. 
M, = k+ (tga X F) = k-(to4 X F) = —4.03N-m 


Chapter 5 


5-1. 


5-2. 


5-3. 


5-5. 


5-6. 


5-7. 
5-9, 


5-10. 


5-11. 


5-13. 


W is the effect of gravity (weight) on the 
paper roll. 

N, and N, are the smooth blade reactions on 
the paper roll. 

N,, force of plane on roller. 

B,, By force of pin on member. 

W is the effect of gravity (weight) on the 
dumpster. 

Ay, and A, are the reactions of the pin A on the 
dumpster. 

Fc is the reaction of the hydraulic cylinder BC 
on the dumpster. 

C, and C, are the reactions of pin C on the truss. 
T. “ap iS the tension of cable AB on the truss. 

3 kN and 4 KN force are the effect of external 
applied forces on the truss. 

W is the effect of gravity (weight) on the boom. 
A, and A, are the reactions of pin A on the 
boom. 

Tc is the force reaction of cable BC on the boom. 
The 1250 lb force is the suspended load reaction 
on the boom. 

A,, A,, Nz forces of cylinder on wrench. 

Ny Nps Ne forces of wood on bar. 

10 Ib forces of hand on bar. 

C,, C, forces of pin on drum. 

F ,, forces of pawl on drum gear. 

500 Ib forces of cable on drum. 

Nz = 245N 

Ny, = 425N 


T 4p cos 30°(2) + Typ sin 30°(4) — 3(2) — 4(4) = 0 


5-14. 


5-15. 


5-17. 


T ap = 5.89 kN 
C, = 5.11 kN 
C, = 4.05 kN 
T rc = 11.1 kip 
A, = 10.2 kip 
Ay = 6.15 kip 
Nz = 140 1b 
A, = 140 Ib 
Ay = 20 Ib 
Ne = 5.771b 


10 cos 30°(13 — 1.732) — N4(5 — 1.732) 
— 5.77(3.464) = 0 

N, = 23.7lb 

Ng = 12.2 1b 


Il 
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5-18. 


5-19. 


5-21. 


5-22. 


5-23. 


5-25. 


5-26. 


5-27. 


5-29. 


5-30. 


5-31. 


5-33. 


F ap = 401 Ib 
C, = 333 1b 
Cy = 722 Ib 


(N 4), = 98.6 lb, (Ng), = 21.4 1b 


(N 4); = 100 Ib, (Ng), = 20 Ib 
73 )@) + T(§)@) — 6071) - 30 = 0 
= 34.62 KN 

. = 20.8 kN 

Ay = 87.7kN 

Fg = 4.19 kip 

Ay = 3.21 kip 

Ay = 1.97 kip 

Nc = 213N 

A, = 105N 

Ay = 118N 

Ng(3) — 300(1.5) = 0 

Nz = 150 Ib 

Ay = 300 Ib 

A, = 150 Ib 

Fep = 131N 

B, = 34.0N 

By = 95.4N 

F ap = 0.864 kN 

Cy = 6.56 kN 

Cy = 2.66 KN 


F gc(#)(1.5) — 700(9.81)(d) = 0 
Fc = 5722.5d 
F 4 = V(3433.5d)2 + (4578d — 6867) 


Ay = 50 Ib 
Nz = 1.60 kip 
A, = 1.51 kip 
F = 93.75 Ib 
A, = 1.42 kip 
Ay = 46.9 Ib 
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40 000(3)(4) + 40 000(2)(0.2) — 2000(9.81)(x) = 0 


5-34. 


5-35. 


5-37. 


x = 5.22m 
C, = 32kN 
Cy = 4.38 kN 
Np = 1.04kN 
A, = 0 

Ay = 600N 

d = 6ft 

w = 267 lb/ft 


—490.5 (3.15) + 5 wg (0.3) (9.25) = 0 
wg = 1.11 kN/m 
wa = 1.44kN/m 
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5-38. 


5-39. 


5-41. 


5-42. 


5-43. 
5-45. 


5-46. 
5-47. 
5-49. 


5-50. 


5-51. 


5-53. 


5-54. 
5-55. 


5-57. 


5-58. 


5-59. 
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k = 133kN/m 
A, = 300N 

A, = 398N 

@ = 23.1° 

A, = 300N 

A, = 353N 

Ay = 750 Ib 
Nz (4 sin 30°)—300(1)—450(3) 
Ng = 8251b 
A, = 825 Ib 
Ng = 1.27kN 
A, = 900N 
M, = 227N-m 
T = 9.08 lb 


2500(1.4 + 8.4) — 500(15 cos 30° — 8.4) 
— N,(2.2 + 14 + 8.4) =0 


N4 = 1.85 kip 
Nz = 1.15 kip 
W = 5.34kip 


F 4 = 432 lb Fzp=0 Fo = 432 1b 
50(9.81) sin 20° (0.5) + 50(9.81) cos 20°(0.3317) 
— P cos (0.5) — P sin 6 (0.3317) = 0 
For Pin} a = 0 

6 = 33.6° 

Prin = 395 N 

F = 5.20kN 

Na = 17.3kN 

Np = 24.9kN 

6 = 63.4° 

T = 29.2kN 

Fc (6cos @) — F 4 (6 cos @) = 0 

6 = 12.8° 

k = 11.2 lb/ft 

a = 1.02° 


For disk E: —P + w( 


Vi). 


For disk D: Na(3) - w() = 
N« = 250 Ib 

Nez = 9.18 Ib 

Nc = 141 |b 

Prax = 210 Ib 

N «4 = 262 Ib 

Nc = 143 lb 

a = 10.4° 


5-61. 


5-62. 


5-63. 


5-65. 


5-66. 


5-67. 


5-69. 


5-70. 


5-71. 


5-73. 


5-74. 


95.35 sin 45°(300)—F (400) = 0 


F = 50.6N 

A, = 108N 

Ay = 48.8N 

a=V (4771) -4/r 
Nc = 289N 

N, = 213N 

Nz = 332N 

Tp (2)-6(1) = 0 
Tcp = 3KN 

T op = 2.25kN 

T ap = 0.75 kN 

y = 0.667 m, x = 0.667 m 
Rp = 22.6 kip 

Re = 22.6 kip 

Rp = 13.7 kip 

C, = 450N 

C.(0.9 + 0.9) — 900(0.9) + 600(0.6) = 0 
C, = 250N 

B, = 1.125kN 

A, = 125N 

B, =25N 

A, + 25 — 500 = 0 
A, = 4715N 

Tap = Tcp = 117N 
A, = 66.7N 

Ay = 0 

A, = 100N 

F pc = 375 Ib 

E,=0 

E, = 562.5 lb 

A, =0 

A, = 0 

Az = 62.5 Ib 

Np (3) — 200(3) — 200(3 sin 60°) = 0 
Nz = 373N 

A, = 333N 

Tcp + 373.21 + 333.33 — 350 — 200 — 200 = 0 
T cp = 43.5N 

A, = 

Ay = 

Fep = 0 

Fr = 100 1b 

F ap = 150 Ib 

A, =0 


5-75. 


5-77. 


5-78. 


5-79. 


5-81. 


5-82. 


5-83. 
5-85. 


5-86. 
5-87. 
5-89. 


5-90. 
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A, = 0 5-91. N, = 8.00kN 
A, = 100 Ib B, = 5.20kN 
F = 900Ib B, = 5.00kN 
A, = 0 5-93. 5(14) + 7(6) + 0.5(6) — 2(6) — A,(14) = 0 
A, =0 Ay = 7.36 kip 
A, = 600 Ib B, = 0.5 kip 
Max = B, = 16.6 kip 
M,, = 5-94. T = 1.01kN 
Trp(L) — W(5)-0.75W(5 — dcos 45°) = 0 Dy = —307.66.N 
ke 5-95 aoe 
Trp = 0.583W came leg 
nae nll B, = 35.7 Ib 
Ter = 0.570W ‘A, — 136 Ib 
T cp = 0.0398W B.=0 
Tp = 16.7KN a 
A.=0 A, = 40 1b 
ve = ee na Chapter 6 
i . 6-1. Joint D: 600 — Fycsin 26.57° = 

Ac 4 (=) Fea = 0 Foc = 134kN (C) 

V54 Fog = 1.20 KN (T) 

6 Joint C: —Fog cos 26.57° = 0 
—55(3) + ($= \Fow (3) =0 Fer = 0 
Fen = 67.4 1b Fon = 1.34 KN (C) 
A, = -27.5lb Joint E: 900 — Ferg sin 45° = 0 
A, = -27.51b ig 7 co we (C) 
Ans EA = 2. (T) 
M,, = 165 lb-ft 6-2. Fup = 849 1b (C) 
uo =a Fig = 600 lb (T) 
ee ib Fep = 400 Ib (C) 
yaar Fac = 600 Ib (T) 
A =161b Foc = 1.41 kip (T) 
M 4x = —300Ib-ft For = 1.60 kip (C) 
M,, =i 6-3. Fin = 1.13 kip (C) 
M4, = —7201b-ft ~ = Ib (T) 
F gc = 105 Ib 
=M ap = 0;Tc(r + rcos 60°) — Wr cos 60°) 2 eee 
— P(d + rcos 60°) = 0 z 5 an ies (c) 

d=5(1+%) DE~ wep i 
d=5 6-5. Joint A: Furl Ze) — 166.22 = 0 
P=05W Fun = 372N(©) 
600(6) + 600(4) + 600(2) — Ng cos 45°(2) = 0 Fig = 332 (T) 
Np = 5.09KN Joint B: Fxc — 332.45 = 0 Fac = 332 N(T) 
A, = 3.60 kN For = 196N(C) 
Ay = 180kN Joint E: Frc cos 36.87° 
F = 354N 


— (196.2 + 302.47) cos 26.57° = 0 
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6-6. 


6-7. 


6-9. 


6-10. 


6-11. 


6-13. 


6-14. 
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Fec = 558 N (T) 

Fep = 929 N (C) 

Foc = 582 N (T) 

Fog = 3.00 KN (T) 

Fop = 2.60 kN (C) 

For = 2.60 KN (C) 

Foz = 2.00 kN (T) 

Fge = 2.00 KN (C) 

Fz, = 5.00 kN (T) 

Fog = 8.00 KN (T) 

= 6.93 kN (C) 

For = 6.93 kN (C) 

Foz = 4.00 kN (T) 

Fe = 4.00 KN (C) 

Fz, = 12.0 kN (T) 

Joint A: Fyp sin 45° — P= 0 

Joint F: Frp cos 45° — 1.4142 P cos 45° = 0 
Joint E: Fep — 2P = 0 

Joint B: Fgp sin 45° — 1.4142 P sin 45° = 0 
Joint C:3P — No = 0 

2P = 800 lb P = 400 lb 

3P = 600 Ib P = 200 lb (controls) 
Feg = Fee = Fac = For = For = Fer = 0 
Fug = For = 667 lb (C) 

Fac = Fop = 667 lb (C) 

Fgg = Feo = Fea = 0 

Fpr = 400 lb (C) 

Frc = Feg = 333 |b (T) 

Fac = Fea = 708 |b (C) 

Foc = Fog = 825 lb (C) 

Joint A: Fyc sin 8 = 0 

Joint D: 2.60 P; cos 22.62° — Foc = 0 
Joint B: Fgc — 2.60 P, sin 22.62° = 0 
P, = 135 1b 

Fag = 0 

Fgc = 2450 Ib (C) 

Fog = 1768 lb (T) 

Fop = 1250 lb (C) 

Fop = 1768 Ib (C) 

For = 2500 |b (T) 

Fup = 2450 Ib (C) 

Fyp = 0 

Fep = 1250 1b (C) 

Fer = 1768 |b (T) 

Frp = 1768 lb (C) 


sy 
S 
| 


6-15. 
6-17. 


6-18. 


6-19. 


6-21. 


6-22. 


6-23. 


6-25. 


P = 2000 Ib 

Joint A: 0.8333P cos 73.74° + P cos 53.13° 
— Fyz = 0 

Joint B: 0.8333P() — Fac() = 0 

Joint D: Fog — 0.8333P — P cos 53.13° 
— 0.8333P cos 73.74° = 

P = 1.50 kN (controls) 

Fra = 1500 Ib (C) 

Fre = 1200 lb (T) 

Fp = 1200 lb (T) 

Fea = 0 

Fp = 1250 lb (C) 

Fz = 200 lb (C) 

Fc = 200 lb (C) 

Fgp = 0 

Foc = 250 lb (T) 

Fra = 75 |b (C) 

Fep = 60 lb (T) 

Fre = 60 lb (T) 

Fea = 55 Ib (C) 

Fp = 154 lb (C) 

Fiz = 63.3 lb (T) 

Fc = 63.3 lb (T) 

Fp = 55 |b (T) 

Foc = 79.2 Ib (C) 


Joint D: Fpc sin 45° + Fp cos 30.25° — W = 0 


Joint A: Fyg — 1.414 Wsin 45° = 

m = 1.80 Mg 

Fep = 718N (C) 

Fog = 550 N (T) 

70.7 N (C) 

Fp = 500 N (C) 

Fra = 636 N (C) 

Fez = 70.7 N (T) 

Fa = 450 N (T) 

Fop = 286N (C) 

Fog = 202 N (T) 

Fog = 118N (T) 

Fog = 286 N (C) 

Fge = 118N (T) 

Fg, = 202 N (T) 

Fra = 286 N (C) 

Joint A: 1.4142 P cos 45° — Fyz = 0 
Joint D: Foc — 1.4142 P cos 45° = 0 
Joint F: Fez — 1.4142 P sin 45° = 0 


Joint E: 1.4142 P sin 45° — P— Frp sin 45° = 0 
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Joint C: Fog = P(C) 6-37. E, = 7.333kN 
P=1KkN (controls) 7.333 (4.5) — 8 (1.5) — Frg(3 sin 60°) = 0 
1.4142 P= 1.5 Freq = 8.08 kN (T) 
P= 1.06 kN Fop = 8.47 kN (C) 
6-26. Fp = 780 Ib (C) For = 0.770 kN (T) 
Fog = 720 Ib (T) 6-38. Fy; = 42.5 kN (T) 
Fog = 0 Fyc = 100 kN (T) 
Fog = 780 Ib (C) Foc = 125 kN (C) 
Fgg = 297 Ib (T) 6-39. Foy = 76.7 kN (T) 
Fgq = 722 Ib (T) Fp = 100 kN (C) 
6-27. Fre = 0.667P (T) Fry = 29.2 kN (T) 
Frp = 1.67P (T) 6-41. A, = 240 Ib 
Fig = 0ANP(C) A, = 100 Ib 
Ee = L.GiP(Y) 240(8) — Fac cos 14.04°(4) = 0 
Fac = 1.49P (C) Fac = 495 Ib (T) 
Fpp = 1.41P (T) Fic = 420 Ib (C) 
Fgp = 1.49P (C) Faq = 200 Ib (C) 
Frc = 1.41P (T) 6-42. AB, BC, CD, DE, HI, and GI are all zero-force 
Fcp = 0.471P (C) members. 
> oe ee 15 \_ Fic = 5.62 kN (C) 
6-29. Joint A: Fir 2.404 We 0 Poo 
oe so4r( 15 ) _ 6-43. AB, BC, CD, DE, HI, and GI are all zero-force 
V/ 3.25 members. 
Z ( 0.5 ) Pe ( 0.5 )=o Fz = 9.38 kN (C) 
PMV 125s) °P\\/ 1.25 Fop = 5.625 KN (T) 
0.5 6-45. N, = 13001b 
tome Eup 2.8637 ( ; =) Fez, (8) + 1000(8) — 900(8) — 1300(24) = 0 
— 2.00P = 0 Fez = 3800 Ib (C) 
P = 1.25kN Fep = 2600 lb (T) 
6-30. 127° < 6 < 196° Fp = 424 1b (T) 
336° < 6 <= 347° 6-46. Fac = 3.25 kN (C) 
6-31. Fg = 255 lb (T) Fou = 1.92 KN (T) 
Fc = 130 lb (T) 6-47. Fop = 1.92 kN (C) 
Fuc = 180 Ib (C) For = 1.53 KN (T) 
6-33. A, = 65.0kN Frp = Fro = 0 
A, = 0 6-49, A, =0 
Fac (4) + 20(4) + 30(8) — 65.0(8) = 0 Ay = 15.5 kN 
Fgc = 50.0 kN (T) Fx sin 33.69°(4) + 5(2) + 3(4) — 15.5(4) = 0 
Fy, = 35.0 kN (C) Fey = 18.0 kN (C) 
Fup = 21.2 kN (C) Fc = 7.50 KN (C) 
6-34. Fy = 11.1kN(C) Fac = 15 KN (T) 
Fep = 12 kN (T) 6-50. Fug = 21.9kN (CO), Fig = 13.1 kN (T), 
Fo; = 1.60 kN (C) Fec = 13.1 KN (C), Fag = 17.5 kN (T), 
6-35. Fre = 12.9kN (T) Fog = 3.12 KN (1), Frg = 11.2 KN (T), 
Fy = 7.21 KN (T) For = 3.12 KN (©), Fep = 9.38 KN (C), 
Fy = 21.1 KN (C) Fog = 15.6 kN (C), For = 12.5 kN (T), 
Fp = 9.38 KN (T) 


634 


6-51. 


6-53. 


6-54. 


6-55. 


6-57. 


6-58. 


6-59. 


6-61. 
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Faz = 43.8 kN (C), Fig = 26.2 kN (T) 
Fac = 26.2 kN (C), Feg = 35.0 KN (T) 
Foc = 6.25 KN (T), For = 22.5 kN (T) 
Fep = 31.2 KN (C), Fur = 18.8 kN (T) 
Foc = 18.8kN (C), For = 25.0 kN (T) 
Fic = 6.25 kN (C) 

G, = 1.60 kip 

1.60(40) — Fj, (30) = 0 

Fy, = 2.13 kip (C) 

Fog = 2.13 kip (T) 

Fea = 833 lb (T) 

Fer = 667 lb (C) 

Fep = 333 lb (T) 

Fap = Fag = 354 1b (C) 

Foz = 50 lb (T) 

Fea = 1000 Ib (C) 

Fep = 406 lb (T) 

Fog = 344 1b (C) 


Fup = Fup = 424 lb (T) 
Fon = 544 lb (C) 

F 3 
Joint D: i Fan t 3195 Fgp 

1 
F cp — 200=0 
725. 
Fyp = 343N (T) 
Fep = 397N(C) 
1 
Joint C: Fgc (397.5) = 0 
° 7.25 


Fac = 148N(T) 
Fac = 221 N(T) 
Fac = 295 N (C) 
Fgc = 1.15 kN (C) 
For = 4.16 kN (C) 
Fgp = 4.16 kN (T) 
Fer = 0 

Fep = 2.31 kN (T) 
Frp = 3.46 KN (T) 


Fug = 3.46 kN (C) 
D, = 100 Ib 
C, = 650 Ib 
E, = 550 1b 
F, = 150 1b 
F, = 650 Ib 
F, = 700 1b 


6-62. 


6-63. 
6-65. 


6-66. 


6-67. 


6-69. 


6-70. 
6-71. 


6-73. 


6-74. 


6-75. 


6-77. 


Joint C: Fog = 0 

Fep = 650 Ib (C) 

For = 0 

Joint F: Fgr = 225 lb (T) 
For = 1230 lb (T) 

Fer = 525 Ib (C) 

Fug = Fyc = 220N (T) 
= 583 N (C) 

Fgp = 707N (C) 

Fee = Fec = 141 N (T) 
F=170N 

Joint F: Frg, Frp, and Frc are lying in the 
same plane. 

Frpcos0 = 0 Fre = 0 
Joint E: Fg, Feo, and Fz are lying in the 
same plane. 

Frep cos0=0 Fep = 0 
Fop = 157 |b (T) 

For = 505 lb (C) 

Frp = 0 

P= 1251b 


se 
w& 
| 


Apply the force equation of equilibrium along 


the y axis of each pulley 
2P + 2R + 2T — 50(9.81) = 0 
P=189N 


P=5lb 
P = 25.0 1b 
Fy=P=25.0lb Fy = 60.01b 
Nz (0.8) — 900 = 0 

Nz = 1125N 

A, = 795 N 

Ay = 795N 

C, = 795 N 

C, = 130kN 

Mc = 1.25kN+m 

Ay = 60 Ib 

C, = 161 Ib 

C, = 90 Ib 

A, = 161 Ib 

C, = 5.00 kN 

B, = 15.0kN 

M, = 30.0kN-m 

Ay = 5.00 kN 

A, = 0 

Cy =100lb BB, = 449 Ib 
C, = 273.6lb A, = 92.3 1b 


6-78. 


6-79. 


6-81. 


6-82. 


6-83. 


6-85. 


6-86. 
6-87. 


6-89. 


6-90. 


6-91. 


Segment BD: By = 30 kip 


Segment ABC: C, = 135 kip 


Segment DEF: F, = 135 kip 


A, = 186 Ib 
My, = 359 Ib = ft 
A, = 300N 
A, = 300N 
C, = 300N 
C, = 300N 
Np = 333N 
A, = 333N 
Ay = 100N 
D, = 0 

Dy, = 30 kip 
A, = 0 

Ay = 75 kip 
E, =0 

E, = 75 kip 
Nc = 12.7kN 
A, = 12.7kN 
Ay = 2.94 kN 
Np = 1.05kN 
A, = 167N 
Ay = 1.17kN 
C, = 1.33 kN 
C, = 833N 


Member AB, Fgg = 264.9N 
Member EFG, Fep = 158.9N 
Member CDI, m, = 1.71 kg 


Member AB: Fgp = 162.4 Ib 


m, = 106kg 
Frp = 1.94kN 
Fgp = 2.60kN 
B, = 97.41b 
B, = 1301b 
A, = 52.6 1b 
Ay = 1301b 
E, = 945 Ib 
E, = 500 Ib 
D, = 945 Ib 
Dy = 1000 Ib 
Ny = 4.60 kN 
Cy = 7.05 kN 
Nz = 7.05 KN 
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6-93. 


6-94. 
6-95. 
6-97. 


6-98. 
6-99. 


6-101. 


6-102. 


6-103. 


6-105. 


6-106. 


6-107. 


6-109. 


6-110. 
6-111. 


Pulley E: T = 350 Ib 
Member ABC: A, = 700 Ib 
Member DB: D, = 1.82 kip 


D, = 1.84 kip 
A, = 2.00 kip 
W, = 3.35 1b 
F = 562.5N 


80 — Ng cos 36.03° — Ne cos 36.03° = 0 
Ng — No = 49.5N 

M = 2.43kN:m 

F =5.07kN 

Member ABC 

Ay = 245N 
Member CD 
Dy = 245N 
D, = 695 N 
A, = 695N 
Fop = 1.01 kN 
Fupc = 319N 
A, = 183N 
E, = 0 

Ey = 417N 

M,; = 500N-m 
Member BC 

GC, = 133 kN 
By = S49N 
Member ACD 
C, = 2.98 kN 
Ay = 235N 

A, = 2.98 kN 
B, = 2.98 kN 
Fyc = 2.51 kip 
Fxg = 3.08 kip 
Fup = 3.43 kip 
F=175 lb 

Ne = 350 Ib 

F = 87.5 |b 

Ne = 87.5 Ib 
Clamp 

C, = 1175N 
Handle 
F=370N 

Fez = 2719.69 N 
Ny = 284N 

We = 0.812W 
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6-113. ©M; = 0: 


W(x) — 


Na(3b + 3c) = 


Wx 


ANSWERS TO SELECTED PROBLEMS 


Fep(c) 


(3b + ic) 


1 
4 


e)= 


rae + ; 3c(4b) + w(t 3b - -}o W(a) = 0 


w= iW 
Fy = 9.06 kN (T) 
Fec = 15.4kN (C) 


6-114. 


6-115. N; = 187N 
6-117... Lag = 861.21 mm, Leap = 76.41", 

Fig = 9.23 kN 

C, = 2.17kN 

C, = 7.01 kN 

D, = 0 

D, = 1.96kN 

Mp = 2.66kN-m 
6-118. A, = 120 Ib 

Ay = 

Nc = 15.0 Ib 
6-119. A, = 80 Ib 

A, = 80 Ib 

B, = 133 1b 

B, = 333 Ib 

C, = 413 Ib 

C, = 53.316 
6-121. N. = “oan 

M = “ESF Icos(b — 8)] 
6-122. W, = 3lb 

W, = 21 1b 

W, = 75 Ib 
6-123. P = 283N 

B= Dp, =425N 

B, = D, = 283N 

B, = D, = 283N 
6-125. —§ Fy,.(3) + 180(3) = 0 

For = 270 1b 

B, + §(270) — 180 = 0 

E=0 

B, = —301b 

B, = —13.3 1b 
6-126. A, = 0 

A, = 172N 

A, = 115N 

C, = 47.3.N 


tal 


0 


6-127. 
6-129. 


6-130. 


6-131. 


6-133. 


6-134. 
6-135. 


CG, = 61.9N 

C, = 125N 

Mc = —429N +m 

Mc =0 

Fz = 133 1b 

Fog = Fee = 0 

Joint C: Fog = 17.9 kN (C) 
Fop = 8.00 kN (T) 

Joint D: Fpg = 8.00 KN (T) 
Joint B: Fg, = 17.9 kN (C) 
Joint A: Fyz = 8.00 kN (T) 
For = 0 

Fgc = 0 

Fe = 500 lb (T) 

Fg = 300 Ib (C) 

Fic = 583 |b (T) 

Fup = 333 |b (T) 

Fig = 667 lb (C) 

For = 0 

Fer = 300 Ib (C) 

Fop = 300 lb (C) 

For = 300 Ib (C) 

For = 424 lb (T) 

For = 0 

Fgc = 0 

Fe = 500 Ib (T) 

Fig = 300 lb (C) 

Fic = 972 1b (T) 


Fyp = 0 
For = 0 


Fer = 300 Ib (C) 
Fep = 500 Ib (C) 
For = 300 Ib (C) 
For = 424 |b (T) 
Member AC: C, = 402.6 N 


GC, = 97.4N 

Member AC: A, = 117N 
A, = 397N 

Member CB: B, = 97.4N 
By = 974N 

P= ses (2 — csc) 

A, = 8.31 kip 

A, = 0.308 kip 

E, = 8.31 kip 

Ey = 5.69 kip 


Chapter 7 

7-1. By = 1.00kip 
A, = 7.00 kip 
A= 
Nce=0 
Vo = -1.00 kip 
Mc = 56.0 kip: ft 
Np = 0 
Vp = —1.00 kip 
Mp = 48.0 kip- ft 

72: No=0 
Vo = —386 Ib 
Mc = —857 Ib «ft 
Np = 0 
Vp = 300 Ib 


Mp = —600 lb: ft 
7-3. No = —1804 Ib 

Ve = —125 Ib 

Mc = 9750 Ib « ft 
7-5. A,=400N 


Ay = 96N 

Nc = 400 N 

Vo = —96N 

Mc = -144N-m 
76. Nco=0 

Vo = -1kN 

Mc = 9kN-m 
7-7. No=0 

3woL 
iG: 8 

Mc = WoL? 
7-9. Nco+80=0 

Nc = —80 1b 

Vo =0 

Mc + 80(6) = 0 

Mc = —480 lb = in. 
7-10. Nco=0 

Vo =0 

Mc = 15kN-m 
7-11. No=0 

Vo = 3.25 kN 

Mc = 9.375 kN+m 

Np = 0 

Vp = 1kN 


Mp = 13.5kN-m 


ANSWERS TO SELECTED PROBLEMS 


7-13. 


7-14. 


7-15. 


7-17. 


7-18. 


7-19. 
7-21. 


7-22. 


7-23. 


Member AB: B, = 500N 
Member BC: B, = 1258.33 N 


Np = 1.26 kN 

Vp = 0 

Mp = 500N+m 
Nz = —1.48 kN 
Vi = 500N 

Mz = 1000N-m 
Np = 0 

Vp = 800 lb 

Mp = —1.60 kip- ft 
Nc =0 

Ve =0 

Mc = 800 Ib: ft 
Ay = @(2a + b) (b - a) 
:=3 

Np = 4kN 

Vp = —9kKN 

Mp = -18kN-m 
Np = 4kN 

Ve = 3.75 kN 

M, = —4.875 kN-m 
a= SL 

D, =0 

Fgc = 560 Ib 

D, = 540 Ib 

E, = 580 Ib 
A,=0 

Ay = 520 Ib 
Np=0 

Vp = 20 Ib 

My = 1040 Ib: ft 
No = 0 

Vg = —580 1b 
Mo = 1160 lb-ft 
Np = 0 

Vp = —10.6kN 
Mp = 42.5kN+m 
Np = 0 

Vp = 26.0N 

Mp = 19.0N-m 
Ve = 0 

Ny; = 86.0N 

M; =0 
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638 ANSWERS TO SELECTED PROBLEMS 


7-25. Use top segment of frame. 7-38. (Vp), = 116 kN 
Np = 200 Ib (Np)y = —65.6 kN 
Vb =0 (Vp) x =0 
Mp = 900 Ib ft (Mp), = 49.2kN-m 
Np = 360 Ib (Mp) = 87.0kKN-m 
Ve = 120 Ib (Mp), = 26.2kN+m 
M; = 1140 lb: ft 7-39. (Nz)x = 0 

7-26. No = —*Ecsc (Vi)y = 53.6 kN 
gal (Vz); = —87.0kN 
Mc = yy cos 0 (Mz), = 0 

7-27. Nco= —1.91kN (Mz), = —43.5kN-m 
Vo = 0 (Mz), = —26.8kN+-m 
Mor seen 741. 0 <x <4m 

7-29. Beam reaction V = 3kN 
R = 700 Ib 


M = {3x} kN-m 
4m <x =6m 
V = -—6kN 
M = {36 — 6x}kN-m 
M\,-4 = 12kN-m 
7-42. x =8',V = —833,M = 1333 
x = 12*,V = —333,M =0 
7-43. x =0,V=4kN 
M=-10kN-m 


Mc = —178 kip: ft 
7-30. Nc = 1.75 kip 

Vo = —844 Ib 

Mc = —844 lb-ft 
7-31. Np = 844 1b 

Vp = 1.06 kip 

Mp = 1.06 kip ft 
7-33. B, = 2939N 


By = 37.5N 7-45. For Vinax = Mo/1,Mo = 45kN-m 
Np = —29.4N For iM ins x Mo/2 Mo = 44kN-m 
Vp = 37.5N My) = 44kN-m 


Mp = 8.89N:m 


_ (3 
7-34. (Noy = 0 7-46. x = (3)L 


(Vo), = 104 Ib M = jal” 
(Vo). = 10.0 Ib a ee 
(Mc), = 20.0 Ib ft ape 
(Mc)y = 72.0 Ib + ft 16 


(Mc), = -178 lb-ft 7-47, x =1.75m 


7-35. (Noy = —350 Ib M = 759N-m 
(Ve)x = —150 Ib 7-49. 0 <x <5m 
(Ve). = 700 Ib V=25 — 2 
(Mo), = 1.40 kip «ft aoe 
Mc)y = ~1.20 kip ft m <x <10m 
i A V=-15 


(Mc); = —750 Ib ft 


7-37. B,=550N M = —7.5x + 75 


7-50. V = 250(10 — x) 


an cn M = 25(100x — 5x? — 6) 
(Vo), = 450N 7-51. x = 1.732m 
(Vo). = —550 N Mypax = 0.866 KN +m 
(M;), = 825 N-m 753 O<x<9ft 

Pe ions V = 25 — 1.667x 

Cc 


(Mc), = 675 N«m V = Oatx = 3.87 ft 
C)z ~ . 


7-54. 
7-55. 


7-57. 


7-58. 
7-59. 
7-61. 


7-62. 


7-63. 


7-65. 


7-66. 


7-67. 


7-69. 


7-70. 


M = 25x — 0.5556x? 
Max = 64.5 Ib + ft 
9ft< x < 13.5ft 


V=0 
M = —180 
w = 22.2 lb/ft 


V = {48.0 — <} kip 

M = {48.0x — 45 — 576} kip: ft 
V = {2(24 — x)*} kip 
M= 


{-4,(24 — x)°} kip- ft 
Os 


m<x=<=6m 

= {24 — 4x} kN 

M = {-2(6 — x)*} kN-m 
Viv=3m—- = —10kN 
Vi=3m+ = 12 kN 

M\.=3m = —18kN-m 

Wo = 21.8 lb/ft 

Wo = 8.52 kN/m 

V = {3000 — 500x} Ib 


M = {3000x — 250x” — 6750} Ib- ft 


x = 6ft 
Mlv=75 = 2250 Ib- ft 
2 
TYTO , 3 3 
a al a | 
2 

TYTO 

aalG Pay ea 
Ye = 0 


V, = {24.0 — 4y} Ib 

M, = {2y’ — 24y + 64.0} lb-ft 
M, = 8.00 Ib: ft 

M, = 0 

x= 27, V = 675, = 1350 
x= 45,V = 275, = 1900 


2*,V =5,M 10 


2-,V =75,M = 15 
= 4*,V = -12.5,M = 10 
= (£)*,V = —-P,M = PL 


td 


ANSWERS TO SELECTED PROBLEMS 


7-71. 


7-73. 


7-74, 


7-15. 
7-77. 


7-3B. 


7-79, 
7-81. 


7-82. 
7-83. 
7-85. 


7-86. 


7-87. 


7-89. 


7-90. 
7-91. 
7-93. 


7-94, 


7-95. 


x = (22)*, V = -2P,M = (2) PL 
x =0.2*,V = 96.7,M = 31 
x=0,V =1.76,M=0 

x = 0.8°,V = 0.16, M = 0.708 
x =1,V = —3.84,M =0 
x=1°,V =-917,M =-1.17 
x =3°,V = 15,M = -7.50 
£=15°,V = 250,M = 7125 
x =1',V =175,M = —200 
x=5°,V = —225,M = —300 
x =8 ,V = 1017, M = —1267 
£=141,V =0, i = 334 

x = 6,V = —900, M = —3000 
¢=0,V = 5.12, = 6 
x=9,V = 0.625, M = 25.9 
x =9*,V = -1.375,M = 25.9 
x = 18,V = —3.625,M =0 
x=L v= uM a= 
x =3,V = -12,M = 12 

Vinax = 4w 

w = 2 kip/ft 

Mmnax = —6w 

w = 5S kip/ft 


Use w = 2 kip/ft. 


Ss Ss & eS 


=6°,V =4w,M = -120m 

=37,V =115,M = -21 
6,V = 2.5,M =0 

= 300, V = 722, M = 277 

= 900, V = —487, M = 350 


Entire cable 

Tgp = 78.2 lb 

Joint A: Tyc = 74.7 Ib 
Joint D: Tep = 43.7 Ib 


L= 15.7 ft 

P =72.0 1b 
Xp = 3.98 ft 
yg = 3.53m 
Typ = 6.05 kN 
Tec = 4.53 kN 
Tcp = 4.60 kN 
Tmax = Tpg = 8.17kN 
yp = 243m 
Tnax = 157N 
yg = 8.67 ft 
Yp = 7.04 ft 
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640 ANSWERS TO SELECTED PROBLEMS 


13x, — 15 = : 
7-97. Joint B: a. Tgc = 200 Mz = 112.5N-m 
(xp — 3)? + 64 Segment CD 
fete SO gs aes Np = —220N 
CE eg apap Vp = -220N 
Xp = 4.36 ft Mp = —549N-m 
7-98. P=714lb 7-118. a = 0.366L 
7-99. wo = 0.846 kN/m 7-19. Tax = 76.7 Ib 
Wo 2 7-121. Fop = 6.364 kN 
eee Ye A, = 1.50kN 
Ww O0Osx<3m 
sd! 2 
10 = 5], (25 — x) V = 1.50kN 
H 
M = {1.50x} kN- 
Wy = 264 Ib/ft (Lo04) EN 


3m<x=6m 
V = -—4.50kN 
M = {27.0 — 4.50x} KN: m 


7-102. 4.42 kip 
7-103. h = 2.68 ft 


: = 7-122, 0<x<2m 
7-105, “2 = , V = {5.29 — 0.196x} KN 
dx Fi M = {5.29x — 0.0981x2} KN-m 
y= BAcahy: 2m<x=5m 
AF iy V = { — 0.196x — 2.71} kN 
y = 75 matx = Xp M = {16.0 — 2.71x — 0.0981x?} KN-m 
yr 150 matx = —(1000 = Xo) 7-123. 0° = 6 = 180° 
i V = 150 sin 6 — 200 cos 0 
7-106. yr 46.0(10 )x + 0.176x N= 150 cos @ + 200 sin 6 
Trax = 48.7 kip M = 150 cos @ + 200 sin @ — 150 
7-107. Tnag = 5.36 kN 0 < y < 2 ft 
L= a m V = 2001b 
49.05 5 
7-109. y= Fig{cosn( x) - 1 m N = —150 Ib 
49.05 F, M = —300 — 200y 
F; 49.05 = 
ae 24 i sinh( 9 eo) } 7-125. Fon = 86.6 Ib 
49.05 Fy Vp = Mp = 0 
Fy = 1153.41 N Np = Fep = —86.6 1b 
y = 23.5[cosh 0.0425x — 1]m Nz = 0 
Tnax = 1.60 kN Vz = 28.9 Ib 
7-111. L = 155m M; = 86.6 lb: ft 
7-113. © = sinh 7.3575(10->)x 7-126. s = 18.2 ft 
y = 135.92| cosh 7.3575(1073)x — 1] 7-127. 1 = 238 ft 
h=147m h = 93.75 ft 
7-114. Total length = 55.6 ft 
h = 10.6 ft Chapter 8 
7-115. x = 2>,V = 4.86, M = 9.71 8-1. P-cos 30° + 0.25N — 50(9.81) sin 30° = 
x =5+,V = -1.14, M = 2.29 P = 140N 
7-117. Fc = 310.58 N N = 494.94N 
Segment CE 8-2. P=474N 
Ny = 804N 8-3. ws = 0.256 
Ve = 0 8-5.  180(10 cos @) — 0.4(180)(10 sin 6) — 180(3) = 0 


@ = 52.0° 


8-18. 
8-19. 
8-21. 


8-22. 
8-23. 
8-25. 


8-26. 


8-27. 


8-29. 


8-30. 


8-31. 
8-33. 


8-34. 


8-35. 
8-37. 


8-38. 


be, = 0.231 

Yes, the pole will remain stationary. 
30 (13 cos 0) — 9 (26 sin @) = 0 
d = 13.4 ft 
P=15lb 

P=11b 

Fz = 280N 

Nz = 700N 

P = 350N 

bu, = 0.577 

Fz = 200N 

Np = 95.38 Ib 

Boy does not slip. 
Fp = 36.9 Ib 

Ay = 468 Ib 

By, = 34.6 lb 

By = 228 Ib 

bs = 0.595 

6 = 10.6° x = 0.184 ft 
N,4 = 200 cos 6 

Ng = 150 cos 6 

6 = 16.3° 

Fop = 8.23 Ib 

n= 12 

P = 0.990 Ib 
Assume P = 100 1b 
N = 160 lb 

x= 144ft < L5ft 
P = 1001b 

P = 45.0 Ib 

bs = 0.300 


The man is capable of moving the refrigerator. 


The refrigerator slips. 
P=295N 

Na =12.9N Np=72.4N 
Tractor can move log. 

W = 836 1b 

Fi, = 17.32 lb 

Ng = 130 1b 

The bar will not slip. 


1 = 
9= tan-t( ae 
2b 


P = 0.127 lb 
N = wacos 0 
b = 2asiné@ 
h = 048m 


ANSWERS TO SELECTED PROBLEMS 641 


8-39. 


8-41. 


8-42. 
8-43. 
8-45. 


8-46. 
8-47. 
8-49. 


8-50. 
8-51. 
8-53. 


8-54. 
8-55. 
8-57. 


8-58. 
8-59. 
8-61. 


8-62. 
8-63. 
8-65. 


8-66. 
8-67. 
8-69. 


8-70. 
8-71. 


0 = 33.4° 
Ms = 0.3 
Fy = 0.3714 Foy 
Ng = 0.9285 Fo, 


Ms = 0.4 

He can move the crate. 
be, = 0.376 

Nag = 551.8N 
B, = 110.4N 
B, = 110.4N 
M=773N:m 
Fy = 714N 

P =589N 

T = 11772N 
N = 9.81m, 

m, = 1500 kg 
m, = 800 kg 
P=1.02kN 
N = 48.6 lb 


Slipping of board on saw horse P, = 24.3 lb. 
Slipping at ground P, = 19.08 Ib. 

Tipping P, = 21.2 lb. 

The saw horse will start to slip. 

The saw horse will start to slip. 


by = 0.304 
P = 60lb 

N’ = 1501b 

F' = 601b 

P = 901b 

6 = 16.0° 

No = 37731N 
Np = 188.65 N 
M = 90.6N+m 
Ny = 150.92 N 
Ng = 679.15 N 
Fz = 37.713N 
P = 451b 
P= 49.0N 

Ng = 82.571b Ne = 275.23 Ib 
P = 90.7 lb 

P =1.98N 

P = 863N 

Ng = 1212.18N 
Nc = 600N 

P = 1.29kN 


All blocks slip at the same time; P = 625 Ib 
P=574N 
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8-73. 


8-74. 
8-75. 
8-77. 


8-78. 
8-79. 
8-81. 


8-82. 
8-83. 
8-85. 


8-86. 
8-87. 


8-89. 


8-90. 


8-91. 


8-93. 


8-94. 
8-95. 
8-97. 


8-98. 


8-101. 


ANSWERS TO SELECTED PROBLEMS 


Na = 0.5240W 
Nez = 1.1435W 
Fg = 0.05240W 
P = 0.0329W 
P=138W 
P=180kN 

6 = 7.768° 

o@, = 11.310° 
F = 620N 

M = 5.69 Ib: in 
M = 145 |lb- ft 
6 = 5.455° 

o&, = 14.036° 
F = 678N 
F=T14N 
F=492N 
Fea = Fes 

F = 1387.34N 
Fgp = 1387.34N 
Fug = 1962 N 
6 = 5.455° 

o&, = 14.036° 
F=740N 
F=174N 

Nc = 123N 
Na = 42.6N 
Tz = 13.678 lb 
Fo = 13.71b 
Nz = 65.8 lb 
Fz = 38.5 Ib 
F=1.31kN 
F=372N 

F = 4.60kN 
F=162kN 
N = 185 lb 

F = 136.9 lb 
Yes, just barely. 
T, = 57.71b 

6 = 24.2° 

F = 4.75P 

F’ = 19.53P 
P=423N 

M = 187N-m 
T, = 616.67N 
Tc = 150.00 N 
T, = 1767.77N 
T, = 688.83 


8-102. 
8-103. 


8-105. 


8-106. 
8-107. 


8-109. 


8-110. 
8-111. 
8-113. 


8-114. 
8-115. 
8-117. 


8-118. 
8-119. 
8-121. 


8-122. 


8-123. M 


8-125. 


8-126. 
8-127. 
8-129. 


(Hs) req = 0.3 

M =216N-m 

P=17.11b 

Since F < F,,, = 541b, the man will not slip, 
and he will successfully restrain the cow. 

T = 486.55 N N = 314.82 N 

B = (2n + 0.9167)z rad 

Thus, the required number of full turns is 
n=2 

The man can hold the crate in equilibrium. 
T, = 1.85N 

T, = 1.59N 

For motion to occur, block A will have to slip. 
P =223N 

Fz = T = 36.79N 

F = 2.49kN 

W = 39.5 Ib 

T = 20.19N 

Fy, = 16.2N 

Ny = 478.4N 

x = 0.00697 m < 0.125 m 

No tipping occurs. 

M = 304 Ib: in. 

by = 0.0568 

Apply Eq. 8-7. 

Fy = 1.62 kip 

M =270N-m 


™ cos @ 


A= req(d3 ~ a) 
BP (d3- dj 
3 cos AG = =) 
Po = 90.442 psi 
F = 573 lb 
2psPR 
~ 30s 6 


tan d= bk 
Mk 


sin Pk ns 
Vi + py 
Mk 

H(i 
1+ my 


P=215N 
P=179N 

db, = 16.699° 
mp = 13.1kg 


8-130. 


8-131. 


8-133. 


8-134. 
8-135. 
8-137. 


8-138. 
8-139. 
8-141. 
8-142. 
8-143. 
8-145. 


8-146. 


8-147. 
8-149. 


8-150. 
8-151. 
8-153. 


(ya = 0.2 in. 

(%)g = 9.075 in. 
(m4 = 7.50 mm 
(Jz = 3mm 

ry = 2.967 mm 

R= VP? + (833.85) 
P = 814N (exact) 
P = 814N (approx.) 
P = 42.2 Ib 

by = 0.411 

6 = 5.74° 

P= 96.7N 

P= 299N 


P = 266N 


p = (1200) wanio2 + 04) _ 935 


P = 401b 

s = 0.750m 

a) Ny = 5573.86 N 
W = 6.97kN 

b) Ny = 6376.5N 
Nz = 5886.0 N 
T = 6131.25N 
W = 15.3kN 

a) W = 1.25kN 

b) W = 6.89 kN 

mp = 1.66 kg 

Na = 1000 Ib 

Np = 2500 Ib 

T = 1250 Ib 

M = 2.50 kip «ft 

M = 2.21 kip «ft 

6 = 35.0° 

N = 7878.5 Ib 

F = 1389.2 lb 


T = 2786.93 N 


The wedges do not slip at contact surface AB. 


Nc = 8000 Ib 
Fo =0 
The wedges are self-locking. 


Chapter 9 


9-1. 


dL = Vy? + 4dy 
dm = Vy? +4 dy 
m = 118kg 
x = 1.64m 
y=2.29m 


ANSWERS TO SELECTED PROBLEMS 


9-2. 


9-3. 


9-5. 


9-6. 


9-7, 
9-9, 


9-10. 


9-11. 


9-13. 


9-14. 


9-15. 


9-17. 


A, = 0 
Ay = 26.6 Ib 

My, = 32.71b = ft 
x = 0.546 m 
O, = 0 

O, = 7.06 N 


Mo = 3.85N-m 
dm = mo (1 + i) dx 


m 3 moL 
x=2L 
x=0 
y = 1.82 ft 
x one 
dA = x?" dx 
X=x 

33/2 
aoa’ 
A= 04m 
x = 0.714m 
y = 0.3125m 
A = 2.25 ft? 
x = 2.4 ft 
y = 0.857 ft 
A = 4q!p3? 
X=ib 
y = 3Vab 
dA = x* dx 
~_1.2 
yruge 
y = 1.33 in. 
A=c?Ine 
a, Wea 
x= 

In? 
Xb ~a) 
y= 

2ab In ® 
A =4ah 
233 
x= 4a 
i 
Y= joh 

— 4 1p 
dA = my dy 
~_ 4 in ~ 
pple yoy 
A =2ah 
¥=za 
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9-18. 


9-19. 
9-21. 


9-22. 
9-23. 
9-25. 


9-26. 
9-27. 
9-29, 


9-30. 


9-31. 


9-33. 


9-34, 


9-35. 
9-37. 


9-38. 
9-39. 


9-41. 


9-42. 


ANSWERS TO SELECTED PROBLEMS 


Fac = 2.64kN 
A, =0 

Ay = 1.98 kN 
¥= — 0.833a 


2 


dA = 2k(x — ¥) dx 


SS] Sl HI 2 
Il 


Qa 

a 

— 

a 

| . 
ol*, * 
ieee 

+ 


nti 4 


= 120m 
y=0 


Pe SS RS EST BE Se? 
ll 
i=) 
- 
Nn 
8 


— a 
Y =~ 200 — 3m) 


dV = igy° dy 
y=y 
y=32m 
Z=3h 
y = 4.36 ft 
d 

yay 

— _ 23 
y= 55a 
_ ma’h 
V= 6 
y= jh 
=. 


im = mpo(@ -y+ay- ¥) dy 


9-43. 


9-45. 


9-46. 


9-47, 


9-49, 


9-50. 


9-51. 


9-53. 


9-54. 


9-55. 
9-57. 


9-58. 


9-59. 


9-61. 


9-62. 


9-63. 
9-65. 


Li 
il 


164.72(10°) _ 
136137, = 121mm 


— 60(010%) _ 
6137 — 44.1 mm 


— 169.44(10°) _ 
= “R637, = 124mm 


= —0.590 in. 
= 1.07 in. 

= 2.14 in. 

= 0.0740 in. 
= 0.0370 in. 
= 0.157 in. 
= —50mm 
= 88.6 mm 


NI 
| 


tal 
ll 


tan” a sin 60° — 88.60 
= 30° — 10.89° = 19.1° 


= 1.65m 

= 9.24m 

= 342N 
= 1.32 kN 
0 

2.64 in. 
= 12 in. 


3[2(6)C)]_ + 5.5(6)(1) + 9(6)(1) 
2(6)(1) + 6(1) + 6(1) 


5.125 in. 
= 2.00 in. 
2.57 in. 


15.192 
3192 — 2.22 m 
9.648 __ 


4(r,3 _ 7) 


py SOOM SNK SNK RN XI 


y 


a) 


ll 


| <i SS > aN 
ll 


| 
ll 


il 
ll 


ta 
ll 


tad 
ol 
ae ders 
way 
on 
= 
=) 


_ 441.2(10") 
y= 3 = 544mm 
81(10*) 


xm = 16.4kg 


_ 2.4971(1073) 
y= ——_—__- = 153mm 
16.347(10-3) 


au = 10.89° 


9-66. 


9-67. 
9-69. 


9-70. 


9-71. 


9-73. 
9-74, 
9-75. 


9-77, 


9-78. 
9-79, 
9-81. 
9-82. 
9-83. 
9-85. 


9-86. 
9-87. 
9-89. 
9-90. 
9-91. 
9-93, 
9-94, 


9-95, 
9-97, 


= -15mm 
_ 1,8221(107*) 
~ 16.347(1073) 
= 5.07 ft 
= 3.80 ft 
— bin = Td 
2, 
= ease = 13.1mm 


= eas = 22.55 mm 
= 30.2° 

= 456m 

= 3.07m 

y = 4.66 kN 

y = 5.99kN 

= 19.0 ft 

11.0 ft 

= }QR¢ = 111 mm 
= 754mm 
= 2.19 in. 

= 2.79 in. 

= 1.67 in. 

— 11.02(10°)a 
~ 172(10°)ar 
h=80mm or h= 48mm 

z= 122mm 

A = 27(184) = 1156 ft? 
V = 3485 ft? 

V = 101 ft? 


<! 


= 111mm 


“| 


el <I &l 


=| 


w<! HD AI 


ALS REAL AL SPM) 


= 64.1 mm 


V = 2n| (42(2) + 0.5(1.5)() 


+ 1,667(245)] 


= 77.0 m? 

A = 1365 m? 

A = 141 ir’ 

V = 2n[(112.5)(75)(375) + (187.5)(325)(75)] 
= 0.0486 m? 

A = 116 ir’ 

V = 50.6in’ 

A = 1.06 m? 

V = 0.0376 m? 

V;, = 27[0.75(6) + 0.6333(0.780) + 0.1(0.240)] 
V, = 20.5 m? 

R = 29.3 kip 

2.26 gallons 


V = 2n[ (4) (Jn (4)?) + (2)(8)(4)] 


= 536 m* 


ANSWERS TO SELECTED PROBLEMS 


9-98. 
9-99, 


9-101. 
9-102. 
9-103. 
9-105. 


9-106. 
9-107. 


9-109. 


FR = (26.5567V/1 — y? — 6.9367yV1 — y") dy 


9-110. 
9-111. 
9-113. 


9-114. 
9-115. 
9-117. 


9-118. 
9-119. 
9-121. 


9-122. 
9-123. 


9-125. 
9-126. 


9-127. 
9-129. 


V = 255 m? 
A = 43.18 m? 
14.4 liters 
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A = 2n[7.5(V 241) + 15(30)] = 3.56(10°) ft? 


V = 22.1(10°) ft? 


h = 106mm 
—176 580(2) + 73 575d(3d) = 0 
d= 2.68m 
d= 3.65m 


FopEF = 750 Ib 
Figpc = 1800 Ib 
h = 2.7071 — 0.7071y 


Fa = 41.7kN 
Fe = 225 1b 

Fa = 450 1b 

Wp = 39.24kN 
Wo = 58.86 kN 
Nc = 13.1kN 
L=231m 
ma, = 5.89 Mg 
F, = 39.24kN 
F, = 176.58 kN 


(Weon)p = 188.35 kN 
(Woon), = 282.53 kN 


F.S. = 2.66 

x =151m 

Fe = 170kN 

dA = x dx 

reo 

y = 1233in 

y = 87.5 mm 
X=y= 

z= 4a 

x = PS = 2.73in 


S| S<] el S< 
—_ 
ON 
ioe) 
_ 
5 


dFp = 6(— 9; + 340) dx 
Fe = 7.62 KN 

= 2.74m 
= 3.00m 
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ANSWERS TO SELECTED PROBLEMS 


Chapter 10 

10-1. dA = [2 — (4y)!9] dy 
I, = 0.533 m4 

10-2. 1, = 2.67 m* 

10-3. J, = 0.0606 m* 

10-5. dA =(2-4)dy 
I, = 2.13 m‘* 

10-6. 1, = 4.57 m* 

10-7. 1, = 0.205 m4 

10-9. dA = [1 — (3)"*]dy 
I, = 0.2051 m4 
dA = 2x* dx 
I, = 0.2857 m* 
Jo = 0.491 m* 

10-10. J, = 307 in’ 

10-11. 7, = 10.7 in* 

10-13. dA = (2 — 2x°) dx 
I, = 0.333 in* 

10-14. 7, = 19.5 in* 

10-15. J, = 1.07 in’ 

10-17. dA = (h — x) dx 
hy = jhb? 

10-18. 1, = bh 

10-19. 1, = ;hb* 

10-21. dA = x! dx 
J, = 307 in* 

10-22. J, = 9.05 in* 

10-23. 7, = 30.9 in? 

10-25. dA = (rd6) dr 
he aro" 
) 8 

10-26. h = 

+26. = 

10-27. y = 2.20in. 
I, = 57.9 int 

10-29. 1, = 75(2)(6)' + 2[(4)(1)> + 14)(4.5)?| 
= 54.7 int 

10-30. J, = 76.6(10°) mm* 

10-31. J, = 45.5(10°) mm* 

10-33. (J, )uiangle = [36(200)(300°) 


+ 3(200)(300)(200)’| 


10-34. 


10-35. 
10-37. 


10-38. 


10-39. 
10-41. 


10-42. 
10-43. 
10-45. 


10-46. 


10-47. 
10-49. 


10-50. 
10-51. 
10-53. 


10-54. 
10-55. 
10-57. 


10-58. 


10-59. 
10-61. 


10-62. 
10-63. 


10-65. 


+ [75(200)(300)> + 200(300)(450)? 
+ [-2(75)4 + (-2(75)°(450)?] 

= 10.3(10°) mm* 

y = 22.55mm 

Ty = 34.4(10°) mm* 

Ty = 122(10°) mm* 


1, = [(2)(@)] + 2[5)(P) + 3()(2.5)"] 
= 74 in* 
y = 170mm 


Ip = 722(10)° mm* 

I, = 2.17(1073) m4 
Consider a large rectangle and a hole. 
I, = 52.7(10°) mm*4 

I, = 2.51(10°) mm* 

y = 2.00in., 7, = 64.0 int 
Consider three segments. 
I, = 548(10°) mm4* 

I, = 548(10°) mm* 

I, = 914(10°) mm* 
Consider three segments. 


I, = 124(10°) mm* 

Ty = 1.21(10°) mm* 

I, = 2.51(10°) mm*4 

y = SP = 475 in. 

I. = 15.896 + 36.375 = 52.3 in* 
I, = 388 in* 

I, = 22.9(10°) mm‘4 


Consider rectangular segments, 

226 mm X 12 mm,100 mm X 12 mm, and 
150 mm X 12mm 

I, = 115(10°) mm4* 

I, = 153(10°) mm* 

I. = 30.2(10°) mm4 


10-66. 
10-67. 
10-69. 


10-70. 


10-71. 
10-73. 


10-74. 
10-75. 


10-77. 


10-78. 


10-79. 


10-81. 


10-82. 


10-83. 


10-85. 


10-86. 


Tey = 0.333 m*# 
Ty = igh? 
dA = x!"dx,%¥ =x, J = 5 


Ty = 35.7 int 
Ty = 36.0 in* 
Consider three seer 


= 17. 1) mm* 


ly 
ie 

z = 48.2 mm 

I, = 112(10°) mm* 
I, = 258(10°) mm4 

om = —126(10°) mm‘ 
Consider three segments. 
Tpy = —13.05(10°) mm* 


I, = 43.9 in* 

I, = 23.6 in’ 

I, = 17.5 int 

y = 8.25 in. 

I, = 109 in* 

I, = 238 in* 

Ty = 111 int 

I, = 107.83(10°) mm4 
I, = 9.907(10°) mm* 
Iyy = —22.4(10°) mm‘ 
Imax = 113(10°) mm*, (6,); = 12.3° 


bw 


= 825mm 
= 43.4(10°) mm* 
» = 47.0(10°) mm* 
ay = —3.08(10°) mm* 


x = 48.2 mm 

I, = 112(10°) mm4 
I, = 258(10°) mm4 
I, = —126(10°) mm* 
y = 8.25in 

Tnyg = 173.72 int 
R= 128.72 in* 

I, = 109 int 

I, = 238 in* 

I, = 111 int 

xX = 1.68 in. 

y = 1.68 in. 

Tmax = 31.7 in* 


min = 5-03(10°) mm‘, (6,). = —77.7° 


ANSWERS TO SELECTED PROBLEMS 


10-87. 


10-89. 


10-90. 
10-91. 
10-93. 


10-94. 
10-95. 
10-97. 


10-98. 
10-99. 


10-101. 


10-102. 
10-103. 


10-105. 


10-106. 
10-107. 
10-109. 


10-110. 
10-111. 
10-113. 


10-114. 
10-115. 
10-117. 


10-118. 


Inin = 8.07 in* 

(6,1 = 45°95 

(9),)2 = 45° 2D 
= 113(10°) mm* 
Imin = 5.03(10°) mm* 
(6,)1 = 12.3°5 
(9,)2 = 77.7° 2) 


= 3. 2 
z — 19770 
3 
L, = jj mr 
L = ml? 


dm = p7(50x) dx 
dl, = &F (2500 x) dx 


k, = 57.7mm 
1, = mb? 

93 
I. = i0 mb? 


dl, = £528 dz 

I, = 87.7(10°) kg-m? 
I, = 63.2 slug: ft? 

I, = 1.71(10°) kg +m? 


0.5 = 1:5(6) + 0.65/1.3(2)] + 0[L2)] 
= 6 + 1.3(2) + LQ) 


L = 639m 
Ip = 53.2kg-m? 


I, = 0.150 kg m? 

I, = 0.144 kg+ m? 

v= 13) + 22 2.25(5) — 1.78 m 
Ig = 4.45 kg- m? 

I, = 2.25kg-m? 

I, = 3.25 g-m? 


To = 84.94 slug: ft? 
I, = 222 slug: ft? 
Ip = 0.276 kg- m? 
Ip = 0.113 kg- m? 


Consider four triangles and a rectangle. 


I, = 0.187d* 

I = 70" 

¥ = 0.875 in., 1 = 2.27 int 
dA = 4 7 iQ dx 


I, = 0.610 ft* 
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10-119. J, = 914(10°) mm‘4 < —0.424 ft 
= 6 4 av 
Ie oo ) mm ge 122 < 0 unstable 
10-121. dA = y"” dy dx 
dl. = 158 dy 11-27. 6 = 90° 
xy 2 
J a 
Ty = 0.1875 m* “n =16 >0 | stable 
Chapter 11 ne ue 
11-1. =yp =2.4sin0 ay = 25.6 <0 unstable 
yy = 2(2.4 sin 6) + b do 
Fup = 392 kN 11-29. V = 5886 cos @ + 9810 sin 6 + 39 240 


@ = 59.0° 
11-30. Wp = 275 1b 
11-31. A = 8.71in. 


11-2. 6 = 0° andé@ = 73.1° 
11-3. 6 = 41.2° 
11-5. xg = 6cosé 


2 
yo = 3 sin@ ay =70>0 stable 
Ey = 10.0 1b dh 
11-6. F = 151b 11-33. V = 6.25 cos” 6 + 7.3575 sin 0 
11-7. 69 = 24.9° + 24.525a + 4.9055 
11-9. yp = 2(0.2 cos 8) 6 = 36.1° 
dy, = 0.5 60 11-34. x =1.23m 
Fz = 177N 11-35. 6 = 70.9° 
ee eae a =1777>0 stable 
11-11. P = 2k tan 6 (2/1 cos 6 — ly) dé 
11-13. yc = 1sin0 6 = 17.1° 
= i a 
er sone uaa = —1764 < 0 unstable 
@ = 13.9° dé 
6 = 90° 11-37. V = —4.415 m,; sin 0 
11-14. m, = m(5) + 202.5 cos? @ — 405 cos 6 — 9.81 mgb + 202.5 
ee mg = 710 kg 
ie aia aC 11-38. 6 = 64.8° 
11-17. yg, = 0.25 siné@ + b LV 
Yo, = 0.25 sin@ + a dee =135>0 stable 
Xc = 0.25 cos 0 9=0° 
k = 166 N/m 2V 
11-18. F = 200N mr =-72 <0 unstable 
11-19. 6 = 38.8° 
11-21. yg = 0.5c08 0 11-39, i. 20.2 
ya = 1cosé —, =17.0>0 _ stable 
x4 = 1sind dé 
FE. = 4.961 Ib 11-41. V = mg(r + acos 0) 
- ; Thus, the cylinder is in unstable equilibrium at 
k = 10.8 lb/ft econ! : 
11-22. Wg = 2.51b ae) 
: 11-42. h=0 
11-23. x = 16in. 11-4. h= V3 
11-25. 52 = y2 + 32 — 2(y¢) (3) cos (90° — 8) aaa 
F = 259 |b 11-45. y= q(h + d) 
_ Wh — 3d 
11-26. x = 0.590 ft V = W4~ 39 cos 0 
eV d= a 


a =122 >0 stable 
x 


11-46. 


11-47. 
11-49. 


11-50. 
11-51. 
11-53. 


11-54. 


—— = —12.6 <0 unstable 


V = 50sin’ 6 — 100 sin @ — 50 cos6@ + 50 


g= sin" (4) 


stable 


a 
@= 07,24 
do 
h = 1,35 in. 
— _ 6h — d 
Y~ 14Gh— dD 
6h? — 12hd + 3d? 
V= wi ih 5 ] cos 
d = 0.586h 
F=512N 
6 = 90° and 
0 = 37.8° 
a 
ad = 125.7>0 
do 


ANSWERS TO SELECTED PROBLEMS 


11-55. 


11-57. 


11-58. 


6 = 90° 

Vv 

—7 = 1524 > 0 stable 
do 

6 = 9.47° 

Vv 

LI. SO unstable 
do 

V = 25 sin? 6 + 15 cos 0 

6 =0° 

Vv 

—, = 35 >0 stable 
do 


—~ = —45.5 < 0 unstable 
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Index 


A 
Angles, 44-47, 70, 80-81, 389-390, 414-415 
Cartesian coordinate direction, 44-47, 
80-81 
formed between two vectors, 70, 81 
friction and, 389-390, 414-415 
kinetic friction (6,), 390 
screw thread, 414-415 
static friction (6,), 389 
Applied force (P), 388 
Area, 450, 484487, 511-517, 
530-533, 558 
axis of symmetry, 530-531 
centroid (C) of an, 450 
centroidal axis for, 512-513 
composite shapes, 485, 522-524, 558 
integration and, 450, 512 
moments of inertia (/), 512-511, 
522-524, 558 
parallel—axis theorem for, 512-513, 
522,531,558 
planes, rotation of and, 484-487 
procedures for analysis of, 514, 522 
product of inertia for, 530-533, 558 
radius of gyration for, 513 
surface of revolution, 484 
volume of revolution, 485 
Axial loads, frictional forces and, 429-430 
Axis of symmetry, 530-531 
Axis systems, 139-143, 183-187, 194, 
511-517, 530-536, 550, 558 
centroidal axis of, 512—513 
distributed loads about, 511-513 
inclined, 534-536 
mass moments of inertia, 550 
moments about, 139-143, 194 
moments of inertia (/), 511-517, 
534-536, 558 
parallel—axis theorem, 512-513 
polar moment of inertia, 512 
principle moments of inertia, 535 
procedure for analysis of, 514 
product of inertia and, 530-533, 558 
radius of gyration, 513, 550 
resultant forces of, 139-143, 
183-187, 194 
single, 183-187 
uniform distributed loads and, 183 


B 
Ball-and-socket joints, 237-238, 240 
Base units, 7 
Beams, 329-364, 380 
bending moments, 330, 280 
cantilevered, 345 
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centroid, 330 
couple moments of, 356 
distributed loads, 354—356 
force equilibrium of, 355 
internal forces of, 329-364, 380-382 
method of sections for, 329-336 
moments and, 355-356, 382 
normal force and, 330, 380 
procedures for analysis of, 331, 346 
resultant forces of, 330, 380 
shear and moment diagrams, 
345-348, 381 
shear force and, 330, 354-356, 
380, 382 
sign convention for, 331 
simply supported, 345 
torsional (twisting) moment, 330, 380 
Bearings, 237-240, 429-433, 443 
axial loads and, 429-430 
collar, 429-430, 443 
force reactions on, 237-240 
frictional forces on, 429-433, 443 
journal, 443 
lateral loads and, 432 
pivot, 429-430 
rigid-body supports, 237-240 
shaft rotation and, 429-433 
Belts (flat), frictional forces on, 421-423, 442 
Bending moments, 330, 280 
Bending-moment diagram, 345 
Bridge loads, trusses, 264 


Cc 

Cables, 86-88, 365-380, 382 
concentrated loads, 365-367 
distributed loads of, 368-369 
equilibrium and, 86-88 
internal forces of, 365-380, 382 
weight of as force, 372-375, 

Cantilevered beams, 345 

Cartesian vectors, 33, 43-55, 59-62, 69, 

80-81, 122-123, 125 
addition of, 46 
coordinate direction angle, 44-47, 
80-81 

coplanar forces, notation for, 33 
cross product from, 122-123 
dot (scalar) product, 69, 81 
line of action, 59-62, 81 
magnitude of, 44, 47, 80 
moment of a force from, 125 
rectangular components, 43, 80 
representation, 44 
resultant force, 47, 81 
right-hand rule for, 43 
unit vectors, 43, 80 


Center of gravity, 7,204, 446-509 
center of mass and, 449, 505 
centroid, and, 446-509 
composite bodies, location in, 
470-471, 506 
free-body diagrams and, 204 
location of, 447-448, 505 
Newton’s law for, 7 
procedure for analysis of, 452, 471 
weight (W) and, 204 
Center of mass, 449, 460, 474, 505 
Centroid, 184, 195, 330, 446-509 
area, of a, 450, 484 
beam cross-section location, 330 
center of gravity and, 446-509 
composite bodies, location in, 470-473, 
485, 506 
distributed loads and, 493, 507 
fluid pressure and, 494-500, 507 
line, of a, 450-451 
location of, 449-459, 505 
method of sections and, 330 
procedure for analysis of, 452, 471 
resultant force, location of, 184, 
195, 330 
resultant forces and, 493 
theorems of Pappus and Guldinus, 
484-487, 506 
volume, of a, 449, 482 
Centroidal axis, 512-513 
Coefficient of kinetic friction (y1;), 390, 441 
Coefficient of rolling resistance (a), 
434-435, 443 
Coefficient of static friction (u,), 389, 441 
Collar bearings, frictional forces on, 
429-430, 443 
Collinear vectors, 19,79 
Communitative law, 69 
Composite bodies, 470-474, 485, 522-524, 
550, 558 
area of revolution of, 485 
center of gravity of, 470-474 
mass moment of inertia, 550 
moments of inertia (1), 522-524, 
550, 558 
procedure of analysis for, 471, 522 
volume of revolution of, 485 
Compressive force members, trusses, 
265-267, 280, 323 
Concentrated force, 5 
Concentrated loads, cables subjected to, 
365-367 
Concurrent force systems, 170, 264 
resultant force of, 170 
truss joint connections, 264 


Conservative forces, 579-581, 595 
potential energy and, 580-581, 595 
spring force, 579-580 
virtual work and, 579-581, 595 
weight, 579-580 
Constraints, 243-251, 259 
improper, 244-245 
redundant, 243 
statical determinacy and, 243-251, 259 
Continuous cable, 86 
Coordinate direction angles, 44-47, 80-81 
Coplanar forces, 32-42, 89-93, 113, 170-171, 
200-236, 258-259, 263-264, 266 
Cartesian vector notation for, 33 
center of gravity (G), 204 
equations of equilibrium, 89, 214-223 
equilibrium of, 89-93, 113, 200-236, 
258-259 

free-body diagrams, 86-88, 113, 
201-210, 258-259 

idealized models, 204-205 

internal forces, 204 

moments of force and couple systems, 
170-171 

particle systems, 89-93, 113 

procedures for analysis of, 87, 90, 
206, 215 

resultant forces, 33-34, 170-171 

rigid bodies, 200-236, 258-259 

scalar notation for, 32 

support reactions, 201-203 

three-force members, 224 

truss analysis, 263-264, 266 

two-force members, 224 

vector addition of, 32-42 

weight (W), 204 

Coulomb friction, see Dry friction 

Couple moments, 148-153, 194, 356, 564 
beam segments, 356 
equivalent, 149 
parallel forces of, 148-153, 194 
resultant, 149 
rotation, 564 
scalar formulation, 148 
translation, 564 
vector formulation, 148 
virtual work of, 564 

Cross product, 121-123 

Curved plates, fluid pressure and, 496 

Cylinders, rolling resistance of, 434-435, 443 


D 


Deformable-body mechanics, 3 
Dimensional homogeneity, 10-11 


Disks, 429-430, 443, 545-546, 548, 559 
frictional forces on, 429-430, 443 
mass moments of inertia of, 545-546, 

548, 559 
Displacement of virtual work, 564-566, 
582, 594 
Distributed loads, 183-187, 195, 354-356, 
368-369, 493, 507, 511-512 
beams subjected to, 354-356 
cables subjected to, 368-369 
distributed loads and, 493, 507 
flat surfaces, 493, 507 
force equilibrium, 355 
internal forces and, 354—356, 368-369 
line of action , 493, 507 
location of, 184, 493 
magnitude, 183, 493 
moments of inertia and, 511-512 
reduction of, 183-187, 195 
resultant forces, 184, 493 
shear force and, 354-355 
single-axis, 183-187 
uniform, 183, 354 

Distributive law, 69 

Dot (scalar) product, 69-73, 81 

Dry friction, 387-433, 441-443 
angles of, 389-390, 414-415 
applied force and, 388 
bearings, forces on, 429-433, 443 
characteristics of, 387-392, 441 
coefficients of (2), 389-390, 441 
direction of force and, 394 
equilibrium and, 388, 391, 394 
impending motion and, 389, 392-393, 

414-415 

kinetic force, 390-391, 441 
motion and, 390-391 
problems involving, 392-399 
procedure for analysis of, 394 
screws, forces on, 414-416, 442 
slipping, and, 389-393 
static force, 389, 391, 441 
theory of, 388 

Dynamics, 3 


E 
Elastic potential energy, 580 
Equilibrium, 84-115, 198-261, 388, 391, 394, 
565-566, 582-588, 595 
conditions for, 85, 199-200 
coplanar (two-dimensional) systems, 
89-93, 113, 200-236, 258-259 
criterion for, 582 
direction of force and, 394 
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equations of, 89, 103, 214-223, 242, 
565-566 
free-body diagrams, 86-88, 113, 
201-210, 237-241, 258-259 
friction and, 388, 391, 394 
frictionless systems and, 582 
neutral, 583 
one-degree of freedom systems, 
584-588 
particles, 84-115 
potential-energy and, 582-588, 595 
procedures for analysis of, 90, 103,215, 
246, 585 
rigid-bodies, 198-261, 582 
stable, 583 
three-dimensional systems, 103-107, 
113, 237-257, 259 
three-force coplanar members, 224 
tipping effect and, 388 
two-force coplanar members, 224 
unstable, 583 
virtual work and, 565-566, 
582-588, 595 
Equivalent, force and couple systems, 
160-165, 170-177, 195 
concurrent force, 170 
coplanar force, 170-171 
moments, 161 
parallel force, 171 
perpendicular lines of action, 170-177 
procedure for analysis of, 162, 172 
reduction of forces, 160-165 
resultants of, 160-165, 170-177, 195 
wrench (screw), force reduction to, 
173, 195 


F 
Fixed supports, 201-203 
Flat plates, fluid pressure and, 495, 497 
Floor beams, trusses, 264 
Fluid mechanics, 3 
Fluid pressure, 494-500, 507 
centroid (C) and, 494-500, 507 
curved plate of constant width, 496 
flat plate of constant width, 495 
flat plate of variable width, 497 
Pascal’s law, 494 
Foot-pound, unit of, 564 
Force, 4, 5, 8, 16-83, 84-115, 116-197, 
198-261, 328-385, 564, 579-581, 
594-595. 
See also Friction; Weight 
addition of, 20-42 
beams subjected to, 329-364, 380 
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cables subjected to, 368-369, 382 
components of, 20-21 
concentrated, 5 
concurrent systems, 170 
conservative, 579-581, 595 
coplanar systems, 32-42, 89-93, 113, 
170-171, 200-236, 258-259 
equilibrium and, 84-115, 198-261, 355 
equivalent (force and couple) systems, 
160-165, 170-177, 195 
free-body diagrams (FBD), 86-88, 113, 
201-210 
internal, 328-385 
line of action, 59-62, 81 
mechanical concept of, 4 
moments of, 116-197 
multiple, 21 
normal, 330, 380 
parallel systems, 171 
particle equilibrium and, 84-115 
potential energy and, 580-581, 595 
procedures for analysis of, 22, 87, 90, 103 
reactive, 160 
resultant, 20-26, 85, 116-197, 330, 380 
rigid-body equilibrium and, 84-115, 
198-261 
shear, 330, 354-356, 380, 382 
spring, 579-580 
three-dimensional systems, 103-107, 
113, 237-257, 259 
units of, 8 
vectors and, 16-83 
virtual work of a, 564,579, 594 
wrench systems, 173, 195 
Frames, 294-322, 325 
free-body diagrams for, 294-299 
multiforce members, design of, 
294-309 
procedure for analysis of, 301 
structural analysis of, 294-322, 325 
Free-body diagrams (FBD), 86-88, 113, 
201-210, 237-241, 258-259, 294-299 
cables and pulleys, 86-88 
center of gravity, 204 
coplanar (two-dimensional), 
201-210, 258 
idealized models, 204—205 
internal forces, 204 
particle equilibrium, 86-88, 113 
procedure for analysis of, 87, 206 
rigid-body equilibrium, 201-210, 
237-241, 258-259 
springs, 86-88 
structural analysis and, 294-299 
support reactions, 201-203, 237-240 


three-dimensional, 237-241, 259 
weight, 204 
Free vector, 160 
Friction, 386-445, 580 
axial loads and, 429-430 
belts (flat), forces on, 421-423, 442 
collar bearings, forces on, 429-430, 443 
disks, forces on, 429-430, 443 
dry, 387-433, 441 
equilibrium and, 388, 391, 394 
force of, 387 
journal bearings, forces on, 
432-433, 443 
kinetic force, 390-391, 441 
lateral loads and, 432 
nonconservative force, as a, 580 
pivot bearings, forces on, 429-430 
procedure for analysis of, 394 
rolling resistance and, 434-435, 443 
screws, forces on, 414416, 442 
shaft rotation and, 429-433, 443 
static force, 389, 391, 441 
virtual work and, 580 
wedges and, 412-413, 442 
Frictionless systems, 567-582 


G 

Gravitational potential energy, 580 
Gravity, see Center of gravity 
Gusset plate, 264 


H 
Hinge supports, 237, 239 


I 

Idealized models, 204-205 

Inclined axis, moments of inertia about, 

534-536 
Independent coordinates for, 
567-568, 594 

Inertia, see Moments of inertia 

Integrals, 450, 511-512 

Internal force, 204, 328-385 
beams subjected to, 329-364, 380-382 
bending moments, 330, 280 
cables subjected to, 365-380, 382 
couple moments, 356 
distributed loads, 354-356, 368-369 
force equilibrium, 355 
free-body diagrams and, 204 
method of sections for, 329-336 
moments and, 330, 355-356, 380, 382 
normal force and, 330, 380 
procedures for analysis of, 331, 346 
resultant forces, 330, 380 


shear and moment diagrams, 
345-348, 381 
shear force and, 330, 354-356, 380, 382 
sign convention for, 331 
torsional (twisting) moment, 330, 380 
International System (SI) of units, 8-10 
prefixes, 9 
rules for use, 10 
units of measurement, as, 8 


J 

Joint connections, loads applied to, 264-266 

Joule, 564 

Journal bearings, frictional forces on, 
432-433, 443 


K 
Kinetic friction force, 390-391, 441 


L 

Lateral loads, frictional forces and, 432 

Length, 4, 8 

Line of action, 59-62, 81, 170-172, 493, 507 
distributed loads, 493, 507 
force vectors and, 59-62, 81 
perpendicular, 170-172 
resultant forces, 493, 507 

Linear elastic springs, 86 

Lines, centroid of, 450-451 

Loads, see Concentrated loads; 

Distributed loads 


M 
Machines, 294—322, 325 
free-body diagrams for, 294-299 
multiforce members, design of, 
294-309 
procedure for analysis of, 301 
structural analysis of, 294-322, 325 
Magnitude, 44, 47, 80, 118, 122, 124, 183, 493 
Cartesian vectors, 44, 47, 80 
cross product, 121 
distributed loads, 183, 493 
moment of a force, 118, 124 
resultant forces, 493 
Mass, 4, 8, 449 
center of, 449 
mechanical concept of, 4 
units of, 8 
Mass moments of inertia, 545-552, 559 
axis systems, 550 
composite bodies, 550-552 
disk elements, 545-546, 584, 559 
radius of gyration for, 550 
shell elements, 545-547, 559 


Mechanics, 3-7 
concentrated force, 5 
deformable-body, 3 
fluid, 3 
Newton’s laws, 6-7 
particles, 5 
quantities of, 4 
rigid-body, 3, 5 
weight, 7 
Method of joints, 266-279, 323 
Method of sections, 280-289, 324, 
329-336, 380 
beams, 329-336, 380 
centroid for, 330 
compressive force members, 280 
internal forces and, 329-336, 380 
procedures for analysis of, 282, 331 
tensile force members, 280-281 
trusses, 280-289, 324 
Mohr’s circle, 537-539 
Moments, 116-197, 330, 355-356, 380, 382 
axis, about an, 139-143, 194 
beams, 330, 355-356, 380, 382 
bending, 330, 380 
Cartesian vector formulation, 125 
changes in (AM), 355-356 
couple, 148-153, 194, 356 
direction of, 118, 124 
equivalent (force and couple) systems, 
160-165, 170-177, 195 
force system resultants and, 116-197 
internal forces and, 330, 355-356, 
380, 382 
magnitude of, 118, 122, 124 
principle of, 128-130 
resultant (Mp), 118, 125, 149, 
170-171, 184 
scalar formulation, 117-120, 139, 
148, 193 
shear and, relationship of, 355-356 
torsional (twisting), 330, 380 
transmissibility, principle of, 124 
Varignon’s theorem, 128-130 
vector formulation, 124-127, 140, 
148, 193 
Moments of inertia, 510-561 
area, 512-517, 522-524, 558 
axis systems, 511-517, 530-536, 
550, 558 
composite shapes, 522-524, 550, 558 
disk elements, 545-546, 548, 559 
distributed loads and, 511-512 
inclined axis, area about, 534-536 
integrals, 511-512 
mass, 545-552, 559 


Mohtr’s circle for, 537-539 


parallel-axis theorem for, 512-513, 522, 


531,549, 558 

polar, 512 

principle, 535-536, 559 

procedures for analysis of, 514, 
522,538 

product of inertia and, 530-533, 558 

radius of gyration for, 513, 550 

shell elements, 545-547, 559 

Motion, 6, 389-393, 414-415, 429-433, 441, 
449, 564-566, 582, 594 

displacement of virtual work, 
564-566, 582, 594 

downward, 415, 565 

dry friction and, 389-393, 414-415, 441 

dynamic response, 449 

impending, 389, 392-393, 414-415 

Newton’s laws of, 6 

rotation of a couple moment, 564 

screws and, 414415 

shaft rotation, 429-433 

slipping, 389-393, 441 

tipping, 388, 393, 441 

translation of a couple moment, 564 

upward, 414 

virtual, 565 

Multiplicative scalar law, 69 


N 
Neutral equilibrium, 583 

Newton’s laws, 6-7 

gravitational attraction, 7 
motion, 6 

Normal force, 330, 380 

Numerical calculations, 10-11, 18-83 
dimensional homogeneity, 10-11 
rounding off numbers, 11 
significant figures, 11 

vector operations for, 18-83 


ie) 


One (single) degree-of-freedom systems, 
584-588 


P 
Pappus and Guldinus, theorems of, 
484-487, 506 
Parallel-axis theorem, 512-513, 522, 531, 
549, 558 
centroidal axis for, 512-513 
composite shapes, 522 
moments of inertia, 512-513, 522, 588 
products of inertia, 531, 558 
Parallel systems, resultant force of, 171 
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Parallelogram law, 18-19, 79 
Particles, 5, 84-115 
coplanar force systems, 89-93, 113 
equations of equilibrium, 89, 103 
equilibrium of, 84-197 
force conditions, 84-115 
free-body diagrams (FBD), 86-88, 113 
idealization of, 5 
procedures for analysis of, 87, 90, 103 
resultant force, 85 
three-dimensional force systems, 
103-107, 113 
Pascal’s law, 494 
Pin supports, 201-203, 239-240, 264 
coplanar force systems, 201-203 
three-dimensional force systems, 
239-240 
truss load connections, 264 
Pivot bearings, frictional forces on, 429-430 
Planar truss, 263-289 
Plates, 494-500, 507 
centroid of, 494-500, 507 
curved of constant width, 496 
flat of constant width, 495 
flat of variable width, 497 
fluid pressure and, 494-500, 507 
Polar moments of inertia, 512 
Position coordinate, 568, 581-582, 594-595 
Position vectors, 56-58, 81 
right-hand rule for, 56 
x, y, Z coordinates, 56-57, 81 
Potential energy, 580-588, 595 
conservative forces and, 578-581, 595 
elastic, 580 
equilibrium stability of , 583-588, 595 
frictionless systems, 582 
function of, 581 
gravitational, 580 
position coordinate (q), 581-582, 595 
procedure for analysis of, 585 
single degree-of-freedom systems, 
581, 584 
stability of systems using, 583-588, 595 
virtual work and, 580-582, 595 
Pressure, see Fluid pressure 
Principle moments of inertia, 535-536, 559 
Product of inertia, 530-533, 558 
area minimum and maximum 
moments, 530-533, 558 
axis of symmetry, 530-531 
parallel-axis theorem for, 531 
Projection of components, 70, 81 
Pulleys, equilibrium and, 86-88 
Purlins, 263 
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R internal forces, 204 
Radius of gyration, 513, 550 mechanics, 3 
Reactive force, 160 position coordinates, 568, 594 
Rectangular components, 43, 80 procedures for analysis of, 206, 215, 
Resultant force, 20-26, 33-34, 47, 80-81, 85, 246, 568 

116-197, 330, 380, 493, 507 statically indeterminate, 243, 246, 259 


axis, moments about an, 139-143, 194 support reactions, 201-203, 237-240 


Space truss, 290-293 

Specific weight, 470 

Spring force, 579-580 
conservative force, as a, 579 
elastic potential energy, 580 

Springs, 86-88 
constant, 86 


Cartesian vectors and, 47, 80-80 
centroid for location of, 184, 
195, 330 
components, 20-26 
concurrent systems, 170 
coplanar systems, 33-34, 170-171 
couple moments, 148-153, 194 
cross product, 121-123 
distributed loads and, 183-187, 195, 
493, 507 
equilibrium of a particle and, 85 


equivalent (force and couple) systems, 


160-165, 170-177, 195 

internal forces, 330, 380 

line of action, 493, 507 

magnitude of, 493 

moments, 118, 125, 149, 
170-171, 184 

parallel systems, 171 

procedures for analysis of, 162, 172 

scalar formulation, 117-120, 139, 
148, 193 

system moments of, 116-197 

transmissibility, principle of, 124, 160 

vector formulation, 124-127, 140, 
148, 193 

wrench (screw) systems, 173, 195 

Right-hand rule, 43, 56, 80, 121-122 

Cartesian vector coordinates, 43, 56 

cross-product direction, 121-122 

moment direction, 118 

Rigid bodies, 3, 5, 198-261, 567-572, 594 

center of gravity, 204 

connected, 567-572 

constraints, 243-251, 259 

coplanar force systems, 200-236, 
258-259 

equations of equilibrium, 89, 103, 
214-223, 242 

equilibrium of, 198-261, 565-566, 
582-588, 595 

free-body diagrams (FBD), 201-210, 
237-241, 258-259 

idealization of, 5 

idealized models, 204—205 

independent coordinates, 
567-568, 594 


three-dimensional systems, 
237-257, 259 

three-force coplanar members, 224 
two-force coplanar members, 224 
virtual work for, 567—572, 594 
weight, 204 

Roller supports, 201-202 

Rolling resistance, 434-435, 443 

Roof loads, trusses, 263 


Rotating shafts and friction, 429-433, 443 


Rotation of a couple moment, 564 
Rounding off numbers, 11 


Ss 


Scalar analysis, 117-120, 139, 148, 193, 242 


axis, moments about an, 139 
couple moments, 148 
equations of equilibrium, 242 
moments of a force, 117-120, 193 
Scalar notation, 32 
Scalars and vectors, 17-18, 79 
Screws, 414-416, 442 
downward impending motion, 415 
friction forces on, 414-416, 442 
self-locking, 415 
thread angle, 414-415 
upward impending motion, 414 
Shaft rotation, 429-433 


Shear and moment diagrams, 345-348, 381 


Shear force, 330, 354-356, 380, 382 
beams subjected to, 330, 354-355, 
380, 382 
changes in, 355-356 
distributed loads and, 354-355 
moments and, 355 


Shell elements, mass moments of inertia of, 


545-547, 559 
Significant figures, 11 
Simple truss, 265 
Simply supported beams, 345 
Single-axis distributed loads, 183-187 
Sliding vector, 160 
Slipping, 389-393, 441 
dry friction and, 389-393, 441 
impending motion of, 389, 392-393 
motion of, 390-391 
Slug, 8 


equilibrium and, 86-88 
Stability of a system, see Equilibrium 
Stable equilibrium, 583 
Static friction force, 389, 391, 441 
Statically indeterminate bodies, 243, 
246, 259 
Statics, 2-15 
development of, 4 
mechanics and, 3-7 
numerical calculations, 10-11 
procedure for analysis, 12 
quantities of, 4 
units of measurement, 7-10 
Stiffness, 86 
Stringers, 264 
Structural analysis, 262-327 
frames, 294-322, 325 
free-body diagrams for, 294-299 
machines, 294-322, 325 
method of joints, 266-279, 323 
method of sections, 280-289, 324 
procedures for, 267, 282, 290, 301 
trusses, 263-293, 323-325 
zero-force members, 272-274 
Structural members, see Beams 
Support reactions, 201-203, 237-240 
ball-and-socket joint, 237-238, 240 
bearing, 237-240 
coplanar rigid-body systems, 201-203 
fixed, 201-203 
hinge, 237, 239 
pin, 201-203, 237, 239-240 
roller, 201-202 
three-dimensional rigid-body 
systems, 237-240 
Surface area of revolution, 484 


T 

Tensile force members, trusses, 265-267, 
280-281, 323 

Tension and belt friction, 421-422 

Tetrahedral truss, 290 


Three-dimensional force systems, 103-107, 


113, 237-257, 259 
constraints, 243-251, 259 
equations of equilibrium, 103, 242 
free-body diagrams (FBD), 
237-241, 259 


particle equilibrium, 103-107, 113 
procedure for analysis of, 90, 246 
rigid-body equilibrium, 237-257, 259 
statically indeterminate, 243, 246, 259 
Three-force coplanar members, 224 
Time, 4,8 
Tipping effect, 388, 393, 441 
Torque, 117 
Torsional (twisting) moment, 330, 380 
Translation of a couple moment, 564 
Transmissibility, principle of, 124, 160 
Triangular truss, 265 
Trusses, 263-293, 323-325 
compressive force members, 265-267, 
280, 323 
coplanar loads on, 263-264, 266 
design assumptions for, 264-264, 290 
joint connections, 264-265 
method of joints, 266-279, 323 
method of sections, 280-289, 324 
planar, 263-289 
procedures for analysis of, 267, 
282, 290 
simple, 265 
space, 290-293 
tensile force members, 265-267, 
280-281, 323 
zero-force members, 272-274 
Two-dimensional systems, see 
Coplanar force 
Two-force coplanar members, 224 


U 
U.S. Customary (FPS) of units, 8 
Uniform distribute loads, 183, 354 
Unit vectors, 43, 59, 80 
Units of measurement, 7-10 
conversion of, 9 
International System (SI) of units, 
8-10 
US. Customary (FPS) of units, 8 
Unstable equilibrium, 583 


Vv 

Varignon’s theorem, 128-130 

Vector analysis, 124-127, 140, 148, 193, 242 
axis, moments about an, 140 
Cartesian, 125 
couple moments, 148 
equations of equilibrium, 242 
magnitude from, 124 
moments of a force, 124-127, 193 
resultant moment (Mp) from, 125 
right-hand rule for, 124 
transmissibility, principle of, 124 

Vectors, 16-83, 121-123, 160 
addition, 18-22, 32-37, 46 
angles formed between, 70, 81 
Cartesian, 43-55, 80-81, 122-123 
collinear, 19,79 
coplanar forces, 32-42 
cross product, 121-123 
division, 18 
dot (scalar) product, 69-73, 81 
forces and, 20-42, 59-62 
free, 160 
line of action, 59-62, 81 
multiplication, 18 
notation for, 32-33 
parallelogram law, 18-19, 79 
position, 56-58, 81 
procedure for analysis of, 22 
projection of components, 70, 81 
rectangular components, 43, 80 
resultant force, 20-26, 33-34 
right-hand rule for, 43, 56, 121-122 
scalars and, 17-18, 79 
sliding, 160 
subtraction, 19 

Virtual work, 562-597 
conservative forces and, 579-581 
couple moment, of a, 564 
displacement (6) and, 564-566, 

582, 594 
equilibrium and, 565-566, 
582-588, 595 
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force, of a, 564 

friction and, 580 

frictionless systems, 567-582 

independent coordinates for, 
567-568, 594 

joules (/) as unit of, 564 

one degree-of-freedom system, 567, 
581, 584, 594 

position coordinate for, 568, 
581-582, 595 

potential energy and, 580-582, 595 

principle of, 563-578, 594 

procedures for analysis of, 568, 585 

rigid-body systems and, 567-572 

spring force and, 579 

stability of a system, 583-588, 595 

weight and, 579 

Volume, 449, 485 
centroid of a, 449 
revolution of a plane area, 485 


Ww 

Wedges, friction forces and, 412-413, 442 

Weight, 7-8, 204, 372-375, 470, 579-580 
cables subjected to own, 372-375 
center of gravity and, 204 
composite bodies, 470 
conservative force, as a, 579 
free-body diagrams and, 204 
gravitational force of, 7 
gravitational potential energy, 580 
units of measurement, 8 
virtual work and, 579-580 

Work, see Virtual work 

Wrench (screw) systems, force reduction 


to, 173, 195 
x 
x, y, z coordinates, 56-57, 81 
Z 


Zero-force truss members, 272-274 


Kinematics of a Particle 


CHAPTER OBJECTIVES 


© To introduce the concepts of position, displacement, velocity, and 
acceleration. 


® To study particle motion along a straight line and represent this 
motion graphically. 

® To investigate particle motion along a curved path using different 
coordinate systems. 


© To present an analysis of dependent motion of two particles. 


© To examine the principles of relative motion of two particles using 
translating axes. 


12.1 Introduction 


Mechanics is a branch of the physical sciences that is concerned with the 
state of rest or motion of bodies subjected to the action of forces. 
Engineering mechanics is divided into two areas of study, namely, statics 
and dynamics. Statics is concerned with the equilibrium of a body that is 
either at rest or moves with constant velocity. Here we will consider 
dynamics, which deals with the accelerated motion of a body. The subject 
of dynamics will be presented in two parts: kinematics, which treats only 
the geometric aspects of the motion, and kinetics, which is the analysis of 
the forces causing the motion. To develop these principles, the dynamics 
of a particle will be discussed first, followed by topics in rigid-body 
dynamics in two and then three dimensions. 


CHAPTER 12 


KINEMATICS OF A PARTICLE 


Historically, the principles of dynamics developed when it was possible 
to make an accurate measurement of time. Galileo Galilei (1564-1642) 
was one of the first major contributors to this field. His work consisted of 
experiments using pendulums and falling bodies. The most significant 
contributions in dynamics, however, were made by Isaac Newton 
(1642-1727), who is noted for his formulation of the three fundamental 
laws of motion and the law of universal gravitational attraction. Shortly 
after these laws were postulated, important techniques for their 
application were developed by Euler, D’Alembert, Lagrange, and others. 

There are many problems in engineering whose solutions require 
application of the principles of dynamics. Typically the structural design 
of any vehicle, such as an automobile or airplane, requires consideration 
of the motion to which it is subjected. This is also true for many 
mechanical devices, such as motors, pumps, movable tools, industrial 
manipulators, and machinery. Furthermore, predictions of the motions of 
artificial satellites, projectiles, and spacecraft are based on the theory of 
dynamics. With further advances in technology, there will be an even 
greater need for knowing how to apply the principles of this subject. 


Problem Solving. Dynamics is considered to be more involved 
than statics since both the forces applied to a body and its motion must 
be taken into account. Also, many applications require using calculus, 
rather than just algebra and trigonometry. In any case, the most effective 
way of learning the principles of dynamics is to solve problems. To be 
successful at this, it is necessary to present the work in a logical and 
orderly manner as suggested by the following sequence of steps: 


1. Read the problem carefully and try to correlate the actual physical 
situation with the theory you have studied. 

2. Draw any necessary diagrams and tabulate the problem data. 

3. Establish a coordinate system and apply the relevant principles, 
generally in mathematical form. 

4. Solve the necessary equations algebraically as far as practical; then, 
use a consistent set of units and complete the solution numerically. 
Report the answer with no more significant figures than the 
accuracy of the given data. 

5. Study the answer using technical judgment and common sense to 
determine whether or not it seems reasonable. 

6. Once the solution has been completed, review the problem. Try to 
think of other ways of obtaining the same solution. 


In applying this general procedure, do the work as neatly as possible. 
Being neat generally stimulates clear and orderly thinking, and vice versa. 


12.2 RECTILINEAR KINEMATICS: CONTINUOUS MOTION 


12.2 Rectilinear Kinematics: Continuous 
Motion 


We will begin our study of dynamics by discussing the kinematics of a 
particle that moves along a rectilinear or straight line path. Recall that a 
particle has a mass but negligible size and shape. Therefore we must limit 
application to those objects that have dimensions that are of no 
consequence in the analysis of the motion. In most problems, we will be 
interested in bodies of finite size, such as rockets, projectiles, or vehicles. 
Each of these objects can be considered as a particle, as long as the motion 
is characterized by the motion of its mass center and any rotation of the 
body is neglected. 


Rectilinear Kinematics. The kinematics of a particle is 
characterized by specifying, at any given instant, the particle’s position, 
velocity, and acceleration. 


Position. The straight-line path of a particle will be defined using a 
single coordinate axis s, Fig. 12-1a. The origin O on the path is a fixed 
point, and from this point the position coordinate s is used to specify the 
location of the particle at any given instant. The magnitude of s is the 
distance from O to the particle, usually measured in meters (m) or feet 
(ft), and the sense of direction is defined by the algebraic sign on s. 
Although the choice is arbitrary, in this case s is positive since the 
coordinate axis is positive to the right of the origin. Likewise, it is 
negative if the particle is located to the left of O. Realize that position is 
a vector quantity since it has both magnitude and direction. Here, 
however, it is being represented by the algebraic scalar s since the 
direction always remains along the coordinate axis. 


Displacement. The displacement of the particle is defined as the 
change in its position. For example, if the particle moves from one point 
to another, Fig. 12—1b, the displacement is 


As=s'-s 


In this case As is positive since the particle’s final position is to the right 
of its initial position, i.e.,s’ > s. Likewise, if the final position were to the 
left of its initial position, As would be negative. 

The displacement of a particle is also a vector quantity, and it should be 
distinguished from the distance the particle travels. Specifically, the 
distance traveled is a positive scalar that represents the total length of 
path over which the particle travels. 


Position 


(a) 


Displacement 
(b) 


Fig. 12-1 
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Velocity 
(c) 


O 
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Velocity. If the particle moves through a displacement As during the 
time interval Ar, the average velocity of the particle during this time 
interval is 


As 
Vavg = At 


If we take smaller and smaller values of At, the magnitude of As 
becomes smaller and smaller. Consequently, the instantaneous velocity is 
a vector defined as v = jim (As/At), or 

ta 


(4) y= = (12-1) 


Since At or dt is always positive, the sign used to define the sense of the 
velocity is the same as that of As or ds. For example, if the particle is 
moving to the right, Fig. 12-1c, the velocity is positive; whereas if it is 
moving to the left, the velocity is negative. (This is emphasized here by 
the arrow written at the left of Eq. 12-1.) The magnitude of the velocity 
is known as the speed, and it is generally expressed in units of m/s or ft/s. 

Occasionally, the term “average speed” is used. The average speed is 
always a positive scalar and is defined as the total distance traveled by a 
particle, sy, divided by the elapsed time Az; i.e., 


ST 
(Din )ave = At 


For example, the particle in Fig. 12—1d travels along the path of length s; 
in time At, so its average speed is (Usp)avg = S7/At, but its average 
velocity is Vayy = —As/At. 


f- As 


Pp P 
0 O O s 
ST 


Average velocity and 
Average speed 


(d) 
Fig. 12-1 (cont.) 
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Acceleration. Provided the velocity of the particle is known at two 
points, the average acceleration of the particle during the time interval At 
is defined as 


Av 
avg “At 
Here Av represents the difference in the velocity during the time a 


interval At,i.e., Av = v' — v, Fig. 12-le. 
The instantaneous acceleration at time f is a vector that is found by O ad a : 
taking smaller and smaller values of At and corresponding smaller and y v 


smaller values of Av, so that a = lim (Av/At), or 
ai Acceleration 


(e) 


(4) a= (12-2) 


Substituting Eq. 12-1 into this result, we can also write 


és 


+ = 
( ) a dt2 


Both the average and instantaneous acceleration can be either positive 
or negative. In particular, when the particle is slowing down, or its speed 
is decreasing, the particle is said to be decelerating. In this case, v’ in a 
Fig. 12-1f is less than v, and so Av =v’ — v will be negative. P Pp 
Consequently, a will also be negative, and therefore it will act to the left, O Oo s 
in the opposite sense to v. Also, note that when the velocity is constant, ——> —s — > 
the acceleration is zero since Av = v — v = 0. Units commonly used to 
express the magnitude of acceleration are m/s’ or ft/s”. Deceleration 
Finally, an important differential relation involving the displacement, 
velocity, and acceleration along the path may be obtained by eliminating (f) 
the time differential dt between Eqs. 12-1 and 12-2, which gives 


(4) ads = vdv (12-3) 


Although we have now produced three important kinematic 
equations, realize that the above equation is not independent of 
Eqs. 12-1 and 12-2. 
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Constant Acceleration, a= a,. When the acceleration is 
constant, each of the three kinematic equations a, = dv/dt, v = ds/dt, 
and a, ds = v dvcan be integrated to obtain formulas that relate a,, v, s, 
and tf. 


Velocity as a Function of Time. Integrate a, = dv/dt, assuming 
that initially v = vp when t = 0. 


v t 
ji dv = [a dt 
Uo 0 


= ap idl 
+4 Vv Vo Cc 
ae Constant Acceleration 2) 


Position as a Function of Time. Integrate v = ds/dt = vp + act, 
assuming that initially s = so when t = 0. 


S t 
| ds = [ow + at) dt 
So 0 


5 = 5) + uot + fas? 


t+ 


Constant Acceleration (12-5) 


Velocity as a Function of Position. Either solve for fin Eq. 12-4 
and substitute into Eq. 12-5, or integrate v dv = a. ds, assuming that 


initially v = vp at s = So. 
Vv Ss 
: vdv = ic ds 
Uo So 


(4) vw = vw + 2a,(s — 50) 
Constant Acceleration 


(12-6) 


The algebraic signs of so, vj, and a,, used in the above three equations, 
are determined from the positive direction of the s axis as indicated by 
the arrow written at the left of each equation. Remember that these 
equations are useful only when the acceleration is constant and when 
t = 0, 5 = sy, V = Up. A typical example of constant accelerated motion 
occurs when a body falls freely toward the earth. If air resistance is 
neglected and the distance of fall is short, then the downward 
acceleration of the body when it is close to the earth is constant and 
approximately 9.81 m/s” or 32.2 ft/s’. The proof of this is given in 
Example 13.2. 
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Important Points 


Dynamics is concerned with bodies that have accelerated motion. 
Kinematics is a study of the geometry of the motion. 

Kinetics is a study of the forces that cause the motion. 
Rectilinear kinematics refers to straight-line motion. 

Speed refers to the magnitude of velocity. 


Average speed is the total distance traveled divided by the total 
time. This is different from the average velocity, which is the 
displacement divided by the time. 


A particle that is slowing down is decelerating. 
A particle can have an acceleration and yet have zero velocity. 


The relationship ads = vdv is derived from a = dv/dt and 
v = ds/dt, by eliminating dt. 


During the time this rocket undergoes rectilinear 
motion, its altitude as a function of time can be 
measured and expressed as s = s(t). Its velocity 
can then be found using v = ds/dt, and its 
acceleration can be determined from a = dv/dt. 


Procedure for Analysis 


Coordinate System. 
e Establish a position coordinate s along the path and specify its fixed origin and positive direction. 


e Since motion is along a straight line, the vector quantities position, velocity, and acceleration can be 
represented as algebraic scalars. For analytical work the sense of s, v, and a is then defined by their 
algebraic signs. 


e The positive sense for each of these scalars can be indicated by an arrow shown alongside each kinematic 
equation as it is applied. 
Kinematic Equations. 


e If a relation is known between any two of the four variables a, v, s and ¢, then a third variable can be 
obtained by using one of the kinematic equations, a = dv/dt, v = ds/dt or ads = v dv, since each 
equation relates all three variables.* 


e Whenever integration is performed, it is important that the position and velocity be known at a given 
instant in order to evaluate either the constant of integration if an indefinite integral is used, or the limits 
of integration if a definite integral is used. 


e Remember that Eqs. 12-4 through 12-6 have only limited use. These equations apply only when the 
acceleration is constant and the initial conditions are s = sy and v = vp whent = 0. 


*Some standard differentiation and integration formulas are given in Appendix A. 
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EXAMPLE | 12.1 


The car in Fig. 12-2 moves in a straight line such that for a short time 
its velocity is defined by v = (3¢? + 2r) ft/s, where f is in seconds. 
Determine its position and acceleration when t = 3s. When ¢ = 0, 
s=0. 


Fig. 12-2 
SOLUTION 


Coordinate System. The position coordinate extends from the 
fixed origin O to the car, positive to the right. 


Position. Since v = f(t), the car’s position can be determined from 
v = ds/dt, since this equation relates v, s, and ¢. Noting that s = 0 
when t = 0, we have* 

_ ds 


(le) v = (317 + 2f) 


dt 
S t 
fo = [oe + 2r)dt 
0 0 
t 


s 
s| =P+P 
0 0 


s=Pt? 


When t = 3s, 
s = (3)? + (3)? = 36ft Ans. 


Acceleration. Since v = f(t), the acceleration is determined from 
a = dv/dt, since this equation relates a, v, and t. 
dvd 
a= FE 
dt d 
= 6f + 2 


+4) (30? + 2t) 


When t = 3s, 
a = 6(3) + 2 = 20ft/s?’ > Ans. 


NOTE: The formulas for constant acceleration cannot be used to 
solve this problem, because the acceleration is a function of time. 
*The same result can be obtained by evaluating a constant of integration C rather 


than using definite limits on the integral. For example, integrating ds = (3° + 2t)dt 
yields s = #3 + ¢? + C. Using the condition that at ¢ = 0, s = 0, then C = 0. 
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EXAMPLE |12.2 


A small projectile is fired vertically downward into a fluid medium with 
an initial velocity of 60 m/s. Due to the drag resistance of the fluid the 
projectile experiences a deceleration of a = (—0.4v") m/s”, where v is in 
m/s. Determine the projectile’s velocity and position 4 s after it is fired. 


SOLUTION 


Coordinate System. Since the motion is downward, the position 
coordinate is positive downward, with origin located at O, Fig. 12-3. 


Velocity. Here a = f(v) and so we must determine the velocity as a 
function of time using a = dv/dt, since this equation relates v, a, and ¢. 
(Why not use v = vp + a,t?) Separating the variables and integrating, 
with vp = 60 m/s when ¢t = 0, yields 

dv 


(+1) ana —0.4v3 


v Us 
if dv = fa 
60 m/s —0.4v 0 

1 1 Ne 
= if _ 
avalea 60 4 
1 E ai 
0.8Lv (60)? 


v= (ee ar as] } m/s 


Here the positive root is taken, since the projectile will continue to 
move downward. When t = 4s, 


v = 0.559 m/s| Ans. 


Position. Knowing v = f(t), we can obtain the projectile’s position 
from v = ds/dt, since this equation relates s, v, and t. Using the initial 
condition s = 0, when t = 0, we have 


p= H = [A 
dt | (60)? 


s t 1 1/2 
[os- lle + 08 | dt 
0 0 L(60) 
2, 


t 


(+1) + ose] 


1/2 
—— + 0.81 
: eee | 


1 pe i } 
+ 0: SS 
(60) 0st 60f™ 


s= 443m 


0 


When t = 4s, 
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EXAMPLE |12.3 


During a test a rocket travels upward at 75 m/s, and when it is 40 m 
from the ground its engine fails. Determine the maximum height sz 
reached by the rocket and its speed just before it hits the ground. 
While in motion the rocket is subjected to a constant downward 
acceleration of 9.81 m/s” due to gravity. Neglect the effect of air 
resistance. 


SOLUTION 


Coordinate System. The origin O for the position coordinate s is 
taken at ground level with positive upward, Fig. 12-4. 


Maximum Height. Since the rocket is traveling upward, 
v4 = +75m/s when ¢ = 0. At the maximum height s = sz the velocity 
Vp = 0. For the entire motion, the acceleration is a, = —9.81 m/s” 
(negative since it acts in the opposite sense to positive velocity or 
positive displacement). Since a, is constant the rocket’s position may 
be related to its velocity at the two points A and B on the path by using 
Eq. 12-6, namely, 


(+7) vb = v4 + 2a-(sg — Sa) 
0 = (75 m/s)? + 2(—9.81 m/s”)(sz — 40 m) 
Sp = 327m Ans. 


Velocity. To obtain the velocity of the rocket just before it hits the 
ground, we can apply Eq. 12-6 between points B and C, Fig. 12-4. 


Cal) ve = vg + 2a,(sc — Sp) 


0 + 2(—9.81 m/s”)(0 — 327 m) 


Uc = —80.1 m/s = 80.1 m/s | Ans. 


The negative root was chosen since the rocket is moving downward. 
Similarly, Eq. 12-6 may also be applied between points A and C,i.e., 


(+1) ve = V4 + 2a,(sc — Sa) 


(75 m/s)? + 2(—9.81 m/s”)(0 — 40m) 


Uc = —80.1 m/s = 80.1 m/s | Ans. 


NOTE: It should be realized that the rocket is subjected to a 
deceleration from A to B of 9.81 m/s’, and then from B to C it is 
accelerated at this rate. Furthermore, even though the rocket 
momentarily comes to rest at B (vg = 0) the acceleration at B is still 
9.81 m/s” downward! 
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EXAMPLE |12.4 


A metallic particle is subjected to the influence of a magnetic field as it 
travels downward through a fluid that extends from plate A to plate B, 
Fig. 12-5. If the particle is released from rest at the midpoint C, 
s = 100mm, and the acceleration is a = (4s) m/s*, where s is in 
meters, determine the velocity of the particle when it reaches plate B, 
s = 200 mm, and the time it takes to travel from C to B. 


SOLUTION 


Coordinate System. As shown in Fig. 12-5, s is positive downward, 
measured from plate A. 


Velocity. Since a = f(s), the velocity as a function of position can 
be obtained by using v dv = ads. Realizing that v = 0 at s = 0.1m, 
we have 


(+1) v dv = ads 


[ows f 4s ds 
0 0.1m 


PA 
a te 
v = 2(s? — 0.01)" m/s (1) 
Ats = 200mm = 0.2m, 
vp = 0.346 m/s = 346 mm/s J Ans. 


The positive root is chosen since the particle is traveling downward, 
i.e.,in the + s direction. 


Time. The time for the particle to travel from C to B can be obtained 
using v = ds/dt and Eq. 1, where s = 0.1m when ¢ = 0. From 
Appendix A, 
(+1) ds = vdt 

= 2(s? — 0.01) "dt 


[= [oa 
01 (s* — 0.01)'/? 0 


In(\/'s? — 0.01 + s) 2r 
0.1 0 
In(\/s? — 0.01 + s) + 2.303 = 2¢ 


(0.2)? — 0.01 + 0.2) + 2.303 


2 
Note: The formulas for constant acceleration cannot be used here 
because the acceleration changes with position, i.e.,a = 4s. 


= 0.658s Ans. 
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EXAMPLE |12.5 


s=—4.0m s=6.125m 
O 


\ 


A particle moves along a horizontal path with a velocity of 
v = (3t? — 6t) m/s, where ¢ is the time in seconds. If it is initially 
located at the origin O, determine the distance traveled in 3.5 s, and the 
particle’s average velocity and average speed during the time interval. 


SOLUTION 


Coordinate System. Here positive motion is to the right, measured 
from the origin O, Fig. 12-6a. 


Distance Traveled. Since v = f(t), the position as a function of 
time may be found by integrating v = ds/dt with t = 0, s = 0. 


(5) ds = vdt 
(30? — 6t)dt 


S t 
[o- [oreo 
0 0 


s= (0 — 3¢)m (1) 


In order to determine the distance traveled in 3.5 s, it is necessary to 
investigate the path of motion. If we consider a graph of the velocity 
function, Fig. 12-6), then it reveals that for 0 < t < 2s the velocity is 
negative, which means the particle is traveling to the /eft, and for t > 2s 
the velocity is positive, and hence the particle is traveling to the right. 
Also, note that v = 0 at tf = 2s. The particle’s position when ¢t = 0, 
t = 2s, and t = 3.5 s can now be determined from Eq. 1. This yields 


Sieg = 0° Siese = —40m se. — 6125 m 
The path is shown in Fig. 12—6a. Hence, the distance traveled in 3.5 s is 
Sp = 4.0 + 4.0 + 6.125 = 14.125m = 14.1 m Ans. 
Velocity. The displacement from t = 0 tot = 3.5$ is 
As = $\,-96. — S|,-9 = 6.125m —0 = 6.125 m 
and so the average velocity is 


5 As 6.125 m 
aE Ar) 351s — 0 


= 1.75 m/s—> Ans. 


The average speed is defined in terms of the distance traveled sy. This 
positive scalar is 
GS ST 14.125 m 
OE NP aos 10) 
Note: In this problem, the acceleration is a = dv/dt = (6t — 6) m/s’, 
which is not constant. 


= 4.04 m/s Ans. 
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il FUNDAMENTAL PROBLEMS pa 


F12-1. Initially, the car travels along a straight road with a 
speed of 35 m/s. If the brakes are applied and the speed of 
the car is reduced to 10 m/s in 15 s, determine the constant 
deceleration of the car. 


F12-1 
F12-2. A ball is thrown vertically upward with a speed of 


15 m/s. Determine the time of flight when it returns to its 
original position. 


F12-2 


F12-3. A particle travels along a straight line with a velocity 
of v = (4t — 31°) m/s, where ¢ is in seconds. Determine the 
position of the particle when t = 4s.s = Owhent = 0. 


F12-3 


F12-4. A particle travels along a straight line with a speed 
v = (0.50 — 81) m/s, where ¢ is in seconds. Determine the 
acceleration of the particle when t = 2s. 


F12-4 


F12-5. The position of the particle is given by 
s = (2 — 8t + 6) m, where f is in seconds. Determine the 
time when the velocity of the particle is zero, and the total 
distance traveled by the particle when t = 3s. 


F12-5 


F12-6. A particle travels along a straight line with an 
acceleration of a = (10 — 0.2s) m/s”, where s is measured in 
meters. Determine the velocity of the particle when s = 10m 
ifv =5m/sats = 0. 


F12-6 


F12-7. A particle moves along a straight line such that its 
acceleration is a = (4t? — 2) m/s*, where ¢ is in seconds. 
When t = 0, the particle is located 2 m to the left of the 
origin, and when ¢ = 2s, it is 20 m to the left of the origin. 
Determine the position of the particle when t = 4s. 


F12-7 


F12-8. A particle travels along a straight line with a 
velocity of v = (20 — 0.05s*) m/s, where s is in meters. 
Determine the acceleration of the particle at s = 15 m. 


F12-8 
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PT PROSLEMS 


e12-1. A car starts from rest and with constant 
acceleration achieves a velocity of 15m/s when it travels a 
distance of 200 m. Determine the acceleration of the car 
and the time required. 


12-2. A train starts from rest at a station and travels with a 
constant acceleration of 1 m/s”. Determine the velocity of the 
train when ¢ = 30s and the distance traveled during this time. 


12-3. An elevator descends from rest with an acceleration 
of 5 ft/s? until it achieves a velocity of 15 ft/s. Determine the 
time required and the distance traveled. 


*12-4,. A car is traveling at 15m/s, when the traffic light 
50 m ahead turns yellow. Determine the required constant 
deceleration of the car and the time needed to stop the car 
at the light. 


012-5. A particle is moving along a straight line with the 
acceleration a = (12t—3r'”) ft/s’, where ¢ is in seconds. 
Determine the velocity and the position of the particle as a 
function of time. When t = 0,v = Oand s = 15ft. 


12-6. A ball is released from the bottom of an elevator 
which is traveling upward with a velocity of 6 ft/s. If the ball 
strikes the bottom of the elevator shaft in 3 s, determine the 
height of the elevator from the bottom of the shaft at the 
instant the ball is released. Also, find the velocity of the ball 
when it strikes the bottom of the shaft. 


12-7. A car has an initial speed of 25 m/s and a constant 
deceleration of 3 m/s’. Determine the velocity of the car 
when t = 4s. What is the displacement of the car during the 
4-s time interval? How much time is needed to stop the car? 


*12-8. Ifa particle has an initial velocity of vy = 12 ft/s to 
the right, at sy) = 0, determine its position when ¢ = 10s, if 
a = 2 ft/s’ to the left. 


e12-9, The acceleration of a particle traveling along a 
straight line is a = k/v,where k is a constant. If s = 0,v = v9 
when ¢ = 0, determine the velocity of the particle as a 
function of time f. 


12-10. Car A starts from rest at t = 0 and travels along a 
straight road with a constant acceleration of 6 ft/s” until it 
reaches a speed of 80 ft/s. Afterwards it maintains this 
speed. Also, when t = 0, car B located 6000 ft down the 
road is traveling towards A at a constant speed of 60 ft/s. 
Determine the distance traveled by car A when they pass 
each other. 


60 ft/s 


<< 
A B 
A || SS 


6000 ft - 


Prob. 12-10 


12-11. A particle travels along a straight line with a velocity 
v = (12 — 3?) m/s, where ris in seconds. When ¢ = 1 s, the 
particle is located 10 m to the left of the origin. Determine 
the acceleration when t = 4s, the displacement from t = 0 
to t = 10s, and the distance the particle travels during this 
time period. 


*12-12. A sphere is fired downwards into a medium with 
an initial speed of 27 m/s. If it experiences a deceleration of 
a = (—6t) m/s’, where ¢ is in seconds, determine the 
distance traveled before it stops. 


012-13. A particle travels along a straight line such 
that in 2 s it moves from an initial position s, = +0.5 m to 
a position sz = —1.5 m. Then in another 4 s it moves from 
Sg to Sc = +2.5 m. Determine the particle’s average 
velocity and average speed during the 6-s time interval. 


12-14. A particle travels along a straight-line path such 
that in 4 s it moves from an initial position s, = —8mtoa 
position sz = +3 m.Then in another 5 s it moves from sz to 
Sc = —6m. Determine the particle’s average velocity and 
average speed during the 9-s time interval. 


12.2 


12-15. Tests reveal that a normal driver takes about 0.75 s 
before he or she can react to a situation to avoid a collision. It 
takes about 3 s for a driver having 0.1% alcohol in his system 
to do the same. If such drivers are traveling on a straight road 
at 30 mph (44 ft/s) and their cars can decelerate at 2 ft/s”, 
determine the shortest stopping distance d for each from the 
moment they see the pedestrians. Moral: If you must drink, 
please don’t drive! 


v, = 44 ft/s 


[— 


Prob. 12-15 


*12-16. As a train accelerates uniformly it passes successive 
kilometer marks while traveling at velocities of 2 m/s and 
then 10 m/s. Determine the train’s velocity when it passes 
the next kilometer mark and the time it takes to travel the 
2-km distance. 


¢12-17. A ball is thrown with an upward velocity of 5 m/s 
from the top of a 10-m high building. One second later 
another ball is thrown vertically from the ground with a 
velocity of 10 m/s. Determine the height from the ground 
where the two balls pass each other. 


12-18. A car starts from rest and moves with a constant 
acceleration of 1.5 m/s” until it achieves a velocity of 25 m/s. 
It then travels with constant velocity for 60 seconds. 
Determine the average speed and the total distance 
traveled. 


12-19. A car is to be hoisted by elevator to the fourth floor 
of a parking garage, which is 48 ft above the ground. If the 
elevator can accelerate at 0.6 ft/s’, decelerate at 0.3 ft/s”, 
and reach a maximum speed of 8 ft/s, determine the shortest 
time to make the lift, starting from rest and ending at rest. 


*12-20. A particle is moving along a straight line such that 
its speed is defined as v = (—4s”) m/s, where s is in meters. 
If s=2m when t=0, determine the velocity and 
acceleration as functions of time. 
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¢12-21. Two particles A and B start from rest at the origin 
s=0 and move along a straight line such _ that 
a, = (6t — 3) ft/s’ and az = (120? — 8) ft/s”, where f is in 
seconds. Determine the distance between them when 
t = 4s and the total distance each has traveled int = 4s. 


12-22. A particle moving along a straight line is subjected 
to a deceleration a = (—2v*) m/s’, where v is in m/s. If it 
has a velocity v = 8m/s and a position s = 10m when 
t = 0, determine its velocity and position when ¢t = 4s. 


12-23. A particle is moving along a straight line such that 
its acceleration is defined as a = (—2v) m/s”, where v is in 
meters per second. If v = 20 m/s when s = 0 and t = 0, 
determine the particle’s position, velocity, and acceleration 
as functions of time. 


*12-24. A particle starts from rest and travels along a 
straight line with an acceleration a = (30 — 0.2v) ft/s’, 
where v is in ft/s. Determine the time when the velocity of 
the particle is v = 30 ft/s. 


e12-25. When a particle is projected vertically upwards 
with an initial velocity of vo, it experiences an acceleration 
a = —(g + kv’) ,where g is the acceleration due to gravity, 
k is a constant and v is the velocity of the particle. 
Determine the maximum height reached by the particle. 


12-26. The acceleration of a particle traveling along a 
straight line is a = (0.02e') m/s”, where f is in seconds. If 
v = 0, s=0 when ¢ = 0, determine the velocity and 
acceleration of the particle at s = 4m. 


12-27. A particle moves along a straight line with an 
acceleration of a = 5/(3s"? + s*/*) m/s’, where s is in 
meters. Determine the particle’s velocity when s = 2 m, if it 
starts from rest when s = 1m. Use Simpson’s rule to 
evaluate the integral. 


*12-28. If the effects of atmospheric resistance are 
accounted for, a falling body has an acceleration defined by 
the equation a = 9.81[1 — v?(10~“)] m/s”, where v is in m/s 
and the positive direction is downward. If the body is 
released from rest at a very high altitude, determine (a) the 
velocity when t = 5s, and (b) the body’s terminal or 
maximum attainable velocity (as tf > 00). 
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e12-29. The position of a particle along a straight line is 
given by s = (1.50 — 13.57 + 22.5¢) ft, where ¢ is in 
seconds. Determine the position of the particle when 
t = 6s and the total distance it travels during the 6-s time 
interval. Hint: Plot the path to determine the total distance 
traveled. 


12-30. The velocity of a particle traveling along a straight 
line is v = Ug — ks, where k is constant. If s = 0 whent = 0, 
determine the position and acceleration of the particle as a 
function of time. 


12-31. The acceleration of a particle as it moves along a 
straight line is given by a = (2t — 1) m/s’, where ¢ is in 
seconds. If s = 1m and v = 2 m/s when ¢ = 0, determine 
the particle’s velocity and position when ¢ = 6s. Also, 
determine the total distance the particle travels during this 
time period. 


*12-32. Ball A is thrown vertically upward from the top 
of a 30-m-high-building with an initial velocity of 5 m/s. At 
the same instant another ball B is thrown upward from the 
ground with an initial velocity of 20 m/s. Determine the 
height from the ground and the time at which they pass. 


e12-33. A motorcycle starts from rest at t = 0 and travels 
along a straight road with a constant acceleration of 6 ft/s 
until it reaches a speed of 50 ft/s. Afterwards it maintains 
this speed. Also, when t = 0, a car located 6000 ft down the 
road is traveling toward the motorcycle at a constant speed 
of 30 ft/s. Determine the time and the distance traveled by 
the motorcycle when they pass each other. 


12-34. A particle moves along a straight line with a 
velocity v = (200s)mm/s, where s is in millimeters. 
Determine the acceleration of the particle at s = 2000 mm. 
How long does the particle take to reach this position if 
s = 500 mm when t = 0? 


™12-35. A particle has an initial speed of 27 m/s. If it 
experiences a deceleration of a = (—6t) m/s”, where f is in 
seconds, determine its velocity, after it has traveled 10 m. 
How much time does this take? 


*12-36. The acceleration of a particle traveling along a 
straight line is a = (8 — 2s) m/s”, where s is in meters. If 
v = 0 at s = 0, determine the velocity of the particle at 
s = 2m, and the position of the particle when the velocity 
is maximum. 


e12-37. Ball A is thrown vertically upwards with a velocity 
of vp. Ball B is thrown upwards from the same point with 
the same velocity ¢ seconds later. Determine the elapsed 
time ¢ < 2v9/, from the instant ball A is thrown to when the 
balls pass each other, and find the velocity of each ball at 
this instant. 


12-38. As a body is projected to a high altitude above the 
earth’s surface, the variation of the acceleration of gravity 
with respect to altitude y must be taken into account. 
Neglecting air resistance, this acceleration is determined 
from the formula a = —go[R?/(R + y)’], where go is the 
constant gravitational acceleration at sea level, R is the 
radius of the earth, and the positive direction is measured 
upward. If gy = 9.81 m/s” and R = 6356 km, determine the 
minimum initial velocity (escape velocity) at which a 
projectile should be shot vertically from the earth’s surface 
so that it does not fall back to the earth. Hint: This requires 
thatv = Oasy > ©. 


12-39. Accounting for the variation of gravitational 
acceleration a with respect to altitude y (see Prob. 12-38), 
derive an equation that relates the velocity of a freely 
falling particle to its altitude. Assume that the particle is 
released from rest at an altitude yy from the earth’s surface. 
With what velocity does the particle strike the earth if it is 
released from rest at an altitude yg = 500 km? Use the 
numerical data in Prob. 12-38. 


*12-40.. When a particle falls through the air, its initial 
acceleration a= g diminishes until it is zero, and 
thereafter it falls at a constant or terminal velocity v. If 
this variation of the acceleration can be expressed as 
a= (g/v°¢)(v"s — v’), determine the time needed for the 
velocity to become v = v;/2. Initially the particle falls 
from rest. 


012-41. A particle is moving along a straight line such that 
its position from a fixed point is s = (12 — 15/7 + 5¢°) m, 
where f is in seconds. Determine the total distance traveled 
by the particle from ¢ = 1s tot = 3s. Also, find the average 
speed of the particle during this time interval. 
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12.3  Rectilinear Kinematics: Erratic — a 
Motion v= Grlt= 027 at b 
_ds _ds 
My dtl ara 


When a particle has erratic or changing motion then its position, velocity, 
and acceleration cannot be described by a single continuous mathematical 
function along the entire path. Instead, a series of functions will be 
required to specify the motion at different intervals. For this reason, it is 
convenient to represent the motion as a graph. If a graph of the motion O iy 


b 3 
that relates any two of the variables s,v, a, t can be drawn, then this graph a 


can be used to construct subsequent graphs relating two other variables 
since the variables are related by the differential relationships v = ds/dt, v 
a = dv/dt, or ads = v dv. Several situations occur frequently. 


The s-t, v-t, and a-t Graphs. To construct the v-r graph given 
the st graph, Fig. 12—7a, the equation v = ds/dt should be used, since it 
relates the variables s and f to v. This equation states that 


ds _ 
dt 

slope = velocity 

s—t graph 


For example, by measuring the slope on the s-t graph when ¢ = f,, the 
velocity is v,, which is plotted in Fig. 12-7b. The v-t graph can be 
constructed by plotting this and other values at each instant. 

The a-t graph can be constructed from the v-t graph in a similar 
manner, Fig. 12-8, since 


® = 
dt 
slope of 


= acceleration 
v-t graph 


Examples of various measurements are shown in Fig. 12-8a and plotted 
in Fig. 12-8b. (a) 
If the s-t curve for each interval of motion can be expressed by a 
mathematical function s = s(t), then the equation of the v-t graph for 
the same interval can be obtained by differentiating this function with 
respect to time since v = ds/dt. Likewise, the equation of the a-t graph 
for the same interval can be determined by differentiating v = v(t) since 
a = dv/dt. Since differentiation reduces a polynomial of degree n to 
that of degree n — 1, then if the s-t graph is parabolic (a second-degree 
curve), the v—¢ graph will be a sloping line (a first-degree curve), and the 
a-t graph will be a constant or a horizontal line (a zero-degree curve). Fig. 12-8 


(b) 
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(b) 
Fig. 12-9 


As 


aT 


(b) 
Fig. 12-10 
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If the a-t graph is given, Fig. 12-9a, the v-t graph may be constructed 
using a = dv/dt, written as 


av= fad 


change in area under 


velocity —  a-t graph 


Hence, to construct the v-t graph, we begin with the particle’s initial 
velocity vp and then add to this small increments of area (Av) 
determined from the a-t graph. In this manner successive points, 
Vv, = Uo + Av, etc., for the v-t graph are determined, Fig. 12-9b. Notice 
that an algebraic addition of the area increments of the a-t graph is 
necessary, since areas lying above the f axis correspond to an increase in 
v (“positive” area), whereas those lying below the axis indicate a 
decrease in v (“negative” area). 

Similarly, if the v-t graph is given, Fig. 12-10a, it is possible to 
determine the s—t graph using v = ds/dt, written as 


ce v dt 
_ area under 
displacement = y+ sraph 


In the same manner as stated above, we begin with the particle’s initial 
position sy and add (algebraically) to this small area increments As 
determined from the v-t graph, Fig. 12—-10b. 

If segments of the a—-t graph can be described by a series of equations, 
then each of these equations can be integrated to yield equations 
describing the corresponding segments of the v-t graph. In a similar 
manner, the s-t graph can be obtained by integrating the equations 
which describe the segments of the v-t graph. As a result, if the a—t graph 
is linear (a first-degree curve), integration will yield a v-t graph that is 
parabolic (a second-degree curve) and an s-t graph that is cubic (third- 
degree curve). 
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The v-s and a-s Graphs. If the a-s graph can be constructed, 
then points on the v-s graph can be determined by using v dv = ads. 
Integrating this equation between the limits v = vp at s = sg and v = v, 
at s = s,, we have, 


St 
ot af) = [ads 
So 


area under 
a-s graph 


Therefore, if the red area in Fig. 12-11a is determined, and the initial 
velocity vp at sy = 0 is known, then v, = (2-4 ds + 7)", Fig. 12-11b. 
Successive points on the v-s graph can be constructed in this manner. 

If the v—s graph is known, the acceleration a at any position s can be 
determined using a ds = v dv, written as 


-(3) 
. (Neg 


velocity times 
acceleration = slope of 
v-s graph 


Thus, at any point (s, v) in Fig. 12-12a, the slope dv/ds of the v—s graph is 
measured. Then with v and dv/ds known, the value of a can be 
calculated, Fig. 12-12b. 

The v-s graph can also be constructed from the a—s graph, or vice versa, 
by approximating the known graph in various intervals with mathematical 
functions, v = f(s) or a = g(s), and then using a ds = v dv to obtain the 
other graph. 


Vy 


Vo 


Sy 
(b) 
Fig. 12-11 
v 
dv 
ds 
VU ‘ 
l«—__ § ——_»| 
(a) 
a 
a 


a= v(dv/ds) 


-— s —| 


(b) 
Fig. 12-12 
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EXAMPLE |12.6 


A bicycle moves along a straight road such that its position is 
described by the graph shown in Fig. 12-13a. Construct the v—t and 
a-t graphs for 0 = t = 30s. 

s (ft) 


s = 20t — 100 


SOLUTION 
v (ft/s) v-t Graph. Since v = ds/dt, the v-t graph can be determined by 
differentiating the equations defining the s—t graph, Fig. 12—13a. We have 
ds 


0s1r< 10s; st v=], — (22) ft/s 


10s <t = 30s; s = (20t — 100) ft v= = 201Y/s 
The results are plotted in Fig. 12-13b. We can also obtain specific 
values of v by measuring the slope of the s-t graph at a given instant. 
For example, at tf = 20s, the slope of the s—t graph is determined from 
the straight line from 10 s to 30s, i.e., 

As — 500 ft — 100 ft 


At 30s — 10s 


a (ft/s) a-t Graph. Since a = dv/dt, the a-t graph can be determined by 
differentiating the equations defining the lines of the v-f graph. 
This yields 
OS 7 = 10's; v = (22) ft/s a= 2 = 2/9 

dv 
Se 0 


t= 20s; v= = 20 ft/s 


10<¢ = 30s; v=20ft/s a 


The results are plotted in Fig. 12—13c. 


©) NOTE: Show that a = 2 ft/s" when ¢ = 5s by measuring the slope of 
Fig. 12-13 the v-t graph. 
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EXAMPLE |12.7 


The car in Fig. 12-14a starts from rest and travels along a straight 
track such that it accelerates at 10 m/s” for 10 s, and then decelerates a (m/s’) 
at 2 m/s’. Draw the v-t and s-t graphs and determine the time 7’ - 
needed to stop the car. How far has the car traveled? 


SOLUTION 


v-t Graph. Since dv = a dt, the v-t graph is determined by integrating 
the straight-line segments of the a-t graph. Using the initial condition 
v = 0 when t = 0, we have 


v Ui 
Oe Ms een = (0) anys: [ dv = [ro dt, v = 10t 
0 0 


10 


When ¢ = 10s, v = 10(10) = 100 m/s. Using this as the initial 
condition for the next time period, we have 


v t 

10s <t=f; a=(—2) m/s | dv -| —2 dt, v = (—2t + 120) m/s 

100 m/s 10s ca) 
When t = ft’ we require v = 0. This yields, Fig. 12-145, 2 

t' = 60s Ans. aC ae 
A more direct solution for tf’ is possible by realizing that the area he Bee 186 
under the a-t graph is equal to the change in the car’s velocity. We 
require Av = 0 = A, + Ao, Fig. 12-14a. Thus 

0 = 10 m/s*(10s) + (—2 m/s”)(t’ — 10s) 

t' = 60s Ans. 

s-t Graph. Since ds = v dt, integrating the equations of the v-t 


graph yields the corresponding equations of the s—t graph. Using the 
initial condition s = 0 when t = 0, we have 


KY is 
0=t=10s; v= (10f) m/s; fo = [oo dt, = (rm 
0 0 
When t = 10s, s = 5(10)? = 500 m. Using this initial condition, 


ky Us 
10s =t = 60s; v = (—2t + 120) m/s; [ ds = (—2t + 120) dt 
1 


500 m Os 
s — 500 = —/* + 120¢ — [—(10)? + 120(10)] 
s = (-f? + 120t — 600) m 
When t’ = 60s, the position is 


s = —(60)? + 120(60) — 600 = 3000m 


The s—t graph is shown in Fig. 12—14c. 


NOTE: A direct solution for s is possible when t’ = 60s, since the 
triangular area under the v-t graph would yield the displacement 
As = s — Ofromt = Otot'’ = 60s. Hence, 


As = 4(60s)(100 m/s) = 3000 m Ans. 


24 CHAPTER 12. KINEMATICS OF A PARTICLE 


EXAMPLE |12.8 


The v-s graph describing the motion of a motorcycle is shown in 
Fig. 12-15a. Construct the a—s graph of the motion and determine the 
time needed for the motorcycle to reach the position s = 400 ft. 


v (ft/s) SOLUTION 
a-s Graph. Since the equations for segments of the v-s graph are 
Me Ona given, the a—s graph can be determined using ads = vu dv. 


0<s < 200ft v = (0.25 + 10) ft/s 


ree (0.28 + 10) (02s + 10) = 0.045 + 2 
ds ds 


200 ft < s = 400 ft; v = 50 ft/s 
dv d 
= = (50 
teen ds SY ds 
The results are plotted in Fig. 12—15b. 


(50) =0 


a (ft/s?) Time. The time can be obtained using the v-s graph and v = ds/dt, 
because this equation relates v, s, and ¢. For the first segment of 
motion, s = 0 when t = 0, so 


0<s < 200 ft; v = (0.25 + 10) ft/s; dt = 


a= 0.045 + 2 
ds ds 


v 02s +10 


ik Ss 
0 0 Ose 10 


t = (5In(0.2s + 10) — 51n10)s 


Fig. 12-15 
At s = 200 ft, ¢ = 5 In[0.2(200) + 10] — 51n 10 = 8.05 s. Therefore, 


using these initial conditions for the second segment of motion, 


_ds_ds 


200 ft < s = 400 ft; = 50 ft/s; dt =— 
OO ft <s : v /s; Fe 50 


ih st 
ds 
dt = 0 ean 
ie 200 m 90 


g Ss 
shoe) 50 A 4s (s 405) s 
Therefore, at s = 400ft, 


400 
t= 50. ap Zs: = AAO Ans. 


NOTE: The graphical results can be checked in part by calculating slopes. 
For example, at s = 0, a = v(dv/ds) = 10(50 — 10)/200 = 2 m/s”. 
Also, the results can be checked in part by inspection. The v-s graph 
indicates the initial increase in velocity (acceleration) followed by 
constant velocity (a = 0). 
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fl FUNDAMENTAL PROBLEMS 


F12-9. The particle travels along a straight track such that 
its position is described by the s—t graph. Construct the v—t 
graph for the same time interval. 


s(m) 


i) 


s = 108 


108 3 


t(s 
6 8 10 6) 


F12-9 
F12-10. A van travels along a straight road with a velocity 
described by the graph. Construct the s—rt and a—t graphs 
during the same period. Take s = 0 whent = 0. 


v (ft/s) 
r= 
80-5 
v = —4t + 80 
t(s) 
20 
F12-10 


F12-11. A bicycle travels along a straight road where its 
velocity is described by the v—s graph. Construct the a—s 
graph for the same time interval. 


v(m/s) 


s(m) 


F12-11 


F12-12. The sports car travels along a straight road such 
that its position is described by the graph. Construct the v—t 
and a—t graphs for the time interval0 = 7¢ = 10s. 


s (m) 


225 + 


s = 30t— 75 


O26, 


75+ 
0 +— t (s) 
5 10 
F12-12 
F12-13. The dragster starts from rest and has an 


acceleration described by the graph. Construct the v—t 
graph for the time interval 0 = fr = ft’, where ?’ is the time 
for the car to come to rest. 


a (m/s’) 


205 _—_ 


0 t (s) 


—10- 


F12-13 


F12-14. The dragster starts from rest and has a velocity 
described by the graph. Construct the s—r graph during the 
time interval 0 =t< 15s. Also, determine the total 
distance traveled during this time interval. 


v (m/s) 


‘ee: 


v= 30t 
150 + — 


v= —-15t+ 225 


t(s) 


at 


15 


F12-14 
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ET PROBLEMS 


12-42. The speed of a train during the first minute has 
been recorded as follows: 


t (s) 0 20 40 60 
v (m/s) 0 16 21 24 


Plot the v—t graph, approximating the curve as straight-line 
segments between the given points. Determine the total 
distance traveled. 


12-43. A two-stage missile is fired vertically from rest with 
the acceleration shown. In 15 s the first stage A burns out 
and the second stage B ignites. Plot the v—t and s—t graphs 
which describe the two-stage motion of the missile for 
0=1t= 20s. 


a (m/s’) 


SET” 


235 a 
18 


OO“ t———t(s) 
15 20 


Prob. 12-43 


*12-44, A freight train starts from rest and travels with a 
constant acceleration of 0.5 ft/s’. After a time f’ it 
maintains a constant speed so that when f = 160s it has 
traveled 2000 ft. Determine the time r’ and draw the v-t 
graph for the motion. 


012-45. If the position of a particle is defined by 
s = [2 sin (7/5)t + 4] m, where f¢ is in seconds, construct 
the s—t, v-t, and a—t graphs for0 = ¢ = 10s. 


12-46. A train starts from station A and for the first 
kilometer, it travels with a uniform acceleration. Then, for 
the next two kilometers, it travels with a uniform speed. 
Finally, the train decelerates uniformly for another 
kilometer before coming to rest at station B. If the time for 
the whole journey is six minutes, draw the v-t graph and 
determine the maximum speed of the train. 


12-47. The particle travels along a straight line with the 
velocity described by the graph. Construct the a—s graph. 


v (m/s) 


Prob. 12-47 


*12-48. The a-s graph for a jeep traveling along a straight 
road is given for the first 300 m of its motion. Construct the 
v-s graph. At s = 0,v = 0. 


a (m/s’) 


s (m) 


200 300 


Prob. 12-48 


012-49. A particle travels along a curve defined by the 
equation s = (t° — 37? + 2r) m. where t is in seconds. Draw 
the s—t, v—t, and a—t graphs for the particle for 
O0srtsS3s. 

12-50. A truck is traveling along the straight line with a 


velocity described by the graph. Construct the a—s graph 
for 0 = s = 1500 ft. 


qe i 


v (ft/s) 


s(ft) 
625 1500 


Prob. 12-50 


12-51. A car starts from rest and travels along a straight 
road with a velocity described by the graph. Determine the 
total distance traveled until the car stops. Construct the s-t 


and a-t graphs. 


v(m/s) 


i Ye TS 
—O===Cr 
30 
v = —0.5t + 45 
v=t 
T T i(s) 
30 60 90 


Prob. 12-51 
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*12-52. A car travels up a hill with the speed shown. 
Determine the total distance the car travels until it stops 
(t = 60s). Plot the a—t graph. 


v (m/s) 


t(s) 


30 60 


Prob. 12-52 


e12-53. The snowmobile moves along a straight course 
according to the v-t graph. Construct the s—t and a-t graphs 
for the same 50-s time interval. When t = 0,5 = 0. 


v (m/s) 
er Sa 


t(s) 


50 


30 
Prob. 12-53 


12-54. A motorcyclist at A is traveling at 60 ft/s when he 
wishes to pass the truck T which is traveling at a constant 
speed of 60 ft/s. To do so the motorcyclist accelerates at 
6 ft/s” until reaching a maximum speed of 85 ft/s. If he then 
maintains this speed, determine the time needed for him to 
reach a point located 100 ft in front of the truck. Draw the 
v—t and s—t graphs for the motorcycle during this time. 


(Um), = 60 ft/s (Um)2 = 85 ft/s 


= 60 t/s is : 


Prob. 12-54 
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12-55. An airplane traveling at 70 m/s lands on a straight 
14) runway and has a deceleration described by the graph. 
Determine the time ¢’ and the distance traveled for it to 


reach a speed of 5 m/s. Construct the v-t and s—t graphs for 
this time interval,O=r=t'. 


a(m/s”) 


—10 


Prob. 12-55 


*12-56. The position of a cyclist traveling along a straight 
road is described by the graph. Construct the v-t and a-t 


graphs. 


0.625 f° + 27.5t — 162.5 


t(s) 


Prob. 12-56 


e12-57. The dragster starts from rest and travels along a 
straight track with an acceleration-deceleration described 
by the graph. Construct the v—s graph for 0 = s = s’, and 
determine the distance s’ traveled before the dragster again 
comes to rest. 


a(m/s”) 


200 
—15 | 


Prob. 12-57 


12-58. A sports car travels along a straight road with an 
acceleration-deceleration described by the graph. If the car 
starts from rest, determine the distance s’ the car travels 
until it stops. Construct the v—s graph forO = s=s’. 


a(ft/s2) 
o—.6: 
64 
1000 s’ 
s(ft) 
—4 S —— 
Prob. 12-58 


12-59. A missile starting from rest travels along a straight 
track and for 10 s has an acceleration as shown. Draw the 
v—t graph that describes the motion and find the distance 


traveled in 10s. 


a (m/s) 


40 


30 


*12-60. A motorcyclist starting from rest travels along a 
straight road and for 10 s has an acceleration as shown. 
Draw the v—t graph that describes the motion and find the 


C———T— 


a= 2t+ 20 


a=6t 


Prob. 12-59 


distance traveled in 10s. 


a (m/s’) 


Prob. 12-60 


t(s) 
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¢12-61. The v—t graph of a car while traveling along a road 
is shown. Draw the s—t and a—t graphs for the motion. 


v (m/s) 


t (s) 


Prob. 12-61 


12-62. The boat travels in a straight line with the 
acceleration described by the a—s graph. If it starts from rest, 
construct the v—s graph and determine the boat’s maximum 
speed. What distance s’ does it travel before it stops? 


a= —0.02s + 6 


s(m) 


s’ 


Prob. 12-62 
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12-63. The rocket has an acceleration described by the 
iF4) graph. If it starts from rest, construct the v—f and s—t 


graphs for the motion for the time interval0 =f = 14s. 


a(m/s”) 


=4t- 18 


t(s) 


Prob. 12-63 


*12-64. The jet bike is moving along a straight road with the 
speed described by the v—s graph. Construct the a—s graph. 


v(m /s) 


City 


75 {|—— 
v = —0.2s + 120 


154 


T T s(m) 
225 525 


Prob. 12-64 


e12-65. The acceleration of the speed boat starting from 
rest is described by the graph. Construct the v—s graph. 


a(ft/s) 


; ; s(ft) 
0 


Prob. 12-65 


12-66. The boat travels along a straight line with the speed 
described by the graph. Construct the s-t and a—s graphs. 
Also, determine the time required for the boat to travel a 
distance s = 400 mif s = 0 when t = 0. 


v(m /s) 


Prob. 12-66 


12-67. The s-t graph for a train has been determined 
experimentally. From the data, construct the v—t and a-t 
graphs for the motion. 


s(m) 


tet | ttt = 


600 


s = 24t — 360 


360 


t(s) 


30 40 


Prob. 12-67 


*12-68. The airplane lands at 250 ft/s on a straight runway 
and has a deceleration described by the graph. Determine 
the distance s’ traveled before its speed is decreased to 
25 ft/s. Draw the s—t graph. 


a(ft/s”) 
1750 s! 
s(ft) 
-7.54 
=5 


Prob. 12-68 
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e12-69. The airplane travels along a straight runway with 
an acceleration described by the graph. If it starts from rest 
and requires a velocity of 90 m/s to take off, determine the 
minimum length of runway required and the time ¢’ for take 
off. Construct the v—t and s-t graphs. 


a(m/s*) 


Prob. 12-69 


12-70. The a-t graph of the bullet train is shown. If the 
train starts from rest, determine the elapsed time ¢’ before it 
again comes to rest. What is the total distance traveled 
during this time interval? Construct the v-t and s—t graphs. 


a(m/s”) | 


Prob. 12-70 
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Position 


(a) 


Displacement 


(b) 


Velocity 
(c) 
Fig. 12-16 
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12.4 General Curvilinear Motion 


Curvilinear motion occurs when a particle moves along a curved path. 
Since this path is often described in three dimensions, vector analysis will 
be used to formulate the particle’s position, velocity, and acceleration.* 
In this section the general aspects of curvilinear motion are discussed, and 
in subsequent sections we will consider three types of coordinate systems 
often used to analyze this motion. 


Position. Consider a particle located at a point on a space curve 
defined by the path function s(t), Fig. 12-16a. The position of the particle, 
measured from a fixed point O, will be designated by the position vector 
r = r(t). Notice that both the magnitude and direction of this vector will 
change as the particle moves along the curve. 


Displacement. Suppose that during a small time interval Ar the 
particle moves a distance As along the curve to a new position, defined 
by r’ =r + Ar, Fig. 12-165. The displacement Ar represents the change 
in the particle’s position and is determined by vector subtraction; Le., 
Ar =r' —r. 


Velocity. During the time Ar, the average velocity of the particle is 


Ar 
Vave = At 


The instantaneous velocity is determined from this equation by letting 
At — 0, and consequently the direction of Ar approaches the tangent to 
the curve. Hence, v = jim (Ar/A‘) or 

t— 


_ a 


ae 


(12-7) 


Since dr will be tangent to the curve, the direction of v is also tangent to 
the curve, Fig. 12-16c. The magnitude of v, which is called the speed, is 
obtained by realizing that the length of the straight line segment Ar in 
Fig. 12-16b approaches the arc length As as At—0, we have 
v= jim (Ar/At) = Jim (As/At), or 


_ ds 


o> ib 


(12-8) 


Thus, the speed can be obtained by differentiating the path function s 
with respect to time. 


*A summary of some of the important concepts of vector analysis is given in Appendix B. 


12.4 GENERAL CURVILINEAR MOTION 


Acceleration. If the particle has a velocity v at time ¢ and a velocity 
v'=v+t Avat?r + At, Fig. 12-16d, then the average acceleration of the 
particle during the time interval At is 


Av 
Aave P= “At 


where Av = v’ — v. To study this time rate of change, the two velocity 
vectors in Fig. 12-16d are plotted in Fig. 12-16e such that their tails are 
located at the fixed point O’ and their arrowheads touch points on a 
curve. This curve is called a hodograph, and when constructed, it 
describes the locus of points for the arrowhead of the velocity vector in 
the same manner as the path s describes the locus of points for the 
arrowhead of the position vector, Fig. 12—16a. 

To obtain the instantaneous acceleration, let At—0O in the above 
equation. In the limit Av will approach the tangent to the hodograph, and 
soa = Jim (Av/At), or 


Bere (12-9) 


By definition of the derivative, a acts tangent to the hodograph, 
Fig. 12-16f, and, in general it is not tangent to the path of motion, 
Fig. 12-16g. To clarify this point, realize that Av and consequently a 
must account for the change made in both the magnitude and direction 
of the velocity v as the particle moves from one point to the next along 
the path, Fig. 12-16d. However, in order for the particle to follow any 
curved path, the directional change always “swings” the velocity vector 
toward the “inside” or “concave side” of the path, and therefore a 
cannot remain tangent to the path. In summary, v is always tangent to 
the path and a is always tangent to the hodograph. 


MZ v 
(d) 
Av 
Vv 
v’ 
O' 
(e) 
Hodograph 
Vv 
a 
O' 
(f) 
a 
Acceleration path 


(g) 


Fig. 12-16 (cont.) 
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y 


Position 


(a) 


v=vi+ vj + vk 


Velocity 
(b) 
Fig. 12-17 


y 


12.5  Curvilinear Motion: Rectangular 
Components 


Occasionally the motion of a particle can best be described along a path 
that can be expressed in terms of its x, y, z coordinates. 


Position. If the particle is at point (x, y, z) on the curved path s shown 
in Fig. 12-17a, then its location is defined by the position vector 


r=xi+ yj + zk (12-10) 


When the particle moves, the x, y, z components of r will be functions of 
time;i.e.,x = x(t), y = y(t), z = z(t), so thatr = r(f). 
At any instant the magnitude of r is defined from Eq. C-3 in 


Appendix C as 
p= Vx + y? + 2 


And the direction of r is specified by the unit vector u, = r/r. 


Velocity. The first time derivative of r yields the velocity of the 
particle. Hence, 


_ dr d 


= iy + ZG) + Za 


vat dt dt dt 


When taking this derivative, it is necessary to account for changes in both 
the magnitude and direction of each of the vector’s components. For 
example, the derivative of the i component of r is 


a i) dx, i: di 
yo ag ae 


The second term on the right side is zero, provided the x, y, z reference 
frame is fixed, and therefore the direction (and the magnitude) of i does 
not change with time. Differentiation of the j and k components may be 
carried out in a similar manner, which yields the final result, 


dr 
1 re Ut Oh ae Uk (12-11) 


where 


0,=X V=y 0,=2 (12-12) 


12.5 CURVILINEAR MOTION: RECTANGULAR COMPONENTS 


The “dot” notation x, y, z represents the first time derivatives of 
x = x(t), y = y(t), z = z(t), respectively. 
The velocity has a magnitude that is found from 


g=\/u ey + ve 


and a direction that is specified by the unit vector u, = v/v. As discussed 
in Sec. 12-4, this direction is always tangent to the path, as shown in 
Fig. 12-17b. 


Acceleration. The acceleration of the particle is obtained by taking 
the first time derivative of Eq. 12-11 (or the second time derivative of 
Eq. 12-10). We have 


d 
a= = =a, + a,j + ak (12-13) 


where 


a, =v, =X 
= la (12-14) 
a,=0,=2 


Here 4,, ay, 4, represent, respectively, the first time derivatives of 
Vy = U,(t), Vy = V,(t), Vz = U,(t), or the second time derivatives of the 
functions x = x(t), y = y(t), z = 2(t). 

The acceleration has a magnitude 


and a direction specified by the unit vector u, = a/a. Since a represents 
the time rate of change in both the magnitude and direction of the 
velocity, in general a will not be tangent to the path, Fig. 12-17c. 


a= ait a,j + ak 
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Important Points 


Curvilinear motion can cause changes in both the magnitude and 
direction of the position, velocity, and acceleration vectors. 


The velocity vector is always directed tangent to the path. 


In general, the acceleration vector is not tangent to the path, but 
rather, it is tangent to the hodograph. 


If the motion is described using rectangular coordinates, then the 
components along each of the axes do not change direction, only 
their magnitude and sense (algebraic sign) will change. 


By considering the component motions, the change in magnitude 
and direction of the particle’s position and velocity are 
automatically taken into account. 


Procedure for Analysis 


Coordinate System. 


e A rectangular coordinate system can be used to solve problems 
for which the motion can conveniently be expressed in terms of 
its x, y, Z components. 


Kinematic Quantities. 


e Since rectilinear motion occurs along each coordinate axis, the 
motion along each axis is found using v = ds/dt and a = dv/dt; 
or in cases where the motion is not expressed as a function of 
time, the equation a ds = v dv can be used. 


In two dimensions, the equation of the path y = f(x) can be used 
to relate the x and y components of velocity and acceleration by 
applying the chain rule of calculus. A review of this concept is 
given in Appendix C. 


Once the x, y, z components of v and a have been determined, the 
magnitudes of these vectors are found from the Pythagorean 
theorem, Eq. B-3, and their coordinate direction angles from the 
components of their unit vectors, Eqs. B—4 and B-S. 


12.5 CURVILINEAR MOTION: RECTANGULAR COMPONENTS 


EXAMPLE |12.9 


At any instant the horizontal position of the weather balloon in 
Fig. 12-18a is defined by x = (8f) ft, where ¢ is in seconds. If the 
equation of the path is y = x*/10, determine the magnitude and 
direction of the velocity and the acceleration when t = 2s. 


SOLUTION 
Velocity. The velocity component in the x direction is 


d 
VW = X= 7 (88) = 8 ft/s 


d 


To find the relationship between the velocity components we will use 
the chain rule of calculus. (See Appendix A for a full explanation.) 


= < (7/10) = 2xi/10 = 2(16)(8)/10 = 25.6 ft/s f 


When t = 2s, the magnitude of velocity is therefore 


v = \/ (8 ft/s)? + (25.6 ft/s)? = 26.8 ft/s 
The direction is tangent to the path, Fig. 12-18b, where 


v 25.6 
6, = tan! = = aan oD 72.6° Ans. 


4 


Acceleration. The relationship between the acceleration components 
is determined using the chain rule. (See Appendix C.) We have 


= © (2xk/10) = 2(c) 4/10 + 2x(%)/10 


ay =v 


= 2(8)*/10 + 2(16)(0)/10 = 12.8 ft/s” T 


B= (0) 18) = a its 


The direction of a, as shown in Fig. 12-18c, is 


12.8 
0, = (ne ya = 90° Ans. 


NOTE: It is also possible to obtain v, and ay, by first expressing 
y = f(t) = (8t)*/10 = 6.4¢? and then taking successive time derivatives. 


a=128fth 


v = 26.8 ft/s 
0, = 72.6° 
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EXAMPLE |12.10 


For a short time, the path of the plane in Fig. 12-19a is described by 
y = (0.001x?) m. If the plane is rising with a constant velocity of 10 m/s, 
determine the magnitudes of the velocity and acceleration of the plane 
when it is at y = 100 m. 


SOLUTION 
When y = 100m, then 100 = 0.001x” or x = 316.2 m. Also, since 
vy = 10 m/s, then 


eine 100 m = (10 m/s) ¢ t= 10s 


Velocity. Using the chain rule (see Appendix C) to find the 
relationship between the velocity components, we have 


d 
=) = a (0.001x7) = (0.002x)x = 0.002xv, (1) 


10 m/s = 0.002(316.2 m)(v,) 
Vy = 15.81 m/s 


The magnitude of the velocity is therefore 


v=\/v2 + v2 =\/(15.81 m/s)? + (10 m/s? = 18.7 m/s Ans. 


Acceleration. Using the chain rule, the time derivative of Eq. (1) 
gives the relation between the acceleration components. 


ay = by = 0.002iv, + 0.002xb, = 0.002(v% + xa,) 
When x — 316.2m,0, — 1581 m/s,v,— a, — 0), 


0 = 0.002((15.81 m/s)* + 316.2 m(a,)) 
a, = —0.791 m/s” 


The magnitude of the plane’s acceleration is therefore 


a=\/a2 + a2 =\/(-0.791 m/s’)? + (Om/s?)? 
= 0,791 m/s" 


These results are shown in Fig. 12-19b. 


12.6 


12.6 Motion of a Projectile 


The free-flight motion of a projectile is often studied in terms of its 
rectangular components. To illustrate the kinematic analysis, consider a 
projectile launched at point (x9, yo), with an initial velocity of vp, having 
components (vo), and (vo) y, Fig. 12-20. When air resistance is neglected, 
the only force acting on the projectile is its weight, which causes the 
projectile to have a constant downward acceleration of approximately 
a. = g = 9.81 m/s” or g = 32.2 ft/s*.* 


y 
x 
x 
Fig. 12-20 

Horizontal Motion. Since a, = 0, application of the constant 
acceleration equations, 12-4 to 12-6, yields 
(4) v= Up + at; Vy = (%) x 
(45) x = Xo + Ut + jal; X = Xq + (Up) xt 
(=) v = up + 2a.(x — x9); Vz = (%)x 


The first and last equations indicate that the horizontal component of 
velocity always remains constant during the motion. 


Vertical Motion. Since the positive y axis is directed upward, then 
ay = —g. Applying Eqs. 12-4 to 12-6, we get 


(+1) V =U + act: Vy = (U%)y — gt 
(+1) Y= yt vot + pats y= yo + (v)yt — 580? 
(+1) v’ = v6 + 2a-(y — yo); vy = (vo) — 28(y — yo) 


Recall that the last equation can be formulated on the basis of eliminating 
the time ¢ from the first two equations, and therefore only two of the 
above three equations are independent of one another. 


* This assumes that the earth’s gravitational field does not vary with altitude. 
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Each picture in this sequence is taken 
after the same time interval. The red ball 
falls from rest, whereas the yellow ball is 
given a horizontal velocity when released. 
Both balls accelerate downward at the 
same rate, and so they remain at the same 
elevation at any instant. This acceleration 
causes the difference in elevation between 
the balls to increase between successive 
photos. Also, note the horizontal distance 
between successive photos of the yellow 
ball is constant since the velocity in the 
horizontal direction remains constant. 
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at most three unknowns since only three independent equations can be 
written; that is, one equation in the horizontal direction and two in the 
vertical direction. Once v, and vy, are obtained, the resultant velocity v, 
which is always tangent to the path, can be determined by the vector sum 


as shown in Fig. 12-20. 


= To summarize, problems involving the motion of a projectile can have 


Procedure for Analysis 


Coordinate System. 


e Establish the fixed x, y coordinate axes and sketch the trajectory 
of the particle. Between any two points on the path specify the 
given problem data and identify the three unknowns. In all cases 
the acceleration of gravity acts downward and equals 9.81 m/ s? 
Or 322 ft/s”. The particle’s initial and final velocities should be 
represented in terms of their x and y components. 

e Remember that positive and negative position, velocity, and 
acceleration components always act in accordance with their 
associated coordinate directions. 


Kinematic Equations. 


e Depending upon the known data and what is to be determined, a 
choice should be made as to which three of the following four 
equations should be applied between the two points on the path 
to obtain the most direct solution to the problem. 


Horizontal Motion. 


e The velocity in the horizontal or x direction is constant, 1.e., 
Vy = (Vp)x, and 


X = Xo + (V)xt 


Vertical Motion. 


e In the vertical or y direction only two of the following three 
equations can be used for solution. 


Uy = (U%)y + act 


Gravel falling off the end of this conveyor 


1 2 
= + (Up)yt + zat 
belt follows a path that can be predicted y= o)y ae 


using the equations of constant acceleration. Daa p) = 

In this way the location of the accumulated vy (v)y + 2a-Cy — yo) 

pile can be determined. Rectangular 2 ' , ; ; 

coordinates are used for the analysis since For example, if the particle’s final velocity v, is not needed, then 
the acceleration is only in the vertical the first and third of these equations will not be useful. 


direction. 
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EXAMPLE |12.11 


A sack slides off the ramp, shown in Fig. 12-21, with a horizontal 
velocity of 12 m/s. If the height of the ramp is 6 m from the floor, 
determine the time needed for the sack to strike the floor and the 
range R where sacks begin to pile up. 


Fig. 12-21 


SOLUTION 

Coordinate System. The origin of coordinates is established at the 
beginning of the path, point A, Fig. 12-21. The initial velocity of a sack has 
components (v4), = 12 m/s and (v4), = 0. Also, between points A and 


B the acceleration is a, = —9.81 m/s”. Since (vg), = (v4), = 12 m/s, 
the three unknowns are (vg),, R, and the time of flight t,,. Here we do 


not need to determine (vg) y. 


Vertical Motion. The vertical distance from A to B is known, and 
therefore we can obtain a direct solution for t4, by using the equation 


(+1) Va = Va (Oa) fae 74cb AR 
—6m = 0+ 0 + 3(—9.81 m/s”)t4p 
tap = 1.118 Ans. 


Horizontal Motion. Since t,; has been calculated, R is determined 
as follows: 


ie Xp =X, +t (U4)xtaB 

R=0+ 12m/s(1.11s) 

R= 133m Ans. 
NOTE: The calculation for f4, also indicates that if a sack were 


released from rest at A, it would take the same amount of time to strike 
the floor at C, Fig. 12-21. 
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EXAMPLE |12.12 


The chipping machine is designed to eject wood chips at vg = 25 ft/s 
as shown in Fig. 12-22. If the tube is oriented at 30° from the 
horizontal, determine how high, h, the chips strike the pile if at this 
instant they land on the pile 20 ft from the tube. 


Fig. 12-22 


SOLUTION 
Coordinate System. When the motion is analyzed between points 
O and A, the three unknowns are the height h, time of flight to ,, and 
vertical component of velocity (v,),. [Note that (v4), = (Vo) .] With 
the origin of coordinates at O, Fig. 12-22, the initial velocity of a chip 
has components of 
(v9)x = (25 cos 30°) ft/s = 21.65 ft/s > 
(vo)y = (25 sin 30°) ft/s = 12.5 ft/sT 

Also, (v4), = (vo), = 21.65 ft/s and a, = —32.2 ft/s", Since we do 

not need to determine (v4), we have 


Horizontal Motion. 
(3) X4 = Xo + (vo)stoa 
20 ft =O+ (21.65 ft/s)to4 
tOA = 0.9238 s 


Vertical Motion. Relating fj, to the initial and final elevations of a 
chip, we have 


(+1) ya = Yo + (0) ytoa + 54lOA 
(h — 4 ft) = 0 + (12.5 ft/s)(0.9238 s) + 4(—32.2 ft/s?) (0.9238 s)? 
h=1.81ft Ans. 


NOTE: We can determine (va), by using (v4)y = (Vo)y + actoa- 
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EXAMPLE |12.13 


The track for this racing event was designed so that riders jump off the 
slope at 30°, from a height of 1 m. During a race it was observed that 
the rider shown in Fig. 12—23a remained in mid air for 1.5 s. Determine 
the speed at which he was traveling off the ramp, the horizontal 
distance he travels before striking the ground, and the maximum 
height he attains. Neglect the size of the bike and rider. 


SOLUTION 


Coordinate System. As shown in Fig. 12-23), the origin of the 
coordinates is established at A. Between the end points of the path 
AB the three unknowns are the initial speed vy, range R, and the 
vertical component of velocity (vg),. 


Vertical Motion. Since the time of flight and the vertical distance 
between the ends of the path are known, we can determine v,. 


(+1) ye = ya + (v4)ytap + 34ct-ap 
—1m = 0 + v,sin30°(1.5s) + 3(—9.81 m/s?)(1.5s)? 
v4 = 13.38 m/s = 13.4 m/s Ans. 


Fig. 12-23 


Horizontal Motion. The range R can now be determined. 
eS xp = Xa + (Va)stas 
R = 0 + 13.38 cos 30° m/s(1.5 s) 


17.4m Ans. 


In order to find the maximum height h/ we will consider the path 
AC, Fig. 12-23b. Here the three unknowns are the time of flight tyc, 
the horizontal distance from A to C, and the height h. At the 
maximum height (vc), = 0, and since v, is known, we can determine 
h directly without considering tc using the following equation. 


(uc)} = (va) + 2aLyc — yal 
0? = (13.38 sin 30° m/s)* + 2(—9.81 m/s”)[(h — 1m) — 0] 
h = 3.28m Ans. 


NOTE: Show that the bike will strike the ground at B with a velocity 
having components of 


(vz); — 1Lom/s—| (v7), — 8.02 m/s 
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ei FUNDAMENTAL PROBLEMS 


F12-15. Ifthe x and y components of a particle’s velocity 
are V, = (321) m/s and v, = 8 m/s, determine the equation 
of the path y = f(x). x = Oand y = Owhent = 0. 


F12-16. A particle is traveling along the straight path. If its 
position along the x axis is x = (8f)m, where ¢ is in 
seconds, determine its speed when ¢ = 2s. 


y = 0.75x, 


x = 8t 


F12-16 


F12-17. A particle is constrained to travel along the path. 
If x = (4t*)m, where ¢ is in seconds, determine the 
magnitude of the particle’s velocity and acceleration when 
t= 05s. 


F12-18. A particle travels along a straight-line path 
y = 0.5x. If the x component of the particle’s velocity is 
v, = (2°) m/s, where ¢ is in seconds, determine the 
magnitude of the particle’s velocity and acceleration 
when t = 4s. 


y: 


Pas 0.5x 
x 


F12-18 


F12-19. A particle is traveling along the parabolic path 
y = 0.25x*. If x = (20°) m, where f is in seconds, determine 
the magnitude of the particle’s velocity and acceleration 


when t = 2s. 
yA 0.25x? 
| ee 


F12-19 


F 12-20. The position of a box sliding down the spiral can 
be described by r = [2 sin (21)i + 2 cos tj — 22°k] ft, where 
t is in seconds and the arguments for the sine and cosine are 
in radians. Determine the velocity and acceleration of the 
box when t = 2s. 


y 


F12-20 
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velocity v4 = 10 m/s. Determine the maximum height h it the wall at B, determine the minimum magnitude of its 


F12-21. The ball is kicked from point A with the initial F12-25. A ball is thrown from A. If it is required to clear sa 
reaches. initial velocity v4. 


F12-22. The ball is kicked from point A with the initial 
velocity v4 = 10 m/s. Determine the range R, and the 
speed when the ball strikes the ground. 


y 
y 
B 
v 
A 30 ‘ 8 ft 
3 ft 
x 
F12-21/22 
I 12 ft 
F12-23. Determine the speed at which the basketball at A 
must be thrown at the angle of 30° so that it makes it to the F12-25 
basket at B. 
y B 
v4 i: 
30", 3m F12-26. A projectile is fired with an initial velocity of 
A ae -_ | va = 150 m/s off the roof of the building. Determine the 
| range R where it strikes the ground at B. 
Ik 10m | 


F12-23 


F12-24. Water is sprayed at an angle of 90° from the slope 
at 20 m/s. Determine the range R. y 


v4 = 150 m/s 


150m 


F12-24 F12-26 
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PTPROSLEMS 


12-71. The position of a particle is r= {(30° — 20)i 

(421? + tj + (30? — 2)k}m, where ¢ is in seconds. 
Determine the magnitude of the particle’s velocity and 
acceleration when t = 2 s. 


*12-72. The velocity of a particle is v = {3i + (6 — 2t)j} m/s, 
where ¢ is in seconds. If r = 0 whent = 0, determine the 
displacement of the particle during the time interval 
t=1stor=3s. 


°12-73. A particle travels along the parabolic path y = bx’. 
If its component of velocity along the y axis is v, = ct’, 
determine the x and y components of the particle’s 
acceleration. Here b and c are constants. 


12-74. The velocity of a particle is given by 
v = {167i + 4¢°j + (St + 2)k} m/s, where fis in seconds. If 
the particle is at the origin when ¢ = 0, determine the 
magnitude of the particle’s acceleration when t = 2s. Also, 
what is the x, y, z coordinate position of the particle at this 
instant? 


12-75. A particle travels along the circular path 
x? + y? = r*. If the y component of the particle’s velocity is 
vy = 2r cos 2t, determine the x and y components of its 
acceleration at any instant. 


*12-76. The box slides down the slope described by the 
equation y = (0.05x”) m, where x is in meters. If the box has 
x components of velocity and acceleration of v, = —3 m/s 
and a, = -1.5 m/s” at x = 5m, determine the y components 
of the velocity and the acceleration of the box at this instant. 


y = 0.05 x? 


Prob. 12-76 


e12-77. The position of a particle is defined by 
r = {5cos 2ti + 4 sin 2t j} m, where fis in seconds and the 
arguments for the sine and cosine are given in radians. 
Determine the magnitudes of the velocity and acceleration 
of the particle when tf = 1 s. Also, prove that the path of the 
particle is elliptical. 


12-78. Pegs A and B are restricted to move in the elliptical 
slots due to the motion of the slotted link. If the link moves 
with a constant speed of 10 m/s, determine the magnitude of 
the velocity and acceleration of peg A when x = 1m. 


Prob. 12-78 


12-79. A particle travels along the path y* = 4x with a 
constant speed of v = 4m/s. Determine the x and y 
components of the particle’s velocity and acceleration when 
the particle is at x = 4m. 


*12-80. The van travels over the hill described by 
y = (-1.5(10°%) x? + 15)ft. If it has a constant speed of 
75 ft/s, determine the x and y components of the van’s 
velocity and acceleration when x = 5Oft. 


y = (—1.5 (1073) x? + 15) ft 


-—— 100 ft —— 


Prob. 12-80 
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Bin1s.Ifit takes 3s for it to go from A to C, determine its the component of velocity along the y axis 1S Vy = ct, where 
average velocity when it goes from B to C. both k and c¢ are constants. Determine the x and y 
components of acceleration when y = yo. 


¢12-81. A particle travels along the circular path from A to *12-84, The path of a particle is defined by y* = 4kx, and a 


y °12-85. A particle moves along the curve y = x — (x?/400), 
where x and y are in ft. If the velocity component in the x 
direction is v, = 2 ft/s and remains constant, determine the 
magnitudes of the velocity and acceleration when x = 20 ft. 


45° 12-86. The motorcycle travels with constant speed vy along 

30 m the path that, for a short distance, takes the form of a sine 
curve. Determine the x and y components of its velocity at 
any instant on the curve. 


y 


Prob. 12-81 y=csin ( x) 


12-82. A car travels east 2 km for 5 minutes, then north 3 km 
for 8 minutes, and then west 4 km for 10 minutes. Determine 
the total distance traveled and the magnitude of displacement 
of the car. Also, what is the magnitude of the average velocity 
and the average speed? 


= — 


Lo 
Prob. 12-86 


12-87. The skateboard rider leaves the ramp at A with an 


12-83. The roller coaster car travels down the helical path at initial velocity v4 at a 30° angle. If he strikes the ground at 
constant speed such that the parametric equations that define B, determine v, and the time of flight. 
its position are x = csin kt, y = ccoskt,z = h — bt, where 
c, h, and b are constants. Determine the magnitudes of its VA 
velocity and acceleration. A 
30° 
1m 
B 
se 
Sm 


Prob. 12-87 


*12-88. The pitcher throws the baseball horizontally with a 
speed of 140 ft/s from a height of 5 ft. If the batter is 60 ft 
away, determine the time for the ball to arrive at the batter 
and the height / at which it passes the batter. 


an 


Prob. 12-83 Prob. 12-88 
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e12-89. The ball is thrown off the top of the building. If it 
strikes the ground at B in 3 s, determine the initial velocity 
vy and the inclination angle 0, at which it was thrown. Also, 
find the magnitude of the ball’s velocity when it strikes the 
ground. 


75 ft 


° 


B 
r 60 ft 


Prob. 12-89 


12-90. A projectile is fired with a speed of v = 60 m/s at an 
angle of 60°. A second projectile is then fired with the same 
speed 0.5 s later. Determine the angle 6 of the second 
projectile so that the two projectiles collide. At what 
position (x, y) will this happen? 


Prob. 12-90 


12-91. The fireman holds the hose at an angle 9 = 30° with 
horizontal, and the water is discharged from the hose at A 
with a speed of vy = 40ft/s. If the water stream strikes the 
building at B, determine his two possible distances s from 
the building. 


v4 = 40 ft/s 


Prob. 12-91 


*12-92. Water is discharged from the hose with a speed of 
40 ft/s. Determine the two possible angles @ the fireman can 
hold the hose so that the water strikes the building at B. 
Take s = 20 ft. 


v4 = 40 ft/s 


Prob. 12-92 


e12-93. The pitching machine is adjusted so that the 
baseball is launched with a speed of v4, = 30m/s. If the ball 
strikes the ground at B, determine the two possible angles 0 4 
at which it was launched. 


v4 = 30 m/s 
48 
12m T B 
+ 30m + 
Prob. 12-93 


12-94, It is observed that the time for the ball to strike the 
ground at B is 2.5 s. Determine the speed vy and angle 6, at 
which the ball was thrown. 


50m 18 


Prob. 12-94 


12-95. If the motorcycle leaves the ramp traveling at 
110 ft/s, determine the height 4 ramp B must have so that 
the motorcycle lands safely. 


110 ft/s 
> a 
aol [301 ht Di 


cone 350 ft | 4 


Prob. 12-95 
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*12-96. The baseball player A hits the baseball with 
va = 40 ft/s and 6, = 60°. When the ball is directly above 
of player B he begins to run under it. Determine the 
constant speed vz and the distance d at which B must run in 
order to make the catch at the same elevation at which the 
ball was hit. 


L 15 ft + d M 


¢12-97. A boy throws a ball at O in the air with a speed up 
at an angle 0). If he then throws another ball with the same 
speed vp at an angle 6, < 6;, determine the time between 
the throws so that the balls collide in mid air at B. 


Prob. 12-97 
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12-98. The golf ball is hit at A with a speed of v, = 40m/s *12-100. The velocity of the water jet discharging from the 


and directed at an angle of 30° with the horizontal as orifice can be obtained from v = V2 gh, where h = 2m is 
shown. Determine the distance d where the ball strikes the the depth of the orifice from the free water surface. 
slope at B. Determine the time for a particle of water leaving the orifice 


to reach point B and the horizontal distance x where it hits 
the surface. 


Prob. 12-98 Prob. 12-100 


e12-101. A projectile is fired from the platform at B. The 
shooter fires his gun from point A at an angle of 30°. 
Determine the muzzle speed of the bullet if it hits the 
projectile at C. 


12-99. If the football is kicked at the 45° angle, determine 
its minimum initial speed v, so that it passes over the goal 
post at C. At what distance s from the goal post will the 
football strike the ground at B? 


A 


. 160 ft a 


Prob. 12-99 Prob. 12-101 
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shown. Determine the distance d to where it will land. roof of a barn with an initial speed of vy = 15 m/s. 
Determine the angle 6, at which the ball must be thrown so 
that it reaches its maximum height at C. Also, find the 
distance d where the boy should stand to make the throw. 


12-102. A golf ball is struck with a velocity of 80 ft/s as e12-105. The boy at A attempts to throw a ball over the a 


Prob. 12-102 Prob. 12-105 
12-103. The football is to be kicked over the goalpost, 12-106. The boy at A attempts to throw a ball over the roof 
which is 15 ft high. If its initial speed is v4 = 80 ft/s, of a barn such that it is launched at an angle 6, = 40°. 
determine if it makes it over the goalpost, and if so, by how Determine the minimum speed v, at which he must throw 
much, h. the ball so that it reaches its maximum height at C. Also, 


find the distance d where the boy must stand so that he can 


*12-104. The football is kicked over the goalpost with an make the throw. 


initial velocity of v4 = 80 ft/s as shown. Determine the 
point B (x, y) where it strikes the bleachers. 


|—25 ft 30 ft Lx 


Probs. 12-103/104 Prob. 12-106 
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from his hose to the fire at B. Determine two possible ball at A so that it just clears the net at B. Also, find the 
angles 6, and 6, at which this can be done. Water flows from distance s where the ball strikes the ground. 
the hose at v4 = 80 ft/s. 


= 12-107. The fireman wishes to direct the flow of water e12-109. Determine the horizontal velocity uv, of a tennis 


+ s —++ 21 ft : 


« 35 ft -! 
Prob. 12-107 Prob. 12-109 
*12-108. Small packages traveling on the conveyor belt fall 12-110. It is observed that the skier leaves the ramp A at an 
off into a l-m-long loading car. If the conveyor is running at a angle 0, = 25° with the horizontal. If he strikes the ground 
constant speed of vc = 2 m/s, determine the smallest and at B, determine his initial speed v, and the time of flight t4,. 


largest distance R at which the end A of the car may be 
placed from the conveyor so that the packages enter the car. 


a 


ERt-1m 


Prob. 12-108 Prob. 12-110 
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12.7 Curvilinear Motion: Normal and 
Tangential Components 


When the path along which a particle travels is known, then it is often 
convenient to describe the motion using n and ¢ coordinate axes which 
act normal and tangent to the path, respectively, and at the instant 
considered have their origin located at the particle. 


Planar Motion. Consider the particle shown in Fig. 12—24a, which 
moves in a plane along a fixed curve, such that at a given instant it is at 
position s, measured from point O. We will now consider a coordinate 
system that has its origin at a fixed point on the curve, and at the instant 
considered this origin happens to coincide with the location of the 
particle. The f axis is tangent to the curve at the point and is positive in 
the direction of increasing s. We will designate this positive direction with 
the unit vector u,. A unique choice for the normal axis can be made by 
noting that geometrically the curve is constructed from a series of 
differential arc segments ds, Fig. 12—24b. Each segment ds is formed from 
the arc of an associated circle having a radius of curvature p (rho) and 
center of curvature O'. The normal axis nis perpendicular to the ft axis with 
its positive sense directed toward the center of curvature O’, Fig. 12-24a. 
This positive direction, which is always on the concave side of the curve, 
will be designated by the unit vector u,,. The plane which contains the n 
and ¢ axes is referred to as the embracing or osculating plane, and in this 
case it is fixed in the plane of motion.* 


Velocity. Since the particle moves, s is a function of time. As 
indicated in Sec. 12.4, the particle’s velocity v has a direction that is 
always tangent to the path, Fig. 12-24c, and a magnitude that is 
determined by taking the time derivative of the path function s = s(t), 
i.e.,v = ds/dt (Eq. 12-8). Hence 


Vv = vu, (12-15) 


where 


v=5 (12-16) 


*The osculating plane may also be defined as the plane which has the greatest contact 
with the curve at a point. It is the limiting position of a plane contacting both the point and 
the arc segment ds. As noted above, the osculating plane is always coincident with a plane 
curve; however, each point on a three-dimensional curve has a unique osculating plane. 


Position 


(a) 


Radius of curvature 


(b) 


O' 


Velocity 
(c) 


Fig. 12-24 
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Acceleration. The acceleration of the particle is the time rate of 
change of the velocity. Thus, 


a= v= vu, + VU; (12-17) 


In order to determine the time derivative u,, note that as the particle 
(d) moves along the arc ds in time df, u, preserves its magnitude of unity; 
however, its direction changes, and becomes u;, Fig. 12—24d. As shown in 
Fig. 12-24e, we require u; = u, + du,. Here du, stretches between the 
arrowheads of u, and uj, which lie on an infinitesimal arc of radius u, = 1. 
Hence, du, has a magnitude of du, = (1) dé, and its direction is defined by 
u,,. Consequently, du, = d0u,,, and therefore the time derivative becomes 


u, = 6u,,. Since ds = pdé, Fig. 12-24d, then 6 = s/p, and therefore 


. . Ky v 
u, = 0u,, = —u, = —U, 
p p 


Substituting into Eq. 12-17, a can be written as the sum of its two 


components, 
(e) a= am, + au, (12-18) 
where 
a, = Vv or ads = vdv (12-19) 
O' 
and 
a, 
a 
2 
v 
7 a, = 7 (12-20) 
a, 
Acceleration 
(f) These two mutually perpendicular components are shown in Fig. 12-24f. 


Therefore, the magnitude of acceleration is the positive value of 


a=\fo +a, (12-21) 


Fig. 12-24 (cont.) 
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To better understand these results, consider the following two special 
cases of motion. 


1. If the particle moves along a straight line, then p— co and from 
Eq. 12-20, a, = 0. Thus a = a, = v, and we can conclude that the 
tangential component of acceleration represents the time rate of 
change in the magnitude of the velocity. 


2. If the particle moves along a curve with a constant speed, then 
a, = v = 0 and a = a, = v’/p. Therefore, the normal component 
of acceleration represents the time rate of change in the direction of 
the velocity. Since a, always acts towards the center of curvature, 
this component is sometimes referred to as the centripetal (or center 
seeking) acceleration. 


As a result of these interpretations, a particle moving along the curved 
path in Fig. 12-25 will have accelerations directed as shown. 


Change in 
direction of 
velocity ) 
Increasing = 


d an 
ee 
speed 


ee 
Change in 
magnitude of 
velocity 


Fig. 12-25 


Three-Dimensional Motion. If the particle moves along a space 
curve, Fig. 12-26, then at a given instant the ¢ axis is uniquely specified; 
however, an infinite number of straight lines can be constructed normal 
to the tangent axis. As in the case of planar motion, we will choose the 
positive n axis directed toward the path’s center of curvature O’. This axis 
is referred to as the principal normal to the curve. With the n and f axes so 
defined, Eqs. 12-15 through 12-21 can be used to determine v and a. Since 
u, and u,, are always perpendicular to one another and lie in the 
osculating plane, for spatial motion a third unit vector, u,, defines the 
binormal axis b which is perpendicular to u, and u,,, Fig. 12-26. 

Since the three unit vectors are related to one another by the vector 
cross product, e.g.,u, = U, X U,, Fig. 12-26, it may be possible to use this 
relation to establish the direction of one of the axes, if the directions of 
the other two are known. For example, if no motion occurs in the u, 
direction, and this direction and u, are known, then u, can be 
determined, where in this case u, = uy, X u,, Fig. 12-26. Remember, 
though, that u,, is always on the concave side of the curve. 


osculating plane 


Fig. 12-26 
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Motorists traveling along this clover- 
leaf interchange experience a normal 
acceleration due to the change in 
direction of their velocity. A tangential 
component of acceleration occurs when 
the cars’ speed is increased or decreased. 


Procedure for Analysis 


Coordinate System. 


e Provided the path of the particle is known, we can establish a set 
of n and ¢ coordinates having a fixed origin, which is coincident 
with the particle at the instant considered. 


The positive tangent axis acts in the direction of motion and the 
positive normal axis is directed toward the path’s center of 
curvature. 

Velocity. 

e The particle’s velocity is always tangent to the path. 

e The magnitude of velocity is found from the time derivative of 
the path function. 

v=s 

Tangential Acceleration. 

e The tangential component of acceleration is the result of the time 
rate of change in the magnitude of velocity. This component acts 
in the positive s direction if the particle’s speed is increasing or in 
the opposite direction if the speed is decreasing. 


The relations between a,, v, tand s are the same as for rectilinear 
motion, namely, 

a4,=v a,ds =vdv 
If a, is constant, a, = (a;),, the above equations, when integrated, 
yield 

S = So + ot + 5(a;) ct 

Vv = Uy + (a) ct 
2 D 
v= up + 2(a;)-(5 — 59) 

Normal Acceleration. 


e The normal component of acceleration is the result of the time 
rate of change in the direction of the velocity. This component is 
always directed toward the center of curvature of the path, ie., 
along the positive n axis. 


The magnitude of this component is determined from 
ay, = — 
p 


If the path is expressed as y = f(x), the radius of curvature p at 
any point on the path is determined from the equation 


[1 + (dy/dx)}9? 
|d*y/dx?| 


The derivation of this result is given in any standard calculus text. 


i 
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EXAMPLE |12.14 


When the skier reaches point A along the parabolic path in Fig. 12-27a, 
he has a speed of 6 m/s which is increasing at 2 m/s’. Determine the 
direction of his velocity and the direction and magnitude of his 
acceleration at this instant. Neglect the size of the skier in the calculation. 


SOLUTION 

Coordinate System. Although the path has been expressed in terms 
of its x and y coordinates, we can still establish the origin of the n, t axes 
at the fixed point A on the path and determine the components of v 
and a along these axes, Fig. 12—27a. 


Velocity. By definition, the velocity is always directed tangent to the 
path. Since y = a5 X°, dy/dx = 7x, then at x = 10m, dy/dx = 1. 
Hence, at A, v makes an angle of 0 = tan '1 = 45° with the x axis, 
Fig. 12-27a. Therefore, 

v4 = 6m/s 45°S7 Ans. 


The acceleration is determined from a = ou, + (v*/p)u,. However, 
it is first necessary to determine the radius of curvature of the path at 
A (10 m,5 m). Since d?y/dx? = ;5, then 
[1 + (dy/axy yp? _ [1+ (ox)? P? 

|d*y/dx°| lial 


i= 


The acceleration becomes 


yy 
a, = vu, + —u, 
p 
(6 m/s)” 
= 2u, + 
me” 98.28 m -” 
= {2u, + 1.273u,,}m/s” 


As shown in Fig. 12—27b, 


a = \/(2 m/s’)? + (1.273 m/s’)? = 2.37 m/s 


2, 
— Sas — ° 
dé = tan 1273 57.5 


Thus, 45° + 90° + 57.5° — 180° = 12.5° so that, 
a= 237m) sls Ans. 


NOTE: By using n, t coordinates, we were able to readily solve this 
problem through the use of Eq. 12-18, since it accounts for the separate 
changes in the magnitude and direction of v. 
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EXAMPLE |12.15 


A race car C travels around the horizontal circular track that has a 
radius of 300 ft, Fig. 12-28. If the car increases its speed at a constant 
rate of 7 ft/s’, starting from rest, determine the time needed for it to 
reach an acceleration of 8 ft/s”. What is its speed at this instant? 


SOLUTION 


Coordinate System. The origin of the 1 and ¢ axes is coincident 
with the car at the instant considered. The ¢ axis is in the direction of 
motion, and the positive 1 axis is directed toward the center of the 
circle. This coordinate system is selected since the path is known. 


Acceleration. The magnitude of acceleration can be related to its 
components using a = \/a? + az. Here a, = 7 ft/s”. Since a, = v*/p, 
the velocity as a function of time must be determined first. 
Vv =U + (a)et 
v=O0+7t 
v (7)? 


= — =~ = 0.1637 ft/s” 
an : 300 0.163¢° ft/s 


The time needed for the acceleration to reach 8 ft/s” is therefore 


a=\/a+a 


8 ft/s? = \/(7 ft/s’)? + (0.1632) 


Solving for the positive value of t yields 
0.16372 = \/(8 ft/s?)? — (7 ft/s’)? 
t = 4.87s 
Velocity. The speed at time tf = 4.87 s is 
v = Tt = 7(4.87) = 34.1 ft/s Ans. 


NOTE: Remember the velocity will always be tangent to the path, 
whereas the acceleration will be directed within the curvature of the path. 
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EXAMPLE |12.16 


The boxes in Fig. 12—29a travel along the industrial conveyor. If a box 
as in Fig. 12-295 starts from rest at A and increases its speed such that 
a, = (0.2t) m/s”, where f is in seconds, determine the magnitude of its 
acceleration when it arrives at point B. 


SOLUTION 


Coordinate System. The position of the box at any instant is 
defined from the fixed point A using the position or path coordinate s, 
Fig. 12-29b. The acceleration is to be determined at B, so the origin of 
the n, ¢ axes is at this point. 


Acceleration. To determine the acceleration components a, = 0 
and a, = v’/p, it is first necessary to formulate v and # so that they 
may be evaluated at B. Since v, = 0 when ¢t = 0, then 


=r (1) 


t 
[ 0.2t dt 
0 


Sis (2) 


TOE 


i 


The time needed for the box to reach point B can be determined by 
realizing that the position of B is sg = 3 + 2m(2)/4 = 6.142 m, 
Fig. 12-295, and since s, = 0 when t = 0 we have 


NU 


ds 
S— =O 
UV 1 0 


142% te 
[ ds = [ 0.1¢7dt 
0 0 


6.142 m = 0.0333t} 
tp = 5.690s 


Substituting into Eqs. 1 and 2 yields 
(@z)7 — vp — 0.216690) = 1.138 m/s 
De = 0.1(5:69)” = 3.238m/s 
At B, pz = 2m, so that 
v3 (3.238 m/s)” 


o—= = 5247 mis 
(4B) n ie 2m m/s 


B 1.138 m/s? 


The magnitude of ag, Fig. 12—29c, is therefore e 
Cc 


ag = \/ (1.138 m/s*)? + (5.242 m/s??? = 5.36 m/s? Ans. Fig, 12-29 
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= (ea FUNDAMENTAL PROBLEMS 


F12-27. The boat is traveling along the circular path with a F12-30. When x = 10 ft, the crate has a speed of 20 ft/s 


speed of v = (0.062577) m/s, where t is in seconds. Determine which is increasing at 6 ft/s”. Determine the direction of the 
the magnitude of its acceleration when t = 10s. crate’s velocity and the magnitude of the crate’s acceleration 
t at this instant. 
v = 0.06257 


40m n 


F12-27 
F12-28. The car is traveling along the road with a speed of 
v = (300/s) m/s, where s is in meters. Determine the 
magnitude of its acceleration when t = 3 sift = Oats = 0. 


F12-30 
v= (30)m /s 


F12-31. If the motorcycle has a deceleration of 
a, = —(0.001s) m/s” and its speed at position A is 25 m/s, 
determine the magnitude of its acceleration when it passes 
point B. 


F12-28 


F12-29. If the car decelerates uniformly along the curved 
road from 25 m/s at A to 15m/s at C, determine the 
acceleration of the car at B. 


F12-31 


F12-32. The car travels up the hill with a speed of 
v = (0.2s) m/s, where s is in meters, measured from A. 
Determine the magnitude of its acceleration when it is at 
point s = 50m, where p = 500m. 
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ET PROBLEMS 


12-111. When designing a highway curve it is required that 
cars traveling at a constant speed of 25 m/s must not have 
an acceleration that exceeds 3m/s?. Determine the 
minimum radius of curvature of the curve. 


*12-112. At a given instant, a car travels along a circular 
curved road with a speed of 20 m/s while decreasing its speed 
at the rate of 3 m/s’. If the magnitude of the car’s acceleration 
is 5 m/s’, determine the radius of curvature of the road. 


e12-113. Determine the maximum constant speed a race 
car can have if the acceleration of the car cannot exceed 
7.5 m/s” while rounding a track having a radius of curvature 
of 200 m. 


12-114. An automobile is traveling on a horizontal circular 
curve having a radius of 800 ft. If the acceleration of the 
automobile is 5 ft/s’, determine the constant speed at 
which the automobile is traveling. 


12-115. A car travels along a horizontal circular curved 
road that has a radius of 600 m. If the speed is uniformly 
increased at a rate of 2000 km/h’, determine the magnitude 
of the acceleration at the instant the speed of the car is 
60 km/h. 


*12-116. The automobile has a speed of 80 ft/s at point A 
and an acceleration a having a magnitude of 10 ft/s”, acting 
in the direction shown. Determine the radius of curvature 
of the path at point A and the tangential component of 
acceleration. 


Prob. 12-116 


e12-117. Starting from rest the motorboat travels around 
the circular path, p = 50m, at a speed v = (0.8¢) m/s, 
where ¢ is in seconds. Determine the magnitudes of the 
boat’s velocity and acceleration when it has traveled 20 m. 


12-118. Starting from rest, the motorboat travels around 
the circular path, p = 50 m, at a speed v = (0.27) m/s, 
where ¢ is in seconds. Determine the magnitudes of the 
boat’s velocity and acceleration at the instant t = 3s. 


Probs. 12-117/118 


12-119. A car moves along a circular track of radius 250 ft, 
and its speed for a short period of time 0 =f = 2s is 
v = 3(t + 1’) ft/s, where t is in seconds. Determine the 
magnitude of the car’s acceleration when ¢t = 2s. How far 
has it traveled int = 2s? 


*12-120. The car travels along the circular path such that its 
speed is increased by a, = (0.5e’) m/s’, where ¢ is in 
seconds. Determine the magnitudes of its velocity and 
acceleration after the car has traveled s = 18m starting 
from rest. Neglect the size of the car. 


p=30m 


Prob. 12-120 
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e12-121. The train passes point B with a speed of 20 m/s 
which is decreasing at a, = —0.5 m/s’. Determine the 
magnitude of acceleration of the train at this point. 


12-122. The train passes point A with a speed of 30 m/s 
and begins to decrease its speed at a constant rate of 
a, = —0.25 m/s’. Determine the magnitude of the 
acceleration of the train when it reaches point B, where 
Sap = 412m. 


x 


y = 200 ¢1000 


x 
+—— 400 gal 


Probs. 12-—121/122 


12-123. The car passes point A with a speed of 25 m/s after 
which its speed is defined by v = (25 — 0.15s) m/s. 
Determine the magnitude of the car’s acceleration when it 
reaches point B, where s = 51.5 m. 


*12-124. If the car passes point A with a speed of 20 m/s 
and begins to increase its speed at a constant rate of 
a, = 0.5m/s*, determine the magnitude of the car’s 
acceleration when s = 100 m. 


Probs. 12—123/124 


e12-125. When the car reaches point A it has a speed of 
25 m/s. If the brakes are applied, its speed is reduced by 
a, = (-4 t) m/s”. Determine the magnitude of acceleration 
of the car just before it reaches point C. 


12-126. When the car reaches point A, it has a speed of 
25 m/s. If the brakes are applied, its speed is reduced by 
a, = (0.001s — 1) m/s*. Determine the magnitude of 
acceleration of the car just before it reaches point C. 


200 m + 


30° 


Probs. 12-125/126 


12-127. Determine the magnitude of acceleration of the 
airplane during the turn. It flies along the horizontal 
circular path AB in 40 s, while maintaining a constant speed 
of 300 ft/s. 


*12-128. The airplane flies along the horizontal circular path 
AB in 60 s. If its speed at point A is 400 ft/s, which decreases 
at arate of a, = (-0.14) ft/s’, determine the magnitude of the 
plane’s acceleration when it reaches point B. 


60° 


Probs. 12-127/128 
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e12-129. When the roller coaster is at B, it has a speed of 
25 m/s, which is increasing at a, = 3 m/s”. Determine the 
magnitude of the acceleration of the roller coaster at this 
instant and the direction angle it makes with the x axis. 


12-130. If the roller coaster starts from rest at A and its 
speed increases at a, = (6—0.06s)m/s’, determine the 
magnitude of its acceleration when it reaches B where 
Sp = 40m. 


| ates 00m 
DIN Sepa 


Probs. 12-129/130 


12-131. The car is traveling at a constant speed of 30 m/s. 
The driver then applies the brakes at A and thereby reduces 
the car’s speed at the rate of a, = (—0.08v) m/s”, where v is 
in m/s. Determine the acceleration of the car just before it 
reaches point C on the circular curve. It takes 15 s for the 
car to travel from A to C. 


*12-132. The car is traveling at a speed of 30 m/s. The 
driver applies the brakes at A and thereby reduces the 
speed at the rate of a, = (-i2) m/s’, where f is in seconds. 
Determine the acceleration of the car just before it reaches 
point C on the circular curve. It takes 15 s for the car to 
travel from A to C. 


Probs. 12-131/132 


012-133. A particle is traveling along a circular curve 
having a radius of 20 m. If it has an initial speed of 20m/s 
and then begins to decrease its speed at the rate of 
a, = (—0.25s)m/s’, determine the magnitude of the 
acceleration of the particle two seconds later. 


12-134. A racing car travels with a constant speed of 
240 km/h around the elliptical race track. Determine the 
acceleration experienced by the driver at A. 


12-135. The racing car travels with a constant speed of 
240 km/h around the elliptical race track. Determine the 
acceleration experienced by the driver at B. 


Probs. 12-134/135 


*12-136. The position of a particle is defined by 
r= {2 sin(7)ti + 2cos(F)tj + 3tk}m, where ¢ is in 
seconds. Determine the magnitudes of the velocity and 
acceleration at any instant. 


e12-137. The position of a particle is defined by 
r= {Pi + 3¢°j + 8k} m, where fis in seconds. Determine 
the magnitude of the velocity and acceleration and the 
radius of curvature of the path when ft = 2s. 
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12-138. Car B turns such that its speed is increased by 
(a,)z = (0.5e") m/s”, where ¢ is in seconds. If the car starts 
from rest when 6 = 0°, determine the magnitudes of its 
velocity and acceleration when the arm AB rotates 6 = 30°. 
Neglect the size of the car. 


12-139. Car B turns such that its speed is increased by 
(a,)p = (0.5e') m/s”, where t is in seconds. If the car starts 
from rest when 6 = 0°, determine the magnitudes of its 
velocity and acceleration when ¢ = 2s. Neglect the size of 
the car. 


ye 


Probs. 12-138/139 


*12-140. The truck travels at a speed of 4m/s along a 
circular road that has a radius of 50 m. For a short distance 
from s = 0, its speed is then increased by a, = (0.05s) m/s’, 
where s is in meters. Determine its speed and the magnitude 
of its acceleration when it has moved s = 10m. 


e12-141. The truck travels along a circular road that has a 
radius of 50 m at a speed of 4 m/s. For a short distance when 
t = 0, its speed is then increased by a, = (0.4¢) m/s”, where 
t is in seconds. Determine the speed and the magnitude of 
the truck’s acceleration when f = 4s. 


ie 


Probs. 12-140/141 


12-142. Two cyclists, A and B, are traveling counterclockwise 
around a circular track at a constant speed of 8 ft/s at 
the instant shown. If the speed of A is increased at 
(a,)4 = (s,) ft/s’, where s, is in feet, determine the 
distance measured counterclockwise along the track from B 
to A between the cyclists when ¢ = 1s. What is the 
magnitude of the acceleration of each cyclist at this instant? 


Prob. 12-142 


12-143. A toboggan is traveling down along a curve which 
can be approximated by the parabola y = 0.01x7. 
Determine the magnitude of its acceleration when it 
reaches point A, where its speed is v4 = 10 m/s, and it is 
increasing at the rate of (a,) 4 = 3 m/s’. 


y = 0.01x" 


| 
|, 
| — 60m —+ 


Prob. 12-143 
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*12-144, The jet plane is traveling with a speed of 120 m/s 12-146. The motorcyclist travels along the curve at a 
which is decreasing at 40 m/s* when it reaches point A. constant speed of 30 ft/s. Determine his acceleration when 
Determine the magnitude of its acceleration when it is at he is located at point A. Neglect the size of the motorcycle 


this point. Also, specify the direction of flight, measured and rider for the calculation. 
from the x axis. 


Prob. 12-144 Prob. 12-146 
e12-145. The jet plane is traveling with a constant speed of 12-147. The box of negligible size is sliding down along a 
110 m/s along the curved path. Determine the magnitude of curved path defined by the parabola y = 0.4x*. When it is at 
the acceleration of the plane at the instant it reaches point A (x4 = 2m, y, = 1.6m), the speed is vg = 8 m/s and the 
A (y = 0). increase in speed is dvg/dt = 4m/s*. Determine the 


magnitude of the acceleration of the box at this instant. 


Prob. 12-145 Prob. 12-147 
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*12-148. A spiral transition curve is used on railroads to 
connect a straight portion of the track with a curved 
portion. If the spiral is defined by the equation 
y = (10°°)x?, where x and y are in feet, determine the 
magnitude of the acceleration of a train engine moving with 
a constant speed of 40 ft/s when it is at point x = 600 ft. 


y= 00 


Prob. 12-148 


e12-149. Particles A and B are traveling counter-clockwise 
around a circular track at a constant speed of 8 m/s. If at 
the instant shown the speed of A begins to increase by 
(a,)4 =(0.4s,4) m/s’, where s, is in meters, determine the 
distance measured counterclockwise along the track from B 
to A when t = 1s. What is the magnitude of the 
acceleration of each particle at this instant? 


Prob. 12-149 


12-150. Particles A and B are traveling around a circular 
track at a speed of 8 m/s at the instant shown. If the speed of 
B is increasing by (a,)3 = 4 m/s”, and at the same instant A 
has an increase in speed of (a;)4 = 0.8¢ m/s”, determine how 
long it takes for a collision to occur. What is the magnitude of 
the acceleration of each particle just before the collision 
occurs? 


Prob. 12-150 


12-151. The race car travels around the circular track with a 
speed of 16 m/s. When it reaches point A it increases its 
speed at a, = G v'/*) m/s”, where v is in m/s. Determine the 
magnitudes of the velocity and acceleration of the car when 
it reaches point B. Also, how much time is required for it to 
travel from A to B? 


200 m 


Prob. 12-151 
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*12-152. A particle travels along the path y = a + bx + cx’, 12-154, The motion of a particle is defined by the 
where a, b, c are constants. If the speed of the particle is equations x = (2¢ + t?)m and y = (¢*)m, where ¢ is in 
constant, v = vp, determine the x and y components seconds. Determine the normal and tangential components 
of velocity and the normal component of acceleration of the particle’s velocity and acceleration when ¢ = 2s. 


when x = 0. 


012-153. The ball is kicked with an initial speed 12-155. The motorcycle travels along the elliptical track at 


va = 8 m/s at an angle 64 = 40° with the horizontal. Find a constant speed v. Determine the greatest magnitude of 
the equation of the path, y = f(x), and then determine the the acceleration if a > b. 
normal and tangential components of its acceleration when 
t=0.25s. 
y 


Prob. 12-153 


12.8 Curvilinear Motion: Cylindrical 
Components 


Sometimes the motion of the particle is constrained on a path that is best 
described using cylindrical coordinates. If motion is restricted to the plane, 
then polar coordinates are used. 


Polar Coordinates. We can specify the location of the particle 
shown in Fig. 12-30a using a radial coordinate r, which extends outward 
from the fixed origin O to the particle, and a transverse coordinate 0, 
which is the counterclockwise angle between a fixed reference line and 
the r axis. The angle is generally measured in degrees or radians, where 
lrad = 180°/7. The positive directions of the r and @ coordinates are 
defined by the unit vectors u, and uy, respectively. Here u, is in the 
direction of increasing r when @ is held fixed, and uy is in a direction of 
increasing @ when r is held fixed. Note that these directions are 
perpendicular to one another. 


Prob. 12-155 


Position 
(a) 
Fig. 12-30 
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Position 


(a) 


(b) 
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Velocity 
(c) 


Fig. 12-30 (cont.) 


Position. At any instant the position of the particle, Fig. 12-30a, is 
defined by the position vector 


r= ru, (12-22) 


Velocity. The instantaneous velocity v is obtained by taking the time 
derivative of r. Using a dot to represent the time derivative, we have 


v=r=~ru, + ru, 


To evaluate u,, notice that u, only changes its direction with respect to 
time, since by definition the magnitude of this vector is always one unit. 
Hence, during the time Afr, a change Ar will not cause a change in the 
direction of u,; however, a change A@ will cause u, to become u,, where 
u, = u, + Au,, Fig. 12-305. The time change in u, is then Au,. For small 
angles A@ this vector has a magnitude Au, ~ 1(A@) and acts in the uy 
direction. Therefore, Au, = A@uy, and so 


» = imo = tim 28 
” ree At eae Mo 


ui, = bu, (12-23) 


Substituting into the above equation, the velocity can be written in 
component form as 


Vv = UU, + Vola (12-24) 
where 
vv, =T 
. 12-25 
Vg = r0 ( ) 


These components are shown graphically in Fig. 12-30c. The radial 
component Vv, 1s a measure of the rate of increase or decrease in the 
length of the radial coordinate, i.e., 7; whereas the transverse component 
v, can be interpreted as the rate of motion along the circumference of a 
circle having a radius r. In particular, the term g= d6/dt is called the 
angular velocity, since it indicates the time rate of change of the angle 6. 
Common units used for this measurement are rad/s. 

Since vy, and v, are mutually perpendicular, the magnitude of velocity 
or speed is simply the positive value of 


v= V(r? + (76) (12-26) 


and the direction of v is, of course, tangent to the path, Fig. 12-30c. 
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Acceleration. Taking the time derivatives of Eq. 12-24, using 
Eggs. 12-25, we obtain the particle’s instantaneous acceleration, 


a=v=/fu, + 7u, + Ou, + rou, + rou, 


To evaluate Ug, it is necessary only to find the change in the direction of uy 
since its magnitude is always unity. During the time At, a change Ar will not 
change the direction of ug, however, a change A@ will cause ug to become 
ug, Where ug = uy + Aug, Fig. 12-30d. The time change in uy is thus Aug. 
For small angles this vector has a magnitude Aug ~ 1(A@) and acts in the 
—u,, direction; 1.e., Aug = —Adu,. Thus, 


ie ee 
Mt cae he ApoaAr fo 
iy, = —6u, (12-27) 


Substituting this result and Eq. 12-23 into the above equation for a, we 
can write the acceleration in component form as 


a= am, + agg (12-28) 


where 


a, = 7 — 10" 


r0 + 2r6 (12-29) 


a 


The term 6 = d6/dt? = d/dt(d6/dt) is called the angular acceleration 
since it measures the change made in the angular velocity during an 
instant of time. Units for this measurement are rad/s’. 

Since a,, and ag are always perpendicular, the magnitude of 
acceleration is simply the positive value of 


a =\/(F — r6?)2 + (r6 + 276) (12-30) 


The direction is determined from the vector addition of its two 
components. In general, a will not be tangent to the path, Fig. 12-30e. 


(d) 


Acceleration 


(e) 
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- 


u, 


Fig. 12-31 


The spiral motion of this boy can be 
followed by using cylindrical components. 
Here the radial coordinate r is constant, 
the transverse coordinate @ will increase 
with time as the boy rotates about the 
vertical, and his altitude z will decrease 
with time. 


Cylindrical Coordinates. If the particle moves along a space 
curve as shown in Fig. 12-31, then its location may be specified by the 
three cylindrical coordinates, r, 0, z. The z coordinate is identical to that 
used for rectangular coordinates. Since the unit vector defining its 
direction, u,, is constant, the time derivatives of this vector are zero, and 
therefore the position, velocity, and acceleration of the particle can be 
written in terms of its cylindrical coordinates as follows: 


tp = ru, + 2, 

v =7u, + rOuy + Zu, (12-31) 
a = (7 — ré°)u, + (rO + 276)uy + Zu, (12-32) 
Time Derivatives. The above equations require that we obtain the 


time derivatives r, 7, 0, and 0 in order to evaluate the r and @ components 
of v and a. Two types of problems generally occur: 


1. Ifthe polar coordinates are specified as time parametric equations, 
r = r(t)and0@ = 6(t), then the time derivatives can be found directly. 

2. If the time-parametric equations are not given, then the path 
r = f(@) must be known. Using the chain rule of calculus we can 
then find the relation between r and 6, and between 7 and 0. 
Application of the chain rule, along with some examples, is 
explained in Appendix C. 


Procedure for Analysis 


Coordinate System. 


e Polar coordinates are a suitable choice for solving problems when 
data regarding the angular motion of the radial coordinate r is 
given to describe the particle’s motion. Also, some paths of motion 
can conveniently be described in terms of these coordinates. 

To use polar coordinates, the origin is established at a fixed point, 
and the radial line r is directed to the particle. 


The transverse coordinate 6 is measured from a fixed reference 
line to the radial line. 


Velocity and Acceleration. 

© Once r and the four time derivatives r, 7, 6, and 6 have been 
evaluated at the instant considered, their values can be 
substituted into Eqs. 12-25 and 12-29 to obtain the radial and 
transverse components of v and a. 


If it is necessary to take the time derivatives of r = f(@), then the 
chain rule of calculus must be used. See Appendix C. 

Motion in three dimensions requires a simple extension of the 
above procedure to include z and z. 
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EXAMPLE |12.17 


The amusement park ride shown in Fig. 12—32a consists of a chair that 
is rotating in a horizontal circular path of radius r such that the arm 
OB has an angular velocity 6 and angular acceleration 0. Determine 
the radial and transverse components of velocity and acceleration of 
the passenger. Neglect his size in the calculation. 


SOLUTION 


Coordinate System. Since the angular motion of the arm is 
reported, polar coordinates are chosen for the solution, Fig. 12-32a. 
Here 6 is not related to r, since the radius is constant for all 0. 


Velocity and Acceleration. It is first necessary to specify the first 
and second time derivatives of r and @. Since r is constant, we have 
r=r r=0 r=0 


Thus, 


7 — r@? = —r? 
= r0 + 270 = r0 
These results are shown in Fig. 12—32b. 


NOTE: The n, t axes are also shown in Fig. 12—32b, which in this 
special case of circular motion happen to be collinear with the r and 6 
axes, respectively. Since v = vg = v, = r0, then by comparison, 


vw (r0)? 
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EXAMPLE |12.18 


a, = 700 mm/s” 


(c) 
Fig. 12-33 
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The rod OA in Fig. 12—-33a rotates in the horizontal plane such that 
6 = (t*) rad. At the same time, the collar B is sliding outward along 
OA so that r = (10077) mm. If in both cases f is in seconds, determine 
the velocity and acceleration of the collar when t = 1s. 


SOLUTION 


Coordinate System. Since time-parametric equations of the path 
are given, it is not necessary to relate r to 0. 


Velocity and Acceleration. Determining the time derivatives and 
evaluating them when ¢ = 1s, we have 


r = 1007? =100mm @=f = ivad = 373° 


t=1s t=1s 


r= 2001) = 200mm/s 6=37) = 3rad/s 


t=1s t=1s 


7 = 200 = 200 mm/s? 6 = 6t = 6 rad/s’. 


t=1s t=1s 


As shown in Fig. 12-33), 
v=ru, + rOuy 
= 200u, + 100(3)uy = {200u, + 300u,} mm/s 
The magnitude of v is 
v = \/ (200)? + (300)? = 361 mm/s Ans. 


300 
= tan'() = S538 & + 57.3° = 114° Ans. 


As shown in Fig. 12-33c, 
a = (7 — r6*)u, + (6 + 276)u, 
= [200 — 100(3)?Ju, + [100(6) + 2(200)3]u, 
= {—700u, + 1800u,} mm/s” 
The magnitude of a is 
a = V(700)2 + (1800)? = 1930 mm/s” Ans. 


180 
b tan( ae) = 68.7° (180° — ¢) + 57.3° = 169° Ans. 


NOTE: The velocity is tangent to the path; however, the acceleration 
is directed within the curvature of the path, as expected. 
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EXAMPLE |12.19 


The searchlight in Fig. 12-34 casts a spot of light along the face of a wall 
that is located 100 m from the searchlight. Determine the magnitudes of 
the velocity and acceleration at which the spot appears to travel across 
the wall at the instant 6 = 45°. The searchlight rotates at a constant rate 
of @ = 4rad/s. 

SOLUTION 


Coordinate System. Polar coordinates will be used to solve this 
problem since the angular rate of the searchlight is given. To find the 
necessary time derivatives it is first necessary to relate r to 0. From 
Fig. 12-34a, 

r = 100/cos 6 = 100 sec 6 
Velocity and Acceleration. Using the chain rule of calculus, noting 
that d(sec 0) = sec 6 tan 6 dé, and d(tan @) = sec’ 6 d0, we have 


+ = 100(sec @ tan 0)0 
r = 100(sec 6 tan 6)6(tan 0)@ + 100 sec 6(sec? 0)6(8) 
+ 100 sec 6 tan 6(6) 
= 100 sec 6 tan’ (6)? + 100 sec*9 (6)? + 100(sec 6 tan 6)6 


Since 0 = 4 rad/s = constant, then 6= 0, and the above equations, 
when 6 = 45°, become 


r = 100 sec 45° = 141.4 
r = 400 sec 45° tan 45° = 565.7 
7 = 1600 (sec 45° tan” 45° + sec? 45°) = 6788.2 
As shown in Fig. 12-345, 
v=ru, + r0Uy 
= 565.7u, + 141.4(4)uy 
= {565.7u, + 565.7u,} m/s 
v = \/v2 + 3 = \/(565.7)? + (565.7) 
= 800 m/s 
As shown in Fig. 12-34c, 
a = (7 — r6)u, + (r6 + 276)u, 
= [6788.2 — 141.4(4)7]u, + [141.4(0) + 2(565.7)4]uy 
= {4525.5u, + 4525.5uy} m/s” 
a = \/ a2 + a3 = \/ (4525.5)? + (4525.5)? 
= 6400 m/s” Ans. 


NOTE: It is also possible to find a without having to calculate 7 (or a,). 
As shown in Fig. 12-34d, since ag = 4525.5 m/s”, then by vector 
resolution, a = 4525.5/cos 45° = 6400 m/s”. 
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9 =459\~ 
a, ag = 4525.5 m/s” 


(d) 
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EXAMPLE |12.20 


r = 0.5 (1 — cos 6) ft 


Due to the rotation of the forked rod, the ball in Fig. 12-35a travels 
around the slotted path, a portion of which is in the shape of a 
cardioid, r = 0.5(1 — cos @) ft, where @ is in radians. If the ball’s 
velocity is v = 4 ft/s and its acceleration is a = 30 ft/s” at the instant 


6 = 180°, determine the angular velocity @and angular acceleration 6 
of the fork. 


SOLUTION 

Coordinate System. This path is most unusual, and mathematically 
it is best expressed using polar coordinates, as done here, rather than 
rectangular coordinates. Also, since 0 and @ must be determined, then 
r,@ coordinates are an obvious choice. 


Velocity and Acceleration. The time derivatives of r and 6 can be 
determined using the chain rule. 


r = 0.5(1 — cos 0) 
7 = 0.5(sin 0)0 
r = 0.5(cos 0)0(8) + 0.5(sin 0)0 
Evaluating these results at 6 = 180°, we have 
Ft 7 — Oy = O50 
Since v = 4 ft/s, using Eq. 12-26 to determine f) yields 
v= V(r) + (76) 
4 = /(0) + (16) 


6 = 4rad/s 


Ina similar manner, 6 can be found using Eq. 12-30. 


a=\/(#- rP) + ( ro + 276? 
30 = \/[-0.5(4)? — 14° + [16 + 2(0)(4)P 
(30)? = (—24)? + 6? 
6 = 18 rad/s? Ans. 


Vectors a and v are shown in Fig. 12—35b. 


NOTE: At this location, the @ and ¢ (tangential) axes will coincide. The 
+n (normal) axis is directed to the right, opposite to +r. 
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el FUNDAMENTAL PROBLEMS 


F12-33. The car has a speed of 55 ft/s. Determine the 
angular velocity @ of the radial line OA at this instant. 


r = 400 ft 


O F12-33 
F12-34. The platform is rotating about the vertical axis 
such that at any instant its angular position is 
@ = (4t°”) rad, where t is in seconds. A ball rolls outward 
along the radial groove so that its position is r = (0.17) m, 
where f is in seconds. Determine the magnitudes of the 
velocity and acceleration of the ball when ¢t = 1.5 s. 


F12-34 
F12-35. Peg P is driven by the fork link OA along the 
curved path described by r = (26) ft. At the instant 
6 = 7/4 rad, the angular velocity and angular acceleration 
of the link are @ = 3 rad/s and @ = 1 rad/s’. Determine the 
magnitude of the peg’s acceleration at this instant. 


F12-35 


F12-36. Peg P is driven by the forked link OA along the 
path described by r = e®. When 6 = 7 rad, the link has an 
angular velocity and angular acceleration of 6 = 2 rad/s 
and 6 =4 rad/s*. Determine the radial and transverse 
components of the peg’s acceleration at this instant. 


F12-36 
F12-37. The collars are pin-connected at B and are free 


to move along rod OA and the curved guide OC having 
the shape of a cardioid, r = [0.2(1 + cos @)] m. At @ = 30°, 
the angular velocity of OA is 6 =3 rad/s. Determine the 
magnitudes of the velocity of the collars at this point. 


6 = 3 rad/s 


F12-37 
F12-38. At the instant @ = 45°, the athlete is running with 
a constant speed of 2 m/s. Determine the angular velocity 
at which the camera must turn in order to follow the 
motion. \N r= (30 csc 0) m 


F12-38 
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|| PROBLEMS 


*12-156. A particle moves along a circular path of radius 
300 mm. If its angular velocity is @ = (217) rad/s, where fis in 
seconds, determine the magnitude of the particle’s 
acceleration when t = 2s. 


¢12-157. A particle moves along a circular path of radius 
300 mm. If its angular velocity is @ = (3t*) rad/s, where tis in 
seconds, determine the magnitudes of the particle’s velocity 
and acceleration when 0 = 45°. The particle starts from rest 
when 0 = 0°. 


12-158. A particle moves along a circular path of radius 
5 ft. If its position is 9 = (e°)rad, where f is in seconds, 
determine the magnitude of the particle’s acceleration 
when @ = 90°. 


12-159. The position of a particle is described by 
r = (t° + 4t — 4)mand@ = (¢9/) rad, where ris in seconds. 
Determine the magnitudes of the particle’s velocity and 
acceleration at the instant f = 2s. 


*12-160. The position of a particle is described by 
r = (300e°') mm and 6 = (0.3¢7) rad, where t is in seconds. 
Determine the magnitudes of the particle’s velocity and 
acceleration at the instant ¢ = 1.5s. 


e12-161. An airplane is flying in a straight line with a 
velocity of 200 mi/h and an acceleration of 3 mi/h’. If the 
propeller has a diameter of 6 ft and is rotating at an angular 
rate of 120 rad/s, determine the magnitudes of velocity and 
acceleration of a particle located on the tip of the propeller. 


12-162. A particle moves along a circular path having a 
radius of 4 in. such that its position as a function of time is 
given by 6 = (cos 2f) rad, where ¢ is in seconds. Determine 
the magnitude of the acceleration of the particle when 
0 = 30°. 


12-163. A particle travels around a limagon, defined by the 
equation r = b — a cos 0, where a and b are constants. 
Determine the particle’s radial and transverse components 
of velocity and acceleration as a function of 6 and its time 
derivatives. 


*12-164. A particle travels around a lituus, defined by the 
equation r79 = a’, where a is a constant. Determine the 
particle’s radial and transverse components of velocity and 
acceleration as a function of 0 and its time derivatives. 


e12-165. A car travels along the circular curve of radius 
r = 300 ft. At the instant shown, its angular rate of rotation 
is 0=04 rad/s, which is increasing at the rate of 
6 = 0.2 rad/s’. Determine the magnitudes of the car’s 
velocity and acceleration at this instant. 


A 


oN 


6 = 0.4 rad/s rea 


6 = 0.2 rad/s? 
0 


Prob. 12-165 


12-166. The slotted arm OA rotates counterclockwise 
about O with a constant angular velocity of 6. The motion of 
pin B is constrained such that it moves on the fixed circular 
surface and along the slot in OA. Determine the magnitudes 
of the velocity and acceleration of pin B as a function of 6. 


12-167. The slotted arm OA rotates counterclockwise 
about O such that when @ = 7/4, arm OA is rotating with 
an angular velocity of @ and an angular acceleration of 0. 
Determine the magnitudes of the velocity and acceleration 
of pin B at this instant. The motion of pin B is constrained 
such that it moves on the fixed circular surface and along 
the slot in OA. 


Probs. 12-166/167 


12.8 


*12-168. The car travels along the circular curve having a 
radius r = 400 ft. At the instant shown, its angular rate of 
rotation is @ = 0.025 rad/s, which is decreasing at the rate 
6 = —0.008 rad/s’. Determine the radial and transverse 
components of the car’s velocity and acceleration at this 
instant and sketch these components on the curve. 


e12-169. The car travels along the circular curve of radius 
r = 400 ft with a constant speed of v = 30 ft/s. Determine 
the angular rate of rotation 6 of the radial line r and the 
magnitude of the car’s acceleration. 


ee 


r = 400 ft 


| 
Oy TN 
+ 
Probs. 12-168/169 


12-170. Starting from rest, the boy runs outward in the 
radial direction from the center of the platform with a 
constant acceleration of 0.5 m/s”. If the platform is rotating 
at a constant rate @ = 0.2 rad/s, determine the radial and 
transverse components of the velocity and acceleration of 
the boy when ¢ = 3s. Neglect his size. 


6 =0.2 ae 


0.5 m/s? 


Prob. 12-170 
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12-171. The small washer slides down the cord OA. When 
it is at the midpoint, its speed is 200 mm/s and its 
acceleration is 10 mm/s’. Express the velocity and 
acceleration of the washer at this point in terms of its 
cylindrical components. 


Zz 
A 
fo 
700 mm 
—_—_—. 
Zoey 
300 mm 
P 400 mm__> Cae 


Prob. 12-171 


*12-172. If arm OA rotates counterclockwise with a 
constant angular velocity of 0 = 2 rad/s, determine the 
magnitudes of the velocity and acceleration of peg P at 
6 = 30°. The peg moves in the fixed groove defined by the 
lemniscate, and along the slot in the arm. 


e12-173. The peg moves in the curved slot defined by the 
lemniscate, and through the slot in the arm. At 0 = 30°, the 
angular velocity is @=2 rad/s, and the angular acceleration 
is = 15 rad/s’. Determine the magnitudes of the velocity 
and acceleration of peg P at this instant. 


r= (4sin 2 6)m? 


Probs. 12—172/173 
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12-174. The airplane on the amusement park ride moves 
along a path defined by the equations r= 4m, 
6 = (0.2) rad, and z = (0.5 cos @) m, where fis in seconds. 
Determine the cylindrical components of the velocity and 
acceleration of the airplane when t = 6s. 


Prob. 12-174 


12-175. The motion of peg P is constrained by the 
lemniscate curved slot in OB and by the slotted arm OA. If 
OA rotates counterclockwise with a constant angular 
velocity of 6 = 3 rad/s, determine the magnitudes of the 
velocity and acceleration of peg P at 6 = 30°. 


*12-176. The motion of peg P is constrained by the 
lemniscate curved slot in OB and by the slotted arm OA. 
If OA rotates counterclockwise with an angular velocity of 
@ = (317) rad/s, where ft is in seconds, determine the 
magnitudes of the velocity and acceleration of peg P at 
0 = 30°. When t = 0,0 = 0°. 


Probs. 12-175/176 


e12-177. The driver of the car maintains a constant speed 
of 40 m/s. Determine the angular velocity of the camera 
tracking the car when 0 = 15°. 


12-178. When 6 = 15°, the car has a speed of 50 m/s which 
is increasing at 6 m/s*. Determine the angular velocity of 
the camera tracking the car at this instant. 


r = (100 cos 20) m 


Probs. 12-177/178 


12-179. If the cam rotates clockwise with a constant 
angular velocity of @ = 5 rad/s, determine the magnitudes 
of the velocity and acceleration of the follower rod AB at 
the instant 6 = 30°. The surface of the cam has a shape of 
limagon defined by r = (200 + 100 cos 6) mm. 


*12-180. At the instant 0 = 30°, the cam rotates with a 
clockwise angular velocity of @ = 5 rad/s and and angular 
acceleration of @ = 6 rad/s”. Determine the magnitudes of 
the velocity and acceleration of the follower rod AB at this 
instant. The surface of the cam has a shape of a limagon 
defined by r = (200 + 100 cos @) mm. 


r = (200 + 100 cos 6) mm 


Probs. 12-179/180 


12.8 


e12-181. The automobile travels from a parking deck 
down along a cylindrical spiral ramp at a constant speed of 
v = 1.5 m/s. If the ramp descends a distance of 12 m for 
every full revolution, 9 = 27 rad, determine the magnitude 
of the car’s acceleration as it moves along the ramp, 
r= 10m. Hint: For part of the solution, note that the 
tangent to the ramp at any point is at an angle of 
@ = tan”! (12/[27(10)]) = 10.81° from the horizontal. 
Use this to determine the velocity components v, and v,, 
which in turn are used to determine 0 and z. 


Prob. 12-181 


12-182. The box slides down the helical ramp with a 
constant speed of v = 2 m/s. Determine the magnitude of 
its acceleration. The ramp descends a vertical distance of 
1m for every full revolution. The mean radius of the ramp is 
r = 05 m. 


12-183. The box slides down the helical ramp which is 
defined by r = 0.5m, 6 = (0.5¢°) rad, and z = (2 - 0.227) m, 
where f is in seconds. Determine the magnitudes of the 
velocity and acceleration of the box at the instant 
0 = 2rrad. 


Probs. 12-182/183 
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*12-184. Rod OA rotates counterclockwise with a constant 
angular velocity of @ = 6 rad/s. Through mechanical means 
collar B moves along the rod with a speed of + = (47) m/s, 
where ¢ is in seconds. If r = 0 when t = 0, determine the 
magnitudes of velocity and acceleration of the collar when 
t = 0.75s. 


12-185. Rod OA is rotating counterclockwise with an angular 
velocity of 9 = (2t?) rad/s. Through mechanical means collar B 
moves along the rod with a speed of 7 = (41?) m/s.If@ = Oand 
r = 0 when ¢ = O, determine the magnitudes of velocity and 
acceleration of the collar at 9 = 60°. 


Probs. 12-184/185 


12-186. The slotted arm AB drives pin C through the spiral 
groove described by the equation r = a@. If the angular 
velocity is constant at 0, determine the radial and transverse 
components of velocity and acceleration of the pin. 


12-187. The slotted arm AB drives pin C through the spiral 
groove described by the equation r = (1.5 @) ft, where @ is in 
radians. If the arm starts from rest when 6 = 60° and is 
driven at an angular velocity of 6 = (4t) rad/s, where tf is in 
seconds, determine the radial and transverse components of 
velocity and acceleration of the pin C whent = 1s. 


Probs. 12-186/187 
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*12-188. The partial surface of the cam is that of a 
logarithmic spiral r = (40e°°°*) mm, where 6 is in radians. If 
the cam rotates at a constant angular velocity of @ = 4 rad/s, 
determine the magnitudes of the velocity and acceleration of 
the point on the cam that contacts the follower rod at the 
instant 9 = 30°. 


12-189. Solve Prob. 12-188, if the cam has an angular 
acceleration of 6 = 2 rad/ s’ when its angular velocity is 
0 = 4rad/s at 8 = 30°. 


pn 
0= 4rad/s 


Probs. 12-188/189 


12-190. A particle moves along an Archimedean spiral 
r = (86) ft, where @ is given in radians. If 0 = 4 rad/s 
(constant), determine the radial and transverse components 
of the particle’s velocity and acceleration at the instant 
6 = 7/2 rad. Sketch the curve and show the components on 
the curve. 


12-191. Solve Prob. 12-190 if the particle has an angular 
acceleration @ = 5 rad/s* when @ = 4 rad/s at 9 = 7/2 rad. 


r= (86) ft 


Probs. 12-190/191 


*12-192. The boat moves along a path defined by 
r? = [10(105) cos 20] ft?, where @ is in radians. If 
@ = (0.41) rad, where t is in seconds, determine the radial 
and transverse components of the boat’s velocity and 
acceleration at the instant f = 1s. 


Prob. 12-192 


e12-193. A car travels along a road, which for a short 
distance is defined by r = (200/6) ft, where @ is in radians. If 
it maintains a constant speed of v = 35 ft/s, determine the 
radial and transverse components of its velocity when 
0 = 7/3 rad. 


12-194. For a short time the jet plane moves along a path 
in the shape of a lemniscate, r* = (2500 cos 20) km. At the 
instant @ = 30°, the radar tracking device is rotating at 
@ = 5(10-*) rad/s with @ = 2(10~%) rad/s”. Determine the 
radial and transverse components of velocity and 
acceleration of the plane at this instant. 


r° = 2500 cos 20 


Prob. 12-194 
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12.9 Absolute Dependent Motion 
Analysis of Two Particles 


In some types of problems the motion of one particle will depend on the 
corresponding motion of another particle. This dependency commonly 
occurs if the particles, here represented by blocks, are interconnected by 
inextensible cords which are wrapped around pulleys. For example, the 
movement of block A downward along the inclined plane in Fig. 12-36 
will cause a corresponding movement of block B up the other incline. We 
can show this mathematically by first specifying the location of the blocks 
using position coordinates s 4 and sp. Note that each of the coordinate axes 
is (1) measured from a fixed point (O) or fixed datum line, (2) measured 
along each inclined plane in the direction of motion of each block, and 
(3) has a positive sense from C to A and D to B. If the total cord length is 
l,, the two position coordinates are related by the equation 


Sa + lep + sg = lp 


Here [cp is the length of the cord passing over arc CD. Taking the time 
derivative of this expression, realizing that /-p and /p remain constant, 
while s and sz measure the segments of the cord that change in length. 
We have 

ds, dsp 


+ = 0 or Vp = —-v 
dt dt a ° 


The negative sign indicates that when block A has a velocity downward, 
Le., in the direction of positive s,, it causes a corresponding upward 
velocity of block B;i.e., B moves in the negative sg direction. 

In a similar manner, time differentiation of the velocities yields the 
relation between the accelerations, i.e., 


ap-= a, 


A more complicated example is shown in Fig. 12-37a. In this case, the 
position of block A is specified by s,, and the position of the end of the 
cord from which block B is suspended is defined by sg. As above, we 
have chosen position coordinates which (1) have their origin at fixed 
points or datums, (2) are measured in the direction of motion of each 
block, and (3) are positive to the right for s and positive downward for 
Sg. During the motion, the length of the red colored segments of the cord 
in Fig. 12-37a remains constant. If | represents the total length of cord 
minus these segments, then the position coordinates can be related by 
the equation 


2ptht+s,=l 
Since / and / are constant during the motion, the two time derivatives yield 
2v0R = VA 2aR3 = —a, 


Hence, when B moves downward (+5,), A moves to the left (—s,) with 
twice the motion. 
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This example can also be worked by defining the position of block B 
from the center of the bottom pulley (a fixed point), Fig. 12-37b. In 
this case 


2(h ad Sp) +ht+ s4 > I 
Time differentiation yields 
2UR = V4 2ap =a, 


Here the signs are the same. Why? 


Procedure for Analysis 


The above method of relating the dependent motion of one particle 
to that of another can be performed using algebraic scalars or 
position coordinates provided each particle moves along a 
rectilinear path. When this is the case, only the magnitudes of the 
velocity and acceleration of the particles will change, not their line 
of direction. 


Position-Coordinate Equation. 


e Establish each position coordinate with an origin located at a 
fixed point or datum. 


It is not necessary that the origin be the same for each of the 
coordinates; however, it is important that each coordinate axis 
selected be directed along the path of motion of the particle. 


Using geometry or trigonometry, relate the position coordinates 
to the total length of the cord, /;, or to that portion of cord, /, 
which excludes the segments that do not change length as the 
particles move —such as arc segments wrapped over pulleys. 


If a problem involves a system of two or more cords wrapped 
around pulleys, then the position of a point on one cord must be 
related to the position of a point on another cord using the above 
procedure. Separate equations are written for a fixed length of 
each cord of the system and the positions of the two particles are 
then related by these equations (see Examples 12.22 and 12.23). 


Time Derivatives. 


cTheaionloniot the muvelins Hidde ote e Two successive time derivatives of the position-coordinate 
oil rig depends upon the motion of the equations yield the required velocity and acceleration equations 
cable connected to the winch which which relate the motions of the particles. 


Operas Is maporenan a Be able to The signs of the terms in these equations will be consistent with 
relate these motions in order to determine 


the power requirements of the winch and those that specify the positive and negative sense of the position 


the force in the cable caused by any coordinates. 
accelerated motion. 


12.9 ABSOLUTE DEPENDENT MOTION ANALYSIS OF TWO PARTICLES 83 


EXAMPLE |12.21 


Determine the speed of block A in Fig. 12-38 if block B has an 
upward speed of 6 ft/s. 


SOLUTION 


Position-Coordinate Equation. There is one cord in this system 
having segments which change length. Position coordinates s, and sz 
will be used since each is measured from a fixed point (C or D) and 
extends along each block’s path of motion. In particular, sz is directed 
to point £ since motion of B and E is the same. 

The red colored segments of the cord in Fig. 12-38 remain at a 
constant length and do not have to be considered as the blocks move. 
The remaining length of cord, /, is also constant and is related to the 
changing position coordinates s, and sz by the equation 


Sat ose = 
Time Derivative. Taking the time derivative yields 
va + 30g = 0 


so that when vg = —6 ft/s (upward), 


iq = 18 tts! 


84 CHAPTER 12. KINEMATICS OF A PARTICLE 


EXAMPLE |12.22 


Determine the speed of A in Fig. 12-39 if B has an upward speed 
of 6 ft/s. 


Fig. 12-39 


SOLUTION 


Position-Coordinate Equation. As shown, the positions of blocks 
A and B are defined using coordinates s, and sz. Since the system has 
two cords with segments that change length, it will be necessary to use 
a third coordinate, sc, in order to relate s,4 to sz. In other words, the 
length of one of the cords can be expressed in terms of s4 and sc, and 
the length of the other cord can be expressed in terms of sg and sc. 

The red colored segments of the cords in Fig. 12-39 do not have to 
be considered in the analysis. Why? For the remaining cord lengths, 
say 1, and /,, we have 


Sa + 2sc=], Spt (sg - Sc) =h 
Time Derivative. Taking the time derivative of these equations yields 
v4 + 2uc = 0 2Uz — Vc = 0 


Eliminating vc produces the relationship between the motions of each 
cylinder. 


va + 40g = 0 


so that when vg = —6 ft/s (upward), 


v4 = +24 ft/s = 24 ft/s | 
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EXAMPLE |12.23 


Determine the speed of block B in Fig. 12-40 if the end of the cord at 
A is pulled down with a speed of 2 m/s. 


Fig. 12-40 
SOLUTION 


Position-Coordinate Equation. The position of point A is defined 
by s,4, and the position of block B is specified by sz since point E on 
the pulley will have the same motion as the block. Both coordinates 
are measured from a horizontal datum passing through the fixed pin 
at pulley D. Since the system consists of two cords, the coordinates s 4 
and sg cannot be related directly. Instead, by establishing a third 
position coordinate, sc, we can now express the length of one of the 
cords in terms of sg and sc, and the length of the other cord in terms 
of 54, Sg, and sc. 

Excluding the red colored segments of the cords in Fig. 12-40, the 
remaining constant cord lengths /; and /, (along with the hook and 
link dimensions) can be expressed as 


Scot sp=l, 
(Sa — Sc) + (Sg — Sc) + Sp = 
Time Derivative. The time derivative of each equation gives 
Uc + Vg = 0 
V4 — 2Uc + 2uzg = 0 
Eliminating vc, we obtain 


va + 4vz = 0 


so that when vy = 2 m/s (downward), 


vz = —0.5 m/s = 0.5 m/s Tt 
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EXAMPLE |12.24 


A man at A is hoisting a safe S as shown in Fig. 12-41 by walking to 
the right with a constant velocity vy, = 0.5 m/s. Determine the 
velocity and acceleration of the safe when it reaches the elevation of 
10 m. The rope is 30 m long and passes over a small pulley at D. 


SOLUTION 


Position-Coordinate Equation. This problem is unlike the previous 
examples since rope segment DA changes both direction and 
magnitude. However, the ends of the rope, which define the positions 
of S and A, are specified by means of the x and y coordinates since 
they must be measured from a fixed point and directed along the paths 
of motion of the ends of the rope. 

The x and y coordinates may be related since the rope has a fixed 
length / = 30 m, which at all times is equal to the length of segment DA 
plus CD. Using the Pythagorean theorem to determine /p,, we have 


Ina = \/ 15)" + x73 also, Icp = 15 — y. Hence, 


l= Ip, + Iep 


4.v4 = 0.5 m/s 30 = \/ (15)? + x7? + GS = 3y) 
- y= 225 + x? - 15 (1) 


Time Derivatives. Taking the time derivative, using the chain rule 
(see Appendix C), where v; = dy/dt and v, = dx/dt, yields 


oe dy OX dx 
Pde || Vase || ae 
aN 


VA (2) 

VV 225 + x? 

At y = 10m, x is determined from Eq. 1, 1.e., x = 20 m. Hence, from 

Eq. 2 with v4 = 0.5 m/s, 
20 


\/ 225 + (20) 


The acceleration is determined by taking the time derivative of Eq. 2. 
Since v, is constant, then a, = dv,/dt = 0, and we have 


dy | —x(dx/dt) Jems F 1 (4). rn | 1 | dv, ——-225v4 


di? | (225 + x7)*? \/225 + x2J\ at \/ms+el a (254+ x)? 


At x = 20m, with v, = 0.5 m/s, the acceleration becomes 
225(0.5 m/s)? 
[225 + (20 m)*}¥/? 
NOTE: The constant velocity at A causes the other end C of the rope 


to have an acceleration since v, causes segment DA to change its 
direction as well as its length. 


Us = (0.5) = 0.4m/s = 400mm/s 1 Ans. 


as = = 0.00360 m/s? = 3.60 mm/s? f Ans. 
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12.10 Relative-Motion of Two Particles 
Using Translating Axes 


Throughout this chapter the absolute motion of a particle has been 
determined using a single fixed reference frame. There are many cases, 
however, where the path of motion for a particle is complicated, so that it 
may be easier to analyze the motion in parts by using two or more frames 
of reference. For example, the motion of a particle located at the tip of an 
airplane propeller, while the plane is in flight, is more easily described if 
one observes first the motion of the airplane from a fixed reference and 
then superimposes (vectorially) the circular motion of the particle 
measured from a reference attached to the airplane. 

In this section translating frames of reference will be considered for the 
analysis. Relative-motion analysis of particles using rotating frames of 
reference will be treated in Secs. 16.8 and 20.4, since such an analysis 
depends on prior knowledge of the kinematics of line segments. 


Position. Consider particles A and B, which move along the 
arbitrary paths shown in Fig. 12-42. The absolute position of each 
particle, r, and rg, is measured from the common origin O of the fixed x, 
y, zreference frame. The origin of a second frame of reference x’, y’, z' is 
attached to and moves with particle A. The axes of this frame are only 
permitted to translate relative to the fixed frame. The position of B 
measured relative to A is denoted by the relative-position vector ¥p/,. 
Using vector addition, the three vectors shown in Fig. 12-42 can be 
related by the equation 


Ig =¥4 + Vaya (12-33) 


Velocity. An equation that relates the velocities of the particles is 
determined by taking the time derivative of the above equation; i.e., 


Ve =Vat VB/A (12-34) 


Here vz = drz/dt and vy = dr,/dt refer to absolute velocities, since 
they are observed from the fixed frame; whereas the relative velocity 
Vz/A = drg/a/dt is observed from the translating frame. It is important 
to note that since the x’, y’, z’ axes translate, the components of rgy,4 
will not change direction and therefore the time derivative of these 
components will only have to account for the change in their 
magnitudes. Equation 12-34 therefore states that the velocity of B is 
equal to the velocity of A plus (vectorially) the velocity of “B with 
respect to A,” as measured by the translating observer fixed in the x’, y’, 
z' reference frame. 


Fixed 
observer 


Translating 
observer 


Fig. 12-42 
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Acceleration. The time derivative of Eq. 12-34 yields a similar 
vector relation between the absolute and relative accelerations of 
particles A and B. 


ag =a, t+ apa (12-35) 


Here apy, is the acceleration of B as seen by the observer located at A 
and translating with the x’, y’, z’ reference frame.* 


Procedure For Analysis 


e When applying the relative velocity and acceleration equations, 
it is first necessary to specify the particle A that is the origin for 
the translating x’, y’, z’ axes. Usually this point has a known 
velocity or acceleration. 


Since vector addition forms a triangle, there can be at most two 
unknowns, represented by the magnitudes and/or directions of 
the vector quantities. 


These unknowns can be solved for either graphically, using 
trigonometry (law of sines, law of cosines), or by resolving each 
of the three vectors into rectangular or Cartesian components, 
thereby generating a set of scalar equations. 


The pilots of these jet planes flying close 
to one another must be aware of their 
relative positions and velocities at all 
times in order to avoid a collision. 


* An easy way to remember the setup of these equations, is to note the “cancellation” 
of the subscript A between the two terms, e.g.,ag = ag + agyy. 
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EXAMPLE |12.25 


A train travels at a constant speed of 60 mi/h, crosses over a road as 
shown in Fig. 12—43a. If the automobile A is traveling at 45 mi/h along 
the road, determine the magnitude and direction of the velocity of the 
train relative to the automobile. 


SOLUTION | 


Vector Analysis. The relative velocity v;;4 is measured from the 
translating x’, y’ axes attached to the automobile, Fig. 12—43a. It is 
determined from v7 = v4 + vz ,. Since vz and vy, are known in both 
magnitude and direction, the unknowns become the x and y 
components of v7/,4. Using the x, y axes in Fig. 12-43a, we have 


Vr = Va + YA 
601 = (45 cos 45°% + 45 sin 45°j) + vry4 
vrja = {28.2i — 31.8j} mi/h Ans. 
The magnitude of v7,, is thus 


vrja = V (28.2)? + (—31.8)? = 42.5 mi/h Ans. 


From the direction of each component, Fig. 12-43), the direction of 
Wan A is 
(Ura) y 31.8 
(vr / ‘A) x 28.2 

8 = 48.5° “SG Ans. 
Note that the vector addition shown in Fig. 12-435 indicates the 
correct sense for vy/4. This figure anticipates the answer and can be 
used to check it. 
SOLUTION II 


Scalar Analysis. The unknown components of v;/4 can also be 
determined by applying a scalar analysis. We will assume these 
components act in the positive x and y directions. Thus, 


tan 0 = 


Vie = NONI NARA 
eee e ie a rf he) i ee 
= ou > t 

Resolving each vector into its x and y components yields 
(4) 60 = 45 cos 45° + (v7/4), + 0 
(+1) 0 = 45 sin 45° + 0 + (v7/4)y 
Solving, we obtain the previous results, 

(Ur/a)x = 28.2 mi/h = 28.2 mi/h > 

(vp/a)y = —31.8 mi/h = 31.8 mi/h | 


31.8 mi/h 


v4 = 45 mi/h 
45° 
vr = 60 mi/h 
(c) 
Fig. 12-43 
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EXAMPLE |12.26 


Plane A in Fig. 12—44a is flying along a straight-line path, whereas 
plane B is flying along a circular path having a radius of curvature of 
pz = 400km. Determine the velocity and acceleration of B as 
measured by the pilot of A. 
100 km/h? 
» 400 


km SOLUTION 


Velocity. The origin of the x and y axes are located at an arbitrary 
fixed point. Since the motion relative to plane A is to be determined, 
the translating frame of reference x', y' is attached to it, Fig. 12-44a. 
Applying the relative-velocity equation in scalar form since the velocity 
vectors of both planes are parallel at the instant shown, we have 
(+17) VB = Va t+ UB/A 

600 km/h = 700 km/h + vg 


) Vaya Vg/a = —100 km/h = 100 km/h | 


va = 700 km/h}, — 600 km/h The vector addition is shown in Fig. 12-44b. 


Acceleration. Plane B has both tangential and normal components 
of acceleration since it is flying along a curved path. From Eq. 12-20, 
() the magnitude of the normal component is 


v} (600 km/h)? 
p 400 km 


(4B) = 900 km/h? 


Applying the relative-acceleration equation gives 
ag =a, t apa 
900i — 100j = 50j + agy, 
Thus, 
apa = {900i — 150j} km/h? 


From Fig. 12-44c, the magnitude and direction of ag,, are therefore 


i 
apjq = 912km/h? 0 = tan = 946° Ans. 


2 
anh NOTE: The solution to this problem was possible using a translating 


frame of reference, since the pilot in plane A is “translating.” 
AB/A Observation of the motion of plane A with respect to the pilot of 


150 km/h? 


plane B, however, must be obtained using a rotating set of axes 

(©) attached to plane B. (This assumes, of course, that the pilot of B is 

Fig. 12-44 fixed in the rotating frame, so he does not turn his eyes to follow the 
motion of A.) The analysis for this case is given in Example 16.21. 


12.10  RELATIVE-MOTION OF TWO PARTICLES USING TRANSLATING AXES 91 


EXAMPLE |12.27 


At the instant shown in Fig. 12-45a, cars A and B are traveling with 
speeds of 18 m/s and 12 m/s, respectively. Also at this instant, A has a 
decrease in speed of 2 m/s”, and B has an increase in speed of 3 m/s’. 
Determine the velocity and acceleration of B with respect to A. 


SOLUTION 
Velocity. The fixed x, y axes are established at an arbitrary point on 
the ground and the translating x’, y’ axes are attached to car A, Fig. 
12-45a. Why? The relative velocity is determined from 
Vg = V4 + Vp/a. What are the two unknowns? Using a Cartesian 
vector analysis, we have 
Vp =Vat VB/A 
—12j = (—18 cos 60°I — 18 sin 60°j) + vaya 
Va/A = {9 + 3.588j} m/s 
Thus, 
vpa = \/ (9)? + (3.588)? = 9.69 m/s Ans. 


Noting that vg, has +i and +j components, Fig. 12-45), its direction is 


(UB/A)y 3.588 


tan 0 = 
(UB/A)x 9 


QSL ze Ans. 
Acceleration. Car B has both tangential and normal components of 
acceleration. Why? The magnitude of the normal component is 
v} (12 m/s)? 


= = = 2 
(aB)n . inno me 


Applying the equation for relative acceleration yields 
ag =a, t apa 
(—1.440i — 3j) = (2 cos 60° + 2 sin 60°j) + ag, 
apa = {—2.440i — 4.732j} m/s? 2.440 m/s* 


Here ag, has —i and —j components. Thus, from Fig. 12-45c, 


apja = V (2.440)? + (4.732)? = 5.32 m/s? Ans. 

(4pja)y 4.732 

(apja)x 2.440 4.732 m/s? 
Gi O20 oe Ans. (©) 


tan d = 


NOTE: Is it possible to obtain the relative acceleration of a4/g using Fig. 12-45 
this method? Refer to the comment made at the end of Example 12.26. 
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2 EE FUNDAMENTAL PROBLEMS 


F12-39. Determine the speed of block D if end A of the F12-42. Determine the speed of block A if end F of the 
rope is pulled down with a speed of v, = 3 m/s. rope is pulled down with a speed of vp = 3 m/s. 


Up =3m/s 
F12-39 F12-42 
F12-40. Determine the speed of block A if end B of the F12-43. Determine the speed of car A if point P on the 
rope is pulled down with a speed of 6 m/s. cable has a speed of 4m/s when the motor M winds the 
cable in. 


F12-40 * F12-43 
F12-41. Determine the speed of block A if end B of the F12-44. Determine the speed of cylinder B if cylinder A 
rope is pulled down with a speed of 1.5 m/s. moves downward with a speed of v4 = 4 ft/s. 


F12-41 
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F12-45. Car A is traveling with a constant speed of F12-47. The boats A and B travel with constant speeds of 

80 km/h due north, while car B is traveling with a constant v4 = 15 m/s and vg = 10 m/s when they leave the pier at pa 
speed of 100 km/h due east. Determine the velocity of car B O at the same time. Determine the distance between them 

relative to car A. whent = 4s. 


F12-46. Two planes A and B are traveling with the F12-48. At the instant shown, cars A and B are traveling at 
constant velocities shown. Determine the magnitude and the speeds shown. If B is accelerating at 1200 km/h’ while 
direction of the velocity of plane B relative to plane A. A maintains a constant speed, determine the velocity and 


acceleration of A with respect to B. 


F12-46 F12-48 
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Sep [roses 


12-195. The mine car C is being pulled up the incline using 12-198. If end A of the rope moves downward with a speed 
the motor M and the rope-and-pulley arrangement shown. of 5m/s, determine the speed of cylinder B. 

Determine the speed vp at which a point P on the cable 
must be traveling toward the motor to move the car up the 
plane with a constant speed of v = 2 m/s. 


Prob. 12-198 


12-199, Determine the speed of the elevator if each motor 
Prob. 12-195 draws in the cable with a constant speed of 5m/s. 


*12-196. Determine the displacement of the log if the 
truck at C pulls the cable 4 ft to the right. 


Prob. 12-196 


e12-197. If the hydraulic cylinder H draws in rod BC at 
2 ft/s, determine the speed of slider A. 


Prob. 12-197 Prob. 12-199 
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*12-200. Determine the speed of cylinder A, if the rope is 12-203. Determine the speed of B if A is moving 
drawn towards the motor M at a constant rate of 10 m/s. downwards with a speed of v, = 4 m/s at the instant shown. 


e12-201. If the rope is drawn towards the motor M at a 
speed of vy = (5t*”*) m/s, where tf is in seconds, determine 
the speed of cylinder A when t = 1s. 


Probs. 12-200/201 Prob. 12-203 


12-202. If the end of the cable at A is pulled down with a *12-204. The crane is used to hoist the load. If the motors 
speed of 2 m/s, determine the speed at which block B rises. at A and B are drawing in the cable at a speed of 2 ft/s and 
4 ft/s, respectively, determine the speed of the load. 


Prob. 12-202 Prob. 12-204 
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¢12-205. The cable at B is pulled downwards at 4 ft/s, and 
the speed is decreasing at 2 ft/s’. Determine the velocity 
and acceleration of block A at this instant. 


2 |: ft/s 


— vo 


Prob. 12-205 


12-206. If block A is moving downward with a speed of 
4 ft/s while C is moving up at 2 ft/s, determine the speed of 
block B. 


12-207. If block A is moving downward at 6 ft/s while 
block C is moving down at 18 ft/s, determine the speed of 
block B. 


Probs. 12—206/207 


*12-208. Ifthe end of the cable at A is pulled down with a 
speed of 2 m/s, determine the speed at which block E rises. 


Prob. 12-208 


°12-209. If motors at A and B draw in their attached 
cables with an acceleration of a = (0.2t) m/s”, where fis in 
seconds, determine the speed of the block when it reaches a 
height of A = 4 m, starting from rest at h = 0. Also, how 
much time does it take to reach this height? 


Prob. 12-209 
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12-210. The motor at C pulls in the cable with an 
acceleration ac = (317) m/s”, where ¢ is in seconds. The 
motor at D draws in its cable at ap = 5 m/s”. If both motors 
start at the same instant from rest when d = 3 m, determine 
(a) the time needed for d = 0, and (b) the velocities of 
blocks A and B when this occurs. 


Prob. 12-210 


12-211. The motion of the collar at A is controlled by a motor 
at B such that when the collar is at s4 = 3 ft it is moving 
upwards at 2 ft/s and decreasing at 1 ft/s’. Determine the 
velocity and acceleration of a point on the cable as it is drawn 
into the motor B at this instant. 


Prob. 12-211 


*12-212. The man pulls the boy up to the tree limb C by 
walking backward at a constant speed of 1.5 m/s. 
Determine the speed at which the boy is being lifted at the 
instant x, = 4m. Neglect the size of the limb. When 
x4 = 0, yg = 8m, so that A and B are coincident, i.e., the 
rope is 16 m long. 


¢12-213. The man pulls the boy up to the tree limb C by 
walking backward. If he starts from rest when x, = 0 and 
moves backward with a constant acceleration a, = 0.2 m/ s’, 
determine the speed of the boy at the instant yg = 4m. 
Neglect the size of the limb. When x, = 0, yg = 8 m,so that A 
and B are coincident, i.e., the rope is 16 m long. 


Probs. 12—212/213 


12-214. If the truck travels at a constant speed of 
vr = 6 ft/s, determine the speed of the crate for any angle 0 
of the rope. The rope has a length of 100 ft and passes over 
a pulley of negligible size at A. Hint: Relate the coordinates 
x; and xc to the length of the rope and take the time 
derivative. Then substitute the trigonometric relation 
between x¢ and 0. 


Prob. 12-214 
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12-215. At the instant shown, car A travels along the 
straight portion of the road with a speed of 25m/s. At this 
same instant car B travels along the circular portion of the 
road with a speed of 15 m/s. Determine the velocity of car B 
relative to car A. 


Prob. 12-215 


*12-216. Car A travels along a straight road at a speed of 
25 m/s while accelerating at 1.5 m/s’. At this same instant 
car C is traveling along the straight road with a speed of 
30 m/s while decelerating at 3 m/s”. Determine the velocity 
and acceleration of car A relative to car C. 


012-217. Car B is traveling along the curved road with a 
speed of 15 m/s while decreasing its speed at 2 m/s”. At this 
same instant car C is traveling along the straight road with a 
speed of 30 m/s while decelerating at 3 m/s. Determine the 
velocity and acceleration of car B relative to car C. 


Probs. 12—216/217 


12-218. The ship travels at a constant speed of v, = 20 m/s 
and the wind is blowing at a speed of v,, = 10 m/s, as shown. 
Determine the magnitude and direction of the horizontal 
component of velocity of the smoke coming from the smoke 
stack as it appears to a passenger on the ship. 


Prob. 12-218 


12-219. The car is traveling at a constant speed of 
100 km/h. If the rain is falling at 6 m/s in the direction 
shown, determine the velocity of the rain as seen by the 
driver. 


See) ese 
. . a ——. - i: . 


Prob. 12-219 


*12-220. The man can row the boat in still water with a 
speed of 5 m/s. If the river is flowing at 2 m/s, determine 
the speed of the boat and the angle 6 he must direct the 
boat so that it travels from A to B. 


25 m. 


Prob. 12-220 
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012-221. At the instant shown, cars A and B travel at 
speeds of 30mi/h and 20 mi/h, respectively. If B is 
increasing its speed by 1200 mi/h’, while A maintains a 
constant speed, determine the velocity and acceleration of 
B with respect to A. 


12-222. At the instant shown, cars A and B travel at speeds 
of 30 m/h and 20 mi/h, respectively. If A is increasing its 
speed at 400 mi/h? whereas the speed of B is decreasing at 
800 mi/h?, determine the velocity and acceleration of B 
with respect to A. 


30° 


i 
i 
| 
B 

0.3 mi 


Dp = 20 HH 
A 
v4 = 30 mi/h<— qq 


Probs. 12-221/222 


12-223. Two boats leave the shore at the same time and 
travel in the directions shown. If vu, = 20ft/s and 
Vg = 15ft/s, determine the velocity of boat A with respect 
to boat B. How long after leaving the shore will the boats be 
800 ft apart? 


Prob. 12-223 


*12-224, At the instant shown, cars A and B travel at 
speeds of 70 mi/h and 50 mi/h, respectively. If B is 
increasing its speed by 1100 mi/h?, while A maintains a 
constant speed, determine the velocity and acceleration of 
B with respect to A. Car B moves along a curve having a 
radius of curvature of 0.7 mi. 


e12-225. At the instant shown, cars A and B travel at 
speeds of 70 mi/h and 50 mi/h, respectively. If B is 
decreasing its speed at 1400 mi/h’ while A is increasing its 
speed at 800 mi/h’, determine the acceleration of B with 
respect to A. Car B moves along a curve having a radius of 
curvature of 0.7 mi. 


0 mi/h 


Probs. 12-224/225 


12-226. An aircraft carrier is traveling forward with a 
velocity of 50 km/h. At the instant shown, the plane at A 
has just taken off and has attained a forward horizontal air 
speed of 200 km/h, measured from still water. If the plane 
at B is traveling along the runway of the carrier at 175 km/h 
in the direction shown, determine the velocity of A with 
respect to B. 


Prob. 12-226 


12-227. A car is traveling north along a straight road at 
50 km/h. An instrument in the car indicates that the wind is 
directed towards the east. If the car’s speed is 80 km/h, the 
instrument indicates that the wind is directed towards the 
north-east. Determine the speed and direction of the wind. 
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*12-228. At the instant shown car A is traveling with a 12-230. A man walks at 5 km/h in the direction of a 
velocity of 30 m/s and has an acceleration of 2 m/s” along 20-km/h wind. If raindrops fall vertically at 7 km/h in still air, 
the highway. At the same instant B is traveling on the determine the direction in which the drops appear to fall with 
trumpet interchange curve with a speed of 15 m/s, which is respect to the man. Assume the horizontal speed of the 
decreasing at 0.8 m/s”. Determine the relative velocity and raindrops is equal to that of the wind. 


relative acceleration of B with respect to A at this instant. 


v, = 20 km/h 
Um = 5 km/h 
— 
Prob. 12-228 Prob. 12-230 
¢12-229. Two cyclists A and B travel at the same constant 12-231. A man can row a boat at 5 m/s in still water. He 
speed v. Determine the velocity of A with respect to B if A wishes to cross a 50-m-wide river to point B, 50 m 
travels along the circular track, while B travels along the downstream. If the river flows with a velocity of 2 m/s, 


diameter of the circle. 


determine the speed of the boat and the time needed to 
make the crossing. 


Prob. 12-229 Prob. 12-231 
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[J CONCEPTUAL PROBLEMS 


Pi2-1. If you measured the time it takes for the P12-3. The basketball was thrown at an angle measured 
construction elevator to go from A to B, then B to C, and from the horizontal to the man’s outstretched arms. If the 
then C to D, and you also know the distance between each basket is 10ft from the ground, make appropriate 
of the points, how could you determine the average measurements in the photo and determine if the ball 


velocity and average acceleration of the elevator as it located as shown will pass through the basket. 
ascends from A to D? Use numerical values to explain how cee eae. ait 
this can be done. 


e << a, 3 


a ae 


P12-3 


P12-4. The pilot tells you the wingspan of her plane and her 
constant airspeed. How would you determine the acceleration 
of the plane at the moment shown? Use numerical values and 
P12-1 take any necessary measurements from the photo. 


P12-2. If the sprinkler at A is 1 m from the ground, then 
scale the necessary measurements from the photo to 
determine the approximate velocity of the water jet as it 
flows from the nozzle of the sprinkler. 


P12-2 P12-4 
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CHAPTER REVIEW 


Rectilinear Kinematics 


Rectilinear kinematics refers to motion 
along a straight line. A position coordinate 
s specifies the location of the particle on 
the line, and the displacement As is the 
change in this position. 


The average velocity is a vector quantity, 
defined as the displacement divided by 
the time interval. 


The average speed is a scalar, and is the 
total distance traveled divided by the time 
of travel. 


The time, position, velocity, and 
acceleration are related by three 
differential equations. 


If the acceleration is known to be 
constant, then the differential equations 
relating time, position, velocity, and 
acceleration can be integrated. 


Graphical Solutions 


If the motion is erratic, then it can be 
described by a graph. If one of these 
graphs is given, then the others can be 
established using the differential relations 
between a, v, s, and ¢. 


ST 
(Byala = At 


O > Wy ar Chak 


S = S) + Ut + a,t 


y 


= vp + 2a,(s — 59) 


Curvilinear Motion, x , y, z 


Curvilinear motion along the path can 
be resolved into rectilinear motion 
along the x, y, z axes. The equation of the 
path is used to relate the motion along 
each axis. 


Projectile Motion 


Free-flight motion of a projectile follows 
a parabolic path. It has a constant 
velocity in the horizontal direction, and a 
constant downward acceleration of 
g = 9.81 m/s? or 32.2 ft/s? in the vertical 
direction. Any two of the three equations 
for constant acceleration apply in the 
vertical direction, and in the horizontal 


direction only one equation applies. 
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Curvilinear Motion n, t 


If normal and tangential axes are used 
for the analysis, then v is always in the 
positive ¢ direction. 


The acceleration has two components. 
The tangential component, a,, accounts 
for the change in the magnitude of the 
velocity; a slowing down is in the 
negative f direction, and a speeding up is 
in the positive ¢ direction. The normal 
component a, accounts for the change in 
the direction of the velocity. This 
component is always in the positive n 
direction. 


Curvilinear Motion r, 0 


If the path of motion is expressed in 
polar coordinates, then the velocity and 
acceleration components can be related 
to the time derivatives of r and 0. 


To apply the time-derivative equations, it 
is necessary to determine 7, 7, 7, 6, 6 at 
the instant considered. If the path 
r = f(@) is given, then the chain rule of 
calculus must be used to obtain time 
derivatives. (See Appendix C.) 


Once the data are substituted into the 
equations, then the algebraic sign of 
the results will indicate the direction of 
the components of v or a along each axis. 


vv», =1 


Vp = 10 


a, =F — 10? 


dg = r0 + 270 


Velocity 


Acceleration 


Absolute Dependent Motion of Two 
Particles 


The dependent motion of blocks that are 
suspended from pulleys and cables can 
be related by the geometry of the 
system. This is done by first establishing 
position coordinates, measured from a 
fixed origin to each block. Each 
coordinate must be directed along the 
line of motion of a block. 


Using geometry and/or trigonometry, 
the coordinates are then related to the 
cable length in order to formulate a 
position coordinate equation. 


The first time derivative of this equation 
gives a relationship between the 
velocities of the blocks, and a second time 
derivative gives the relation between 
their accelerations. 


Relative-Motion Analysis Using 
Translating Axes 


If two particles A and B undergo 
independent motions, then these 
motions can be related to their relative 
motion using a translating set of axes 
attached to one of the particles (A). 


For planar motion, each vector equation 
produces two scalar equations, one in the 
x, and the other in the y direction. For 
solution, the vectors can be expressed in 
Cartesian form, or the x and y scalar 
components can be written directly. 


Dia ae 12 oP Sy = 


Fixed 
observer 
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Translating 
observer 


The design of conveyors for a bottling plant requires knowledge of the forces that act 
on them and the ability to predict the motion of the bottles they transport. 


Kinetics of a Particle: 
Force and Acceleration 


CHAPTER OBJECTIVES 


® To state Newton’s Second Law of Motion and to define mass 
and weight. 


© To analyze the accelerated motion of a particle using the equation 
of motion with different coordinate systems. 


© To investigate central-force motion and apply it to problems in 
space mechanics. 


13.1 Newton's Second Law of Motion 


Kinetics is a branch of dynamics that deals with the relationship between 
the change in motion of a body and the forces that cause this change. The 
basis for kinetics is Newton’s second law, which states that when an 
unbalanced force acts on a particle, the particle will accelerate in the 
direction of the force with a magnitude that is proportional to the force. 

This law can be verified experimentally by applying a known 
unbalanced force F to a particle, and then measuring the acceleration 
a. Since the force and acceleration are directly proportional, the 
constant of proportionality, m, may be determined from the ratio 
m= F/a. This positive scalar m is called the mass of the particle. 
Being constant during any acceleration, m provides a quantitative 
measure of the resistance of the particle to a change in its velocity, that 
is its inertia. 
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If the mass of the particle is m, Newton’s second law of motion may be 
written in mathematical form as 


F=ma 


The above equation, which is referred to as the equation of motion, is 
one of the most important formulations in mechanics.* As previously 
stated, its validity is based solely on experimental evidence. In 1905, 
however, Albert Einstein developed the theory of relativity and 
placed limitations on the use of Newton’s second law for describing 
general particle motion. Through experiments it was proven that time 
is not an absolute quantity as assumed by Newton; and as a result, the 
equation of motion fails to predict the exact behavior of a particle, 
especially when the particle’s speed approaches the speed of light 
(0.3 Gm/s). Developments of the theory of quantum mechanics by 
Erwin Schrodinger and others indicate further that conclusions drawn 
from using this equation are also invalid when particles are the size of 
an atom and move close to one another. For the most part, however, 
these requirements regarding particle speed and size are not 
encountered in engineering problems, so their effects will not be 
considered in this book. 


Newton's Law of Gravitational Attraction. Shortly after 
formulating his three laws of motion, Newton postulated a law governing 
the mutual attraction between any two particles. In mathematical form 
this law can be expressed as 


F=G-,; (13-1) 


where 


F = force of attraction between the two particles 


G = universal constant of gravitation; according to 
experimental evidence G = 66.73(10'”) m?/(kg-s’) 


m,, M = mass of each of the two particles 


r = distance between the centers of the two particles 


*Since m is constant, we can also write F = d(my)/dt, where mv is the particle’s linear 
momentum. Here the unbalanced force acting on the particle is proportional to the time 
rate of change of the particle’s linear momentum. 
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In the case of a particle located at or near the surface of the earth, the 
only gravitational force having any sizable magnitude is that between the 
earth and the particle. This force is termed the “weight” and, for our 
purpose, it will be the only gravitational force considered. 

From Eq. 13-1, we can develop a general expression for finding the 
weight W of a particle having a mass m, = m. Let m, = M, be the mass 
of the earth and r the distance between the earth’s center and the 
particle. Then, if g = GM,/r’, we have 


W = mg 


By comparison with F = ma, we term g the acceleration due to gravity. 
For most engineering calculations g is a point on the surface of the earth 
at sea level, and at a latitude of 45°, which is considered the “standard 
location.” Here the values g = 9.81 m/s? = 32.2 ft/s* will be used for 
calculations. 


In the SI system the mass of the body is specified in kilograms, and the 
weight must be calculated using the above equation, Fig. 13—-1a. Thus, 


W=meg(N)  (g = 9.81 m/s’) (13-2) 


As a result, a body of mass 1 kg has a weight of 9.81 N; a 2-kg body 
weighs 19.62 N; and so on. 


In the FPS system the weight of the body is specified in pounds. The 
mass is measured in slugs, a term derived from “sluggish” which refers to 
the body’s inertia. It must be calculated, Fig. 13-1, using 


m= 


i =p slua) (2320s) (13-3) 


Therefore, a body weighing 32.2 lb has a mass of 1 slug; a 64.4-lb body 
has a mass of 2 slugs; and so on. 


m (kg) 


a= g(m/s*) 
W = mg (N) 
SI system 
(a) 
a (slug) l_—_ 
/ a= g (ft/s?) 


W (Ib) 


FPS system 
(b) 


Fig. 13-1 
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13.2 The Equation of Motion 


F, 
_ a When more than one force acts on a particle, the resultant force is 
F, determined by a vector summation of all the forces; i.e., Fr = =F. For 
#8 this more general case, the equation of motion may be written as 
(a) 
=F = ma (13-4) 


To illustrate application of this equation, consider the particle shown 
aes in Fig. 13-2a, which has a mass m and is subjected to the action of two 
p> = <4, _ forces, F, and F,. We can graphically account for the magnitude and 
ae direction of each force acting on the particle by drawing the particle’s 
" free-body diagram, Fig. 13-2b. Since the resultant of these forces 
Free-body ane produces the vector ma, its magnitude and direction can be represented 
diagram diagram graphically on the kinetic diagram, shown in Fig. 13-2c.* The equal sign 
Fig. 13-2 written between the diagrams symbolizes the graphical equivalency 
between the free-body diagram and the kinetic diagram; i.e., 2F = ma.t} 
In particular, note that if Fr = =F = 0, then the acceleration is also 
zero, so that the particle will either remain at rest or move along a 
straight-line path with constant velocity. Such are the conditions of static 

equilibrium, Newton’s first law of motion. 


y Inertial Reference Frame. When applying the equation of 
motion, it is important that the acceleration of the particle be measured 

a with respect to a reference frame that is either fixed or translates with a 

constant velocity. In this way, the observer will not accelerate and 
Path of particle measurements of the particle’s acceleration will be the same from any 

vi reference of this type. Such a frame of reference is commonly known as a 


Newtonian or inertial reference frame, Fig. 13-3. 

When studying the motions of rockets and satellites, it is justifiable to 
Inertial frame of reference consider the inertial reference frame as fixed to the stars, whereas 
dynamics problems concerned with motions on or near the surface of the 
earth may be solved by using an inertial frame which is assumed fixed to 
the earth. Even though the earth both rotates about its own axis and 
revolves about the sun, the accelerations created by these rotations are 
relatively small and so they can be neglected for most applications. 


O 


Fig. 13-3 


*Recall the free-body diagram considers the particle to be free of its surrounding supports 
and shows all the forces acting on the particle. The kinetic diagram pertains to the particle’s 
motion as caused by the forces. 

+The equation of motion can also be rewritten in the form =F — ma = 0. The vector 
—ma is referred to as the inertia force vector. If it is treated in the same way as a “force 
vector,” then the state of “equilibrium” created is referred to as dynamic equilibrium. This 
method of application is often referred to as the D’Alembert principle, named after the 
French mathematician Jean le Rond d’Alembert. 
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We are all familiar with the sensation one feels when sitting in a car that is subjected to a forward acceleration. Often people 
think this is caused by a “force” which acts on them and tends to push them back in their seats; however, this is not the case. 
Instead, this sensation occurs due to their inertia or the resistance of their mass to a change in velocity. 

Consider the passenger who is strapped to the seat of a rocket sled. Provided the sled is at rest or is moving with constant 
velocity, then no force is exerted on his back as shown on his free-body diagram. 


iv 


Ni 
At rest or constant velocity 
When the thrust of the rocket engine causes the sled to accelerate, then the seat upon which he is sitting exerts a force F on 


him which pushes him forward with the sled. In the photo, notice that the inertia of his head resists this change in motion 
(acceleration), and so his head moves back against the seat and his face, which is nonrigid, tends to distort backward. 


N, 


Acceleration 


Upon deceleration the force of the seatbelt F’ tends to pull his body to a stop, but his head leaves contact with the back of the 
seat and his face distorts forward, again due to his inertia or tendency to continue to move forward. No force is pulling him 
forward, although this is the sensation he receives. 


i; 


Deceleration 


112 


CHAPTER 13 


KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


13.3 Equation of Motion for a System of 
Particles 


The equation of motion will now be extended to include a system of 
particles isolated within an enclosed region in space, as shown in Fig. 13-4a. 
In particular, there is no restriction in the way the particles are connected, 
so the following analysis applies equally well to the motion of a solid, 
liquid, or gas system. 

At the instant considered, the arbitrary i-th particle, having a mass m;, 
is subjected to a system of internal forces and a resultant external force. 
The internal force, represented symbolically as f;, is the resultant of all 
the forces the other particles exert on the ith particle. The resultant 
external force F; represents, for example, the effect of gravitational, 
electrical, magnetic, or contact forces between the ith particle and 
adjacent bodies or particles not included within the system. 

The free-body and kinetic diagrams for the ith particle are shown in 
Fig. 13-4b. Applying the equation of motion, 


xF = ma, F; a f; = ma; 


When the equation of motion is applied to each of the other particles of 
the system, similar equations will result. And, if all these equations are 
added together vectorially, we obtain 


=F; + >f; = =ma; 


y. aj 


Free-body Kinetic 
Inertial coordinate diagram diagram 


system 
(a) (b) 
Fig. 13-4 
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The summation of the internal forces, if carried out, will equal zero, since 
internal forces between any two particles occur in equal but opposite 
collinear pairs. Consequently, only the sum of the external forces will 
remain, and therefore the equation of motion, written for the system of 
particles, becomes 


=F, = =ma; (13-5) 


If rg 1s a position vector which locates the center of mass G of the 
particles, Fig. 13-4a, then by definition of the center of mass, 
mrtg = X<myx;, where m = Xm, is the total mass of all the particles. 
Differentiating this equation twice with respect to time, assuming that no 
mass is entering or leaving the system, yields 


mag = =ma; 


Substituting this result into Eq. 13-5, we obtain 


SF = mag (13-6) 


Hence, the sum of the external forces acting on the system of particles is 
equal to the total mass of the particles times the acceleration of its center 
of mass G. Since in reality all particles must have a finite size to possess 
mass, Eq. 13-6 justifies application of the equation of motion to a body 
that is represented as a single particle. 


Important Points 


The equation of motion is based on experimental evidence and is 
valid only when applied within an inertial frame of reference. 


The equation of motion states that the unbalanced force on a 
particle causes it to accelerate. 


An inertial frame of reference does not rotate, rather its axes 
either translate with constant velocity or are at rest. 


Mass is a property of matter that provides a quantitative measure 
of its resistance to a change in velocity. It is an absolute quantity 
and so it does not change from one location to another. 


Weight is a force that is caused by the earth’s gravitation. It is not 
absolute; rather it depends on the altitude of the mass from the 
earth’s surface. 
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13.4 Equations of Motion: Rectangular 
Coordinates 


When a particle moves relative to an inertial x, y, z frame of reference, 
the forces acting on the particle, as well as its acceleration, can be expressed 
in terms of their i, j, k components, Fig. 13-5. Applying the equation of 
motion, we have 


=F = ma, XF,it+ 2F\j+ 2F.k = m(a,i + a,j + ak) 


For this equation to be satisfied, the respective i, j, k components on the 
left side must equal the corresponding components on the right side. 
Consequently, we may write the following three scalar equations: 


Fig. 13-5 


DF, = ma, 
y Di, = ma, (13-7) 
° XF, = ma, 


In particular, if the particle is constrained to move only in the x—y plane, 
then the first two of these equations are used to specify the motion. 


Procedure for Analysis 


The equations of motion are used to solve problems which require a 
relationship between the forces acting on a particle and the 
accelerated motion they cause. 


Free-Body Diagram. 


e Select the inertial coordinate system. Most often, rectangular or 
x, y, Z coordinates are chosen to analyze problems for which the 
particle has rectilinear motion. 


Once the coordinates are established, draw the particle’s free- 
body diagram. Drawing this diagram is very important since it 
provides a graphical representation that accounts for all the 
forces (XF) which act on the particle, and thereby makes it 
possible to resolve these forces into their x, y, z components. 

The direction and sense of the particle’s acceleration a should also 
be established. If the sense is unknown, for mathematical 
convenience assume that the sense of each acceleration component 
acts in the same direction as its positive inertial coordinate axis. 

The acceleration may be represented as the ma vector on the 
kinetic diagram.* 


Identify the unknowns in the problem. 


*It is a convention in this text always to use the kinetic diagram as a graphical aid 
when developing the proofs and theory. The particle’s acceleration or its components 
will be shown as blue colored vectors near the free-body diagram in the examples. 
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Equations of Motion. 

e Ifthe forces can be resolved directly from the free-body diagram, 
apply the equations of motion in their scalar component form. 
If the geometry of the problem appears complicated, which often 


occurs in three dimensions, Cartesian vector analysis can be used 
for the solution. 


Friction. Ifa moving particle contacts a rough surface, it may be 
necessary to use the frictional equation, which relates the 
frictional and normal forces Fy and N acting at the surface of 
contact by using the coefficient of kinetic friction, Le., Fy = p,N. 
Remember that F; always acts on the free-body diagram such 
that it opposes the motion of the particle relative to the surface it 
contacts. If the particle is on the verge of relative motion, then the 
coefficient of static friction should be used. 


Spring. If the particle is connected to an elastic spring having 
negligible mass, the spring force F, can be related to the 
deformation of the spring by the equation F, = ks. Here k is the 
spring’s stiffness measured as a force per unit length, and s is 
the stretch or compression defined as the difference between 
the deformed length / and the undeformed length J, Le., 
s=I1—l|. 


Kinematics. 


e If the velocity or position of the particle is to be found, it will be 
necessary to apply the necessary kinematic equations once the 
particle’s acceleration is determined from 2F = ma. 


If acceleration is a function of time, use a = e motion. The crate's velocity can then be 
determined using kinematics. 


Free-Body Diagram. The weight of the crate is W = mg = 
50 kg (9.81 m/s?) = 490.5 N. As shown in Fig. 13-6b, the frictional 
force has a magnitude F = ugNc and acts to the left, since it opposes the 
motion of the crate. The acceleration a is assumed to act horizontally, in 
the positive x direction. There are two unknowns, namely Nc and a. 


Equations of Motion. Using the data shown on the free-body 
diagram, we have 

4 YF, = ma,; 400 cos 30° — 0.3Nc = 50a (1) 
ELSE — ma 


» Nc — 490.5 + 400 sin 30° = (2) 


Solving Eq. 2 for Nc, substituting the result into Eq. 1, and solving 

for a yields 
Nc = 290.5 N 
a = 5.185 m/s? 
Kinematics. Notice that the acceleration is constant, since the 
applied force P is constant. Since the initial velocity is zero, the 
velocity of the crate in 3 s is 
(5) v = vo + act = 0 + 5485(3) 
= 15.6 m/s > 


25 (0) 
NOTE: We can also use the alternative procedure of drawing the 
crate’s free-body and kinetic diagrams, Fig. 13-6c, prior to applying 
the equations of motion. 
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EXAMPLE [13.2 


A 10-kg projectile is fired vertically upward from the ground, with an 
initial velocity of 50 m/s, Fig. 13-7a. Determine the maximum height 
to which it will travel if (a) atmospheric resistance is neglected; and 
(b) atmospheric resistance is measured as Fp = (0.0107) N, where v is 
the speed of the projectile at any instant, measured in m/s. 


SOLUTION 

In both cases the known force on the projectile can be related to its 
acceleration using the equation of motion. Kinematics can then be 
used to relate the projectile's acceleration to its position. 


Part (a) Free-Body Diagram. As shown in Fig. 13—7b, the projectile’s 
weight is W = mg = 10(9.81) = 98.1 N. We will assume the 
unknown acceleration a acts upward in the positive z direction. 
Equation of Motion. 

HISE ma, —98.1 = 10a, a = —9.81 m/s” 
The result indicates that the projectile, like every object having free- 
flight motion near the earth’s surface, is subjected to a constant 
downward acceleration of 9.81 m/s?. 

Kinematics. Initially, zọ = 0 and vp = 50 m/s, and at the maximum 
height z = h, v = 0. Since the acceleration is constant, then 


(+1) v? = vw + 2a(z — Zo) 
0 = (50)? + 2(—9.81)(h — 0) 
h = 127m Ans. 


Part (b) Free-Body Diagram. Since the force Fp = (0.01v”) N 
tends to retard the upward motion of the projectile, it acts downward 
as shown on the free-body diagram, Fig. 13-7c. 


Equation of Motion. 

+ÎEF, = ma, —0.01%? — 98.1 = 10a, a = —(0.001v? + 9.81) 
Kinematics. Here the acceleration is not constant since Fp depends 
on the velocity. Since a = f(v), we can relate a to position using 
(+1) adz = v dv; — (0.001%? + 9.81) dz = v dv 


Separating the variables and integrating, realizing that initially zọ = 0, 
v = 50 m/s (positive upward), and at z = h, v = 0, we have 


à ] v dv x 
ji dz = ` 3 = —500 In(v? + 9810) 
0 so 0.001v* + 9.81 50 m/s 
h=114m Ans. 


NOTE: The answer indicates a lower elevation than that obtained in 
part (a) due to atmospheric resistance or drag. 
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EXAMPLE |13.3 


The baggage truck A shown in the photo has a weight of 900 Ib and 
tows a 550-Ib cart B and a 325-lb cart C. For a short time the driving 
frictional force developed at the wheels of the truck is F4 = (40t) Ib, 
where t is in seconds. If the truck starts from rest, determine its speed 
in 2 seconds. Also, what is the horizontal force acting on the coupling 
between the truck and cart B at this instant? Neglect the size of the 
truck and carts. 
900 Ib 


SOLUTION 

Free-Body Diagram. As shown in Fig. 13-8a, it is the frictional 
driving force that gives both the truck and carts an acceleration. Here 
we have considered all three vehicles as a single system. 

Equation of Motion. Only motion in the horizontal direction has 
to be considered. 


£ XF, = ma,; 


m (29 E SO 325) 
392 


a — 0.7256t 


Kinematics. Since the acceleration is a function of time, the velocity 
of the truck is obtained using a — dv/dt with the initial condition that 
v = Oatt = 0. We have 


v 2s 2s 
jl dv = ji 0.7256: dt; v = 0.36287| = 1.45 ft/s Ans. 
0 0 0 


Free-Body Diagram. In order to determine the force between the 
truck and cart B, we will consider a free-body diagram of the truck so 
that we can “expose” the coupling force T as external to the free-body 
diagram, Fig. 13-8b. 

Equation of Motion. When: = 2s, then 


0 
«XE = ma, 402)-T- (225 Jioz256)] 


T = 39.4 lb Ans. 


NOTE: ‘Try and obtain this same result by considering a free-body 
diagram of carts B and C as a single system. 
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EXAMPLE |13.4 


A smooth 2-kg collar C, shown in Fig. 13-9a, is attached to a spring 
having a stiffness k = 3 N/m and an unstretched length of 0.75 m. If 
the collar is released from rest at A, determine its acceleration and the 
normal force of the rod on the collar at the instant y = 1 m. 


SOLUTION 


Free-Body Diagram. The free-body diagram of the collar when it 
is located at the arbitrary position y is shown in Fig. 13-95. 
Furthermore, the collar is assumed to be accelerating so that “a” acts 
downward in the positive y direction. There are four unknowns, 


namely, Nc, F,, a, and 0. 


Equations of Motion. 


5 XF, = ma,; —Nc + F;cos0 = 0 (1) 


+L ZF, = may; 19.62 — F, sin 0 = 2a (2) 


From Eq. 2 it is seen that the acceleration depends on the magnitude 
and direction of the spring force. Solution for Nc and a is possible 
once F, and 0 are known. 


The magnitude of the spring force is a function of the stretch s of the 
spring; Le., F, = ks. Here the unstretched length is AB = 0.75 m, 
Fig. 13-9a; therefore, s = CB — AB = N/ y? + (0.75)? — 0.75. 
Since k = 3 N/m, then 


F, = ks = 3(\/y? + (0.75)? — 0.75) (3) 


From Fig. 13-9a, the angle 0 is related to y by trigonometry. 


y 


tan 0 = 0.75 (4) 


Substituting y = 1m into Eqs. 3 and 4 yields F, = 1.50N and 
9 = 53.1°. Substituting these results into Eqs. 1 and 2, we obtain 


Nc = 0.900 N Ans. 
g-921m/s"] Ans. 
NOTE: This is not a case of constant acceleration, since the spring 


force changes both its magnitude and direction as the collar moves 
downward. 
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EXAMPLE |13.5 


The 100-kg block A shown in Fig. 13-10a is released from rest. If the 
masses of the pulleys and the cord are neglected, determine the speed 
of the 20-kg block B in 2 s. 


SOLUTION 


Free-Body Diagrams. Since the mass of the pulleys is neglected, 
then for pulley C, ma = 0 and we can apply XF, = 0 as shown in 
Fig. 13-10». The free-body diagrams for blocks A and B are shown 
in Fig. 13-10c and d, respectively. Notice that for A to remain 
stationary T = 490.5 N, whereas for B to remain static T = 196.2 N. 
Hence A will move down while B moves up. Although this is the 
case, we will assume both blocks accelerate downward, in the 
direction of +s, and 45g. The three unknowns are T, a4, and ag. 


Equations of Motion. Block A, 

+| EF, = ma 981 — 2T = 100a, (1) 
Block B, 

+L EF, = may; 196.2 — T = 20ag Q) 
Kinematics. The necessary third equation is obtained by relating a 4 
to ag using a dependent motion analysis, discussed in Sect. 12.9. The 


coordinates s4 and sg in Fig. 13-10a measure the positions of A and B 
from the fixed datum. It is seen that 


y 


S A FS na I 
where / is constant and represents the total vertical length of cord. 
Differentiating this expression twice with respect to time yields 
2a A = OR (3) 
Notice that when writing Eqs. 1 to 3, the positive direction was always 
assumed downward. It is very important to be consistent in this 
assumption since we are seeking a simultaneous solution of equations. 
The results are 


T = 327.0N 
du 397m/s- 
ag = —6.54 m/s” 
Hence when block A accelerates downward, block B accelerates 


upward as expected. Since az is constant, the velocity of block B in 2 s 
is thus 


(+1) = vg + apt 
0 + (—6.54)(2) 
—13.1 m/s 


The negative sign indicates that block B is moving upward. 
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el FUNDAMENTAL PROBLEMS 
F13-1. The motor winds in the cable with a constant 
acceleration, such that the 20-kg crate moves a distance 
s = 6m in 3 s, starting from rest. Determine the tension 
developed in the cable. The coefficient of kinetic friction 
between the crate and the plane is uj, — 0.3. 


F13-1 


F13-2. If motor M exerts a force of F = (10? + 100) N 
on the cable, where t is in seconds, determine the velocity of 
the 25-kg crate when t = 4 s. The coefficients of static and 
kinetic friction between the crate and the plane are 
Ms = 0.3 and ux = 0.25, respectively. The crate is initially 
at rest. 


F13-3. A spring of stiffness k = 500 N/m is mounted 
against the 10-kg block. If the block is subjected to the force 
of F — 500 N, determine its velocity at s — 0.5 m. When 
s = 0, the block is at rest and the spring is uncompressed. 
The contact surface is smooth. 


RE 


| 
iM 


= 500 N/m 
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F13-4. The 2-Mg car is being towed by a winch. If the winch 
exerts a force of T = (100s) N on the cable, where s is the 
displacement of the car in meters, determine the speed of the 
car when s = 10m, starting from rest. Neglect rolling 
resistance of the car. 


F13-4 


F13-5. The spring has a stiffness k = 200 N/m and is 
unstretched when the 25-kg block is at A. Determine the 
acceleration of the block when s = 0.4m. The contact 
surface between the block and the plane is smooth. 


k = 200 N/m 
0.3 m 


F13-5 


F13-6. Block B rests upon a smooth surface. If the 
coefficients of static and kinetic friction between A and B 
are p, = 0.4 and ug = 0.3, respectively, determine the 
acceleration of each block if P = 6 lb. 


20 Ib 
P A 
——ÓÓ 


B 50 Ib 


F13-6 
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PTPROSLEMS 


e13-1. The casting has a mass of 3 Mg. Suspended in a 
vertical position and initially at rest, it is given an upward 
speed of 200 mm/s in 0.3 s using a crane hook H. Determine 
the tension in cables AC and AB during this time interval if 
the acceleration is constant. 


Prob. 13-1 


13-2. The 160-Mg train travels with a speed of 80 km/h 
when it starts to climb the slope. If the engine exerts a 
traction force F of 1/20 of the weight of the train and the 
rolling resistance Fp is equal to 1/500 of the weight of the 
train, determine the deceleration of the train. 


13-3. The 160-Mg train starts from rest and begins to 
climb the slope as shown. If the engine exerts a traction 
force F of 1/8 of the weight of the train, determine the 
speed of the train when it has traveled up the slope a 
distance of 1 km. Neglect rolling resistance. 


Probs. 13-2/3 


*13-4. The 2-Mg truck is traveling at 15 m/s when the brakes 
on all its wheels are applied, causing it to skid for a distance of 
10 m before coming to rest. Determine the constant horizontal 
force developed in the coupling C, and the frictional force 
developed between the tires of the truck and the road during 
this time. The total mass of the boat and trailer is 1 Mg. 


Prob. 13-4 
*13-5. If blocks A and B of mass 10 kg and 6 kg, 
respectively, are placed on the inclined plane and released, 
determine the force developed in the link. The coefficients 
of kinetic friction between the blocks and the inclined plane 
are u4 = 0.1 and ug = 0.3. Neglect the mass of the link. 


A 


Prob. 13-5 
13-6. Motors A and B draw in the cable with the 
accelerations shown. Determine the acceleration of the 
300-Ib crate C and the tension developed in the cable. Neglect 
the mass of all the pulleys. 


Prob. 13-6 
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13-7. The van is traveling at 20 km/h when the coupling 
of the trailer at A fails. If the trailer has a mass of 250 kg and 
coasts 45 m before coming to rest, determine the constant 
horizontal force F created by rolling friction which causes 
the trailer to stop. 


Prob. 13-7 


*13-8. Ifthe 10-Ib block A slides down the plane with a 
constant velocity when 0 = 30°, determine the acceleration 
of the block when 0 = 45°. 


Prob. 13-8 


*13-9. Each of the three barges has a mass of 30 Mg, 
whereas the tugboat has a mass of 12 Mg. As the barges are 
being pulled forward with a constant velocity of 4 m/s, the 
tugboat must overcome the frictional resistance of the water, 
which is 2 kN for each barge and 1.5 kN for the tugboat. If the 
cable between A and B breaks, determine the acceleration of 
the tugboat. 


Prob. 13-9 


13-10. Thecrate has a mass of 80 kg and is being towed by 
a chain which is always directed at 20? from the horizontal 
as shown. If the magnitude of P is increased until the crate 
begins to slide, determine the crate's initial acceleration if 
the coefficient of static friction is j44,—0.5 and the 
coefficient of kinetic friction is ug = 0.3. 


13-11. Thecrate has a mass of 80 kg and is being towed by 
a chain which is always directed at 20? from the horizontal 
as shown. Determine the crate's acceleration in ¢ = 2s if 
the coefficient of static friction is u, = 0.4, the coefficient of 
kinetic friction is j44,—0.3, and the towing force is 
P = (908?) N, where t is in seconds. 


Probs. 13-10/11 


*13-12. Determine the acceleration of the system and the 
tension in each cable. The inclined plane is smooth, and the 
coefficient of kinetic friction between the horizontal surface 
and block Cis(uj)c = 0.2. 


(xe = 0.2 


Prob. 13-12 
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*13-13. The two boxcars A and B have a weight of 20 000 Ib 
and 30 000 Ib, respectively. If they coast freely down the 
incline when the brakes are applied to all the wheels of car A 
causing it to skid, determine the force in the coupling C 
between the two cars. The coefficient of kinetic friction 
between the wheels of A and the tracks is uw, = 0.5. The 
wheels of car B are free to roll. Neglect their mass in the 
calculation. Suggestion: Solve the problem by representing 
single resultant normal forces acting on A and B, respectively. 
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*13-16. The man pushes on the 60-Ib crate with a force F. 
The force is always directed down at 30? from the 
horizontal as shown, and its magnitude is increased until the 
crate begins to slide. Determine the crate's initial 
acceleration if the coefficient of static friction is ju, = 0.6 
and the coefficient of kinetic friction is uz = 0.3. 


Prob. 13-13 


13-14. The 3.5-Mg engine is suspended from a spreader 
beam AB having a negligible mass and is hoisted by a crane 
which gives it an acceleration of 4 m/s? when it has a 
velocity of 2 m/s. Determine the force in chains CA and CB 
during the lift. 


13-15. The 3.5-Mg engine is suspended from a spreader 
beam having a negligible mass and is hoisted by a crane 
which exerts a force of 40 kN on the hoisting cable. 
Determine the distance the engine is hoisted in 4 s, starting 
from rest. 


Probs. 13-14/15 


Prob. 13-16 


*13-17. A force of F — 15 Ib is applied to the cord. 
Determine how high the 30-Ib block A rises in 2 s starting 
from rest. Neglect the weight of the pulleys and cord. 


13-18. Determine the constant force F which must be 
applied to the cord in order to cause the 30-Ib block A to 
have a speed of 12 ft/s when it has been displaced 3 ft 
upward starting from rest. Neglect the weight of the pulleys 
and cord. 


Probs. 13-17/18 
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13-19. The 800-kg car at B is connected to the 350-kg car 
at A by a spring coupling. Determine the stretch in the 
spring if (a) the wheels of both cars are free to roll and 
(b) the brakes are applied to all four wheels of 
car B, causing the wheels to skid. Take (ug)g = 0.4. Neglect 
the mass of the wheels. 


Prob. 13-19 


*13-20. The 10-Ib block A travels to the right at 
va = 2 ft/s at the instant shown. If the coefficient of kinetic 
friction is u = 0.2 between the surface and A, determine 
the velocity of A when it has moved 4 ft. Block B has a 
weight of 20 Ib. 


Prob. 13-20 
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*13-21. Block B has a mass m and is released from rest 
when it is on top of cart A, which has a mass of 3m. 
Determine the tension in cord CD needed to hold the cart 
from moving while B slides down A. Neglect friction. 


13-22. Block B has a mass m and is released from rest 
when it is on top of cart A, which has a mass of 3m. 
Determine the tension in cord CD needed to hold the cart 
from moving while B slides down A. The coefficient of 
kinetic friction between A and B is px. 


Probs. 13-21/22 


13-23. The2-kgshaft CA passes through a smooth journal 
bearing at B. Initially, the springs, which are coiled loosely 
around the shaft, are unstretched when no force is applied 
to the shaft. In this position s = s' = 250 mm and the shaft 
is at rest. If a horizontal force of F — 5 kN is applied, 
determine the speed of the shaft at the instant s = 50 mm, 
s' — 450 mm. The ends of the springs are attached to the 
bearing at B and the caps at C and A. 


s + 


i 
fouls F=5kN 


Prob. 13-23 


IL——s 
TA 


kcg = 3kN/m 
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*13-24. If the force of the motor M on the cable is shown 
in the graph, determine the velocity of the cart when t = 3s. 
The load and cart have a mass of 200 kg and the car starts 
from rest. 


Prob. 13-24 


013-25. If the motor draws in the cable with an 
acceleration of 3m/s*, determine the reactions at the 
supports A and B. The beam has a uniform mass of 30 kg/m, 
and the crate has a mass of 200 kg. Neglect the mass of the 
motor and pulleys. 


Prob. 13-25 


KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


13-26. A freight elevator, including its load, has a mass of 
500 kg. It is prevented from rotating by the track and wheels 
mounted along its sides. When ¢ = 2 s, the motor M draws in 
the cable with a speed of 6 m/s, measured relative to the 
elevator. If it starts from rest, determine the constant 
acceleration of the elevator and the tension in the cable. 
Neglect the mass of the pulleys, motor, and cables. 


M\ 2 
o 2 V o 
Prob. 13-26 


13-27. Determine the required mass of block A so that 
when it is released from rest it moves the 5-kg block B a 
distance of 0.75 m up along the smooth inclined plane in 
t — 2 s. Neglect the mass of the pulleys and cords. 


Prob. 13-27 
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*13-28. Blocks A and B have a mass of m, and mg, where 13-31. The 75-kg man climbs up the rope with an 


m,a>meg. If pulley C is given an acceleration of ao, acceleration of 0.25 m/s?, measured relative to the rope. 
determine the acceleration of the blocks. Neglect the mass Determine the tension in the rope and the acceleration of 
of the pulley. the 80-kg block. 


B 
Prob. 13-28 Prob. 13-31 
*13-29. The tractor is used to lift the 150-kg load B with *13-32. Motor M draws in the cable with an acceleration 
the 24-m-long rope, boom, and pulley system. If the tractor of 4ft/s’, measured relative to the 200-Ib mine car. 
travels to the right at a constant speed of 4 m/s, determine Determine the acceleration of the car and the tension in the 
the tension in the rope when s4 = 5 m. When 54 = 0, cable. Neglect the mass of the pulleys. 


Sg = 0. 


13-30. The tractor is used to lift the 150-kg load B with the 
24-m-long rope, boom, and pulley system. If the tractor 
travels to the right with an acceleration of 3 m/s? and has a 
velocity of 4 m/s at the instant s4 — 5 m, determine the 
tension in the rope at this instant. When s4 = 0, sg = 0. 


Probs. 13-29/30 Prob. 13-32 
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*13-33. The 2-Ib collar C fits loosely on the smooth shaft. 
If the spring is unstretched when s — 0 and the collar is 
given a velocity of 15 ft/s, determine the velocity of the 
collar when s — 1 ft. 


Prob. 13-33 


13-34. In the cathode-ray tube, electrons having a mass m 
are emitted from a source point S and begin to travel 
horizontally with an initial velocity vy. While passing 
between the grid plates a distance /, they are subjected to a 
vertical force having a magnitude eV/w, where e is the 
charge of an electron, V the applied voltage acting across 
the plates, and w the distance between the plates. After 
passing clear of the plates, the electrons then travel in 
straight lines and strike the screen at A. Determine the 
deflection d of the electrons in terms of the dimensions of 
the voltage plate and tube. Neglect gravity which causes a 
slight vertical deflection when the electron travels from S to 
the screen, and the slight deflection between the plates. 


» L A 


Prob. 13-34 
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13-35. The 2-kg collar C is free to slide along the smooth 
shaft AB. Determine the acceleration of collar C if (a) the 
shaft is fixed from moving, (b) collar A, which is fixed to 
shaft AB, moves to the left at constant velocity along the 
horizontal guide, and (c) collar A is subjected to an 
acceleration of 2 m/ s* to the left. In all cases, the motion 
occurs in the vertical plane. 


A 
45° 
C 
B 
Prob. 13-35 


*13-36. Blocks A and B each have a mass m. Determine 
the largest horizontal force P which can be applied to B so 
that A will not move relative to B. All surfaces are smooth. 


*13-37. Blocks A and B each have a mass m. Determine 
the largest horizontal force P which can be applied to B so 
that A will not slip on B. The coefficient of static friction 
between A and B is p,. Neglect any friction between B and C. 


Probs. 13-36/37 
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13-38. If a force F = 200 N is applied to the 30-kg cart, 
show that the 20-kg block A will slide on the cart. Also 
determine the time for block A to move on the cart 1.5 m. 
The coefficients of static and kinetic friction between the 
block and the cart are u, = 0.3 and ug = 0.25. Both the cart 
and the block start from rest. 


1.5 un 


F=200N 


Prob. 13-38 


13-39. Suppose it is possible to dig a smooth tunnel 
through the earth from a city at A to a city at B as shown. By 
the theory of gravitation, any vehicle C of mass m placed 
within the tunnel would be subjected to a gravitational 
force which is always directed toward the center of the 
earth D. This force F has a magnitude that is directly 
proportional to its distance r from the earth’s center. Hence, 
if the vehicle has a weight of W = mg when it is located on 
the earth’s surface, then at an arbitrary location r the 
magnitude of force Fis F = (mg/R)r, where R = 6328 km, 
the radius of the earth. If the vehicle is released from rest 
when it is at B, x = s = 2 Mm, determine the time needed 
for it to reach A, and the maximum velocity it attains. 
Neglect the effect of the earth’s rotation in the calculation 
and assume the earth has a constant density. Hint: Write the 
equation of motion in the x direction, noting that r cos 
0 = x. Integrate, using the kinematic relation v dv = a dx, 
then integrate the result using v — dx/dt. 


Prob. 13-39 


*13-40. The 30-lb crate is being hoisted upward with a 
constant acceleration of 6 ft/s?. If the uniform beam AB has 
a weight of 200 lb, determine the components of reaction at 
the fixed support A. Neglect the size and mass of the pulley 
at B. Hint: First find the tension in the cable, then analyze 
the forces in the beam using statics. 


- 5 ft lp 


Prob. 13-40 


*13-41. If a horizontal force of P = 10 Ib is applied to 
block A, determine the acceleration of block B. Neglect 
friction. Hint: Show that ag = a, tan 15°. 


Prob. 13-41 
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13-42. Block A has a mass m; and is attached to a spring 
having a stiffness k and unstretched length J. If another 
block B, having a mass mpg, is pressed against A so that the 
spring deforms a distance d, determine the distance both 
blocks slide on the smooth surface before they begin to 
separate. What is their velocity at this instant? 


13-43. Block A has a mass m4 and is attached to a spring 
having a stiffness k and unstretched length lọ. If another 
block B, having a mass mp, is pressed against A so that the 
spring deforms a distance d, show that for separation to 
occur it is necessary that d>2u,g(m, + mg)/k, where ju 
is the coefficient of kinetic friction between the blocks and 
the ground. Also, what is the distance the blocks slide on the 
surface before they separate? 


Probs. 13—42/43 


*13-44. The 600-kg dragster is traveling with a velocity of 
125 m/s when the engine is shut off and the braking 
parachute is deployed. If air resistance imposed on the 
dragster due to the parachute is Fp = (6000 + 0.99?) N, 
where v is in m/s, determine the time required for the 
dragster to come to rest. 


Prob. 13-44 
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*13-45. The buoyancy force on the 500-kg balloon is 
F = 6kN,and the air resistance is Fp = (100v) N, where v is 
in m/s. Determine the terminal or maximum velocity of the 
balloon if it starts from rest. 


^ = (100v)N 


Prob. 13-45 
13-46. The parachutist of mass rn is falling with a velocity 
of vp at the instant he opens the parachute. If air resistance 
is Fp = Cv’, determine her maximum velocity (terminal 
velocity) during the descent. 


Prob. 13-46 

13-47. The weight of a particle varies with altitude such 
that W = m(grj)/r?, where rj is the radius of the earth and 
r is the distance from the particle to the earth's center. If the 
particle is fired vertically with a velocity vo from the earth's 
surface, determine its velocity as a function of position r. 
What is the smallest velocity vy required to escape the 
earth's gravitational field, what is Fmax, and what is the time 
required to reach this altitude? 
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13.5 Equations of Motion: Normal and 


Tangential Coordinates 


When a particle moves along a curved path which is known, the equation 
of motion for the particle may be written in the tangential, normal, and 
binormal directions, Fig. 13-11. Note that there is no motion of the particle 
in the binormal direction, since the particle is constrained to move along 
the path. We have 


=F = ma 
Fu, + XF,u, + =F,u, = ma, + ma, 


This equation is satisfied provided 


=F, = ma, 
LF, = ma, (13-8) 
DSi = 0 


Recall that a, (= dv/dt) represents the time rate of change in the 
magnitude of velocity. So if =F, acts in the direction of motion, the 
particle’s speed will increase, whereas if it acts in the opposite 
direction, the particle will slow down. Likewise, a, (= v’/p) represents 
the time rate of change in the velocity’s direction. It is caused by XF,, 
which always acts in the positive n direction, i.e., toward the path’s 
center of curvature. From this reason it is often referred to as the 
centripetal force. 


The centrifuge is used to subject a passenger to a very large 
normal acceleration caused by rapid rotation. Realize that 
this acceleration is caused by the unbalanced normal force 
exerted on the passenger by the seat of the centrifuge. 


Inertial coordinate 
system 


Fig. 13-11 
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Procedure for Analysis 


When a problem involves the motion of a particle along a known 
curved path, normal and tangential coordinates should be 
considered for the analysis since the acceleration components can 
be readily formulated. The method for applying the equations of 
motion, which relate the forces to the acceleration, has been 
outlined in the procedure given in Sec. 13.4. Specifically, for t, n, b 
coordinates it may be stated as follows: 


Free-Body Diagram. 


Establish the inertial f, n, b coordinate system at the particle and 
draw the particle's free-body diagram. 


The particle's normal acceleration a, always acts in the positive n 
direction. 


If the tangential acceleration a, is unknown, assume it acts in the 
positive t direction. 


There is no acceleration in the b direction. 


Identify the unknowns in the problem. 


Equations of Motion. 


* Apply the equations of motion, Eqs. 13-8. 


Kinematics. 


e Formulate the tangential and normal components of 
acceleration; i.e.,a, = dv/dt or a, = v dv/ds and a, = 4?/p. 


e Ifthe path is defined as y = f(x), the radius of curvature at the 
point where the particle is located can be obtained from 
p 7 [1 + (dy/dxYP?/|d?y/ax?]. 
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EXAMPLE |13.6 


Determine the banking angle 0 for the race track so that the wheels of 
the racing cars shown in Fig. 13-12a will not have to depend upon 
friction to prevent any car from sliding up or down the track. Assume 
the cars have negligible size, a mass m, and travel around the curve of 
radius p with a constant speed v. 


SOLUTION 
Before looking at the following solution, give some thought as to why 
it should be solved using f, n, b coordinates. 


Free-Body Diagram. As shown in Fig. 13-125, and as stated in the 
problem, no frictional force acts on the car. Here Nc represents the 
resultant of the ground on all four wheels. Since a, can be calculated, 
the unknowns are Nc and 0. 


Equations of Motion. Using the n, b axes shown, 


2 
f v 
4 DF, = ma, Ne sin 0 = m— (1) 
p Fig. 13-12 


+Î EF, = 0; Nccos0 — mg = 0 (2) 
Eliminating Nc and m from these equations by dividing Eq. 1 by Eq. 2, 
we obtain 


2 


tan 0 = En 
Sp 


2 
oda! (=) Ans. 
Sp 


NOTE: The result is independent of the mass of the car. Also, a force 
summation in the tangential direction is of no consequence to the 
solution. If it were considered, then a; — dv/dt — 0, since the car 
moves with constant speed. A further analysis of this problem is 
discussed in Prob. 21—47. 
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EXAMPLE |13.7 


The 3-kg disk D is attached to the end of a cord as shown in 
Fig. 13-13a. The other end of the cord is attached to a ball-and-socket 
joint located at the center of a platform. If the platform rotates 
rapidly, and the disk is placed on it and released from rest as shown, 
determine the time it takes for the disk to reach a speed great enough 
to break the cord. The maximum tension the cord can sustain is 100 N, 
and the coefficient of kinetic friction between the disk and the 
platform is uj, = 0.1. 


Motion of 
. platform 


x 


N 
\ 


SOLUTION 


Free-Body Diagram. The frictional force has a magnitude 
F = uy Np = 0.1Np and a sense of direction that opposes the relative 
motion of the disk with respect to the platform. It is this force that 
gives the disk a tangential component of acceleration causing v to 


increase, thereby causing T to increase until it reaches 100 N. The 
weight of the disk is W — 3(9.81) — 29.43 N. Since a, can be related 
to v, the unknowns are Np, a;, and v. 


Equations of Motion. 
2 
ZF, = ma, T = (f) (1) 
EF, -ma; 0.1 Np = 3a, (2) 
Fig. 13-1 
cua Sheu: Ne = 29.43 = 00 (3) 
Setting T = 100 N, Eq. 1 can be solved for the critical speed ver of the 
disk needed to break the cord. Solving all the equations, we obtain 
Np = 29.43 N 
a, = 0.981 m/s? 
va = 5.77 m/s 


Kinematics. Since a, is constant, the time needed to break the cord is 
Ue = Ug F d 
5.77 = 0 + (0.981)t 
t = 5.89s 
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EXAMPLE |13.8 


Design of the ski jump shown in the photo requires knowing the type 
of forces that will be exerted on the skier and her approximate 
trajectory. If in this case the jump can be approximated by the parabola 
shown in Fig. 13-14a, determine the normal force on the 150-Ib skier 
the instant she arrives at the end of the jump, point A, where her 
velocity is 65 ft/s. Also, what is her acceleration at this point? 


SOLUTION 
Why consider using n, t coordinates to solve this problem? 


Free-Body Diagram. Since dy/dx = x/100 |,-9 = 0, the slope at A 
is horizontal. The free-body diagram of the skier when she is at A is 
shown in Fig. 13-14b. Since the path is curved, there are two 
components of acceleration, a, and a,. Since a, can be calculated, the 
unknowns are a, and N4. 


Equations of Motion. 


+1 =F, = May; 0 (1) 


& SF = ma,; 0 (2) 


The radius of curvature p for the path must be determined at point 
A(0, —200 ft). Here y = 45x? — 200, dy/dx = qox, d?y/dx? = =, 
so that at x = 0, 


[1 + (dy/dxy^P^ [Oye 


= = = 100 ft 
f |a?y/dx?| co 


"" a Fig. 13-14 
Substituting this into Eq. 1 and solving for N4, we obtain 


NA = 347 lb 


Kinematics. From Eq. 2, 


Thus, 


Ans. 


NOTE: Apply the equation of motion in the y direction and show 
that when the skier is in midair her acceleration is 32.2 ft/s”. 
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EXAMPLE |13.9 


The 60-kg skateboarder in Fig.13-15a coasts down the circular track. 
If he starts from rest when 0 = 0°, determine the magnitude of the 
normal reaction the track exerts on him when 6 = 60°. Neglect his 
size for the calculation. 


SOLUTION 
Free-Body Diagram. The free-body diagram of the skateboarder 


when he is at an arbitrary position 0 is shown in Fig. 13-155. At 
0 = 60° there are three unknowns, N,,a;, and a, (or v). 


60 (9.81) N Equations of Motion. 


2 
|EF,- ma; Ns — [60(9.81)N] sino = (60 o|) 


LEF, = ma; [60(9.81)N] cos 0 = (60 kg) a, 


a, = 9.81 cos 0 


Kinematics. Since a, is expressed in terms of 0, the equation 
vdv = ads must be used to determine the speed of the 
skateboarder when 0 = 60°. Using the geometric relation s = Or, 
where ds — r d0 — (4 m) d0, Fig. 13-15c, and the initial condition 
v = Oat 0 = 0°, we have, 


v dv = a,ds 


v 60° 
Ji v dv n 9.81 cos 0(4 d0) 
0 0 


2v 60° 


9! = 3024 sine 
2 | 0 


v2 


3 ~ 0 = 39.24(sin 60° — 0) 


v? = 67.97 m/s” 


Substituting this result and 6 = 60° into Eq. (1), yields 


N, = 152923 N = 1.53 kN 
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el FUNDAMENTAL PROBLEMS 


F13-7. The block rests at a distance of 2 m from the center 
of the platform. If the coefficient of static friction between 
the block and the platform is mw, = 0.3, determine the 
maximum speed which the block can attain before it begins 
to slip. Assume the angular motion of the disk is slowly 
increasing. z 


F13-7 
F13-8. Determine the maximum speed that the jeep can 
travel over the crest of the hill and not lose contact with 
the road. 


p = 250 ft 


+ 
F13-8 
F13-9. A pilot weighs 150 Ib and is traveling at a constant 
speed of 120 ft/s. Determine the normal force he exerts on 
the seat of the plane when he is upside down at A. The loop 
has a radius of curvature of 400 ft. 
A 


400 ft 


F13-9 


F13-10. The sports car is traveling along a 30? banked road 

having a radius of curvature of p — 500 ft. If the coefficient 

of static friction between the tires and the road is u, = 0.2, 
determine the maximum safe speed so no slipping occurs. 

Neglect the size of the car. 


| p = 500 ft | 


F13-10 
F13-11. If the 10-kg ball has a velocity of 3 m/s when it is 
at the position A, along the vertical path, determine the 
tension in the cord and the increase in the speed of the ball 
at this position. 


F13-11 


F13-12. The motorcycle has a mass of 0.5 Mg and a 
negligible size. It passes point A traveling with a speed of 
15 m/s, which is increasing at a constant rate of 1.5 m/s’. 
Determine the resultant frictional forcce exerted by the 
road on the tires at this instant. 


pa = 200 m 


F13-12 
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ET PROBLEMS 


*13-48. The 2-kg block B and 15-kg cylinder A are 
connected to a light cord that passes through a hole in the 
center of the smooth table. If the block is given a speed of 
v = 10m/s, determine the radius r of the circular path 
along which it travels. 


*13-49. The 2-kg block B and 15-kg cylinder A are 
connected to a light cord that passes through a hole in the 
center of the smooth table. If the block travels along a 
circular path of radius r — 1.5m, determine the speed of 
the block. 


Probs. 13—48/49 


13-50. Atthe instant shown, the 50-kg projectile travels in 
the vertical plane with a speed of v — 40m/s. Determine 
the tangential component of its acceleration and the radius 
of curvature p of its trajectory at this instant. 


13-51. Atthe instant shown, the radius of curvature of the 
vertical trajectory of the 50-kg projectile is p — 200m. 
Determine the speed of the projectile at this instant. 


A 30° 


/ 


Probs. 13-50/51 


*13-52. Determine the mass of the sun, knowing that the 
distance from the earth to the sun is 149.6(10°) km. Hint: Use 
Eq. 13-1 to represent the force of gravity acting on the earth. 


*13-53. The sports car, having a mass of 1700 kg, travels 
horizontally along a 20? banked track which is circular and 
has a radius of curvature of p — 100 m. If the coefficient of 
static friction between the tires and the road is u, = 02, 
determine the maximum constant speed at which the car can 
travel without sliding up the slope. Neglect the size of the car. 


13-54. Using the data in Prob. 13-53, determine the 
minimum speed at which the car can travel around the track 
without sliding down the slope. 


0 = 20° 


Probs. 13-53/54 
13-55. The device shown is used to produce the 


experience of weightlessness in a passenger when he 
reaches point A, 0 = 90°, along the path. If the passenger 
has a mass of 75 kg, determine the minimum speed he 
should have when he reaches A so that he does not exert a 
normal reaction on the seat. The chair is pin-connected to 
the frame BC so that he is always seated in an upright 
position. During the motion his speed remains constant. 


*13-56. A man having the mass of 75 kg sits in the chair 
which is pin-connected to the frame BC. If the man is 
always seated in an upright position, determine the 
horizontal and vertical reactions of the chair on the man at 
the instant 6 = 45°. At this instant he has a speed of 6 m/s, 
which is increasing at 0.5 m/s’. 


A 


Probs. 13-55/56 
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*13-57. Determine the tension in wire CD just after wire 13-59. An acrobat has a weight of 150 lb and is sitting on a 
AB is cut. The small bob has a mass m. chair which is perched on top of a pole as shown. If by a 
mechanical drive the pole rotates downward at a constant 
rate from 0 = 0°, such that the acrobat’s center of mass G 
maintains a constant speed of v, — 10 ft/s, determine the 
angle 0 at which he begins to “fly” out of the chair. Neglect 
friction and assume that the distance from the pivot O to G 


isp = 15 ft. 
A 
Prob. 13-57 Prob. 13-59 
13-58. Determine the time for the satellite to complete its *13-60. A spring, having an unstretched length of 2 ft, has 
orbit around the earth. The orbit has a radius r measured one end attached to the 10-Ib ball. Determine the angle 0 of 
from the center of the earth. The masses of the satellite and the spring if the ball has a speed of 6 ft/s tangent to the 
the earth are m, and M,, respectively. horizontal circular path. 
--6in.- 


k = 20 lb/ft 


Prob. 13-58 Prob. 13-60 
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013-61. If the ball has a mass of 30 kg and a speed 
v = 4 m/s at the instant it is at its lowest point, 0 = 0°, 
determine the tension in the cord at this instant. Also, 
determine the angle 0 to which the ball swings and 
momentarily stops. Neglect the size of the ball. 


13-62. The ball has a mass of 30 kg and a speed 
v = 4 m/s at the instant it is at its lowest point, 0 = 0°. 
Determine the tension in the cord and the rate at which the 
ball's speed is decreasing at the instant 0 = 20°. Neglect 
the size of the ball. 


—9 


Probs. 13-61/62 


13-63. The vehicle is designed to combine the feel of a 
motorcycle with the comfort and safety of an automobile. If 
the vehicle is traveling at a constant speed of 80 km/h along 
a circular curved road of radius 100 m, determine the tilt 
angle 0 of the vehicle so that only a normal force from the 
seat acts on the driver. Neglect the size of the driver. 


Prob. 13-63 
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*13-64. The ball has a mass m and is attached to the cord 
of length /. The cord is tied at the top to a swivel and the ball 
is given a velocity Vy. Show that the angle 0 which the cord 
makes with the vertical as the ball travels around the 
circular path must satisfy the equation tan 0 sin 0 = v9/gl. 
Neglect air resistance and the size of the ball. 


Prob. 13-64 


*13-65. The smooth block B, having a mass of 0.2 kg, is 
attached to the vertex A of the right circular cone using a 
light cord. If the block has a speed of 0.5 m/s around the cone, 
determine the tension in the cord and the reaction which 
the cone exerts on the block. Neglect the size of the block. 


400 mm 


Prob. 13-65 
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13-66. Determine the minimum coefficient of static 
friction between the tires and the road surface so that the 
1.5-Mg car does not slide as it travels at 80 km/h on the 
curved road. Neglect the size of the car. 


13-67. If the coefficient of static friction between the tires 
and the road surface is uş = 0.25, determine the maximum 
speed of the 1.5-Mg car without causing it to slide when it 
travels on the curve. Neglect the size of the car. 


| p =200m 


Probs. 13—66/67 
*13-68. At the instant shown, the 3000-Ib car is traveling 
with a speed of 75 ft/s, which is increasing at a rate of 6 ft/s”. 
Determine the magnitude of the resultant frictional force 
the road exerts on the tires of the car. Neglect the size of the 
car. 


| p = 600 ft 


Prob. 13-68 


*13-69. Determine the maximum speed at which the car 
with mass m can pass over the top point A of the vertical 
curved road and still maintain contact with the road. If the 
car maintains this speed, what is the normal reaction the 
road exerts on the car when it passes the lowest point B on 
the road? 


Prob. 13-69 
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13-70. A 5-Mg airplane is flying at a constant speed of 
350 km/h along a horizontal circular path of radius 
r — 3000m. Determine the uplift force L acting on the 
airplane and the banking angle 0. Neglect the size of the 
airplane. 


13-71. A 5-Mg airplane is flying at a constant speed of 
350 km/h along a horizontal circular path. If the banking 
angle 0 = 15°, determine the uplift force L acting on the 
airplane and the radius r of the circular path. Neglect the 
size of the airplane. 


Probs. 13-70/71 


*13-72. The 0.8-Mg car travels over the hill having the 
shape of a parabola. If the driver maintains a constant speed 
of 9 m/s, determine both the resultant normal force and the 
resultant frictional force that all the wheels of the car exert 
on the road at the instant it reaches point A. Neglect the 
size of the car. 


*13-73. The 0.8-Mg car travels over the hill having the 
shape of a parabola. When the car is at point A, it is traveling 
at 9 m/s and increasing its speed at 3 m/s?. Determine both 
the resultant normal force and the resultant frictional force 
that all the wheels of the car exert on the road at this instant. 
Neglect the size of the car. 


Bu 


Probs. 13-72/73 
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13-74. The 6-kg block is confined to move along the 
smooth parabolic path. The attached spring restricts the 
motion and, due to the roller guide, always remains 
horizontal as the block descends. If the spring has a stiffness 
of k = 10 N/m, and unstretched length of 0.5 m, determine 
the normal force of the path on the block at the instant 
x = 1m when the block has a speed of 4 m/s. Also, what is 
the rate of increase in speed of the block at this point? 
Neglect the mass of the roller and the spring. 


y 


k = 10 N/m 


Prob. 13-74 


13-75. Prove that if the block is released from rest at point 
B of a smooth path of arbitrary shape, the speed it attains 
when it reaches point A is equal to the speed it attains when 
it falls freely through a distance h; i.e., v = V2gh. 


7 | 


[S 


Prob. 13-75 
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*13-76. A toboggan and rider of total mass 90 kg travel 
down along the (smooth) slope defined by the equation 
y = 0.08x7. At the instant x = 10 m, the toboggan's speed 
is 5 m/s. At this point, determine the rate of increase in 
speed and the normal force which the slope exerts on the 
toboggan. Neglect the size of the toboggan and rider for the 
calculation. 


= 10m >| 


Prob. 13-76 


*13-77. The skier starts from rest at A(10 m, 0) and 
descends the smooth slope, which may be approximated by 
a parabola. If she has a mass of 52 kg, determine the normal 
force the ground exerts on the skier at the instant she 
arrives at point B. Neglect the size of the skier. Hint: Use 
the result of Prob. 13-75. 


10m 


Prob. 13-77 
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13-78. The 5-lb box is projected with a speed of 20 ft/s at 
A up the vertical circular smooth track. Determine the 
angle 0 when the box leaves the track. 


13-79. Determine the minimum speed that must be given 
to the 5-Ib box at A in order for it to remain in contact with 
the circular path. Also, determine the speed of the box when 
it reaches point B. 


Probs. 13-78/79 


*13-80. The 800-kg motorbike travels with a constant 
speed of 80 km/h up the hill. Determine the normal force 
the surface exerts on its wheels when it reaches point A. 
Neglect its size. 


- 100m + 


Prob. 13-80 


*13-81. The 1.8-Mg car travels up the incline at a constant 
speed of 80 km/h. Determine the normal reaction of the 
road on the car when it reaches point A. Neglect its size. 


y 


F—— —50m 


Prob. 13-81 


13-82. Determine the maximum speed the 1.5-Mg car can 
have and still remain in contact with the road when it passes 
point A. If the car maintains this speed, what is the normal 
reaction of the road on it when it passes point B? Neglect 
the size of the car. 


Prob. 13-82 


13-83. The 5-lb collar slides on the smooth rod, so that 
when it is at A it has a speed of 10 ft/s. If the spring to which 
itis attached has an unstretched length of 3 ft and a stiffness 
of k = 10 lb/ft, determine the normal force on the collar 
and the acceleration of the collar at this instant. 


Prob. 13-83 
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Inertial coordinate system 


Fig. 13-16 
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As the car of weight W descends 
the spiral track, the resultant 
normal force which the track 
exerts on the car can be 
represented by its three cylindrical 
components. —N, creates a radial 
acceleration, —a,, Ng creates a 
transverse acceleration ag, and the 
difference W — N, creates an 
azimuthal acceleration —a,. 


EF, 


EF, 
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13.6 Equations of Motion: Cylindrical 
Coordinates 


When all the forces acting on a particle are resolved into cylindrical 
components, i.e., along the unit-vector directions u,, Ug, u., Fig. 13-16, the 
equation of motion can be expressed as 


EF = 
ZF,a,- XF + VF, = 


ma 


may, + magug + mad, 


To satisfy this equation, we require 


=F, = ma, 
X Fo = mug (13-9) 
LF, = ma, 


If the particle is constrained to move only in the r—6 plane, then only the 
first two of Eqs. 13-9 are used to specify the motion. 


Tangential and Normal Forces. The most straightforward type 
of problem involving cylindrical coordinates requires the determination 
of the resultant force components X F,, X Fy, =F, which cause a particle 
to move with a known acceleration. If, however, the particle's accelerated 
motion is not completely specified at the given instant, then some 
information regarding the directions or magnitudes of the forces acting 
on the particle must be known or computed in order to solve Eqs. 13-9. 
For example, the force P causes the particle in Fig. 13-17a to move along 
a path r = f(0). The normal force N which the path exerts on the particle 
is always perpendicular to the tangent of the path, whereas the frictional 
force F always acts along the tangent in the opposite direction of motion. 
The directions of N and F can be specified relative to the radial 
coordinate by using the angle V (psi), Fig. 13-175, which is defined 
between the extended radial line and the tangent to the curve. 


r-f(0) r-f(0) 
Tangent 
y 
f 
o 0 
(b) 


Fig. 13-17 
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This angle can be obtained by noting that when the particle is 
displaced a distance ds along the path, Fig. 13-17c, the component of 
displacement in the radial direction is dr and the component of 
displacement in the transverse direction is r d0. Since these two 
components are mutually perpendicular, the angle y can be determined 
from tan y = r d6/dr, or 

" 
dr/d0 

If y is calculated as a positive quantity, it is measured from the extended 
radial line to the tangent in a counterclockwise sense or in the positive 
direction of 0. If it is negative, it is measured in the opposite direction 
to positive 0. For example, consider the cardioid r = a(1 + cos 0), 
shown in Fig. 13-18. Because dr/d0 = —a sin 0, then when 0 = 30°, 
tan y = a(1 + cos 30°)/(—a sin 30°) = —3.732, or y = —75°, measured 
clockwise, opposite to +0 as shown in the figure. 


tan y = (13-10) 


Procedure for Analysis 


Cylindrical or polar coordinates are a suitable choice for the 
analysis of a problem for which data regarding the angular motion 
of the radial line r are given, or in cases where the path can be 
conveniently expressed in terms of these coordinates. Once these 
coordinates have been established, the equations of motion can 
then be applied in order to relate the forces acting on the particle to 
its acceleration components. The method for doing this has been 
outlined in the procedure for analysis given in Sec. 13.4. The 
following is a summary of this procedure. 

Free-Body Diagram. 

Establish the r, 0, z inertial coordinate system and draw the 
particle's free-body diagram. 

Assume that a,, ag, a, act in the positive directions of r, 0, z if they 
are unknown. 

Identify all the unknowns in the problem. 

Equations of Motion. 

e Apply the equations of motion, Eqs. 13-9. 

Kinematics. 

e Use the methods of Sec. 12.8 to determine r and the time 

derivatives r, r, 0, 0, E and then evaluate the acceleration 
components a, = Y — r0^, a = r0 + 270,a, = Z. 
If any of the acceleration components is computed as a negative 
quantity, it indicates that it acts in its negative coordinate direction. 
When taking the time derivatives of r = f(0), it is very important 
to use the chain rule of calculus, which is discussed at the end of 
Appendix C. 
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(c) 
Fig. 13-17 


Fig. 13-18 
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EXAMPLE |13.10 


The smooth 0.5-kg double-collar in Fig. 13-19a can freely slide on arm 
AB and the circular guide rod. If the arm rotates with a constant 
angular velocity of 0 = 3 rad/s, determine the force the arm exerts on 
the collar at the instant 0 = 45°. Motion is in the horizontal plane. 


SOLUTION 


6 = 3 rad/s Free-Body Diagram. The normal reaction Nç of the circular guide 
rod and the force F of arm AB act on the collar in the plane of motion, 
Fig. 13-19b. Note that F acts perpendicular to the axis of arm AB, that 
is, in the direction of the 0 axis, while Nc acts perpendicular to the 
tangent of the circular path at 0 = 45°. The four unknowns are 
Nc, F, a,, ag. 


Equations of Motion. 
+72 F, = ma,; —Ncç cos 45° = (0.5 kg) a, 
TN£EF,- mag; F — Nesin 45? = (0.5 kg) ag 


Kinematics. Using the chain rule (see Appendix C), the first and 
second time derivatives of r when 0 = 45°, 0 = 3 rad/s, 0 = 0, are 


r = 0.8 cos 0 = 0.8 cos45° = 0.5657 m 
7 = —0.8 sin 66 = —0.8 sin 45°(3) = —1.6971 m/s 


P= 0.8] sin 0 0--cos 0 8 


= —0.8[sin 45°(0)+cos 45*(32)] = —5.091 m/s? 
We have 
a, 2 Y-r6 = —5.091 m/s? — (0.5657 m)(3 rad/s)? = —10.18 m/s? 
ag = rð + 270 = (0.5657 m)(0) + 2(—1.6971 m/s)(3 rad/s) 
—10.18 m/s? 
Substituting these results into Eqs. (1) and (2) and solving, we get 
Nc = 720N 


F=0 
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EXAMPLE [13.11 


The smooth 2-kg cylinder C in Fig. 13-20a has a pin P through its 
center which passes through the slot in arm OA. If the arm is forced to 
rotate in the vertical plane at a constant rate 0 — 0.5 rad/s, determine 
the force that the arm exerts on the peg at the instant 0 = 60°. 


SOLUTION 
Why is it a good idea to use polar coordinates to solve this problem? 


Free-Body Diagram. The free-body diagram for the cylinder is ‘ 
shown in Fig. 13-20b. The force on the peg, Fp, acts perpendicular to 6 — 0.5 rad/s 
the slot in the arm. As usual, a, and a, are assumed to act in the 
directions of positive r and 0, respectively. Identify the four unknowns. 
Equations of Motion. Using the data in Fig. 13-205, we have 

+/=F, = ma, 19.62 sin 0 — Nc sin 0 = 2a, (1) 


+N Fo = mag; 19.62 cos 0 + Fp — Nc cos 0 = 2ag (2) 


Kinematics. From Fig. 13-20a, r can be related to 0 by the equation 


E 
r= D = 0.4 csc 0 
sin 0 


Since d(csc 0) = —(csc 0 cot 0) d0 and d(cot 0) = —(csc? 0) dé, then 


r and the necessary time derivatives become 

0 — 0.5 r = 0.4 csc 0 

0-0 P = —0.4(csc 0 cot 8)0 
—0.2 csc 0 cot 0 
—0.2(—csc 6 cot 0)(8) cot 6 — 0.2 csc 6( —csc? 6)0 
0.1 csc (cot? 0 + csc? 0) 


Evaluating these formulas at 0 = 60°, we get 
Q5 da 


0-0 P —0.133 
y = 0.192 
a, = Y — r& = 0.192 — 0.462(0.5)? = 0.0770 
ag = rö + 276 = 0 + 2(—0.133)(0.5) = —0.133 


Substituting these results into Eqs. 1 and 2 with 6 = 60° and 
solving yields 


Nc = 19.5N Fp = —0.356N Ans. 


The negative sign indicates that Fp acts opposite to the direction 
shown in Fig. 13-205. 
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EXAMPLE |13.12 


A can C, having a mass of 0.5 kg, moves along a grooved horizontal 
slot shown in Fig. 13-21a. The slot is in the form of a spiral, which is 
defined by the equation r = (0.10) m, where 0 is in radians. If the arm 
OA rotates with a constant rate 0 — 4 rad/s in the horizontal plane, 
determine the force it exerts on the can at the instant 0 = m rad. 
Neglect friction and the size of the can. 


©. 
Ô = 4 rad/s 


SOLUTION 

Free-Body Diagram. The driving force Fç acts perpendicular to the 
arm OA, whereas the normal force of the wall of the slot on the can, 
Nc, acts perpendicular to the tangent to the curve at 0 = m rad, 
Fig. 13-21b. As usual, a, and ay are assumed to act in the positive 
directions of r and 0, respectively. Since the path is specified, the angle 
y which the extended radial line r makes with the tangent, Fig. 13-21c, 
can be determined from Eq. 13-10. We have r = 0.10, so that 
dr/d0 — 0.1, and therefore 


r 0.10 
dr/d0 0.1 


tan y — =0 


When 0 = a, y = tantr = 72.3°, so that ¢ = 90° — y = 17.7°, as 
shown in Fig. 13-21c. Identify the four unknowns in Fig. 13-21b. 


$ 
Tangent | ag 


à Equations of Motion. Using ¢ = 17.7? and the data shown in 
Fig. 13-215, we have 


+ SF, = ma, Neos 177° = 05a, (1) 
+L EF; = ma; Fo — Ncsin 17.7? = 0.549 (2) 


(b) 


Kinematics. The time derivatives of r and 0 are 
b = 4 rad/s r= 010 
6=0 + = 0.10 = 0.1(4) = 0.4 m/s 
7 oe 
At the instant 6 = sr rad, 
eae a, = Y — rf) = 0 — 0.1(7)(4)? = —5.08 m/s? 
dp = r0 + 276 = 0 + 2(0.4)(4) = 3.20 m/s? 


Substituting these results into Eqs. 1 and 2 and solving yields 


Nc = —2.64 N 
Tangent 0 Fc = 0.800 N 


What does the negative sign for Nc indicate? 


Fig. 13-21 
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[E] FUNDAMENTAL PROBLEMS 


F13-13. Determine the constant angular velocity 6 of the 
vertical shaft of the amusement ride if 9 = 45°. Neglect the 
mass of the cables and the size of the passengers. 


F13-13 


F13-14. The 0.2-kg ball is blown through the smooth 
vertical circular tube whose shape is defined by 
r = (0.6 sin 0) m, where @ is in radians. If 0 = (a?) rad, 
where f is in seconds, determine the magnitude of force F 
exerted by the blower on the ball when ¢ = 0.5 s. 


F13-14 


F13-15. The 2-Mg car is traveling along the curved road 
described by r = (50e??) m, where 0 is in radians. If a camera 
is located at A and it rotates with an angular velocity of 
0 = 0.05 rad/s and an angular acceleration of 0 = 0.01 rad/s? 
at the instant 0 = 7 rad, determine the resultant friction force 
developed between the tires and the road at this instant. 


F13-15 


F13-16. The 0.2-kg pin P is constrained to move in the 
smooth curved slot, which is defined by the lemniscate 
r — (0.6 cos 20) m. Its motion is controlled by the rotation 
of the slotted arm OA, which has a constant clockwise 
angular velocity of 6 = -3 rad/s. Determine the force arm 
OA exerts on the pin P when 0 = 0°. Motion is in the 
vertical plane. 


F13-16 
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| | PROBLEMS 
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*13-84. The path of motion of a 5-]b particle in the 
horizontal plane is described in terms of polar coordinates 
as r = (2t + 1) ft and 0 = (0.5? — t) rad, where t is in 
seconds. Determine the magnitude of the resultant force 
acting on the particle when t — 2 s. 


*13-85. Determine the magnitude of the resultant force 
acting on a 5-kg particle at the instant t = 2 s, if the particle 
is moving along a horizontal path defined by the equations 
r = (2t + 10) m and 0 = (1.5? — 6t) rad, where t is in 
seconds. 


13-86. A 2-kg particle travels along a horizontal smooth 
path defined by 


1 g 
r= " + 2)m, 0 = (Sea, 


where f is in seconds. Determine the radial and transverse 
components of force exerted on the particle when t = 2s. 


13-87. A 2-kg particle travels along a path defined by 
1 
r-(3-2?))m,0- (4° + 2) ra 


and z = (5 — 2?) m, where t is in seconds. Determine the r, 
0, z components of force that the path exerts on the particle 
at the instant ¢ = 1s. 


*13-88. If the coefficient of static friction between the 
block of mass m and the turntable is w,, determine the 
maximum constant angular velocity of the platform without 
causing the block to slip. 


Prob. 13-88 


*13-89. The 0.5-kg collar C can slide freely along the smooth 
rod AB. At a given instant, rod AB is rotating with an angular 
velocity of 0 — 2 rad/s and has an angular acceleration of 
0-2 rad/s?. Determine the normal force of rod AB and the 
radial reaction of the end plate B on the collar at this instant. 
Neglect the mass of the rod and the size of the collar. 


A 
0.6m 
0,0 / 
C B 
Prob. 13-89 


13-90. The2-kg rod AB moves up and down as its end slides 
on the smooth contoured surface of the cam, where r = 0.1 m 
and z — (0.02 sin 0) m. If the cam is rotating with a constant 
angular velocity of 5 rad/s, determine the force on the roller A 
when 0 — 90*. Neglect friction at the bearing C and the mass 
of the roller. 


13-91. The 2-kg rod AB moves up and down as its end 
slides on the smooth contoured surface of the cam, where 
r — 0.1 m and z — (0.02 sin 0) m. If the cam is rotating at a 
constant angular velocity of 5 rad/s, determine the maximum 
and minimum force the cam exerts on the roller at A. Neglect 
friction at the bearing C and the mass of the roller. 


z = 0.02 sinü 


[E "^d 
| 


Probs. 13-90/91 
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*13-92. If the coefficient of static friction between the 
conical surface and the block of mass m is u, = 0.2, 
determine the minimum constant angular velocity 0 so that 
the block does not slide downwards. 


*13-03. If the coefficient of static friction between the conical 
surface and the block is u, = 0.2, determine the maximum 
constant angular velocity 0 without causing the block to slide 
upwards. 


Probs. 13-92/93 


13-94. Ifthe position of the 3-kg collar C on the smooth rod 
AB is held at r — 720mm, determine the constant angular 
velocity 0 at which the mechanism is rotating about the 
vertical axis. The spring has an unstretched length of 400 mm. 
Neglect the mass of the rod and the size of the collar. 


Prob. 13-94 


13-95. The mechanism is rotating about the vertical axis 
with a constant angular velocity of à = 6rad/s. If rod AB 
is smooth, determine the constant position r of the 3-kg 
collar C. The spring has an unstretched length of 400 mm. 
Neglect the mass of the rod and the size of the collar. 


Prob. 13-95 


*13-96. Due to the constraint, the 0.5-kg cylinder C travels 
along the path described by r — (0.6 cos 0) m. If arm OA 
rotates counterclockwise with an angular velocity of 
0 — 2 rad/s and an angular acceleration of 0 — 0.8 rad/s? at 
the instant 0 = 30°, determine the force exerted by the arm 
on the cylinder at this instant. The cylinder is in contact with 
only one edge of the smooth slot, and the motion occurs in 
the horizontal plane. 


Prob. 13-96 
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*13-97. The 0.75-lb smooth can is guided along the 
circular path using the arm guide. If the arm has an 
angular velocity 0 = 2 rad/s and an angular acceleration 
0 = 0.4 rad/s? at the instant 0 = 30°, determine the force of 
the guide on the can. Motion occurs in the horizontal plane. 


13-98. Solve Prob. 13-97 if motion occurs in the vertical 
plane. 


Probs. 13-97/98 


13-99. The forked rod is used to move the smooth 
2-]b particle around the horizontal path in the shape of a 
limaçon, r = (2 + cos 0) ft. If at all times 0 = 0.5 rad/s, 
determine the force which the rod exerts on the particle at 
the instant 0 = 90°. The fork and path contact the particle 
on only one side. 


*13-100. Solve Prob. 13-99 at the instant 6 = 60°. 


*13-101. The forked rod is used to move the smooth 
2-]b particle around the horizontal path in the shape of a 
limaçon, r = (2 + cos 0) ft. If 0 = (0.57?) rad, where t is in 
seconds, determine the force which the rod exerts on the 
particle at the instant t = 1 s. The fork and path contact the 
particle on only one side. 


Probs. 13-99/100/101 
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13-102. The amusement park ride rotates with a constant 
angular velocity of 0 — 0.8rad/s. If the path of the ride is 
defined by r= (3sin0 + 5)m and z= (3cos0)m, 
determine the r, 0, and z components of force exerted by 
the seat on the 20-kg boy when 0 = 120°. 


ets 0 = 0.8 rad/s 


Prob. 13-102 


13-103. The airplane executes the vertical loop defined by 
r = [810(10°)cos 20] m?. If the pilot maintains a constant 
speed v = 120m/s along the path, determine the normal 
force the seat exerts on him at the instant 0 = 0°. The pilot 
has a mass of 75 kg. 


r? = [810(10?) cos 2 6]m? 


Prob. 13-103 
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*13-104. A boy standing firmly spins the girl sitting on a 
circular “dish” or sled in a circular path of radius rọ = 3m 
such that her angular velocity is @) = 0.1 rad/s. If the attached 
cable OC is drawn inward such that the radial coordinate r 
changes with a constant speed of 7 = —0.5 m/s, determine 
the tension it exerts on the sled at the instant r = 2 m. The sled 
and girl have a total mass of 50 kg. Neglect the size of the girl 
and sled and the effects of friction between the sled and ice. 
Hint: First show that the equation of motion in the 6 
direction yields aj = r0 + 270 = (1/r) d/dt(r^8) = 0. When 
integrated, r’6=C , where the constant C is determined from 
the problem data. 


Prob. 13-104 


13-105. The smooth particle has a mass of 80g. It is 
attached to an elastic cord extending from O to P and due to 
the slotted arm guide moves along the horizontal circular 
path r = (0.8sin0) m. If the cord has a stiffness 
k — 30 N/m and an unstretched length of 0.25 m, determine 
the force of the guide on the particle when 0 = 60°. The 
guide has a constant angular velocity à = 5 rad/s. 


13-106. Solve Prob. 13-105 if 0 = 2 rad/s? when ô = 5 rad/s 
and0 = 60°. 


Probs. 13-105/106 


13-107. The 1.5-kg cylinder C travels along the path 
described by r = (0.6sin0) m. If arm OA rotates 
counterclockwise with a constant angular velocity of 
0 = 3rad/s, determine the force exerted by the smooth slot 
in arm OA on the cylinder at the instant 0 = 60°. The spring 
has a stiffness of 100 N/m and is unstretched when 6 = 30°. 
The cylinder is in contact with only one edge of the slotted 
arm. Neglect the size of the cylinder. Motion occurs in the 
horizontal plane. 


*13-108. The 1.5-kg cylinder C travels along the path 
described by r — (0.6sin0)m. If arm OA is rotating 
counterclockwise with an angular velocity of 8-3 rad/s, 
determine the force exerted by the smooth slot in arm OA on 
the cylinder at the instant 0 = 60°. The spring has a stiffness 
of 100 N/m and is unstretched when 0 = 30°. The cylinder is 
in contact with only one edge of the slotted arm. Neglect the 
size of the cylinder. Motion occurs in the vertical plane. 


A 


r = 0.6 sin 0 


Probs. 13-107/108 


*13-109. Using air pressure, the 0.5-kg ball is forced to 
move through the tube lying in the horizontal plane and 
having the shape of a logarithmic spiral. If the tangential 
force exerted on the ball due to air pressure is 6 N, 
determine the rate of increase in the ball’s speed at the 
instant 0 = 7/2. Also, what is the angle y from the extended 
radial coordinate r to the line of action of the 6-N force? 


Pd : - r = 0.2e1? 
Prob. 13-109 
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13-110. The tube rotates in the horizontal plane at a 
constant rate of 0 = 4 rad/s. If a 0.2-kg ball B starts at the 
origin O with an initial radial velocity of r = 1.5 m/s and 
moves outward through the tube, determine the radial and 
transverse components of the ball’s velocity at the instant it 
leaves the outer end at C, r=0.5m. Hint: Show that 
the equation of motion in the r direction is 7 — 16r = 0. 
The solution is of the form r = Ae * + Be". Evaluate the 
integration constants A and B, and determine the time t 
when r = 0.5 m. Proceed to obtain v, and vp. 


Prob. 13-110 


13-111. The pilot of an airplane executes a vertical 
loop which in part follows the path of a cardioid, 
r = 600(1 + cos 0) ft. If his speed at A (0 = 0?) is a 
constant vp = 80 ft/s, determine the vertical force the 
seat belt must exert on him to hold him to his seat when 
the plane is upside down at A. He weighs 150 Ib. 


r = 600 (1 + cos 0) ft 


Prob. 13-111 
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*13-112. The 0.5-lb ball is guided along the vertical circular 
path r = 2r, cos 0 using the arm OA. If the arm has an 
angular velocity 0 = 0.4 rad/s and an angular acceleration 
0 = 0.8 rad/s? at the instant 0 = 30°, determine the force of 
the arm on the ball. Neglect friction and the size of the ball. 
Set r. = 0.4 ft. 


*13-113. The ball of mass m is guided along the vertical 
circular path r — 2r, cos 0 using the arm OA. If the arm has 
a constant angular velocity 05, determine the angle 0 = 45° 
at which the ball starts to leave the surface of the 
semicylinder. Neglect friction and the size of the ball. 


Probs. 13-112/113 


13-114. The ball has a mass of 1 kg and is confined to 
move along the smooth vertical slot due to the rotation of 
the smooth arm OA. Determine the force of the rod on the 
ball and the normal force of the slot on the ball when 
0 = 30°. The rod is rotating with a constant angular velocity 
0 — 3rad/s. Assume the ball contacts only one side of the 
slot at any instant. 


13-115. Solve Prob. 13-114 if the arm has an angular 
acceleration of 0 = 2 rad/s? when 0 = 3 rad/s at 0 = 30°. 


x 0.5 m =| 


Probs. 13-114/115 
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*13.7  Central-Force Motion and Space 
Mechanics 


If a particle is moving only under the influence of a force having a line of 
action which is always directed toward a fixed point, the motion is called 
central-force motion. This type of motion is commonly caused by 
electrostatic and gravitational forces. 

In order to analyze the motion, we will consider the particle P shown in 
Fig. 13-22a, which has a mass m and is acted upon only by the central 
force F. The free-body diagram for the particle is shown in Fig. 13-22b. 
Using polar coordinates (r, 0), the equations of motion, Eqs. 13-9, become 


2 2 
XF, = ma, -F = ml? 4 (2) | 
d? dt 
(13-11) 
dO | dr do 
EF, = mag; 0- Z6. + ET 2) 
The second of these equations may be written in the form 
1|d/ „d0 
ze al m 
so that integrating yields 
dé 
°—_=h 13-12 
PS (13-12) 


Here A is the constant of integration. 

From Fig. 13-22a notice that the shaded area described by the radius r, 
as r moves through an angle dé, is dA = in dé. If the areal velocity is 
defined as 


dA 1,dð h 
d 2 dt 2 


(13-13) 


then it is seen that the areal velocity for a particle subjected to central- 
force motion is constant. In other words, the particle will sweep out equal 
segments of area per unit of time as it travels along the path. To obtain 
the path of motion, r = f(0), the independent variable ¢ must be 
eliminated from Eqs. 13-11. Using the chain rule of calculus and 
Eq. 13-12, the time derivatives of Eqs. 13-11 may be replaced by 


dr | dr d0 h dr 
dt dédt dé 


ar (1a) rae jea 
d?  dt\r? dé d0 Nr? d0) dt d0 \ r? d0) |r 
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(a) 


Fig. 13-22 
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This satellite is subjected to a central 
force and its orbital motion can be 
closely predicted using the equations 
developed in this section. 


Free-flight 
trajectory 


Vo 


». Satellite 


F PA 
"d Power-flight 


4 / trajectory 
r=ř 


Launching 


Fig. 13-23 


Substituting a new dependent variable (xi) € = 1/r into the second 
equation, we have 


Also, the square of Eq. 13-12 becomes 


dN? sai 
(2) -re 


Substituting these two equations into the first of Eqs. 13-11 yields 


dé F 

yg S _ 7263 — t. 

hé de hé 2 

Or 
di +é i (13-14) 
de? ml? g 


This differential equation defines the path over which the particle travels 
when it is subjected to the central force F.* 

For application, the force of gravitational attraction will be considered. 
Some common examples of central-force systems which depend on 
gravitation include the motion of the moon and artificial satellites about 
the earth, and the motion of the planets about the sun. As a typical 
problem in space mechanics, consider the trajectory of a space satellite or 
space vehicle launched into free-flight orbit with an initial velocity vo, 
Fig. 13-23. It will be assumed that this velocity is initially parallel to the 
tangent at the surface of the earth, as shown in the figure.} Just after 
the satellite is released into free flight, the only force acting on it is the 
gravitational force of the earth. (Gravitational attractions involving other 
bodies such as the moon or sun will be neglected, since for orbits close to 
the earth their effect is small in comparison with the earth's gravitation.) 
According to Newton's law of gravitation, force F will always act between 
the mass centers of the earth and the satellite, Fig. 13—23. From Eq. 13-1, 
this force of attraction has a magnitude of 


M.m 


r? 


F=G 


where M, and m represent the mass of the earth and the satellite, 
respectively, G is the gravitational constant, and r is the distance between 


*In the derivation, F is considered positive when it is directed toward point O. If F is 
oppositely directed, the right side of Eq. 13-14 should be negative. 

+The case where v, acts at some initial angle 0 to the tangent is best described using the 
conservation of angular momentum (see Prob. 15-100). 


13.7  CENTRAL-FORCE MOTION AND SPACE MECHANICS 157 


the mass centers. To obtain the orbital path, we set £ = 1/r in the 
foregoing equation and substitute the result into Eq. 13-14. We obtain 


d +é= GM, 
de? K 


(13-15) 


This second-order differential equation has constant coefficients and is 
nonhomogeneous. The solution is the sum of the complementary and 
particular solutions given by 


1 GM, 
é=- = Ccos(@- $) + o (13-16) 


This equation represents the free-flight trajectory of the satellite. It is D 
the equation of a conic section expressed in terms of polar coordinates. directrix 
A geometric interpretation of Eq. 13-16 requires knowledge of the 
equation for a conic section. As shown in Fig. 13-24, a conic section is A 
defined as the locus of a point P that moves in such a way that the ratio 
of its distance to a focus, or fixed point F, to its perpendicular distance  * 
to a fixed line DD called the directrix, is constant. This constant ratio 
will be denoted as e and is called the eccentricity. By definition 


FP 
a 
PA 
T 
" N P 7 
From Fig. 13-24, D 
FP =r = e(PA) = e[p — rcos(0 — ¢)] Fig. 13-24 
or 
1 
= —cos(0 — $) + 
ep 


Comparing this equation with Eq. 13-16, it is seen that the fixed distance 
from the focus to the directrix is 


1 
= 13-17 
P=G (13-17) 
And the eccentricity of the conic section for the trajectory is 
Cie 
[g (13-18) 


GM, 
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D 
|—directrix 
A 
= i 
x! 
m p 
D 
Fig. 13-24 
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Provided the polar angle 0 is measured from the x axis (an axis of 
symmetry since it is perpendicular to the directrix), the angle is zero, 
Fig. 1324, and therefore Eq. 13-16 reduces to 


GM, 
n 


1 
77 C cos 0 + (13-19) 


The constants h and C are determined from the data obtained for the 
position and velocity of the satellite at the end of the power-flight 
trajectory. For example, if the initial height or distance to the space 
vehicle is ry, measured from the center of the earth, and its initial 
speed is v at the beginning of its free flight, Fig. 13-25, then the 
constant h may be obtained from Eq. 13-12. When 6 = $ = 0°, the 
velocity vy has no radial component; therefore, from Eq. 12-25, 
vo = ro(d0/dt), so that 


dé 
h= nt- 
70 dr 
Or 
jp e Fovo (13-20) 


To determine C, use Eq. 13-19 with 0 = 0°,r = rọ, and substitute 
Eq. 13-20 for h: 


c=+(1- Se) (13-21) 


ro rov 


The equation for the free-flight trajectory therefore becomes 


1 1 GM, GM, 
= I= COSU E eros (13-22) 


ro rovg rovo 


The type of path traveled by the satellite is determined from the value 
of the eccentricity of the conic section as given by Eq. 13-18. If 


e = 0 free-flight trajectory is a circle 
e —] free-flight trajectory is a parabola (13-23) 
e < 1 free-flight trajectory is an ellipse 


e ] free-flight trajectory is a hyperbola 
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Parabolic Path. Each of these trajectories is shown in Fig. 13-25. From 
the curves it is seen that when the satellite follows a parabolic path, it is 
“on the border" of never returning to its initial starting point. The initial 
launch velocity, vo, required for the satellite to follow a parabolic path is 
called the escape velocity. The speed, v,, can be determined by using the 
second of Eqs. 13-23, e = 1, with Eqs. 13-18, 13-20, and 13-21. It is left 
as an exercise to show that 


ve = ,{/——* (13-24) 


Circular Orbit. The speed v, required to launch a satellite into a 
circular orbit can be found using the first of Eqs. 13-23, e = 0. Since e 
is related to / and C, Eq. 13-18, C must be zero to satisfy this equation 
(from Eq. 13-20, h cannot be zero); and therefore, using Eq. 13-21, 
we have 


GM, 
ro 


ve = (13-25) 


Provided rọ represents a minimum height for launching, in which 
frictional resistance from the atmosphere is neglected, speeds at launch 
which are less than v, will cause the satellite to reenter the earth’s 
atmosphere and either burn up or crash, Fig. 13-25. 


Hyperbolic trajectory 
e>1 


Parabolic trajectory 
e=1 


Elliptical trajectory 


Fig. 13-25 
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Fig. 13-26 


Elliptical Orbit. All the trajectories attained by planets and most 
satellites are elliptical, Fig. 13-26. For a satellite's orbit about the earth, 
the minimum distance from the orbit to the center of the earth O (which 
is located at one of the foci of the ellipse) is r, and can be found using 
Eq. 13-22 with 0 = 0°. Therefore; 


rp = rp (13-26) 


This minimum distance is called the perigee of the orbit. The apogee or 
maximum distance r, can be found using Eq. 13-22 with 6 = 180°.* Thus, 


Fo 
"E 13-27 
"^^ OGMJrsl) = 1 ee 


With reference to Fig. 13-26, the half length of the major axis of the ellipse is 


Py + Y. 
2 


(13-28) 


a= 


Using analytical geometry, it can be shown that the half length of the 
minor axis is determined from the equation 


b= VER, (13-29) 


*Actually, the terminology perigee and apogee pertains only to orbits about the earth. 
If any other heavenly body is located at the focus of an elliptical orbit, the minimum and 
maximum distances are referred to respectively as the periapsis and apoapsis of the orbit. 
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Furthermore, by direct integration, the area of an ellipse is 


A = mab = "(ry EU Wr (13-30) 


The areal velocity has been defined by Eq. 13-13, d A/dt = h/2. 
Integrating yields A = AT/2, where T is the period of time required to 
make one orbital revolution. From Eq. 13-30, the period is 


T =F (rp +r) V Fpa (13-31) 


In addition to predicting the orbital trajectory of earth satellites, the 
theory developed in this section is valid, to a surprisingly close 
approximation, at predicting the actual motion of the planets traveling 
around the sun. In this case the mass of the sun, M,, should be substituted 
for M, when the appropriate formulas are used. 

The fact that the planets do indeed follow elliptic orbits about the sun 
was discovered by the German astronomer Johannes Kepler in the early 
seventeenth century. His discovery was made before Newton had 
developed the laws of motion and the law of gravitation, and so at the 
time it provided important proof as to the validity of these laws. Kepler’s 
laws, developed after 20 years of planetary observation, are summarized 
as follows: 


1. Every planet travels in its orbit such that the line joining it to the 
center of the sun sweeps over equal areas in equal intervals of time, 
whatever the line’s length. 


2. The orbit of every planet is an ellipse with the sun placed at one of 
its foci. 


3. The square of the period of any planet is directly proportional to 
the cube of the major axis of its orbit. 


A mathematical statement of the first and second laws is given by 
Eqs. 13-13 and 13-22, respectively. The third law can be shown from 
Eq. 13-31 using Eqs. 13-19, 13-28, and 13-29. (See Prob. 13-116.) 
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EXAMPLE [13.13 


A satellite is launched 600 km from the surface of the earth, with an 
initial velocity of 30 Mm/h acting parallel to the tangent at the surface 
of the earth, Fig. 13-27. Assuming that the radius of the earth is 6378 km 
and that its mass is 5.976(107*) kg, determine (a) the eccentricity of the 
orbital path, and (b) the velocity of the satellite at apogee. 


SOLUTION 
Part (a). The eccentricity of the orbit is obtained using Eq. 13-18. 
The constants / and C are first determined from Eqs. 13-20 and 
13-21. Since 


ry = rg = 6378 km + 600 km = 6.978(10°) m 


vy = 30 Mm/h = 8333.3 m/s 


Fig. 13-27 


hv, 
then 
h = r „vo = 6.978(10°)(8333.3) = 58.15(10°) m?/s 


M 
c=-}(1-£ :) 


2 
Tp le pro 


1 { | 66.73(10 7)[5.976(10"*)] 


ccce ee \ = 254( 103) me 
6.978(10°) 


Hence, 


6.978 (10°) (8333.3)? 


Ch 2.54(10 5)[58.15(10?)P? 


e — — 
GM,  66.73(10 ?)[5.976(10?^)] 
From Eq. 13-23, observe that the orbit is an ellipse. 


=)215 =< 1 Ans: 


Part (b). If the satellite were launched at the apogee A shown in 
Fig. 13-27, with a velocity v4, the same orbit would be maintained 
provided 


h = rovo = rava = 5815(10?) m/s 
Using Eq. 13-27, we have 


_ E - — 69mQ) —— 0 = 10.804(10° 
"a= ., 2667300 )]ps976005] —— a 


6.978(105) (8333.3)? 


58.15(10?) 


—. 10.804(10°) 
NOTE: The farther the satellite is from the earth, the slower it 
moves, which is to be expected since h is constant. 


UA = 5382.2 m/s = 19.4 Mm/h Ans. 
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ET PROBLEMS 


In the following problems, except where otherwise 
indicated, assume that the radius of the earth is 6378 
km, the earth's mass is 5.976(107^) kg, the mass of the 
sun is 1.99(10%) ke, and the gravitational constant is 
G = 66.73(10 7) m?/(kg- s?). 


*13-116. Prove Kepler's third law of motion. Hint: Use 
Eqs. 13-19, 13-28, 13-29, and 13-31. 


*13-117. The Viking explorer approaches the planet Mars 
on a parabolic trajectory as shown. When it reaches point A 
its velocity is 10 Mm/h. Determine rọ and the required 
velocity at A so that it can then maintain a circular orbit as 
shown. The mass of Mars is 0.1074 times the mass of the 
earth. 


Notum 
f —3 


Prob. 13-117 


13-118. The satellite is in an elliptical orbit around the 
earth as shown. Determine its velocity at perigee P and 
apogee A, and the period of the satellite. 


Prob. 13-118 


13-119. The satellite is moving in an elliptical orbit with 
an eccentricity e — 0.25. Determine its speed when it is at 
its maximum distance A and minimum distance B from 
the earth. 


Prob. 13-119 
*13-120. The space shuttle is launched with a velocity of 
17 500 mi/h parallel to the tangent of the earth's surface at 
point P and then travels around the elliptical orbit. When 
it reaches point A, its engines are turned on and its 
velocity is suddenly increased. Determine the required 
increase in velocity so that it enters the second elliptical 
orbit. Take G = 344(10 ?)ft*/Ib + s*, M, = 409(10?!) slug, 
and r, = 3960 mi, where 5280 ft = mi. 
1500 mi 


4500 mi 


Prob. 13-120 
*13-121. Determine the increase in velocity of the space 
shuttle at point P so that it travels from a circular orbit to an 
elliptical orbit that passes through point A. Also, compute 
the speed of the shuttle at A. 


2Mm 


Prob. 13-121 
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13-122. The rocket is in free flight along an elliptical 
trajectory A’A. The planet has no atmosphere, and its 
mass is 0.60 times that of the earth. If the orbit has the 
apoapsis and periapsis shown, determine the rocket’s velocity 
when it is at point A. Take G = 34.4(10 ?) (Ib - ft?)/slug?, 
M, = 409(10?.) slug, 1 mi = 5280 ft. 


13-123. Ifthe rocket is to land on the surface of the planet, 
determine the required free-flight speed it must have at A' 
so that the landing occurs at B. How long does it take for the 
rocket to land, in going from A' to B? The planet has no 
atmosphere, and its mass is 0.6 times that of the earth. 
Take G = 344(10 ?)(Ib- ft2)/slug?, M, = 409(10?!) slug, 
1 mi = 5280 ft. 


Probs. 13-122/123 


*13-124. A communications satellite is to be placed into 
an equatorial circular orbit around the earth so that it 
always remains directly over a point on the earth's surface. 
If this requires the period to be 24 hours (approximately), 
determine the radius of the orbit and the satellite's velocity. 


*13-125. The speed of a satellite launched into a 
circular orbit about the earth is given by Eq. 13-25. 
Determine the speed of a satellite launched parallel to 
the surface of the earth so that it travels in a circular orbit 
800 km from the earth's surface. 


13-126. The earth has an orbit with eccentricity e = 0.0821 
around the sun. Knowing that the earth's minimum distance 
from the sun is 151.3(10°) km, find the speed at which a 
rocket travels when it is at this distance. Determine the 
equation in polar coordinates which describes the earth's 
orbit about the sun. 
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13-127. A rocket is in a free-flight elliptical orbit about 
the earth such that the eccentricity of its orbit is e and its 
perigee is ry. Determine the minimum increment of speed it 
should have in order to escape the earth's gravitational field 
when it is at this point along its orbit. 


*13-128. A rocket is in circular orbit about the earth at an 
altitude of h = 4 Mm. Determine the minimum increment 
in speed it must have in order to escape the earth's 
gravitational field. 


*13-129. The rocket is in free flight along an elliptical 
trajectory A' A. The planet has no atmosphere, and its mass 
is 0.70 times that of the earth. If the rocket has an apoapsis 
and periapsis as shown in the figure, determine the speed of 
the rocket when it is at point A. 


m 6 Mm 9 Mm 
Prob. 13-129 


13-130. If the rocket is to land on the surface of the 
planet, determine the required free-flight speed it must 
have at A’ so that it strikes the planet at B. How long does 
it take for the rocket to land, going from A’ to B along an 
elliptical path? The planet has no atmosphere, and its mass 
is 0.70 times that of the earth. 


x 6 Mm 9 Mm 


Prob. 13-130 


13.7 


13-131. The satellite is launched parallel to the tangent of 
the earth’s surface with a velocity of v = 30 Mm/h from an 
altitude of 2 Mm above the earth as shown. Show that the 
orbit is elliptical, and determine the satellite’s velocity when 
it reaches point A. 


vo = 30 Mm/h 


2Mm 


Prob. 13-131 


*13-132. The satellite is in an elliptical orbit having an 
eccentricity of e = 0.15. If its velocity at perigee is 
vp = 15Mm/h, determine its velocity at apogee A and the 
period of the satellite. 


15 Mm/h 


P A 


Prob. 13-132 


*13-133. The satellite is in an elliptical orbit. When it is at 
perigee P, its velocity is vp = 25 Mm/h, and when it reaches 
point A, its velocity is v4 = 15Mm/h and its altitude above 
the earth's surface is 18 Mm. Determine the period of the 
satellite. 


vp = 25 Mm/h 


Prob. 13-133 
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13-134. A satellite is launched with an initial velocity 
ty = 4000 km/h parallel to the surface of the earth. 
Determine the required altitude (or range of altitudes) 
above the earth's surface for launching if the free-flight 
trajectory is to be (a) circular, (b) parabolic, (c) elliptical, 
and (d) hyperbolic. 


13-135. The rocket is in a free-flight elliptical orbit about 
the earth such that e — 0.76 as shown. Determine its speed 
when it is at point A. Also determine the sudden change in 
speed the rocket must experience at B in order to travel in 
free flight along the orbit indicated by the dashed path. 


8Mm 


Prob. 13-135 


*13-136. A communications satellite is in a circular orbit 
above the earth such that it always remains directly over a 
point on the earth's surface. As a result, the period of the 
satellite must equal the rotation of the earth, which is 
approximately 24 hours. Determine the satellite’s altitude h 
above the earth's surface and its orbital speed. 


*13-137. Determine the constant speed of satellite S so 
that it circles the earth with an orbit of radius r = 15 Mm. 
Hint: Use Eq. 13-1. 


Prob. 13-137 
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K CONCEPTUAL PROBLEMS 


P13-1. If the box is released from rest at A, use 
numerical values to show how you would estimate the 
time for it to arrive at B. Also, list the assumptions for your 
analysis. 


P13-3. Determine the smallest speed of each car A and B 
so that the passengers do not lose contact with the seat 
while the arms turn at a constant rate. What is the largest 
normal force of the seat on each passenger? Use numerical 
values to explain your answer. 


P13-1 


P13-2. The tugboat has a known mass and its propeller 
provides a known maximum thrust. When the tug is fully 
powered you observe the time it takes for the tug to reach a 
speed of known value starting from rest. Show how you 
could determine the mass of the barge. Neglect the drag 
force of the water on the tug. Use numerical values to 
explain you answer. 


P13-2 


P13-3 


P13-4. Each car is pin connected at its ends to the rim of the 
wheel which turns at a constant speed. Using numerical 
values, show how to determine the resultant force the seat 
exerts on the passenger located in the top car A. The 
passengers are seated towards the center of the wheel. Also, 
list the assumptions for your analysis. 
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CHAPTER REVIEW 


Kinetics 

Kinetics is the study of the relation between 
forces and the acceleration they cause. 
This relation is based on Newton’s second 
law of motion, expressed mathematically as 
EF = ma. 


Before applying the equation of motion, it 

is important to first draw the particle’s 

free-body diagram in order to account for Free-body Kinetic 
all of the forces that act on the particle. diagram diagram 
Graphically this diagram is equal to the 

kinetic diagram, which shows the result of the 

forces, that is, the ma vector. 


Inertial Coordinate Systems 

When applying the equation of motion, it 
is important to measure the acceleration 
from an inertial coordinate system. This 
system has axes that do not rotate but are 
either fixed or translate with a constant 
velocity. Various types of inertial 
coordinate systems can be used to apply 
EF = main component form. 


Path of particle 


Inertial frame of reference 


Rectangular x, y, z axes are used to describe 
rectilinear motion along each of the axes. 


Normal and tangential n, t axes are often 
used when the path is known. Recall that a, = ma, XF, = man, XF, = 0 

is always directed in the +n direction. It =dv/dt or a, = v dv/ds 
indicates the change in the velocity 

direction. Also recall that a, is tangent to [1 + (dy/dxy??| 
the path. It indicates the change in the where p = |d?y/dx?] 
velocity magnitude. 


Cylindrical coordinates are useful when 
angular motion of the radial line r 
is specified or when the path can 
conveniently be described with these 
coordinates. 


Central-Force Motion 

When a single force acts upon a particle, such as during the free-flight trajectory of a satellite in a gravitational field, then 
the motion is referred to as central-force motion. The orbit depends upon the eccentricity e; and as a result, the trajectory 
can either be circular, parabolic, elliptical, or hyperbolic. 


In order to properly design the loop of this roller coaster it is necessary to ensure that 
the cars have enough energy to be able to make the loop without leaving the tracks. 


Kinetics of a Particle: 
Work and Energy 


CHAPTER OBJECTIVES 


* To develop the principle of work and energy and apply it to solve 
problems that involve force, velocity, and displacement. 


* To study problems that involve power and efficiency. 


* To introduce the concept of a conservative force and apply the 
theorem of conservation of energy to solve kinetic problems. 


14.1 The Work of a Force 


In this chapter, we will analyze motion of a particle using the concepts of 
work and energy. The resulting equation will be useful for solving 
problems that involve force, velocity, and displacement. Before we do 
this, however, we must first define the work of a force. Specifically, a force 
F will do work on a particle only when the particle undergoes a 
displacement in the direction of the force. For example, if the force F in 
Fig. 14-1 causes the particle to move along the path s from position r to 
a new position r', the displacement is then dr — r' — r. The magnitude 
of dr is ds, the length of the differential segment along the path. If the 
angle between the tails of dr and F is 0, Fig. 14-1, then the work done by 
F is a scalar quantity, defined by 


dU = F ds cos 0 


Fig. 14-1 
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By definition of the dot product (see Eq. B-14) this equation can also 
be written as 


dU = F-ar 


This result may be interpreted in one of two ways: either as the 
product of F and the component of displacement ds cos in the 
direction of the force, or as the product of ds and the component of force, 
F cos 0, in the direction of displacement. Note that if 0° = 0 < 90°, then 
the force component and the displacement have the same sense so that 
the work is positive; whereas if 90° < 0 < 180°, these vectors will have 
opposite sense, and therefore the work is negative. Also, dU = 0 if the 
force is perpendicular to displacement, since cos 90° = 0, or if the force 
is applied at a fixed point, in which case the displacement is zero. 

The unit of work in SI units is the joule (J), which is the amount of 
work done by a one-newton force when it moves through a distance of 
one meter in the direction of the force (1J = 1N-m). In the FPS 
system, work is measured in units of foot-pounds (ft - Ib), which is the 
work done by a one-pound force acting through a distance of one foot in 
the direction of the force.* 


Fig. 14-1 


Work of a Variable Force. If the particle acted upon by the 
force F undergoes a finite displacement along its path from r, to r; or s; 
to s2, Fig. 14-2a, the work of force F is determined by integration. 
Provided F and 0 can be expressed as a function of position, then 


uso f Fco f Foosoas (14-1) 


Sometimes, this relation may be obtained by using experimental data 
to plot a graph of F cos 6 vs. s. Then the area under this graph bounded 
by s, and s; represents the total work, Fig. 14—2b. 


F cos 0 
Ecos 0 
51 —| k- $5 i 
ds 
(a) (b) 
Fig. 14-2 


*By convention, the units for the moment of a force or torque are written as Ib: ft, to 
distinguish them from those used to signify work, ft - Ib. 
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F cos 0 
F. 
í F, cos 8 ] 
s 
5 F.cos@ *2 5| 35 s 
(a) (b) 


Fig. 14-3 


Work of a Constant Force Moving Along a Straight Line. 
If the force F, has a constant magnitude and acts at a constant angle 0 
from its straight-line path, Fig. 143a, then the component of F, in the 
direction of displacement is always F, cos 0. The work done by F, when 
the particle is displaced from s, to s; is determined from Eq. 14-1, in 
which case 


52 
U; » = F, cos af ds 
5 


or 


U,_» = F. cos 0(s; — s) (14-2) 


Here the work of F, represents the area of the rectangle in Fig. 14—3b. 


Work of a Weight. Consider a particle of weight W, which moves 
up along the path s shown in Fig. 14-4 from position s; to position s2. At 
an intermediate point, the displacement dr = dxi + dyj + dzk. Since 
W = -Wi. applying Eq. 14-1 we have 


U, 5 = [ra = n (-Wj) H (dxi + dyj + dzk) 


y2 
= W dy = -W(y2 — yı) 


» 


or 


UiS” = -W Ay (14-3) 


Thus, the work is independent of the path and is equal to the magnitude 
of the particle’s weight times its vertical displacement. In the case shown 
in Fig. 14-4 the work is negative, since W is downward and Ay is upward. 
Note, however, that if the particle is displaced downward (—Ay), the 
work of the weight is positive. Why? Fig. 14-4 
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Work of a Spring Force. If an elastic spring is elongated a 
distance ds, Fig. 14—5a, then the work done by the force that acts on the 
attached particle is dU = —F,ds = —ks ds. The work is negative since F, 
acts in the opposite sense to ds. If the particle displaces from s; to sz, the 


work of F, is then 
U2 = J F, ds = f —ks ds 


Ui- = —($ks} — dks?) (14-4) 


This work represents the trapezoidal area under the line F, = ks, 
Fig. 14-5b. 

A mistake in sign can be avoided when applying this equation if one 
simply notes the direction of the spring force acting on the particle and 
compares it with the sense of direction of displacement of the particle — 
if both are in the same sense, positive work results; if they are opposite to 
one another, the work is negative. 


Unstretched 
position, s — 0 F, 
F, = ks 
e 
A ds 
sf 
F, s 
k "d d 51 $5 
Force on 
Particle (b) 
(a) Fig. 14-5 


The forces acting on the cart as it is pulled 
a distance s up the incline, are shown on 
its free-body diagram. The constant 
towing force T does positive work of 
Ur =(Tcos¢)s, the weight does 
negative work of Uy = —(W sin 0)s, 
and the normal force N does no work 
since there is no displacement of this 
force along its line of action. 


EXAMPLE [14.1 


The 10-kg block shown in Fig. 14—6a rests on the smooth incline. If the 
spring is originally stretched 0.5 m, determine the total work done by 
all the forces acting on the block when a horizontal force P — 400N 
pushes the block up the plane s — 2 m. 


2 sin 30° m 


SOLUTION 
First the free-body diagram of the block is drawn in order to account 
for all the forces that act on the block, Fig. 14—6b. 


Horizontal Force P. Since this force is constant, the work is 
determined using Eq. 14-2. The result can be calculated as the force 
times the component of displacement in the direction of the force; i.e., 


Up = 400 N (2 mcos 30°) = 692.8J 


or the displacement times the component of force in the direction of 
displacement, i.e., 


Up = 400 N cos 30°(2 m) = 692.8 J 


Spring Force F.. In the initial position the spring is stretched 
sı = 0.5 m and in the final position it is stretched s; = 0.5m + 2m= 
2.5m. We require the work to be negative since the force and 
displacement are opposite to each other. The work of F, is thus 


U, = —[3(30 N/m)(2.5 m)? — $(30 N/m)(0.5 m)?] = —907 


Weight W. Since the weight acts in the opposite sense to its vertical 
displacement, the work is negative; i.e., 


Uy = -(981N) (2 m sin 30°) = —98.1 J 


Note that it is also possible to consider the component of weight in the 
direction of displacement; i.e., 


Uy = —(98.1 sin 30° N) (2m) = —9817 


Normal Force Ng. This force does no work since it is always 
perpendicular to the displacement. 


Total Work. The work of all the forces when the block is displaced 
2 m is therefore 


Ur = 692.8 J — 90 J — 98.1J = 505 J Ans. 


14.1 
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2 cos 30° m 


(a) 


98.1 N 130° 


Initial 
position of spring 
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14.2 Principle of Work and Energy 


Consider the particle in Fig. 14-7, which is located on the path defined 
relative to an inertial coordinate system. If the particle has a mass m and 
is subjected to a system of external forces represented by the resultant 
Fr = =F, then the equation of motion for the particle in the tangential 
direction is EF, = ma,. Applying the kinematic equation a, = v dv/ds 
and integrating both sides, assuming initially that the particle has a position 
s = s anda speed v = v, and later at s = sy, v = %2, we have 


xj ná- [mode 


52 
zf F, ds = imo = imi (14-5) 
51 


From Fig. 14-7, note that EF, = X Fcos 0, and since work is defined 
from Eq. 14-1, the final result can be written as 


SU- = imo — im? (14-6) 


This equation represents the principle of work and energy for the 
particle. The term on the left is the sum of the work done by all the forces 
acting on the particle as the particle moves from point 1 to point 2. The 
two terms on the right side, which are of the form T — im’, define the 
particle’s final and initial kinetic energy, respectively. Like work, kinetic 
energy is a scalar and has units of joules (J) and ft-lb. However, unlike 
work, which can be either positive or negative, the kinetic energy is 
always positive, regardless of the direction of motion of the particle. 
When Eq. 14-6 is applied, it is often expressed in the form 


Ti Jg XU, = T> (14-7) 


which states that the particle’s initial kinetic energy plus the work done 
by all the forces acting on the particle as it moves from its initial to its 
final position is equal to the particle’s final kinetic energy. 

As noted from the derivation, the principle of work and energy 
represents an integrated form of XF, = ma,, obtained by using the 
kinematic equation a, = v dv/ds. Asa result, this principle will provide a 
convenient substitution for =F, = ma, when solving those types of 
kinetic problems which involve force, velocity, and displacement since 
these quantities are involved in Eq. 14-7. For application, it is suggested 
that the following procedure be used. 
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Procedure for Analysis 


Work (Free-Body Diagram). 


e Establish the inertial coordinate system and draw a free-body 
diagram of the particle in order to account for all the forces that 
do work on the particle as it moves along its path. 


Principle of Work and Energy. 


Apply the principle of work and energy, 7; + XU- = Th. 


The kinetic energy at the initial and final points is always positive, 
since it involves the speed squared (7 = imo? : 


A force does work when it moves through a displacement in the 
direction of the force. 


Work is positive when the force component is in the same sense of 
direction as its displacement, otherwise it is negative. 


Forces that are functions of displacement must be integrated to 
obtain the work. Graphically, the work is equal to the area under 
the force-displacement curve. 


The work of a weight is the product of the weight magnitude and 
the vertical displacement, Uy, = +Wy. It is positive when the 
weight moves downwards. 


TO R.- 
im 


The work of a spring is of the form U, — sks’, where k is the 
spring stiffness and s is the stretch or compression of the spring. 


Numerical application of this procedure is illustrated in the examples 
following Sec. 14.3. 


If an oncoming car strikes these crash barrels, the car’s kinetic energy will be 
transformed into work, which causes the barrels, and to some extent the car, to be 
deformed. By knowing the amount of energy that can be absorbed by each barrel it is 
possible to design a crash cushion such as this. 
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14.3 Principle of Work and Energy fora 
System of Particles 


The principle of work and energy can be extended to include a system of 
particles isolated within an enclosed region of space as shown in Fig. 14-8. 
Here the arbitrary ith particle, having a mass m;, is subjected to a resultant 
external force F; and a resultant internal force f; which all the other 
particles exert on the ith particle. If we apply the principle of work and 
energy to this and each of the other particles in the system, then since 
work and energy are scalar quantities, the equations can be summed 
algebraically, which gives 


XT + XU, = XT (14-8) 


In this case, the initial kinetic energy of the system plus the work done by 
all the external and internal forces acting on the system is equal to the 
final kinetic energy of the system. 

If the system represents a translating rigid body, or a series of connected 
translating bodies, then all the particles in each body will undergo the same 
displacement. Therefore, the work of all the internal forces will occur in 
equal but opposite collinear pairs and so it will cancel out. On the other 
hand, if the body is assumed to be nonrigid, the particles of the body may 
be displaced along different paths, and some of the energy due to force 
interactions would be given off and lost as heat or stored in the body if 
permanent deformations occur. We will discuss these effects briefly at 
the end of this section and in Sec. 15.4. Throughout this text, however, the 
principle of work and energy will be applied to problems where direct 
accountability of such energy losses does not have to be considered. 


Inertial coordinate system 


Fig. 14-8 
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Work of Friction Caused by Sliding. A special class of 
problems will now be investigated which requires a careful application of 
Eq. 14-8. These problems involve cases where a body slides over the 
surface of another body in the presence of friction. Consider, for 
example, a block which is translating a distance s over a rough surface as 
shown in Fig. 14—9a. If the applied force P just balances the resultant 
frictional force u,N, Fig. 14-9b, then due to equilibrium a constant 
velocity v is maintained, and one would expect Eq. 14-8 to be applied as 
follows: 


1 2 — 1 2 
j;mv^ + Ps — uy, Ns = 5mv 


Indeed this equation is satisfied if P = uN; however, as one realizes 
from experience, the sliding motion will generate heat, a form of energy 
which seems not to be accounted for in the work-energy equation. In 
order to explain this paradox and thereby more closely represent the 
nature of friction, we should actually model the block so that the 
surfaces of contact are deformable (nonrigid).* Recall that the rough 
portions at the bottom of the block act as “teeth,” and when the block 
slides these teeth deform slightly and either break off or vibrate as they 
pull away from “teeth” at the contacting surface, Fig. 14—9c. As a result, 
frictional forces that act on the block at these points are displaced 
slightly, due to the localized deformations, and later they are replaced 
by other frictional forces as other points of contact are made. At any 
instant, the resultant F of all these frictional forces remains essentially 
constant, i.e., uN; however, due to the many localized deformations, 
the actual displacement s' of uN is not the same as the displacement s 
of the applied force P. Instead, s' will be Jess than s (s' < s), and 
therefore the external work done by the resultant frictional force will 
be u4,Ns' and not i Ns. The remaining amount of work, uj N(s — s'), 
manifests itself as an increase in internal energy, which in fact causes 
the block's temperature to rise. 

In summary then, Eq. 14-8 can be applied to problems involving 
sliding friction; however, it should be fully realized that the work of the 
resultant frictional force is not represented by uNs; instead, this term 
represents both the external work of friction (jN5') and internal work 
[n N(s — s')] which is converted into various forms of internal energy, 
such as heat. 


*See Chapter 8 of Engineering Mechanics: Statics. 
+See B. A. Sherwood and W. H. Bernard, “Work and Heat Transfer in the Presence of 
Sliding Friction,” Am. J. Phys. 52, 1001 (1984). 
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EXAMPLE [14.2 


The 3500-Ib automobile shown in Fig. 14-10a travels down the 10° 
inclined road at a speed of 20 ft/s. If the driver jams on the brakes, 
causing his wheels to lock, determine how far s the tires skid on the 
road. The coefficient of kinetic friction between the wheels and the 
road is ju, = 0.5. 


SOLUTION 
This problem can be solved using the principle of work and energy, 
since it involves force, velocity, and displacement. 


Work (Free-Body Diagram). As shown in Fig. 14-105, the normal 
force N 4 does no work since it never undergoes displacement along its 
line of action. The weight, 3500 Ib, is displaced s sin 10? and does 
positive work. Why? The frictional force F4 does both external and 
internal work when it undergoes a displacement s. This work is negative 
since it is in the opposite sense of direction to the displacement. 
Applying the equation of equilibrium normal to the road, we have 


+X\2F, = 0; NA4-3500cos10?lb = 0 N 4 = 3446.8 lb 
Thus, 


Fig. 14-10 


Fa = uy NA = 0.5 (3446.8 lb) = 1723.4 lb 
Principle of Work and Energy. 
Ti + ÈX U2 = T; 


i ( 3500 Ib 


E Jao ft/s)? + 3500 Ib(s sin 10°) — (17234 lb)s = 0 


320 iy Ss 
Solving for s yields 

S = 19.5ft Ans. 
NOTE: Ifthis problem is solved by using the equation of motion, two 
steps are involved. First, from the free-body diagram, Fig. 14-105, the 
equation of motion is applied along the incline. This yields 
TZXF,— ma,; 3500 sin 10? Ib — 1723.4 1b = oe. 

a = —10.3 ft/s? 
Then, since a is constant, we have 
(^v) v? = v + 2a,(s — so); 
(0)? = (20 ft/s)? + 2(—10.3 ft/s”)(s — 0) 
s = 19.5 ft 
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EXAMPLE [14.3 


For a short time the crane in Fig. 14-11a lifts the 2.50-Mg beam with a 
force of F = (28 + 3s?) kN. Determine the speed of the beam when 
it has risen s = 3 m. Also, how much time does it take to attain this 
height starting from rest? 


SOLUTION 

We can solve part of this problem using the principle of work and 
energy since it involves force, velocity, and displacement. Kinematics 
must be used to determine the time. Note that at s= 0, 
F = 28(10)N > W = 2.50(10%)(9.81)N, so motion will occur. 


Work (Free-Body Diagram). As shown on the free-body diagram, 
Fig. 14-115, the lifting force F does positive work, which must be 
determined by integration since this force is a variable. Also, the 
weight is constant and will do negative work since the displacement is 
upwards. 


Principles of Work and Energy. 
Ti qr EU, = T 
0 + I (28 + 3s?)(10°) ds — (2.50)(10°)(9.81)s = 1(2.50) (105)? 
0 


28(10°)s + (105)s? — 24.525(10))s = 1.25(10%)v? 
v = (2.785 + 0.853)? (1) 


When s = 3 m, 
v = 5.47 m/s Ans. 


Kinematics. Since we were able to express the velocity as a 
function of displacement, the time can be determined using 
v = ds/dt. In this case, 


ds 


(2.785 + 0.83)? = 2 


, [ ds 
o (2.78s + 0.853)? 


The integration can be performed numerically using a pocket 
calculator. The result is 


t = 1.79s Ans. 


NOTE: The acceleration of the beam can be determined by 
integrating Eq. (1) using v dv = ads, or more directly, by applying 
the equation of motion, XF = ma. 


2.50 (10°)(9.81) N 
(b) 


Fig. 14-11 
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EXAMPLE [14.4 


The platform P, shown in Fig. 14-12a, has negligible mass and is tied 
down so that the 0.4-m-long cords keep a 1-m-long spring compressed 
0.6 m when nothing is on the platform. If a 2-kg block is placed on the 
platform and released from rest after the platform is pushed down 0.1 m, 
Fig. 14-125, determine the maximum height / the block rises in the 
air, measured from the ground. 


Á 
k = 200 N/m : —- 


aE 


0.3m 


,, 
(b) 


Fig. 14-12 
SOLUTION 


Work (Free-Body Diagram). Since the block is released from rest 
and later reaches its maximum height, the initial and final velocities are 
zero. The free-body diagram of the block when it is still in contact with 
the platform is shown in Fig. 14-12c. Note that the weight does negative 
work and the spring force does positive work. Why? In particular, the 
initial compression in the spring is s; = 0.6 m + 0.1 m = 0.7 m. Due to 
the cords, the spring's final compression is s; — 0.6 m (after the block 
leaves the platform). The bottom of the block rises from a height of 
(0.4 m — 0.1 m) = 0.3 m to a final height h. 


Principle of Work and Energy. 


Tı ls EU,5 = T> 
Imi + {-(3ks3 = $ks1) -W Ay} = Im? 


Note that here s; = 0.7m > s; = 0.6 m and so the work of the spring 
as determined from Eq. 14-4 will indeed be positive once the 
calculation is made. Thus, 


0 + (-[5(200 N/m)(0.6 m)? — (200 N/m)(0.7 m)?| 


— (19.62 N)[h — (0.3 m)]] 
Solving yields 


h = 0.963 m 
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EXAMPLE |14.5 


The 40-kg boy in Fig. 14-13a slides down the smooth water slide. If he 
starts from rest at A, determine his speed when he reaches B and the 
normal reaction the slide exerts on the boy at this position. 


SOLUTION 


Work (Free-Body Diagram). As shown on the free-body diagram, 
Fig. 14-135, there are two forces acting on the boy as he goes down 
the slide. Note that the normal force does no work. 


Principle of Work and Energy. 
IEA F SUI p = Tg 


0 + (40(9.81)N)(7.5 m) = 4(40 kg)v% 
vg = 12.13 m/s = 12.1 m/s Ans. 


Equation of Motion. Referring to the free-body diagram of the 
boy when he is at B, Fig. 14-13c, the normal reaction Ng can now be 
obtained by applying the equation of motion along the n axis. Here 
the radius of curvature of the path is 


| T G)] [1 + (9.15x?]2 


= = = 6.667 
PE Py /dx| 0.15) |o 2 


Thus, 


-TEF,- ma, Ng — 40(9.81) N = 40 z 


(12.13 m/s 
6.667 m 


Ng = 1275.3 N = 128 kN Ans. 


40(9.81) N 


40(9.81) N 


Ng 
(c) 
Fig. 14-13 
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EXAMPLE |14.6 


Blocks A and B shown in Fig. 14-14a have a mass of 10 kg and 100 kg, 
respectively. Determine the distance B travels when it is released 
from rest to the point where its speed becomes 2 m/s. 


SOLUTION 

This problem may be solved by considering the blocks separately and 
applying the principle of work and energy to each block. However, the 
work of the (unknown) cable tension can be eliminated from the 
analysis by considering blocks A and B together as a single system. 


Work (Free-Body Diagram). As shown on the free-body diagram 
of the system, Fig. 14-145, the cable force T and reactions R, and R, 
do no work, since these forces represent the reactions at the supports 
and consequently they do not move while the blocks are displaced. 
The weights both do positive work if we assume both move 
downward, in the positive sense of direction of s4 and sg. 


Principle of Work and Energy. Realizing the blocks are released 
from rest, we have 


XT qr ZU, = =T, 
{mawa m impg(vg)i] + {W4 As, + Wz Asg} = 


{5m4(v4)3 + 5mp(vg)3} 


{0 + 0} + (98.1 N (As4) + 981 N (Asg)} = 
{5(10 kg)(v4)3 + 3(100 kg)(2 m/s)?) (1) 


Digali la Kinematics. Using the methods of kinematics discussed in Sec. 12.9, 


it may be seen from Fig. 14-14a that the total length / of all the vertical 
segments of cable may be expressed in terms of the position 
coordinates s4 and sg as 


SA + 4sp = 1 
Hence, a change in position yields the displacement equation 
As, + 4Asz =0 
As, = —4 Asp 


Here we see that a downward displacement of one block produces an 
upward displacement of the other block. Note that As, and Asg must 
have the same sign convention in both Eqs. 1 and 2. Taking the time 
derivative yields 


va = —4vg = —4(2 m/s) = —8 m/s (2) 
Retaining the negative sign in Eq. 2 and substituting into Eq. 1 yields 
Asg = 0.883 m | Ans. 
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i5 FUNDAMENTAL PROBLEMS 


F14-1. The spring is placed between the wall and the 10-kg F14-4. The 1.8-Mg dragster is traveling at 125 m/s when 


block. If the block is subjected to a force of F — 500 N, the engine is shut off and the parachute is released. If the 
determine its velocity when s — 0.5 m. When s — 0, the drag force of the parachute can be approximated by the 
block is at rest and the spring is uncompressed. The contact graph, determine the speed of the dragster when it has 
surface is smooth. traveled 400 m. 

500N Fp (KN) 


F142. Ifthe motor exerts a constant force of 300 N on the 400 

cable, determine the speed of the 20-kg crate when it travels F144 

s= 10 m up the plane, starting from rest. The coefficient of F14-5. When s = 0.6 m, the spring is unstretched and the 
kinetic friction between the crate and the plane is ug = 0.3. 10-kg block has a speed of 5 m/s down the smooth plane. 


Determine the distance s when the block stops. 


F14-2 
F14-3. If the motor exerts a force of F = (600 + 23?) N F145 
on the cable, determine the speed of the 100-kg crate when F146. The 5-lb collar is pulled by a cord that passes 
it rises to s = 15m. The crate is initially at rest on the around a small peg at C. If the cord is subjected to a constant 


ground. force of F = 10 lb, and the collar is at rest when it is at A, 


determine its speed when it reaches B. Neglect friction. 


—- 4 ft 
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BN PROBLEMS 


e14-1. A 1500-Ib crate is pulled along the ground with a 
constant speed for a distance of 25 ft, using a cable that 
makes an angle of 15? with the horizontal. Determine the 
tension in the cable and the work done by this force. The 
coefficient of kinetic friction between the ground and 
the crate is ug = 0.55. 


14-2. The motion of a 6500-Ib boat is arrested using a 
bumper which provides a resistance as shown in the graph. 
Determine the maximum distance the boat dents the 
bumper if its approaching speed is 3 ft/s. 


F(Ib) 


F = 3(10°)s3 
je =3 ft/s 


s(ft) 


Prob. 14-2 


14-3. The smooth plug has a weight of 20 Ib and is pushed 
against a series of Belleville spring washers so that the 
compression in the spring is s — 0.05 ft. If the force of the 
spring on the plug is F = (3s!) Ib, where s is given in feet, 
determine the speed of the plug after it moves away from 
the spring. Neglect friction. 


Prob. 14-3 


*14-4. When a 7-kg projectile is fired from a cannon 
barrel that has a length of 2 m, the explosive force exerted 
on the projectile, while it is in the barrel, varies in the 
manner shown. Determine the approximate muzzle velocity 
of the projectile at the instant it leaves the barrel. Neglect 
the effects of friction inside the barrel and assume the 
barrel is horizontal. 


F(MN) 


15 y 
10 


— 


02 04 06 08 10 12 14 16 L8 20 °™ 


Prob. 14-4 


*14-5. The 1.5-kg block slides along a smooth plane and 
strikes a nonlinear spring with a speed of v = 4 m/s. The 
spring is termed “nonlinear” because it has a resistance of 
F, = ks?, where k = 900 N/m?. Determine the speed of the 
block after it has compressed the spring s — 0.2 m. 


Prob. 14-5 
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14-6. When the driver applies the brakes of a light truck 
traveling 10 km/h, it skids 3 m before stopping. How far will 
the truck skid if it is traveling 80 km/h when the brakes are 
applied? 


Prob. 14-6 


14-7. The 6-Ib block is released from rest at A and slides 
down the smooth parabolic surface. Determine the 
maximum compression of the spring. 


k = 5Ib/in. 
/ B 


Prob. 14-7 


*14-8. The spring in the toy gun has an unstretched 
length of 100 mm. It is compressed and locked in the 
position shown. When the trigger is pulled, the spring 
unstretches 12.5 mm, and the 20-g ball moves along the 
barrel. Determine the speed of the ball when it leaves the 
gun. Neglect friction. 


Thy 


NU 


Prob. 14-8 


*14-9. Springs AB and CD have a stiffness of k = 300 N/m 
and k’ = 200 N/m, respectively, and both springs have an 
unstretched length of 600 mm. If the 2-kg smooth collar starts 
from rest when the springs are unstretched, determine the 
speed of the collar when it has moved 200 mm. 


F=150N 


Y 4. 1 
DNSNNNNNSNNN SSSI 


k — 300 N/m B C k'— 200 N/m 


Prob. 14-9 


14-10. The 2-Mg car has a velocity of v; = 100km/h when 
the driver sees an obstacle in front of the car. If it takes 0.75 s 
for him to react and lock the brakes, causing the car to skid, 
determine the distance the car travels before it stops. The 
coefficient of kinetic friction between the tires and the road 
is uj, = 0.25. 


14-11. The 2-Mg car has a velocity of v; = 100km/h 
when the driver sees an obstacle in front of the car. It takes 
0.75 s for him to react and lock the brakes, causing the car to 
skid. If the car stops when it has traveled a distance of 175 m, 
determine the coefficient of kinetic friction between the 
tires and the road. 


v4 — 100 km/h 
— 


Probs. 14-10/11 
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*14-12. The 10-Ib block is released from rest at A. 
Determine the compression of each of the springs after the 
block strikes the platform and is brought momentarily to 
rest. Initially both springs are unstretched. Assume the 
platform has a negligible mass. 


k, — 30 Ib/in. 
ky = 45 Ib/in. 


3 inj 


Prob. 14-12 


14-13. Determine the velocity of the 60-Ib block A if the 
two blocks are released from rest and the 40-lb block B 
moves 2 ft up the incline. The coefficient of kinetic friction 
between both blocks and the inclined planes is uw, = 0.10. 


Prob. 14-13 
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14-14. The force F, acting in a constant direction on the 
20-kg block, has a magnitude which varies with the position 
s of the block. Determine how far the block slides before its 
velocity becomes 5 m/s. When s — 0 the block is moving to 
the right at 2 m/s. The coefficient of kinetic friction 
between the block and surface is ug = 0.3. 


14-15. The force F, acting in a constant direction on the 
20-kg block, has a magnitude which varies with position s of 
the block. Determine the speed of the block after it slides 
3 m. When s = 0 the block is moving to the right at 2 m/s. 
The coefficient of kinetic friction between the block and 
surface is ju, = 0.3. 


F(N) 


F = 50s* 


s (m) 
Prob. 14-15 


14-16. A rocket of mass m is fired vertically from the 
surface of the earth, i.e., at r = rj. Assuming no mass is lost 
as it travels upward, determine the work it must do against 
gravity to reach a distance r). The force of gravity is 
F = GM.m/r’ (Eq. 13-1), where M, is the mass of the earth 
and r the distance between the rocket and the center of 
the earth. 


Prob. 14-16 
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*14-17. The cylinder has a weight of 20 Ib and is pushed 
against a series of Belleville spring washers so that the 
compression in the spring is s — 0.05 ft. If the force of the 
spring on the cylinder is F = (1005!) Ib, where s is given 
in feet, determine the speed of the cylinder just after it 
moves away from the spring, i.e., at s = 0. 


Prob. 14-17 
14-18. The collar has a mass of 20 kg and rests on the 
smooth rod. Two springs are attached to it and the ends of 
the rod as shown. Each spring has an uncompressed length 
of 1 m. If the collar is displaced s = 0.5 m and released 
from rest, determine its velocity at the instant it returns to 
the point s — 0. 


p 


mM 


0.25 m 


Prob. 14-18 
14-19. Determine the height h of the incline D to which 
the 200-kg roller coaster car will reach, if it is launched at B 
with a speed just sufficient for it to round the top of the loop 
at C without leaving the track. The radius of curvature at C 
is p, — 25 m. 


Prob. 14-19 


*14-20. Packages having a weight of 15 Ib are transferred 
horizontally from one conveyor to the next using a ramp for 
which u = 0.15. The top conveyor is moving at 6 ft/s and 
the packages are spaced 3 ft apart. Determine the required 
speed of the bottom conveyor so no sliding occurs when the 
packages come horizontally in contact with it. What is the 
spacing s between the packages on the bottom conveyor? 


Prob. 14-20 


*14-21. The 0.5-kg ball of negligible size is fired up the 
smooth vertical circular track using the spring plunger. The 
plunger keeps the spring compressed 0.08 m when s = 0. 
Determine how far s it must be pulled back and released so 
that the ball will begin to leave the track when 0 = 135°. 


k = 500 N/m 


Prob. 14-21 
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14-22. The 2-Ib box slides on the smooth circular ramp. If 
the box has a velocity of 30 ft/s at A, determine the velocity 
of the box and normal force acting on the ramp when the 
box is located at B and C. Assume the radius of curvature of 
the path at C is still 5 ft. 


ie 


Prob. 14-22 


14-23. Packages having a weight of 50 Ib are delivered to 
the chute at v4 — 3 ft/s using a conveyor belt. Determine 
their speeds when they reach points B, C, and D. Also 
calculate the normal force of the chute on the packages at B 
and C. Neglect friction and the size of the packages. 


Prob. 14-23 
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*14-24. The 2-Ib block slides down the smooth parabolic 
surface, such that when it is at A it has a speed of 10 ft/s. 
Determine the magnitude of the block's velocity and 
acceleration when it reaches point B, and the maximum 
height ymax reached by the block. 


y 
ANNI ft/s cit. 
s | 
y = 0.25x" s 
: | 
p C Ti J 
Prob. 14-24 


*14—25. The skier starts from rest at A and travels down 
the ramp. If friction and air resistance can be neglected, 
determine his speed vg when he reaches B. Also, find the 
distance s to where he strikes the ground at C, if he makes 
the jump traveling horizontally at B. Neglect the skier’s size. 
He has a mass of 70 kg. 


ANSA 
XXIX 


Prob. 14-25 


14-26. The crate, which has a mass of 100 kg, is subjected 
to the action of the two forces. If it is originally at rest, 
determine the distance it slides in order to attain a speed of 
6 m/s. The coefficient of kinetic friction between the crate 
and the surface is uj, = 0.2. 


800N 


Prob. 14-26 
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14-27. The 2-lb brick slides down a smooth roof, such that 
when it is at A it has a velocity of 5 ft/s. Determine the 
speed of the brick just before it leaves the surface at B, the 
distance d from the wall to where it strikes the ground, and 
the speed at which it hits the ground. 


DIDI 
pp eee 


Prob. 14-27 


*14-28. Roller coasters are designed so that riders will not 
experience a normal force that is more than 3.5 times their 
weight against the seat of the car. Determine the smallest 
radius of curvature p of the track at its lowest point if the 
car has a speed of 5 ft/s at the crest of the drop. Neglect 
friction. 


0 ft 


Prob. 14-28 


*14-29. The 120-Ib man acts as a human cannonball by being 
"fired" from the spring-loaded cannon shown. If the greatest 
acceleration he can experience is a = 10g = 322 ft/s’, 
determine the required stiffness of the spring which is 
compressed 2 ft at the moment of firing. With what velocity 
will he exit the cannon barrel, d = 8 ft, when the cannon 
is fired? When the spring is compressed s = 2 ft then 
d — 8 ft. Neglect friction and assume the man holds himself 
in a rigid position throughout the motion. 


Prob. 14-29 


14-30. Ifthe track is to be designed so that the passengers 
of the roller coaster do not experience a normal force equal 
to zero or more than 4 times their weight, determine the 
limiting heights /4 and hç so that this does not occur. The 
roller coaster starts from rest at position A. Neglect friction. 


(ON 
NLA VATA 
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Prob. 14-30 
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14-31. Marbles having a mass of 5 g fall from rest at A 
through the glass tube and accumulate in the can at C. 
Determine the placement R of the can from the end of the 
tube and the speed at which the marbles fall into the can. 
Neglect the size of the can. 


j " i 


Prob. 14-31 


*14-32. The ball has a mass of 0.5 kg and is suspended 
from a rubber band having an unstretched length of 1 m 
and a stiffness k = 50 N/m. If the support at A to which the 
rubber band is attached is 2 m from the floor, determine the 
greatest speed the ball can have at A so that it does not 
touch the floor when it reaches its lowest point B. Neglect 
the size of the ball and the mass of the rubber band. 


=. 


Prob. 14-32 
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*14—33. If the coefficient of kinetic friction between the 
100-kg crate and the plane is mą = 0.25, determine the 
compression x of the spring required to bring the crate 
momentarily to rest. Initially the spring is unstretched and 
the crate is at rest. 


14-34. If the coefficient of kinetic friction between the 
100-kg crate and the plane is uw, = 0.25, determine the 
speed of the crate at the instant the compression of 
the spring is x — 1.5 m. Initially the spring is unstretched 
and the crate is at rest. 


Probs. 14—33/34 


14-35. A 2-lb block rests on the smooth semicylindrical 
surface. An elastic cord having a stiffness k = 2 lb/ft is 
attached to the block at B and to the base of the 
semicylinder at point C. If the block is released from rest at 
A(@ = 0°), determine the unstretched length of the cord so 
that the block begins to leave the semicylinder at the instant 
0 = 45°. Neglect the size of the block. 


Prob. 14-35 
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*14-36. The 50-kg stone has a speed of v4 = 8 m/s when 
it reaches point A. Determine the normal force it exerts on 
the incline when it reaches point B. Neglect friction and the 
stone's size. 


y 
[| C yx 
4m 
B x? yl Lu 
A 
x 
jeg 
Prob. 14-36 


014-37. If the 75-kg crate starts from rest at A, determine 
its speed when it reaches point B. The cable is subjected to a 
constant force of F — 300 N. Neglect friction and the size of 
the pulley. 


14-38. If the 75-kg crate starts from rest at A, and its 
speed is 6m/s when it passes point B, determine the 
constant force F exerted on the cable. Neglect friction and 
the size of the pulley. 


B 
| 


ee 


Probs. 14-37/38 


14-39. If the 60-kg skier passes point A with a speed of 
5m/s, determine his speed when he reaches point B. Also 
find the normal force exerted on him by the slope at this 
point. Neglect friction. 


y = (0.02532 + 5)m 


Prob. 14-39 


*14-40. The 150-Ib skater passes point A with a speed of 
6ft/s. Determine his speed when he reaches point B and the 
normal force exerted on him by the track at this point. 
Neglect friction. 


y 


Prob. 14-40 


014-41. A small box of mass m is given a speed of 
v= Vier at the top of the smooth half cylinder. 
Determine the angle 0 at which the box leaves the cylinder. 


Prob. 14-41 
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The power output of this locomotive 
comes from the driving frictional force F 
developed at its wheels. It is this force 
that overcomes the frictional resistance 
of the cars in tow and is able to lift the 
weight of the train up the grade. 


14.4 Power and Efficiency 


Power. The term “power” provides a useful basis for chosing the type 
of motor or machine which is required to do a certain amount of work in 
a given time. For example, two pumps may each be able to empty a 
reservoir if given enough time; however, the pump having the larger 
power will complete the job sooner. 

The power generated by a machine or engine that performs an amount 
of work dU within the time interval dt is therefore 


dU 
P a - 
3 (14-9) 
If the work dU is expressed as dU = F- dr, then 
dU F-dr dr 
Fw a at 
or 
P=F-yv (14-10) 


Hence, power is a scalar, where in this formulation v represents the 
velocity of the paticle which is acted upon by the force F. 

The basic units of power used in the SI and FPS systems are the watt 
(W) and horsepower (hp), respectively. These units are defined as 


1W =1J/s =1N:m/s 
1 hp = 550 ft-Ib/s 


For conversion between the two systems of units, 1 hp = 746 W. 
Efficiency. The mechanical efficiency of a machine is defined as the 


ratio of the output of useful power produced by the machine to the input 
of power supplied to the machine. Hence, 


power output 
Ca ea 


power input MEG 


If energy supplied to the machine occurs during the same time interval at 
which it is drawn, then the efficiency may also be expressed in terms of 
the ratio 


energy output 
eee (14-12) 


energy input 


Since machines consist of a series of moving parts, frictional forces will 
always be developed within the machine, and as a result, extra energy or 
power is needed to overcome these forces. Consequently, power output 
will be less than power input and so the efficiency of a machine is always 
less than 1. 

The power supplied to a body can be determined using the following 
procedure. 


Procedure for Analysis 


First determine the external force F acting on the body which 
causes the motion. This force is usually developed by a machine 
or engine placed either within or external to the body. 


If the body is accelerating, it may be necessary to draw its free- 
body diagram and apply the equation of motion (£F = ma) to 
determine F. 


Once F and the velocity v of the particle where F is applied have 
been found, the power is determined by multiplying the force 
magnitude with the component of velocity acting in the direction 
of F, (i.e., P = F-v = Fv cos 6). 

In some problems the power may be found by calculating the 
work done by F per unit of time (P,,, = AU/At,). 


The power requirements of this elevator 
depend upon the vertical force F that acts on 
the elevator and causes it to move upwards. If 
the velocity of the elevator is v, then the power 
output is P = F: v. 
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EXAMPLE [14.7 


The man in Fig. 14-15a pushes on the 50-kg crate with a force of 
F = 150 N. Determine the power supplied by the man when t = 4s. 
The coefficient of kinetic friction between the floor and the crate is 
uk = 0.2. Initially the create is at rest. 


y 


50 (9.81) N É 
— 
| j x 


Fig. 14-15 


SOLUTION 

To determine the power developed by the man, the velocity of the 
150-N force must be obtained first. The free-body diagram of the 
crate is shown in Fig. 14-155. Applying the equation of motion, 


+ÎEF, = may N —($)50N — 50(9.81) N = 0 
N = 580.5 N 

*QEF,- mas; ($)150N — 02(580.5 N) = (50 kg)a 
a = 0.078 m/s” 


The velocity of the crate when t = 4s is therefore 
E v =U + adt 
v = 0 + (0.078 m/s?)(4s) = 0.312 m/s 
The power supplied to the crate by the man when t — 4s is therefore 
P = F-v = Fw = ($)(150 N)(0.312 m/s) 
= 37.4W 


EXAMPLE [14.8 


The motor M of the hoist shown in Fig. 14-16a lifts the 75-Ib crate C 
so that the acceleration of point P is 4 ft/s?. Determine the power that 
must be supplied to the motor at the instant P has a velocity of 2 ft/s. 
Neglect the mass of the pulley and cable and take e = 0.85. 


SOLUTION 
In order to find the power output of the motor, it is first necessary to 
determine the tension in the cable since this force is developed by 
the motor. 

From the free-body diagram, Fig. 14-16b, we have 


75 lb 


+) =F, = 2T + 751b 32219 a. (1) 

The acceleration of the crate can be obtained by using kinematics to 
relate it to the known acceleration of point P, Fig. 14-16a. Using the 
methods of Sec. 12.9, the coordinates sc and sp can be related to a 
constant portion of cable length / which is changing in the vertical and 
horizontal directions. We have 2sc + sp = l. Taking the second time 


derivative of this equation yields 

2üc = —ap (2) 
Since ap = +4 ft/s’, then ac = —(4 ft/s”)/2 = —2 ft/s’. What does 
the negative sign indicate? Substituting this result into Eq. 1 and 
retaining the negative sign since the acceleration in both Eq. 1 and Eq. 2 
was considered positive downward, we have 

75 Ib 

329 08^ 
T = 39.83]b 


-2r +7510 = ( 


jo ft/s?) 


The power output, measured in units of horsepower, required to draw 
the cable in at a rate of 2 ft/s is therefore 


P = T-v = (39.83 1b)(2 ft/s)[1 hp/(550 ft- 1b/s)] 
= 0.1448 hp 


This power output requires that the motor provide a power input of 
: 1 
power input = z (power output) 


= 5 gg (01448 hp) = 0.170 hp Ans. 


NOTE: Since the velocity of the crate is constantly changing, the 
power requirement is instantaneous. 


14.4 
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Fig. 14-16 
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s] FUNDAMENTAL PROBLEMS 


F14-7. If the contact surface between the 20-kg block and 
the ground is smooth, determine the power of force F when 
t = 4s. Initially, the block is at rest. 


F=30N 


F14-7 


F14-8. If F — (10s) N, where s is in meters, and the 
contact surface between the block and the ground is 
smooth, determine the power of force F when s = 5m. 
Initially, the 20-kg block is at rest. 


Z F= (10s)N 


F14-8 


F14-9. If the motor winds in the cable with a constant 
speed of v = 3 ft/s, determine the power supplied to the 
motor. The load weighs 100 Ib and the efficiency of the 
motor is e — 0.8. Neglect the mass of the pulleys. 


F14-10. The coefficient of kinetic friction between the 
20-kg block and the inclined plane is ug = 0.2. If the block 
is traveling up the inclined plane with a constant velocity 
v = 5 m/s, determine the power of force F. 


F14-10 
Fi4-11. Ifthe 50-kg load A is hoisted by motor M so that 
the load has a constant velocity of 1.5 m/s, determine the 


power input of the motor, which operates at an efficiency 
e = 0.8. 


F14-11 


F14-12. At the instant shown, point P on the cable has a 
velocity vp = 12 m/s, which is increasing at a rate of 
ap = 6 m/s’. Determine the power input of motor M at this 
instant if it operates with an efficiency e = 0.8. The mass of 
block A is 50 kg. 


F14-12 
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ETPROBLEMS À 


14-42. The diesel engine of a 400-Mg train increases the 
train’s speed uniformly from rest to 10 m/s in 100 s along a 
horizontal track. Determine the average power developed. 


14-43. Determine the power input for a motor necessary 
to lift 300 lb at a constant rate of 5 ft/s. The efficiency of the 
motor is e = 0.65. 


*14-44. An electric streetcar has a weight of 15 000 Ib and 
accelerates along a horizontal straight road from rest so 
that the power is always 100 hp. Determine how far it must 
travel to reach a speed of 40 ft/s. 


*14-45. The Milkin Aircraft Co. manufactures a turbojet 
engine that is placed in a plane having a weight of 13000 Ib. 
If the engine develops a constant thrust of 5200 Ib, 
determine the power output of the plane when it is just 
ready to take off with a speed of 600 mi/h. 


14-46. The engine of the 3500-lb car is generating a 
constant power of 50 hp while the car is traveling up the 
slope with a constant speed. If the engine is operating with 
an efficiency of e — 0.8, determine the speed of the car. 
Neglect drag and rolling resistance. 


Prob. 14—46 


14-47. A loaded truck weighs 16(10?) Ib and accelerates 
uniformly on a level road from 15 ft/s to 30 ft/s during 4 s. 
If the frictional resistance to motion is 325 Ib, determine the 
maximum power that must be delivered to the wheels. 


*14-48. An automobile having a weight of 3500 Ib travels 
up a 7? slope at a constant speed of v — 40 ft/s. If friction 
and wind resistance are neglected, determine the power 
developed by the engine if the automobile has a mechanical 
efficiency of e — 0.65. 


*14-49. Anescalator step moves with a constant speed of 
0.6 m/s. If the steps are 125 mm high and 250 mm in length, 
determine the power of a motor needed to lift an average 
mass of 150 kg per step. There are 32 steps. 


14-50. The man having the weight of 150 Ib is able to run 
up a 15-ft-high flight of stairs in 4 s. Determine the power 
generated. How long would a 100-W light bulb have to burn 
to expend the same amount of energy? Conclusion: Please 
turn off the lights when they are not in use! 


P 


15 ft 


Prob. 14-50 


14-51. The material hoist and the load have a total mass 
of 800 kg and the counterweight C has a mass of 150 kg. At 
a given instant, the hoist has an upward velocity of 2 m/s 
and an acceleration of 1.5 m/s. Determine the power 
generated by the motor M at this instant if it operates with 
an efficiency of e = 0.8. 


*14-52. The material hoist and the load have a total mass 
of 800 kg and the counterweight C has a mass of 150 kg. If 
the upward speed of the hoist increases uniformly from 
0.5 m/s to 1.5 m/sin 1.5s, determine the average power 
generated by the motor M during this time. The motor 
operates with an efficiency of e = 0.8. 


DM 


= 


pesce 


Probs. 14—51/52 
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14-53. The 2-Mg car increases its speed uniformly from 
rest to 25 m/s in 30 s up the inclined road. Determine the 
maximum power that must be supplied by the engine, which 
operates with an efficiency of e = 0.8. Also, find the 
average power supplied by the engine. 


Prob. 14-53 


14-54. Determine the velocity of the 200-Ib crate in 15 s if 
the motor operates with an efficiency of e = 0.8. The power 
input to the motor is 2.5 hp. The coefficient of kinetic 
friction between the crate and the plane is ug = 0.2. 


Prob. 14-54 


14-55. A constant power of 1.5 hp is supplied to the motor 
while it operates with an efficiency of e — 0.8. Determine 
the velocity of the 200-Ib crate in 15 seconds, starting from 
rest. Neglect friction. 


Prob. 14-55 
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*14-56. The fluid transmission of a 30 000-Ib truck allows 
the engine to deliver constant power to the rear wheels. 
Determine the distance required for the truck traveling on a 
level road to increase its speed from 35 ft/s to 60 ft/s if 90 hp 
is delivered to the rear wheels. Neglect drag and rolling 
resistance. 


e14-57. If the engine of a 1.5-Mg car generates a constant 
power of 15 kW, determine the speed of the car after it has 
traveled a distance of 200 m on a level road starting from 
rest. Neglect friction. 


14-58. The 1.2-Mg mine car is being pulled by the winch 
M mounted on the car. If the winch exerts a force of 
F= (15082) N on the cable, where ¢f is in seconds, 
determine the power output of the winch when t = 5s, 
starting from rest. 


14-59. The 1.2-Mg mine car is being pulled by the winch M 
mounted on the car. If the winch generates a constant power 
output of 30 kW, determine the speed of the car at the 
instant it has traveled a distance of 30 m, starting from rest. 


Se /——————— 
SE 


ZIN) 
(GC) —— 
a9 


Probs. 14—58/59 


*14-60. The 1.2-Mg mine car is being pulled by winch M 
mounted on the car. If the winch generates a constant 
power output of 30 kW, and the car starts from rest, 
determine the speed of the car when t = 5s. 


Prob. 14-60 


*14-61. The 50-lb crate is hoisted by the motor M. If the 
crate starts from rest and by constant acceleration attains a 
speed of 12 ft/s after rising s = 10 ft, determine the power 
that must be supplied to the motor at the instant s = 10 ft. 
The motor has an efficiency e = 0.65. Neglect the mass of 
the pulley and cable. 


14-62. A motor hoists a 60-kg crate at a constant velocity 
to a height of h = 5 m in2 s. If the indicated power of the 
motor is 3.2 kW, determine the motor's efficiency. 


Prob. 14-62 
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14-63. Ifthe jet on the dragster supplies a constant thrust 
of T — 20 kN, determine the power generated by the jet as 
a function of time. Neglect drag and rolling resistance, and 
the loss of fuel. The dragster has a mass of 1 Mg and starts 


from rest. 
—0* —2.. 


Prob. 14-63 


*14-64. Sand is being discharged from the silo at A to the g 
conveyor and transported to the storage deck at the rate of 


360000 Ib/h. An electric motor is attached to the conveyor 
to maintain the speed of the belt at 3 ft/s. Determine the 
average power generated by the motor. 


Prob. 14-64 


14-65. The 500-kg elevator starts from rest and travels 
upward with a constant acceleration a, = 2 m/s’. 
Determine the power output of the motor M when t = 3s. 
Neglect the mass of the pulleys and cable. 


mmrrvrmmwurTrTmT 


Prob. 14-65 
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14-66. A rocket having a total mass of 8 Mg is fired 
vertically from rest. If the engines provide a constant thrust 
of T = 300 kN, determine the power output of the engines 
as a function of time. Neglect the effect of drag resistance 
and the loss of fuel mass and weight. 


T = 300 kN 


Prob. 14—66 


14-67. The crate has a mass of 150 kg and rests on a 
surface for which the coefficients of static and kinetic 
friction are u, = 0.3 and ug = 0.2, respectively. If the motor 
M supplies a cable force of F = (8t? + 20) N, where t is in 
seconds, determine the power output developed by the 
motor when t = 5s. 


Prob. 14-67 


*14-68. The 50-Ib block rests on the rough surface for 
which the coefficient of kinetic friction is uj, = 0.2. A force 
F = (40 + s?) Ib, where s is in ft, acts on the block in the 
direction shown. If the spring is originally unstretched 
(s = 0) and the block is at rest, determine the power 
developed by the force the instant the block has moved 
s — 15 ft. 


an k = 20 lb/ft 
JAMA 


Prob. 14—68 
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*14-69. Using the biomechanical power curve shown, 
determine the maximum speed attained by the rider and his 
bicycle, which have a total mass of 92 kg, as the rider 
ascends the 20? slope starting from rest. 


20° 


Prob. 14-69 


14-70. The 50-kg crate is hoisted up the 30° incline by the 
pulley system and motor M. If the crate starts from rest and, 
by constant acceleration, attains a speed of 4 m/s after 
traveling 8 m along the plane, determine the power that 
must be supplied to the motor at the instant the crate has 
moved 8 m. Neglect friction along the plane. The motor has 
an efficiency of e — 0.74. 


14-71. Solve Prob. 14-70 if the coefficient of kinetic 
friction between the plane and the crate is uw, = 0.3. 


Probs. 14—70/71 
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14.5 Conservative Forces and 
Potential Energy 


Conservative Force. If the work of a force is independent of the 
path and depends only on the force's initial and final positions on the 
path, then we can classify this force as a conservative force. Examples of 
conservative forces are the weight of a particle and the force developed 
by a spring. The work done by the weight depends only on the vertical 
displacement of the weight, and the work done by a spring force depends 
only on the spring's elongation or compression. 

In contrast to a conservative force, consider the force of friction 
exerted on a sliding object by a fixed surface. The work done by the 
frictional force depends on the path —the longer the path, the greater the 
work. Consequently, frictional forces are nonconservative. The work is 
dissipated from the body in the form of heat. 


Energy. Energy is defined as the capacity for doing work. For 
example, if a particle is originally at rest, then the principle of work and 
energy states that XU; ,, = T). In other words, the kinetic energy is 
equal to the work that must be done on the particle to bring it from a 
state of rest to a speed v. Thus, the kinetic energy is a measure of the 
particle's capacity to do work, which is associated with the motion of the 
particle. When energy comes from the position of the particle, measured 
from a fixed datum or reference plane, it is called potential energy. Thus, 
potential energy is a measure of the amount of work a conservative force 
will do when it moves from a given position to the datum. In mechanics, 
the potential energy created by gravity (weight) or an elastic spring is 
important. 


Gravitational Potential Energy. If a particle is located a 
distance y above an arbitrarily selected datum, as shown in Fig. 14-17, the 
particle’s weight W has positive gravitational potential energy, V, , since 
W has the capacity of doing positive work when the particle is moved 
back down to the datum. Likewise, if the particle is located a distance y 
below the datum, V, is negative since the weight does negative work 
when the particle is moved back up to the datum. At the datum V, = 0. 

In general, if y is positive upward, the gravitational potential energy of 
the particle of weight W is* 


V,=Wy (14-13) 


*Here the weight is assumed to be constant. This assumption is suitable for small 
differences in elevation Ay. If the elevation change is significant, however, a variation of 
weight with elevation must be taken into account (see Prob. 14-16). 


WwW 


Gravitational potential energy 


Fig. 14-17 
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The weight of the sacks resting on this 
platform causes potential energy to be 
stored in the supporting springs. As each 
sack is removed, the platform will rise 
slightly since some of the potential energy 
within the springs will be transformed 
into an increase in gravitational potential 
energy of the remaining sacks. Such a 
device is useful for removing the sacks 
without having to bend over to pick them 
up as they are unloaded. 


Elastic Potential Energy. When an elastic spring is elongated or 
compressed a distance s from its unstretched position, elastic potential 
energy V, can be stored in the spring. This energy is 


Here V, is always positive since, in the deformed position, the force of 
the spring has the capacity or *potential" for always doing positive work 
on the particle when the spring is returned to its unstretched position, 
Fig. 14-18. 


Unstretched 
position, s = 0 


Elastic potential energy 


Fig. 14-18 
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Potential Function. In the general case, if a particle is subjected to 
both gravitational and elastic forces, the particle’s potential energy can 
be expressed as a potential function, which is the algebraic sum 


V=V,+V- (14-15) 


Measurement of V depends on the location of the particle with respect 
to a selected datum in accordance with Eqs. 14-13 and 14-14. 

The work done by a conservative force in moving the particle from one 
point to another point is measured by the difference of this function, i.e., 


Uj-—- 4 — V; (14-16) 
For example, the potential function for a particle of weight W 
suspended from a spring can be expressed in terms of its position, s, 
measured from a datum located at the unstretched length of the spring, 
Fig. 14-19. We have 
yy +V. 
= -Ws + tks? 


If the particle moves from sı to a lower position s2, then applying 
Eq. 14-16 it can be seen that the work of W and F, is 


Ui; = V4 — V2 = (-Ws, + bks) - (-Ws, + 3ks3) 


= W(s2 — sı) (iks? bks?) 


i 


k 
F, 


K, 

$ 

NNI 
Ww 


Fig. 14-19 
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When the displacement along the path is infinitesimal, i.e., from point 
(x, y, z) to (x + dx, y + dy, z + dz), Eq. 14-16 becomes 


dU = V(x, y,z) — V(x + dx, y + dy,z + dz) 


= -dV(x, y, z) (14-17) 


If we represent both the force and its displacement as Cartesian 
vectors, then the work can also be expressed as 
dU = F:dr = (Fà + Fyj + Fk): (dxi + dyj + dzk) 
= F, dx + F,dy + F.dz 


Substituting this result into Eq. 14-17 and expressing the differential 
dV(x, y, z) in terms of its partial derivatives yields 


ð 0 
F,dx + Pody + Faz (wax + E oy t Yaz) 
Ox oy Oz 


Since changes in x, y, and z are all independent of one another, this 
equation is satisfied provided 


F= = =-= == 14-18 
x ax , y ày $ z az ( ) 
Thus, 
ð ð ð 
F- Vi v, Vk 
Ox oy Oz 
ð 0 
( pu kv 
Ox oy Oz 
Or 
F=—-VWV (14-19) 


where V (del) represents the vector operator V = (0/dx)i+ 
(0/8y)j + (0/dz)k. 

Equation 14-19 relates a force F to its potential function V and 
thereby provides a mathematical criterion for proving that F is 
conservative. For example, the gravitational potential function for a 
weight located a distance y above a datum is V, = Wy. To prove that 
W is conservative, it is necessary to show that it satisfies Eq. 14-18 (or 
Eq. 14-19), in which case 


0 
F,=-—; Fy, = ag =-W 


The negative sign indicates that W acts downward, opposite to positive y, 
which is upward. 
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14.6 Conservation of Energy 


When a particle is acted upon by a system of both conservative and 
nonconservative forces, the portion of the work done by the conservative 
forces can be written in terms of the difference in their potential energies 
using Eq. 14-16, i.e., (2U,~2) cons. = Vi — V2. As a result, the principle of 
work and energy can be written as 


T, + Vu + (204.5 soncons- = T; + V (14-20) 


Here (XU; 5) noncons, represents the work of the nonconservative forces 
acting on the particle. If only conservative forces do work then we have 


Tac Yi = Ia a Wo (14-21) 


This equation is referred to as the conservation of mechanical energy 
or simply the conservation of energy. It states that during the motion the 
sum of the particle’s kinetic and potential energies remains constant. 
For this to occur, kinetic energy must be transformed into potential 
energy, and vice versa. For example, if a ball of weight W is dropped 
from a height h above the ground (datum), Fig. 14-20, the potential 
energy of the ball is maximum before it is dropped, at which time its 
kinetic energy is zero. The total mechanical energy of the ball in its 
initial position is thus 


E=T,+V,=0+Wh=Wh 


When the ball has fallen a distance h/2, its speed can be determined by 
using v? = vp + 2a,(y — yo), which yields v = V2¢(h/2) = V gh. The 
energy of the ball at the mid-height position is therefore 


1 h 
E=Tl+V,= LY (Wen) + w(4) =Wh 
28g 2 


Just before the ball strikes the ground, its potential energy is zero and its 
speed is v = V2gh. Here, again, the total energy of the ball is 


E=; +V = 5 (Vagn) +0=Wh 
g 


Note that when the ball comes in contact with the ground, it deforms 
somewhat, and provided the ground is hard enough, the ball will 
rebound off the surface, reaching a new height h’, which will be less than 
the height h from which it was first released. Neglecting air friction, the 
difference in height accounts for an energy loss, E, = W(h — h'), which 
occurs during the collision. Portions of this loss produce noise, localized 
deformation of the ball and ground, and heat. 


Q Potential Energy (max) 
i Kinetic Energy (zero) 


Potential Energy and 
n Bi Q Kinetic Energy 
h 


2 
Datum| | Q Potential Energy (zero) 


Kinetic Energy (max) 


Fig. 14-20 
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System of Particles. If a system of particles is subjected only to 
conservative forces, then an equation similar to Eq. 14-21 can be written 
for the particles. Applying the ideas of the preceding discussion, Eq. 14-8 
(ÈT, + EU = ED) becomes 


Sm + SU = Sm EOS (14-22) 


Here, the sum of the system’s initial kinetic and potential energies is 
equal to the sum of the system’s final kinetic and potential energies. In 
other words, ET + ÈV = const. 


Procedure for Analysis 


The conservation of energy equation can be used to solve problems 
involving velocity, displacement, and conservative force systems. It is 
generally easier to apply than the principle of work and energy 
because this equation requires specifying the particle’s kinetic and 
potential energies at only two points along the path, rather than 
determining the work when the particle moves through a 
displacement. For application it is suggested that the following 
procedure be used. 


Potential Energy. 


e Draw two diagrams showing the particle located at its initial and 
final points along the path. 


If the particle is subjected to a vertical displacement, establish the 
fixed horizontal datum from which to measure the particle’s 
gravitational potential energy V,. 


Data pertaining to the elevation y of the particle from the datum 
and the stretch or compression s of any connecting springs can 
be determined from the geometry associated with the two 
diagrams. 


Recall V, = Wy, where y is positive upward from the datum 
and negative downward from the datum; also for a spring, 
V, = Iks? which is always positive. 


Conservation of Energy. 


e Apply the equation T, + V4 = T; + V5. 


e When determining the kinetic energy, T = Im, remember that 
the particles speed v must be measured from an inertial 
reference frame. 
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EXAMPLE [14.9 


The gantry structure in the photo is used to test the response of an 
airplane during a crash. As shown in Fig. 14—21a, the plane, having a 
mass of 8 Mg, is hoisted back until 0 = 60°, and then the pull-back 
cable AC is released when the plane is at rest. Determine the speed of 
the plane just before it crashes into the ground, 0 = 15°. Also, what is 
the maximum tension developed in the supporting cable during the 
motion? Neglect the size of the airplane and the effect of lift caused by 
the wings during the motion. 


SOLUTION 

Since the force of the cable does no work on the plane, it must be 
obtained using the equation of motion. First, however, we must 
determine the plane's speed at B. 


Potential Energy. For convenience, the datum has been established 
at the top of the gantry, Fig. 14—21a. 
Conservation of Energy. 
T, V4 = Tg + Vg 
0 — 8000 kg (9.81 m/s?)(20 cos 60? m) — 
3(8000 kg)v% — 8000 kg (9.81 m/s?)(20 cos 15? m) 

vg = 13.52 m/s = 13.5 m/s Ans. 
Equation of Motion. From the free-body diagram when the plane 
is at B, Fig. 14-215, we have 
TN DFE, = may; 


(13.52 m/s)? 
20m 


T — (8000(9.81) N) cos 15? — (8000 kg) 
T — 149 kN 


15° 
8000(9.81) N 


(b) 


Fig. 14-21 
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EXAMPLE [14.10 


ke — 15 kN/m 
(a) 


Fig. 14-22 


The ram R shown in Fig. 14—22a has a mass of 100 kg and is released 
from rest 0.75 m from the top of a spring, A, that has a stiffness 
ka = 12kN/m. If a second spring B, having a stiffness 
kg = 15 kN/m, is “nested” in A, determine the maximum 
displacement of A needed to stop the downward motion of the ram. 
The unstretched length of each spring is indicated in the figure. 
Neglect the mass of the springs. 


SOLUTION 


Potential Energy. We will assume that the ram compresses both 
springs at the instant it comes to rest. The datum is located through 
the center of gravity of the ram at its initial position, Fig. 14—22b. 
When the kinetic energy is reduced to zero (v; = 0), A is compressed 
a distance s4 and B compresses sg = s4 — 0.1 m. 


Conservation of Energy. 


Ty Varo ya 


0+0=0+ ks + Tkg(s, — 0.1)? — Wh} 
0 + 0 =0 + {3(12 000 N/m)s% + 3(15 000 N/m)(s4 — 0.1 m)? 
— 981 N (0.75 m + s4)] 


Rearranging the terms, 
13 500s% — 2481s4 — 660.75 = 0 
Using the quadratic formula and solving for the positive root, we have 
sa = 0.331 m Ans. 


Since sg = 0.331 m — 0.1m = 0231 m, which is positive, the 
assumption that both springs are compressed by the ram is correct. 


NOTE: The second root, s4 = —0.148 m, does not represent the 
physical situation. Since positive s is measured downward, the 
negative sign indicates that spring A would have to be *extended" by 
an amount of 0.148 m to stop the ram. 
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EXAMPLE |14.11 


A smooth 2-kg collar, shown in Fig. 14—23a, fits loosely on the vertical 
shaft. If the spring is unstretched when the collar is in the position A, 
determine the speed at which the collar is moving when y = 1 m, if 
(a) it is released from rest at A, and (b) it is released at A with an 
upward velocity v4 — 2 m/s. 


SOLUTION 


Part (a) Potential Energy. For convenience, the datum is established 
through AB, Fig. 14-23b. When the collar is at C, the gravitational 
potential energy is —(mg)y, since the collar is below the datum, and 
the elastic potential energy is Eksp. Here scg = 0.5m, which 
represents the stretch in the spring as shown in the figure. 


Conservation of Energy. 
T fee Ve 
0+ 0 ime dr [i ksthg = mgy} 
0+ 0 = {5(2kg)xt} + (5G N/m)(0.5 m)? — 2(9.81) N (1 m)} 
vc = 439 m/s 4 Ans. 


This problem can also be solved by using the equation of motion or \@ my + (075 m = 1.25m 
the principle of work and energy. Note that for both of these 

methods the variation of the magnitude and direction of the spring 
force must be taken into account (see Example 13.4). Here, 
however, the above solution is clearly advantageous since the 
calculations depend only on data calculated at the initial and final 
points of the path. 


Part (b) Conservation of Energy. If v, = 2 m/s, using the data in 
Fig. 143b, we have 


T4t*tVA-7Tc t Vc 


imv api imu + [i kstg = mgy} 
XQ kg)(2 m/s)? + 0 = 3(2kg)ve + {3(3 N/m)(0.5 m? scs = 125m — 075m = 05m 
— 2(9.81) N (1m)] (5) 
vc — 4.82 m/s | Ans. t i 
NOTE: The kinetic energy of the collar depends only on the 


magnitude of velocity, and therefore it is immaterial if the collar is 
moving up or down at 2 m/s when released at A. 
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[ai FUNDAMENTAL PROBLEMS 


F14-13. The 2-kg pendulum bob is released from rest 
when it is at A. Determine the speed of the bob and the 
tension in the cord when the bob passes through its lowest 
position, B. 
A 


B F14-13 
F14-14. The 2-kg package leaves the conveyor belt at A 
with a speed of v4 = 1 m/s and slides down the smooth 
ramp. Determine the required speed of the conveyor belt at 
B so that the package can be delivered without slipping on 
the belt. Also, find the normal reaction the curved portion 
of the ramp exerts on the package at B if pg = 2 m. 


y 


F14-14 


F14-15. The 2-kg collar is given a downward velocity of 
4 m/s when it is at A. If the spring has an unstretched length 
of 1 m and a stiffness of k = 30 N/m, determine the velocity 
of the collar at s = 1 m. 


F14-15 


F14-16. The 5-lb collar is released from rest at A and 
travels along the frictionless guide. Determine the speed of 
the collar when it strikes the stop B. The spring has an 
unstretched length of 0.5 ft. 


F14-16 
F14-17. The 75-lb block is released from rest 5 ft above 
the plate. Determine the compression of each spring when 
the block momentarily comes to rest after striking the plate. 
Neglect the mass of the plate. The springs are initially 


unstretched. [ | 


0.25 ft 


Ed 

k' = 1500 lb/ft F14-17 
F14-18. The 4-kg collar C has a velocity of v4 = 2 m/s 
when it is at A. If the guide rod is smooth, determine the 
speed of the collar when it is at B. The spring has an 
unstretched length of /) = 0.2 m. 


k = 400 N/m 


A 


k — 1000 Ib/ft k — 1000 Ib/ft 


F14-18 
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ET PROBLEMS 


*14-72. Solve Prob. 14-12 using the conservation of 
energy equation. 


*14—73. Solve Prob. 14-7 using the conservation of energy 
equation. 


14-74. Solve Prob. 14-8 using the conservation of energy 
equation. 


14-75. Solve Prob. 14-18 using the conservation of energy 
equation. 


*14-76. Solve Prob. 14-22 using the conservation of 
energy equation. 


e14-77. Each of the two elastic rubber bands of the 
slingshot has an unstretched length of 200 mm. If they are 
pulled back to the position shown and released from rest, 
determine the speed of the 25-g pellet just after the 
rubber bands become unstretched. Neglect the mass of 
the rubber bands. Each rubber band has a stiffness of 
k = 50 N/m. 


14.78. Each of the two elastic rubber bands of the 
slingshot has an unstretched length of 200 mm. If they are 
pulled back to the position shown and released from rest, 
determine the maximum height the 25-g pellet will reach if 
it is fired vertically upward. Neglect the mass of the rubber 
bands and the change in elevation of the pellet while it is 
constrained by the rubber bands. Each rubber band has a 
stiffness k — 50 N/m. 


Probs. 14-77/78 


14-79. Block A has a weight of 1.5 lb and slides in the 
smooth horizontal slot. If the block is drawn back to 
s — 1.5 ft and released from rest, determine its speed at the 
instant s = 0. Each of the two springs has a stiffness of 
k = 150 lb/ft and an unstretched length of 0.5 ft. 


*14-80. The 2-lb block A slides in the smooth horizontal 
slot. When s = 0 the block is given an initial velocity of 
60 ft/s to the right. Determine the maximum horizontal 
displacement s of the block. Each of the two springs has a 
stiffness of k — 150 Ib/ft and an unstretched length of 0.5 ft. 


| ] ] 


Probs. 14—79/80 
*14-81. The 30-Ib block A is placed on top of two nested 
springs B and C and then pushed down to the position 
shown. If it is then released, determine the maximum height 
h to which it will rise. 


kg = 200 Ib/in. 


kc = 100 Ib/in. 


Prob. 14-81 
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14-82. The spring is unstretched when s — 1m and the 
15-kg block is released from rest at this position. Determine 
the speed of the block when s — 3m. The spring remains 
horizontal during the motion, and the contact surfaces 
between the block and the inclined plane are smooth. 


Prob. 14-82 


14-83. The vertical guide is smooth and the 5-kg collar is 
released from rest at A. Determine the speed of the collar 
when it is at position C. The spring has an unstretched 
length of 300 mm. 


| 0.4 m 


s 


sas 


k = 250 N/m 


Prob. 14-83 


*14-84. The 5-kg collar slides along the smooth vertical 
rod. If the collar is nudged from rest at A, determine its 
speed when it passes point B. The spring has an unstretched 
length of 200 mm. 


+ cos 0 


r-03( )m 


Prob. 14-84 


*14-85. The cylinder has a mass of 20 kg and is released 
from rest when h = 0. Determine its speed when h = 3 m. 
The springs each have an unstretched length of 2 m. 


Prob. 14-85 


14-86. Tarzan has a mass of 100 kg and from rest swings 
from the cliff by rigidly holding on to the tree vine, which 
is 10 m measured from the supporting limb A to his center 
of mass. Determine his speed just after the vine strikes the 
lower limb at B. Also, with what force must he hold on to 
the vine just before and just after the vine contacts the 
limb at B? 


Prob. 14-86 


14-87. The roller-coaster car has a mass of 800 kg, 
including its passenger, and starts from the top of the hill A 
with a speed v4 = 3 m/s. Determine the minimum height h 
of the hill so that the car travels around both inside loops 
without leaving the track. Neglect friction, the mass of the 
wheels, and the size of the car. What is the normal reaction 
on the car when the car is at B and at C? 


*14-88. The roller-coaster car has a mass of 800 kg, 
including its passenger. If it is released from rest at the top 
of the hill A, determine the minimum height h of the hill so 
that the car travels around both inside loops without 
leaving the track. Neglect friction, the mass of the wheels, 
and the size of the car. What is the normal reaction on the 
car when the car is at B and at C? 


Probs. 14-87/88 
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*14-89. The roller coaster and its passenger have a total 
mass m. Determine the smallest velocity it must have when 
it enters the loop at A so that it can complete the loop and 
not leave the track. Also, determine the normal force the 
tracks exert on the car when it comes around to the bottom 
at C. The radius of curvature of the tracks at B is pp, and at 
C it is pc. Neglect the size of the car. Points A and C are at 
the same elevation. 


DOO 


I rn ei Ir [ Ill 


Prob. 14-89 


14-90. The 0.5-Ib ball is shot from the spring device. The 
spring has a stiffness k — 10 Ib/in. and the four cords C and 
plate P keep the spring compressed 2 in. when no load is on 
the plate. The plate is pushed back 3 in. from its initial 
position. If it is then released from rest, determine the speed 
of the ball when it reaches a position s — 30 in. on the 
smooth inclined plane. 


14-91. The 0.5-Ib ball is shot from the spring device 
shown. Determine the smallest stiffness k which is required 
to shoot the ball a maximum distance s — 30 in. up the 
plane after the spring is pushed back 3 in. and the ball is 
released from rest. The four cords C and plate P keep the 
spring compressed 2 in. when no load is on the plate. 


Probs. 14—90/91 
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*14-92. The roller coaster car having a mass rn is released 
from rest at point A. If the track is to be designed so that the 
car does not leave it at B, determine the required height h. 
Also, find the speed of the car when it reaches point C. 
Neglect friction. 


Prob. 14-92 


*14-93. When the 50-kg cylinder is released from rest, the 
spring is subjected to a tension of 60 N. Determine the 
speed of the cylinder after it has fallen 200 mm. How far has 
it fallen when it momentarily stops? 


k = 300 N/m 


Prob. 14-93 


14-94. A pan of negligible mass is attached to two 
identical springs of stiffness k = 250 N/m. If a 10-kg box is 
dropped from a height of 0.5 m above the pan, determine 
the maximum vertical displacement d. Initially each spring 
has a tension of 50 N. 


1m = N 1m 


k = 250 N/m 
| S Wh NM 


Prob. 14-94 
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14-95. The man on the bicycle attempts to coast around 
the ellipsoidal loop without falling off the track. Determine 
the speed he must maintain at A just before entering the 
loop in order to perform the stunt. The bicycle and man 
have a total mass of 85 kg and a center of mass at G. Neglect 
the mass of the wheels. 


Prob. 14-95 


*14-96. The 65-kg skier starts from rest at A. Determine 
his speed at B and the distance s where he lands at C. 
Neglect friction. 


Prob. 14-96 


014-97. The 75-kg man bungee jumps off the bridge at A 
with an initial downward speed of 1.5 m/s. Determine the 
required unstretched length of the elastic cord to which he 
is attached in order that he stops momentarily just above 
the surface of the water. The stiffness of the elastic cord is 
k = 3 kN/m. Neglect the size of the man. 


Prob. 14-97 


14-98. The 10-kg block A is released from rest and slides 
down the smooth plane. Determine the compression x of 


the spring when the block momentarily stops. 


k = 5 kN/m 


Prob. 14-98 
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14-99. The 20-Ib smooth collar is attached to the spring 
that has an unstretched length of 4 ft. If it is released from 
rest at position A, determine its speed when it reaches 
point B. 


Prob. 14—99 


*14-100. The 2-kg collar is released from rest at A and 
travels along the smooth vertical guide. Determine the 
speed of the collar when it reaches position B. Also, find 
the normal force exerted on the collar at this position. The 
spring has an unstretched length of 200 mm. 


k = 600 N/m 


Prob. 14-100 
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*14-101. A quarter-circular tube AB of mean radius r 
contains a smooth chain that has a mass per unit length of 
mo. If the chain is released from rest from the position 
shown, determine its speed when it emerges completely 
from the tube. 


Prob. 14-101 


14-102. The ball of mass m is given a speed of 
va = V3gr at position A. When it reaches B, the cord hits 
the small peg P, after which the ball describes a smaller 
circular path. Determine the position x of P so that the 
ball will just be able to reach point C. 


14-103. The ball of mass m is given a speed of 
va = V5gr at position A. When it reaches B, the cord hits 
the peg P, after which the ball describes a smaller circular 
path. If x — ar, determine the speed of the ball and the 
tension in the cord when it is at the highest point C. 


Probs. 14-102/103 
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*14-104. If the mass of the earth is M,, show that the 
gravitational potential energy of a body of mass m located a 
distance r from the center of the earth is V, = —GM,m/r. 
Recall that the gravitational force acting between the earth 
and the body is F = G(M,m/r?), Eq. 13-1. For the 
calculation, locate the datum an “infinite” distance from the 
earth. Also, prove that F is a conservative force. 


*14-105. A 60-kg satellite travels in free flight along an 
elliptical orbit such that at A, where r4 = 20 Mm, 
it has a speed v4 = 40 Mm/h. What is the speed of the 
satellite when it reaches point B, where rg = 80 Mm? 
Hint: See Prob. 14-104, where M, = 5.976(10%) kg and 
G = 66.73(10- |”) m?/(kg : s?). 


Prob. 14-105 


14-106. The double-spring bumper is used to stop the 
1500-Ib steel billet in the rolling mill. Determine the 
maximum displacement of the plate A if the billet strikes 
the plate with a speed of 8ft/s. Neglect the mass 
of the springs, rollers and the plates A and B. Take 
kı = 3000 lb/ft, k = 45000 lb/ft. 


Prob. 14-106 
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EJ CONCEPTUAL PROBLEMS 


P14-1. The roller coaster is momentarily at rest at A. 
Determine the approximate normal force it exerts on the 
track at B. Also determine its approximate acceleration at 
this point. Use numerical data, and take scaled 
measurements from the photo with a known height at A. 


P14-1 


P14-2. As the large ring rotates, the operator can apply a 
breaking mechanism that binds the cars to the ring, which 
then allows the cars to rotate with the ring. Assuming the 
passengers are not belted into the cars, determine the 
smallest speed of the ring (cars) so that no passenger will 
fall out. When should the operator release the brake so that 
the cars can achieve their greatest speed as they slide freely 
on the ring? Estimate the greatest normal force of the seat 
on a passenger when this speed is reached. Use numerical 
values to explain your answer. 


P14-2 


P14-3. The boy pulls the water balloon launcher back, 
stretching each of the four elastic cords. Estimate the 
maximum height and the maximum range of the water 
ballon if it is released from the position shown. Use 
numerical values and any necessary measurements from the 
photo. Assume the unstretched length and stiffness of each 
cord is known. 


P143 


P14-4. The girl is momentarily at rest in the position 
shown. If the unstretched length and stiffness of each of the 
two elastic cords is known, determine approximately how 
far the girl descends before she again becomes momentarily 
at rest. Use numerical values and take any necessary 
measurements from the photo. 
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CHAPTER REVIEW 


Work of a Force 


A force does work when it undergoes a 
displacement along its line of action. If 
the force varies with the displacement, 
then the work is U = fF cos 0 ds. 


Graphically this represents the area 
under the F—s diagram. 


If the force is constant, then for a 
displacement As in the direction of the 
force, U = F, As. A typical example of 
this case is the work of a weight, 
U = -W Ay. Here, Ay is the vertical 
displacement. 


Unstretched 
position, s — 0 


The work done by a spring force, F = ks, 
depends upon the stretch or compression 
s of the spring. 


Force on 
Particle 


The Principle of Work and Energy 


If the equation of motion in the 
tangential direction, =F, — ma, is 
combined with the kinematic equation, 
à, ds — v dv, we obtain the principle of 
work and energy. This equation states 
that the initial kinetic energy 7, plus the 
work done XU; ? is equal to the final 
kinetic energy. 


The principle of work and energy is 
useful for solving problems that involve 
force, velocity, and displacement. For 
application, the free-body diagram of the 
particle should be drawn in order to 
identify the forces that do work. 


Power and Efficiency 


Power is the time rate of doing work. For 
application, the force F creating the 
power and its velocity v must be specified. 


Efficiency represents the ratio of power 
output to power input. Due to frictional 
losses, it is always less than one. 


Conservation of Energy 


A conservative force does work that is 
independent of its path. Two examples 
are the weight of a particle and the 
spring force. 


Friction is a nonconservative force since 
the work depends upon the length of the 
path. The longer the path, the more 
work done. 


The work done by a conservative force 
depends upon its position relative to a 
datum. When this work is referenced 
from a datum, it is called potential 


energy. For a weight, it is V, = + Wy, 


and for a spring it is V, = +5 kx, 


Mechanical energy consists of kinetic 
energy T and gravitational and elastic 
potential energies V. According to the 
conservation of energy this sum is 
constant and has the same value at any 
position on the path. If only gravitational 
and spring forces cause motion of the 
particle, then the conservation-of-energy 
equation can be used to solve problems 
involving these conservative forces, 
displacement, and velocity. 


e 


dU 
p-—— 
dt 


P=F-y 


CHAPTER REVIEW 


power output 


power input 


Ww 


Elastic potential energy 


Jta ae Wy = If ae 65 
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Impulse and momentum principles are required to predict the motion of this golf ball. 


Kinetics of a Particle: 
Impulse and 
Momentum 


CHAPTER OBJECTIVES 

* To develop the principle of linear impulse and momentum for a 
particle and apply it to solve problems that involve force, velocity, 
and time. 

* To study the conservation of linear momentum for particles. 

e To analyze the mechanics of impact. 

* To introduce the concept of angular impulse and momentum. 


* To solve problems involving steady fluid streams and propulsion 
with variable mass. 


15.1 Principle of Linear Impulse and 
Momentum 


In this section we will integrate the equation of motion with respect to 
time and thereby obtain the principle of impulse and momentum. The 
resulting equation will be useful for solving problems involving force, 
velocity, and time. 

Using kinematics, the equation of motion for a particle of mass m can 
be written as 

dv 
EF = ma=m di (15-1) 

where a and v are both measured from an inertial frame of reference. 
Rearranging the terms and integrating between the limits v — v, at 
t = t and v = vatt = tj, we have 


ty v 
zf Fdt = mf dy 
ty Yt 
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The impulse tool is used to remove the 
dent in the trailer fender. To do so its end 
is first screwed into a hole drilled in the 
fender, then the weight is gripped and 
jerked upwards, striking the stop ring. The 
impulse developed is transferred along 
the shaft of the tool and pulls suddenly on 
the dent. 


or 


ty 
zf Fdt = mw, — MV, (15-2) 
ti 


This equation is referred to as the principle of linear impulse and 
momentum. From the derivation it can be seen that it is simply a time 
integration of the equation of motion. It provides a direct means of 
obtaining the particle’s final velocity v; after a specified time period 
when the particle’s initial velocity is known and the forces acting on the 
particle are either constant or can be expressed as functions of time. By 
comparison, if v; was determined using the equation of motion, a two- 
step process would be necessary; i.e., apply XF = ma to obtain a, then 
integrate a = dv/dt to obtain v2. 


Linear Momentum. Each of the two vectors of the form L = mv 
in Eq. 15-2 is referred to as the particle's linear momentum. Since m is a 
positive scalar, the linear-momentum vector has the same direction as v, 
and its magnitude mv has units of mass-velocity, e.g., kg: m/s, or 
slug - ft/s. 


Linear Impulse. The integral I = fF dt in Eq. 15-2 is referred to as 
the linear impulse. This term is a vector quantity which measures the 
effect of a force during the time the force acts. Since time is a positive 
scalar, the impulse acts in the same direction as the force, and its 
magnitude has units of force-time, e.g., N * s or Ib : s.* 

If the force is expressed as a function of time, the impulse can be 
determined by direct evaluation of the integral. In particular, if the force 
is constant in both magnitude and direction, the resulting impulse 
becomes 


I= J Fdt = F(b — t). 


Graphically the magnitude of the impulse can be represented by the 
shaded area under the curve of force versus time, Fig. 15-1. A constant 
force creates the shaded rectangular area shown in Fig. 15-2. 


F F 


4 
S, ne T= F(t g tı) 


t bh 
Variable Force Constant Force 
Fig. 15-1 Fig. 15-2 


* Although the units for impulse and momentum are defined differently, it can be shown 
that Eq. 15-2 is dimensionally homogeneous. 
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Principle of Linear Impulse and Momentum. For problem 
solving, Eq. 15-2 will be rewritten in the form 


ty 
my, + s F dt = mv; (15-3) 
fi 


which states that the initial momentum of the particle at time f; plus the 
sum of all the impulses applied to the particle from 1, to t, is equivalent 
to the final momentum of the particle at time t. These three terms are 
illustrated graphically on the impulse and momentum diagrams shown in 
Fig. 15-3. The two momentum diagrams are simply outlined shapes of the 
particle which indicate the direction and magnitude of the particle's 
initial and final momenta, mv, and mv;. Similar to the free-body 
diagram, the impulse diagram is an outlined shape of the particle 
showing all the impulses that act on the particle when it is located at 
some intermediate point along its path. 

If each of the vectors in Eq. 15-3 is resolved into its x, y, z components, 
we can write the following three scalar equations of linear impulse and 


momentum. 
ty 
m(v,) + 20 F,dt = m(v,)2 
ti 
S (15-4) 
m(v,) + zi Ipai = moe 
ti 
ty 
m(v,) + xj F.dt = m(v,); 
ti 
x['ra 
1 
mv, 
+ — 
mv 
Initial Impulse Final 
momentum diagram momentum 
diagram diagram 


Fig. 15-3 


224 CHAPTER 15 KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 


As the wheels of the pitching machine 
rotate, they apply frictional impulses to 
the ball, thereby giving it a linear 
momentum. These impulses are shown on 
the impulse diagram. Here both the 
frictional and normal impulses vary with 
time. By comparison, the weight impulse 
is constant and is very small since the time 
At the ball is in contact with the wheels is 
very small. 


Procedure for Analysis 


The principle of linear impulse and momentum is used to solve 
problems involving force, time, and velocity, since these terms are 
involved in the formulation. For application it is suggested that the 
following procedure be used.* 


Free-Body Diagram. 


* Establish the x, y, z inertial frame of reference and draw the 
particle's free-body diagram in order to account for all the forces 
that produce impulses on the particle. 


The direction and sense of the particle's initial and final velocities 
should be established. 


If a vector is unknown, assume that the sense of its components is 
in the direction of the positive inertial coordinate(s). 


As an alternative procedure, draw the impulse and momentum 
diagrams for the particle as discussed in reference to Fig. 15-3. 


Principle of Impulse and Momentum. 


* [n accordance with the established coordinate system, apply the 
principle of linear impulse and momentum, mv, + X SEF dt = mv>. 
If motion occurs in the x-y plane, the two scalar component 
equations can be formulated by either resolving the vector 
components of F from the free-body diagram, or by using the 
data on the impulse and momentum diagrams. 


Realize that every force acting on the particle’s free-body 
diagram will create an impulse, even though some of these forces 
will do no work. 


Forces that are functions of time must be integrated to obtain the 
impulse. Graphically, the impulse is equal to the area under the 
force-time curve. 


*This procedure will be followed when developing the proofs and theory in the text. 


15.1 PRINCIPLE OF LINEAR IMPULSE AND MOMENTUM 


EXAMPLE [15.1 


The 100-kg stone shown in Fig. 15-4a is originally at rest on the 
smooth horizontal surface. If a towing force of 200 N, acting at an 
angle of 45°, is applied to the stone for 10 s, determine the final 
velocity and the normal force which the surface exerts on the stone 
during this time interval. 


SOLUTION 
This problem can be solved using the principle of impulse and 
momentum since it involves force, velocity, and time. 


Free-Body Diagram. See Fig. 15—4b. Since all the forces acting are 
constant, the impulses are simply the product of the force magnitude 
and 10s [I = F.(t, — 1;)]. Note the alternative procedure of drawing 
the stone’s impulse and momentum diagrams, Fig. 15—4c. 


Principle of Impulse and Momentum. Applying Eqs. 15-4 yields 
t2 
(5) modi +E | Fiat = mos) 
ti 


0 + 200 N cos 45°(10 s) = (100 kg)v; 
v = 14.1 m/s 


(+1) m(v,)ı + a = m(vy); 


0 + Nc(10s) — 981 N(10 s) + 200 N sin 45°(10 s) = 
Nc = 840 N Ans. 


NOTE: Since no motion occurs in the y direction, direct application of 
the equilibrium equation XF, = 0 gives the same result for Nc. 


981 N (10s) 200 N (10s) 


(100 kg) v; 
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EXAMPLE [15.2 


The 50-Ib crate shown in Fig. 155a is acted upon by a force having a 
variable magnitude P = (20r) Ib, where t is in seconds. Determine the 
crate's velocity 2 s after P has been applied. The initial velocity is 
v, = 3ft/s down the plane, and the coefficient of kinetic friction 
between the crate and the plane is pn, = 0.3. 


SOLUTION 


Free-Body Diagram. See Fig. 15—5b. Since the magnitude of force 
P — 20t varies with time, the impulse it creates must be determined 
by integrating over the 2-s time interval. 


Principle of Impulse and Momentum. Applying Eqs. 15-4 in the x 
direction, we have 


(+4) m(v,), + x [Pat = m(v,)5 


50 lb 
292/85 


50b 
52290525 


2s 
(3 ft/s) + i 20t dt — 0.3Nc(2s) + (50 Ib) sin 30°(2 s) = 
0 


4.658 + 40 — 0.6Nc + 50 = 1.553v; 

The equation of equilibrium can be applied in the y direction. Why? 
aE Xan — 103 Nc — 50 cos 30° Ib = 0 
Solving, 

Ne = 43.30 lb 

v, = 44.2 ft/s Z Ans. 
NOTE: We can also solve this problem using the equation of motion. 
From Fig. 15-55, 


50 


té EF, = may; 20t — 03(43:30) + 50 sin 30° = 77a 


a = 12.88t + 7.734 
Using kinematics 


v 


as 
tdv = a dt; | dv = i) (12.88% + 7.734)dt 
3 ft/s 0 


v = 44.2 ft/s Ans. 


By comparison, application of the principle of impulse and 
momentum eliminates the need for using kinematics (a = dv/dt) and 
thereby yields an easier method for solution. 


15.1 PRINCIPLE OF LINEAR IMPULSE AND MOMENTUM 


EXAMPLE [15.3 


Blocks A and B shown in Fig. 15-6a have a mass of 3 kg and 5 kg, 
respectively. If the system is released from rest, determine the velocity 
of block B in 6 s. Neglect the mass of the pulleys and cord. 
SOLUTION 


Free-Body Diagram. See Fig. 15-6b. Since the weight of each block 
is constant, the cord tensions will also be constant. Furthermore, since 
the mass of pulley D is neglected, the cord tension T4 = 275. Note 
that the blocks are both assumed to be moving downward in the 
positive coordinate directions, s4 and sp. 


Principle of Impulse and Momentum. 
Block A: 


(+1) m(v4), + x | Fyd = m(va)h 


0 — 2Tg(6 s) + 3(9.81) N(6 s) = (3 kg) (va) (1) 
Block B: 


(+1) m(vg), a 3 [rat = m(vg)2 


0 + 5(9.81) N(6 s) — Tg(6 s) = (5 kg)(vp)o (2) 


Kinematics. Since the blocks are subjected to dependent motion, 
the velocity of A can be related to that of B by using the kinematic 
analysis discussed in Sec. 12.9. A horizontal datum is established 
through the fixed point at C, Fig. 15—6a, and the position coordinates, 
54 and sg, are related to the constant total length / of the vertical 
segments of the cord by the equation 

250 Spal 
Taking the time derivative yields 

2v Aas = Up (3) 


As indicated by the negative sign, when B moves downward A moves 
upward. Substituting this result into Eq. 1 and solving Eqs. 1 and 2 yields 


(05) = 35.8 m/s + Ans. 
Tg = 19.2 N 
NOTE: Realize that the positive (downward) direction for v4 and vg 


is consistent in Figs. 15-6a and 15-6b and in Eqs. 1 to 3. This is 
important since we are seeking a simultaneous solution of equations. 


$A 
3(9.81) N 


Tg 


SB 
5(9.81) N 


(b) 


Fig. 15-6 
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15.2 Principle of Linear Impulse and 
Momentum for a System of Particles 


The principle of linear impulse and momentum for a system of particles 
moving relative to an inertial reference, Fig. 15-7, is obtained from the 
equation of motion applied to all the particles in the system, i.e., 


(15-5) 


The term on the left side represents only the sum of the external forces 
acting on the particles. Recall that the internal forces f; acting between 
particles do not appear with this summation, since by Newton's third law 
they occur in equal but opposite collinear pairs and therefore cancel out. 
Multiplying both sides of Eq. 15-5 by dt and integrating between the 
limits ¢ = tj, v; = (vj) and t = b, v; = (vj); yields 


t 
Emivi) F a F; dt = =mi(v;)2 (15-6) 
ti 


This equation states that the initial linear momenta of the system plus 
the impulses of all the external forces acting on the system from t; to t; is 
equal to the system’s final linear momenta. 

Since the location of the mass center G of the system is determined 
from mrg = =my;, where m = Xm; is the total mass of all the particles, 
Fig. 15-7, then taking the time derivative, we have 


MVG = > MN; 


which states that the total linear momentum of the system of particles is 
equivalent to the linear momentum of a “fictitious” aggregate particle of 
mass m = =m, moving with the velocity of the mass center of the 
system. Substituting into Eq. 15-6 yields 


ty 
m(Vg)1 + =f F; dt = m(yg) (15-7) 
ti 


Here the initial linear momentum of the aggregate particle plus the 
external impulses acting on the system of particles from t, to t; is equal to 
the aggregate particle's final linear momentum. As a result, the above 
equation justifies application of the principle of linear impulse and 
momentum to a system of particles that compose a rigid body. 
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[E] FUNDAMENTAL PROBLEMS 


F15-1. The 0.5-kg ball strikes the rough ground and 
rebounds with the velocities shown. Determine the 
magnitude of the impulse the ground exerts on the ball. 
Assume that the ball does not slip when it strikes the 
ground, and neglect the size of the ball and the impulse 
produced by the weight of the ball. 


‘e v; = 10 m/s 
Pad 


NX = 25 m/s 


F15-1 


F15-2. If the coefficient of kinetic friction between the 
150-Ib crate and the ground is ug = 0.2, determine the 
speed of the crate when t = 4s. The crate starts from rest 
and is towed by the 100-Ib force. 


F15-2 


F15-3. The motor exerts a force of F = (207) N on the 
cable, where ¢ is in seconds. Determine the speed of the 
25-kg crate when t = 4s. The coefficients of static and 
kinetic friction between the crate and the plane are 
bs = 0.3 and ug = 0.25, respectively. 


F15-3 


F15-4. The wheels of the 1.5-Mg car generate the traction 
force F described by the graph. If the car starts from rest, 
determine its speed when ¢ = 6s. 


F (kN) 

E — 

— 
F 
6 kN |—— 
t(s) 
2 
F15-4 


F15-5. The 2.5-Mg four-wheel-drive SUV tows the 1.5-Mg 
trailer. The traction force developed at the wheels is 
Fp = 9kN. Determine the speed of the truck in 20s, 
starting from rest. Also, determine the tension developed in 
the coupling between the SUV and the trailer. Neglect the 
mass of the wheels. 


F15-5 


F15-6. The 10-lb block A attains a velocity of 1 ft/s in 
5 seconds, starting from rest. Determine the tension in the 
cord and the coefficient of kinetic friction between block A 
and the horizontal plane. Neglect the weight of the pulley. 
Block B has a weight of 8 1b. 


A 


F15-6 
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PTPROSLEMS 


e15-1. A 5-lb block is given an initial velocity of 10 ft/s up 
a 45° smooth slope. Determine the time for it to travel up 
the slope before it stops. 


15-2. The 12-Mg “jump jet” is capable of taking off 
vertically from the deck of a ship. If its jets exert a constant 
vertical force of 150 KN on the plane, determine its velocity 
and how high it goes in t = 6s, starting from rest. Neglect 
the loss of fuel during the lift. 


| 


Prob. 15-2 


15-3. The graph shows the vertical reactive force of the 
shoe-ground interaction as a function of time. The first 
peak acts on the heel, and the second peak acts on the 
forefoot. Determine the total impulse acting on the shoe 
during the interaction. 


F (Ib) 


750 L 
600 


500 


25 50 100 209 (m9 


Prob. 15-3 


*15-4. The 28-Mg bulldozer is originally at rest. 
Determine its speed when f = 4s if the horizontal traction 
F varies with time as shown in the graph. 

= 


"EE T 


20 t (s) 


Prob. 15-4 
e15-5. If cylinder A is given an initial downward speed of 
2 m/s, determine the speed of each cylinder when t = 3 s. 
Neglect the mass of the pulleys. 


10 kg 


Prob 15-5 


15-6. A train consists of a 50-Mg engine and three cars, 
each having a mass of 30 Mg. If it takes 80 s for the train to 
increase its speed uniformly to 40 km/h, starting from rest, 
determine the force T developed at the coupling between 
the engine E and the first car A. The wheels of the engine 
provide a resultant frictional tractive force F which gives 
the train forward motion, whereas the car wheels roll freely. 
Also, determine F acting on the engine wheels. 


Prob 15-6 
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15-7. Determine the maximum speed attained by the 
1.5-Mg rocket sled if the rockets provide the thrust shown in 
the graph. Initially, the sled is at rest. Neglect friction and the 
loss of mass due to fuel consumption. 


Prob. 15-7 


*15-8. The 1.5-Mg four-wheel-drive jeep is used to push 
two identical crates, each having a mass of 500 kg. If the 
coefficient of static friction between the tires and the 
ground is u, = 0.6, determine the maximum possible speed 
the jeep can achieve in 5 s without causing the tires to slip. 
The coefficient of kinetic friction between the crates and 
the ground is ug = 0.3. 


Prob. 15-8 


*15-9. The tanker has a mass of 130 Gg. If it is originally 
at rest, determine its speed when ¢ = 10s. The horizontal 
thrust provided by its propeller varies with time as shown in 
the graph. Neglect the effect of water resistance. 


F (MN) 
F = 30(1 — e 9n 


t (s) 


Prob. 15-9 


15-10. The 20-lb cabinet is subjected to the force 
F = (3 + 2t) lb, where t is in seconds. If the cabinet is 
initially moving down the plane with a speed of 6 ft/s, 
determine how long for the force to bring the cabinet to 
rest. F always acts parallel to the plane. 


Prob. 15-10 
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15-11. The small 20-Ib block is placed on the inclined 
plane and subjected to 6-lb and 15-Ib forces that act 
parallel with edges AB and AC, respectively. If the block is 
initially at rest, determine its speed when t = 3s. The 
coefficient of kinetic friction between the block and the 
plane is uj = 0.2. 


A 


Prob. 15-11 


*15-12. Assuming that the force acting on a 2-g bullet, as 
it passes horizontally through the barrel of a rifle, varies 
with time in the manner shown, determine the maximum 
net force Fo applied to the bullet when it is fired. The muzzle 
velocity is 500 m/s when t = 0.75 ms. Neglect friction 
between the bullet and the rifle barrel. 


F(kN) F : 


t(ms) 


0.5 0.75 


Prob. 15-12 
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*15-13. The fuel-element assembly of a nuclear reactor 
has a weight of 600 Ib. Suspended in a vertical position from 
H and initially at rest, it is given an upward speed of 5 ft/s 
in 0.3 s. Determine the average tension in cables AB and AC 
during this time interval. 


Prob. 15-13 


15-14. The 10-kg smooth block moves to the right with a 
velocity of vy = 3 m/s when force F is applied. If the force 
varies as shown in the graph, determine the velocity of the 
block when t — 4.5 s. 


t (s) 
to = 3 m/s 
> 
D 
Prob. 15-14 
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15-15. The 100-kg crate is hoisted by the motor M. If the 
velocity of the crate increases uniformly from 1.5m/s to 
4.5m/s in 5 s, determine the tension developed in the cable 
during the motion. 


*15-16. The 100-kg crate is hoisted by the motor M. The 
motor exerts a force on the cable of T = (2001? + 150) N, 
where t is in seconds. If the crate starts from rest at the ground, 
determine the speed of the crate whent = 5s. 


[99 N 


Probs. 15-15/16 


e15-17. The 5.5-Mg humpback whale is stuck on the shore 
due to changes in the tide. In an effort to rescue the whale, a 
12-Mg tugboat is used to pull it free using an inextensible 
rope tied to its tail. To overcome the frictional force of the 
sand on the whale, the tug backs up so that the rope 
becomes slack and then the tug proceeds forward at 3 m/s. 
If the tug then turns the engines off, determine the average 
frictional force F on the whale if sliding occurs for 1.5 s 
before the tug stops after the rope becomes taut. Also, what 
is the average force on the rope during the tow? 


— à, 


F 


Prob. 15-17 
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15-18. The force acting on a projectile having a mass m as 
it passes horizontally through the barrel of the cannon is 
F = C sin (zt/t'). Determine the projectile's velocity when 
t = t'. If the projectile reaches the end of the barrel at this 
instant, determine the length s. 


` | 


Prob. 15-18 


15-19. A 30-Ib block is initially moving along a smooth 
horizontal surface with a speed of v, = 6 ft/s to the left. If it 
is acted upon by a force F, which varies in the manner 
shown, determine the velocity of the block in 15 s. 


F (Ib) M 


25 


t (s) 


Prob. 15-19 


*15-20. Determine the velocity of each block 2 s after the 
blocks are released from rest. Neglect the mass of the 
pulleys and cord. 


Prob. 15-20 
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015-21. The 40-kg slider block is moving to the right with 
a speed of 1.5 m/s when it is acted upon by the forces F; and 
F.. If these loadings vary in the manner shown on the graph, 
determine the speed of the block at t = 6 s. Neglect friction 
and the mass of the pulleys and cords. 


Prob. 15-21 


15-22. At the instant the cable fails, the 200-Ib crate is 
traveling up the plane with a speed of 15 ft/s. Determine the 
speed of the crate 2 s afterward. The coefficient of kinetic 
friction between the crate and the plane is ug = 0.20. 


15 p f 


Prob. 15-22 
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15-23. Forces F; and F, vary as shown by the graph. The 
5-kg smooth disk is traveling to the left with a speed of 
3m/s when: = 0.Determine the magnitude and direction 
of the disk’s velocity whent = 4s. 


y 
3 m/s 
po ud 
F, 
—— x 
30° 
F, 
t (s) 
Prob. 15-23 


*15-24. A 0.5-kg particle is acted upon by the force 
F = (20i — (3t + 3)j + (10 — ?2)k] N, where t is in 
seconds. If the particle has an initial velocity of 
vo = {5i + 10j + 20k] m/s, determine the magnitude 
of the velocity of the particle whent = 3s. 


*15-25. The train consists of a 30-Mg engine E, and cars A, 
B, and C, which have a mass of 15 Mg, 10 Mg, and 8 Mg, 
respectively. If the tracks provide a traction force of 
F = 30kN on the engine wheels, determine the speed of 
the train when t = 30s, starting from rest. Also, find the 
horizontal coupling force at D between the engine E and 
car A. Neglect rolling resistance. 


Prob. 15-25 
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15-26. The motor M pulls on the cable with a force of F, 
which has a magnitude that varies as shown on the graph. If 
the 20-kg crate is originally resting on the floor such that 
the cable tension is zero at the instant the motor is turned 
on, determine the speed of the crate when t = 6s. Hint: 
First determine the time needed to begin lifting the crate. 


: (S) 
Prob. 15-26 


15-27. The winch delivers a horizontal towing force F to 
its cable at A which varies as shown in the graph. Determine 
the speed of the 70-kg bucket when ¢ = 18 s. Originally the 
bucket is moving upward at v, = 3 m/s. 


*15-28. The winch delivers a horizontal towing force F to 
its cable at A which varies as shown in the graph. Determine 
the speed of the 80-kg bucket when t = 24 s. Originally the 
bucket is released from rest. 


t (s) 


Probs. 15-27/28 


*15-29. The 0.1-lb golf ball is struck by the club and then 
travels along the trajectory shown. Determine the average 
impulsive force the club imparts on the ball if the club 
maintains contact with the ball for 0.5 ms. 


500 ft 


Prob. 15-29 


15-30. The 0.15-kg baseball has a speed of v = 30 m/s 
just before it is struck by the bat. It then travels along the 
trajectory shown before the outfielder catches it. Determine 
the magnitude of the average impulsive force imparted to 
the ball if it is in contact with the bat for 0.75 ms. 


Prob. 15-30 


15-31. The 50-kg block is hoisted up the incline using the 
cable and motor arrangement shown. The coefficient of 
kinetic friction between the block and the surface is 
Mj = 0.4. If the block is initially moving up the plane at 
v = 2 m/s, and at this instant (t = 0) the motor develops a 
tension in the cord of T = (300 + 120 V1) N, where t is in 
seconds, determine the velocity of the block when t = 2 s. 


Prob. 15-31 


236 CHAPTER 15 


The hammer in the top photo applies an 
impulsive force to the stake. During this 
extremely short time of contact the 
weight of the stake can be considered 
nonimpulsive, and provided the stake is 
driven into soft ground, the impulse of 
the ground acting on the stake can also 
be considered nonimpulsive. By 
contrast, if the stake is used in a 
concrete chipper to break concrete, then 
two impulsive forces act on the stake: 
one at its top due to the chipper and the 
other on its bottom due to the rigidity 
of the concrete. 
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15.3 Conservation of Linear Momentum 
for a System of Particles 


When the sum of the external impulses acting on a system of particles is 
zero, Eq. 15-6 reduces to a simplified form, namely, 


Zmj(vi) = Zmivi) (15-8) 


This equation is referred to as the conservation of linear momentum. lt 
states that the total linear momentum for a system of particles remains 
constant during the time period 1, to 4. Substituting mvg = Xm; into 
Eq. 15-8, we can also write 


(Yc) = (Yeh (15-9) 


which indicates that the velocity vg of the mass center for the system of 
particles does not change if no external impulses are applied to the 
system. 

The conservation of linear momentum is often applied when particles 
collide or interact. For application, a careful study of the free-body 
diagram for the entire system of particles should be made in order to 
identify the forces which create either external or internal impulses and 
thereby determine in what direction(s) linear momentum is conserved. 
As stated earlier, the internal impulses for the system will always cancel 
out, since they occur in equal but opposite collinear pairs. If the time 
period over which the motion is studied is very short, some of the 
external impulses may also be neglected or considered approximately 
equal to zero. The forces causing these negligible impulses are called 
nonimpulsive forces. By comparison, forces which are very large and act 
for a very short period of time produce a significant change in 
momentum and are called impulsive forces. They, of course, cannot be 
neglected in the impulse-momentum analysis. 

Impulsive forces normally occur due to an explosion or the striking of 
one body against another, whereas nonimpulsive forces may include the 
weight of a body, the force imparted by a slightly deformed spring having 
a relatively small stiffness, or for that matter, any force that is very small 
compared to other larger (impulsive) forces. When making this 
distinction between impulsive and nonimpulsive forces, it is important to 
realize that this only applies during the time 4 to t. To illustrate, 
consider the effect of striking a tennis ball with a racket as shown in the 
photo. During the very short time of interaction, the force of the racket 
on the ball is impulsive since it changes the ball’s momentum drastically. 
By comparison, the ball’s weight will have a negligible effect on the 
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change in momentum, and therefore it is nonimpulsive. Consequently, it 
can be neglected from an impulse-momentum analysis during this time. 
If an impulse-momentum analysis is considered during the much longer 
time of flight after the racket-ball interaction, then the impulse of the 
ball's weight is important since it, along with air resistance, causes the 
change in the momentum of the ball. 


Procedure for Analysis 


Generally, the principle of linear impulse and momentum or the 
conservation of linear momentum is applied to a system of particles 
in order to determine the final velocities of the particles just after 
the time period considered. By applying this principle to the entire 
system, the internal impulses acting within the system, which may be 
unknown, are eliminated from the analysis. For application it is 
suggested that the following procedure be used. 


Free-Body Diagram. 


* Establish the x, y, z inertial frame of reference and draw the free- 
body diagram for each particle of the system in order to identify 
the internal and external forces. 


The conservation of linear momentum applies to the system in a 
direction which either has no external forces or the forces can be 
considered nonimpulsive. 


Establish the direction and sense of the particles' initial and final 
velocities. If the sense is unknown, assume it is along a positive 
inertial coordinate axis. 


As an alternative procedure, draw the impulse and momentum 
diagrams for each particle of the system. 


Momentum Equations. 


* Apply the principle of linear impulse and momentum or the 
conservation of linear momentum in the appropriate directions. 


If it is necessary to determine the internal impulse f F dt acting 
on only one particle of a system, then the particle must be 
isolated (free-body diagram), and the principle of linear impulse 
and momentum must be applied to this particle. 

After the impulse is calculated, and provided the time Ar for 


which the impulse acts is known, then the average impulsive force 
F4, can be determined from F;,, = n F dt/At. 
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EXAMPLE [15.4 


The 15-Mg boxcar A is coasting at 1.5 m/s on the horizontal track 

when it encounters a 12-Mg tank car B coasting at 0.75 m/s toward it 

as shown in Fig. 15-8a. If the cars collide and couple together, 

determine (a) the speed of both cars just after the coupling, and 

(b) the average force between them if the coupling takes place in 0.8 s. 
.15m/s 0.75 m/s 


EA ————— 


————o— D 


(a) 
SOLUTION 


Part (a) Free-Body Diagram.* Here we have considered both cars 
as a single system, Fig. 15-85. By inspection, momentum is conserved 
in the x direction since the coupling force F is internal to the system 
and will therefore cancel out. It is assumed both cars, when coupled, 
move at v, in the positive x direction. 


Conservation of Linear Momentum. 
Bey ma(vA), + mg(vg)) = (ma + mg)v 
(15 000 kg)(1.5 m/s) — 12 000 kg(0.75 m/s) = (27 000 kg)v 
v = 0.5 m/s > Ans. 
Part (b). The average (impulsive) coupling force, Favg, can be 


determined by applying the principle of linear momentum to either 
one of the cars. 


Free-Body Diagram. As shown in Fig. 15-8c, by isolating the boxcar 
the coupling force is external to the car. 


Principle of Impulse and Momentum. Since fF dt = FAT 
= F,,,(0.8 s), we have 


(5) malva) + X f F di = mav 


(15 000 kg)(1.5 m/s) — Favg(0.8 s) = (15 000 kg)(0.5 m/s) 
Es — 18.8 EN Ans. 


NOTE: Solution was possible here since the boxcar’s final velocity 
was obtained in Part (a). Try solving for F;,, by applying the principle 
of impulse and momentum to the tank car. 


*Only horizontal forces are shown on the free-body diagram. 
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EXAMPLE [15.5 


The 1200-Ib cannon shown in Fig. 15—9a fires an 8-Ib projectile with a Recoil spring 
muzzle velocity of 1500 ft/s relative to the ground. If firing takes place 

in 0.03 s, determine (a) the recoil velocity of the cannon just after 

firing, and (b) the average impulsive force acting on the projectile. The 

cannon support is fixed to the ground, and the horizontal recoil of the 

cannon is absorbed by two springs. 


SOLUTION 


Part (a) Free-Body Diagram.* As shown in Fig. 15—9b, we will 
consider the projectile and cannon as a single system, since the 
impulsive forces, F, between the cannon and projectile are internal to 
the system and will therefore cancel from the analysis. Furthermore, 
during the time At = 0.03 s, the two recoil springs which are attached 
to the support each exert a nonimpulsive force F, on the cannon. This 
is because At is very short, so that during this time the cannon only 
moves through a very small distance s. Consequently, F, = ks ~ 0, 
where k is the spring's stiffness. Hence it can be concluded that 
momentum for the system is conserved in the horizontal direction. 


Conservation of Linear Momentum. 


(=) mj(v.), + My(Up)1 = maus Mp(Vp)2 


0+0=- (ee Jens E (zs uso ft/s) 


322 ft/s. 32:2 ft/s 
(v); = 10 ft/s —— Ans. 
Part (b). The average impulsive force exerted by the cannon on the 


projectile can be determined by applying the principle of linear 
impulse and momentum to the projectile (or to the cannon). Why? 


Principle of Impulse and Momentum. From Fig. 15-9c, with 
JF dt = FyygAt = Fyyg (0.03), we have 
(+) m(vy), + x fr dt = m(vy) 


8 Ib 
; Jasoo ft/s) 
32.2 ft/s 


Fag = 124(10)) Ib = 12.4 kip Ans. 


0 + Fayg(0.03 s) = ( 


NOTE: If the cannon is firmly fixed to its support (no springs), the 
reactive force of the support on the cannon must be considered as an 
external impulse to the system, since the support would allow no 
movement of the cannon. 


*Only horizontal forces are shown on the free-body diagram. 
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EXAMPLE | 15.6 


150(9.81) N 150(9.81) N 


Fig. 15-10 


The bumper cars A and B in Fig. 15-10a each have a mass of 150 kg 
and are coasting with the velocities shown before they freely collide 
head on. If no energy is lost during the collision, determine their 
velocities after collision. 


SOLUTION 


Free-Body Diagram. The cars will be considered as a single system. 
The free-body diagram is shown in Fig. 15-105. 


Conservation of Momentum. 

= Maa) + Mp(¥g)1 = Ma(Va)2 + Mp(V~)2 

(150 kg)(3 m/s) + (150 kg)( 2 m/s) = (150 kg)(v4); + (150 kg)(vg); 
(v4); = 1 — (vg) (1) 


Conservation of Energy. Since no energy is lost, the conservation 
of energy theorem gives 
Tv oun 


il 1 il jl 
5 ma(v4)i np PL CUI OS zmalva)3 s maa) nib, 


5 (150 kg)(3 m/s)? + (150 kg)(2 m/s)? + 0 = (150 kg)(v4)? 


F 5 (150 kg)(vg); 7 + 0 
(wa) + (vg) = 13 (2) 
Substituting Eq. (1) into (2) and simplifying, we get 
(v9)? — (vp). - 6 = 0 
Solving for the two roots, 
(vg); = 3 m/s and (vg); = —2 m/s 


Since (vg), = —2 m/s refers to the velocity of B just before collision, 
then the velocity of B just after the collision must be 


(vg); = 3 m/s > 
Substituting this result into Eq. (1), we obtain 


(vA) = 1 — 3m/s = -2 m/s = 2 m/s — 
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EXAMPLE |15.7 


An 800-kg rigid pile shown in Fig. 15-11a is driven into the ground using 
a 300-kg hammer. The hammer falls from rest at a height yọ = 0.5 m and 
strikes the top of the pile. Determine the impulse which the pile exerts on 
the hammer if the pile is surrounded entirely by loose sand so that after 
striking, the hammer does not rebound off the pile. 


SOLUTION 
Conservation of Energy. The velocity at which the hammer strikes the 
pile can be determined using the conservation of energy equation applied 
to the hammer. With the datum at the top of the pile, Fig. 15—11a, we have 
To zs Vo = Ti ar Vi 
Jl 


1 
5 mun) + Wgyyo-— 5mu(a)i + Way 


1 
z (300 kg)(vq)i + 0 
(vg); = 3.132 m/s 


0 + 300(9.81) N(0.5 m) 


Free-Body Diagram. From the physical aspects of the problem, the 
free-body diagram of the hammer and pile, Fig. 15-115, indicates that 
during the short time from just before to just after the collision, the 
weights of the hammer and pile and the resistance force F, of the sand 
are all nonimpulsive. The impulsive force R is internal to the system 
and therefore cancels. Consequently, momentum is conserved in the 
vertical direction during this short time. 


Conservation of Momentum. Since the hammer does not rebound 
off the pile just after collision, then (vj); = (vp); = v». 


(+1) mg(vg), + mp(vp); = Myv + mpv, 
(300 kg) (3.132 m/s) + 0 = (300 kg)v; + (800 kg)v; 
v = 0.8542 m/s 


Principle of Impulse and Momentum. The impulse which the pile 
imparts to the hammer can now be determined since v; is known. 
From the free-body diagram for the hammer, Fig. 15-11c, we have 


ty 
(+1) My(Vy)1 aP xf Fydt = NV) 
ti 


(300 kg) (3.132 m/s) — J R dt = (300 kg) (0.8542 m/s) 


[Rat = ss Ans. 


NOTE: The equal but opposite impulse acts on the pile. Try finding this 
impulse by applying the principle of impulse and momentum to the pile. 


Fig. 15-11 
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EXAMPLE [15.8 


The 1.5-Mg car in Fig. 15-12a moves on the 10-Mg barge to the left with 
a constant speed of 4 m/s, measured relative to the barge. Neglecting 
water resistance, determine the velocity of the barge and the 
displacement of the barge when the car reaches point B. Initially, the 
car and the barge are at rest relative to the water. 


SOLUTION 


Free-Body Diagram. If the car and the barge are considered as a 
single system, the traction force between the car and the barge 
becomes internal to the system, and so linear momentum will be 
conserved along the x axis, Fig. 15-12b. 


Conservation of Momentum. When writing the conservation of 
momentum equation, it is important that the velocities be measured 
from the same inertial coordinate system, assumed here to be fixed. 

— > We will also assume that as the car goes to the left the barge goes to 
the right, as shown in Fig. 15-125. 


Applying the conservation of linear momentum to the car and barge 
system, 


(€) 0+ 0 = mv, — Mpvp 
0 = (1.5(103) kg)v, — (10(103) kg)u; 
1.5v, — 10v, = 0 (1) 


Fig. 15-12 


Kinematics. Since the velocity of the car relative to the barge is 
known, then the velocity of the car and the barge can also be related 
using the relative velocity equation. 


(=) Ye Ni or Veb 


UV, = —uy + 4 m/s (2) 
Solving Eqs. (1) and (2), 
Up = 0.5217 m/s = 0.522 m/s > Ans. 
v, = 3.478 m/s —— 


The car travels s, = 20 m on the barge at a constant relative speed of 
4 m/s. Thus, the time for the car to reach point B is 


Scib = Voip t 
20 m = (4 m/s)t 
t=5s 
The displacement of the barge is therefore 


(5) Sp = Upt = 0.5217 m/s(5 s) = 2.61 m > 
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E FUNDAMENTAL PROBLEMS 


F15-7. The freight cars A and B have a mass of 20 Mg and 
15 Mg, respectively. Determine the velocity of A after 
collision if the cars collide and rebound, such that B moves 
to the right with a speed of 2 m/s. If A and B are in contact 
for 0.5s, find the average impulsive force which acts 
between them. 


3 1.5 
m/s B m/s 


A ——— E —À— 


F15-7 


F15-8. The cart and package have a mass of 20 kg and 
5 kg, respectively. If the cart has a smooth surface and it is 
initially at rest, while the velocity of the package is as 
shown, determine the final common velocity of the cart and 
package after the impact. 


10 m/s i 


B 


F15-8 


F15-9. The 5-kg block A has an initial speed of 5 m/s as it 
slides down the smooth ramp, after which it collides with 
the stationary block B of mass 8 kg. If the two blocks couple 
together after collision, determine their common velocity 
immediately after collision. 


F15-10. The spring is fixed to block A and block B is pressed 
against the spring. If the spring is compressed s — 200 mm 
and then the blocks are released, determine their velocity at 
the instant block B loses contact with the spring. The masses 
of blocks A and B are 10 kg and 15 kg, respectively. 


k — 5 kN /m 


F15-10 


F15-11. Blocks A and B have a mass of 15 kg and 10 kg, 
respectively. If A is stationary and B has a velocity of 15 m/s 
just before collision, and the blocks couple together after 
impact, determine the maximum compression of the spring. 


15 
k = 10 kN/m 2m. 


F15-11 


F15-12. The cannon and support without a projectile have 
a mass of 250 kg. If a 20-kg projectile is fired from the 
cannon with a velocity of 400 m/s, measured relative to the 
cannon, determine the speed of the projectile as it leaves 
the barrel of the cannon. Neglect rolling resistance. 


F15-9 
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PTPROSLEMS 


*15-32. The 10-Ib cannon ball is fired horizontally by a 500-Ib 
cannon as shown. If the muzzle velocity of the ball is 2000 ft/s, 
measured relative to the ground, determine the recoil velocity 
of the cannon just after firing. If the cannon rests on a smooth 
support and is to be stopped after it has recoiled a distance of 
6 in., determine the required stiffness k of the two identical 
springs, each of which is originally unstretched. 


2000 ft/s 
— 


Prob. 15-32 


15-33. A railroad car having a mass of 15 Mg is coasting at 
1.5 m/s on a horizontal track. At the same time another car 
having a mass of 12 Mg is coasting at 0.75 m/s in the 
opposite direction. If the cars meet and couple together, 
determine the speed of both cars just after the coupling. 
Find the difference between the total kinetic energy before 
and after coupling has occurred, and explain qualitatively 
what happened to this energy. 


15-34. Thecar A has a weight of 4500 Ib and is traveling to 
the right at 3 ft/s. Meanwhile a 3000-lb car B is traveling at 
6 ft/s to the left. If the cars crash head-on and become 
entangled, determine their common velocity just after the 
collision. Assume that the brakes are not applied during 
collision. 


Up = 6 ft/s 


Probs. 15-33/34 


15-35. The two blocks A and B each have a mass of 5 kg 
and are suspended from parallel cords. A spring, having a 
stiffness of k = 60 N/m, is attached to B and is compressed 
0.3 m against A as shown. Determine the maximum angles 0 
and ¢ of the cords when the blocks are released from rest 
and the spring becomes unstretched. 


*15-36. Block A has a mass of 4 kg and B has a mass of 
6 kg. A spring, having a stiffness of k — 40 N/m,is attached 
to B and is compressed 0.3 m against A as shown. 
Determine the maximum angles 0 and ¢ of the cords after 
the blocks are released from rest and the spring becomes 
unstretched. 


Probs. 15-35/36 


*15-37. The winch on the back of the Jeep A is turned on 
and pulls in the tow rope at 2 m/s measured relative to the 
Jeep. If both the 1.25-Mg car B and the 2.5-Mg Jeep A are 
free to roll, determine their velocities at the instant they 
meet. If the rope is 5 m long, how long will this take? 


Prob. 15-37 
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15-38. The 40-kg package is thrown with a speed of 4 m/s 
onto the cart having a mass of 20 kg. If it slides on the 
smooth surface and strikes the spring, determine the velocity 
of the cart at the instant the package fully compresses the 
spring. What is the maximum compression of the spring? 
Neglect rolling resistance of the cart. 


Prob. 15-38 


15-39. Two cars A and B have a mass of 2 Mg and 1.5 Mg, 
respectively. Determine the magnitudes of v4 and vg if the 
cars collide and stick together while moving with a common 
speed of 50 km/h in the direction shown. 


B 
VB 
——_—_— _, —_____ y 
va 
VA 


Prob. 15-39 
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*15-40. A 4-kg projectile travels with a horizontal 
velocity of 600 m/s before it explodes and breaks into two 
fragments A and B of mass 1.5 kg and 2.5 kg, respectively. If 
the fragments travel along the parabolic trajectories shown, 
determine the magnitude of velocity of each fragment just 
after the explosion and the horizontal distance d4 where 
segment A strikes the ground at C. 


*15-41. A 4-kg projectile travels with a horizontal 
velocity of 600 m/s before it explodes and breaks into two 
fragments A and B of mass 1.5 kg and 2.5 kg, respectively. If 
the fragments travel along the parabolic trajectories shown, 
determine the magnitude of velocity of each fragment just 
after the explosion and the horizontal distance dg where 
segment B strikes the ground at D. 


VA 
600 m/s a 
-— 45^ CJ 
AİB 30° 
Vg 
60m 
c. D | 
da dg 


Probs. 15-40/41 


15-42. The 75-kg boy leaps off cart A with a horizontal 
velocity of v’ = 3m/s measured relative to the cart. 
Determine the velocity of cart A just after the jump. If he 
then lands on cart B with the same velocity that he left cart 
A, determine the velocity of cart B just after he lands on it. 
Carts A and B have the same mass of 50 kg and are 
originally at rest. 


Prob. 15-42 
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15-43. Block A has a mass of 2 kg and slides into an open 
ended box B with a velocity of 2 m/s. If the box B has a 
mass of 3 kg and rests on top of a plate P that has a mass of 
3 kg, determine the distance the plate moves after it stops 
sliding on the floor. Also, how long is it after impact before 
all motion ceases? The coefficient of kinetic friction 
between the box and the plate is i, = 0.2, and between the 
plate and the floor u'y = 0.4. Also, the coefficient of static 
friction between the plate and the floor is yw’, = 0.5. 


*15-44. Block A has a mass of 2 kg and slides into an open 
ended box B with a velocity of 2 m/s. If the box B has a 
mass of 3 kg and rests on top of a plate P that has a mass of 
3 kg, determine the distance the plate moves after it stops 
sliding on the floor. Also, how long is it after impact before 
all motion ceases? The coefficient of kinetic friction 
between the box and the plate is i, = 0.2, and between the 
plate and the floor uj = 0.1. Also, the coefficient of static 
friction between the plate and the floor is u = 0.12. 


2 m/s B 

— _— 

ee |= P 
Probs. 15-43/44 


*15-45. The 20-kg block A is towed up the ramp of the 
40-kg cart using the motor M mounted on the side of the 
cart. If the motor winds in the cable with a constant velocity 
of 5m/s, measured relative to the cart, determine how far 
the cart will move when the block has traveled a distance 
s = 2m up the ramp. Both the block and cart are at rest 
when s = 0.The coefficient of kinetic friction between the 
block and the ramp is uj, = 0.2. Neglect rolling resistance. 


Prob. 15-45 
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15-46. If the 150-lb man fires the 0.2-lb bullet with a 
horizontal muzzle velocity of 3000 ft/s, measured relative to 
the 600-Ib cart, determine the velocity of the cart just after 
firing. What is the velocity of the cart when the bullet 
becomes embedded in the target? During the firing, the 
man remains at the same position on the cart. Neglect 
rolling resistance of the cart. 


Prob. 15-46 


15-47. The free-rolling ramp has a weight of 120 Ib. The 
crate whose weight is 80 Ib slides from rest at A, 15 ft down 
the ramp to B. Determine the ramp's speed when the crate 
reaches B. Assume that the ramp is smooth, and neglect the 
mass of the wheels. 


*15-48. The free-rolling ramp has a weight of 120 Ib. If the 
80-Ib crate is released from rest at A, determine the distance 
the ramp moves when the crate slides 15 ft down the ramp 
to the bottom B. 


Probs. 15-47/48 
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015-49. The 5-kg spring-loaded gun rests on the smooth 
surface. It fires a ball having a mass of 1 kg with a velocity of 
v' = 6 m/s relative to the gun in the direction shown. If the 
gun is originally at rest, determine the horizontal distance d 
the ball is from the initial position of the gun at the instant 
the ball strikes the ground at D. Neglect the size of the gun. 


15-50. The 5-kg spring-loaded gun rests on the smooth 
surface. It fires a ball having a mass of 1 kg with a velocity of 
v' — 6 m/s relative to the gun in the direction shown. If the 
gun is originally at rest, determine the distance the ball is 
from the initial position of the gun at the instant the ball 
reaches its highest elevation C. Neglect the size of the gun. 


Probs. 15-49/50 


15-51. A man wearing ice skates throws an 8-kg block 
with an initial velocity of 2 m/s, measured relative to 
himself, in the direction shown. If he is originally at rest and 
completes the throw in 1.5 s while keeping his legs rigid, 
determine the horizontal velocity of the man just after 
releasing the block. What is the vertical reaction of both his 
skates on the ice during the throw? The man has a mass of 
70 kg. Neglect friction and the motion of his arms. 


Prob. 15-51 


*15-52. The block of mass m travels at v in the direction 6, 
shown at the top of the smooth slope. Determine its speed v; 
and its direction 05 when it reaches the bottom. 


Prob. 15-52 


*15-53. The 20-Ib cart B is supported on rollers of 
negligible size. If a 10-Ib suitcase A is thrown horizontally 
onto the cart at 10 ft/s when it is at rest, determine the 
length of time that A slides relative to B, and the final 
velocity of A and B. The coefficient of kinetic friction 
between A and B is ug = 0.4. 


15-54. The 20-lb cart B is supported on rollers of 
negligible size. If a 10-Ib suitcase A is thrown horizontally 
onto the cart at 10 ft/s when it is at rest, determine the time 
t and the distance B moves at the instant A stops relative to 
B. The coefficient of kinetic friction between A and B is 
Mk 7 0.4. 


[7] [7] 


Probs. 15-53/54 
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Plane of contact 


\ 
A B 
VA , Vg  Lineofimpact 
e—a 


Y 


Central impact 


(a) 


Plane of contact 


Line of impact 


Oblique impact 
(b) 
Fig. 15-13 


ma(Va)i mg(Vp) 
——— eS 


Fi Require 
(v4)i > (va) 


Before impact 


(a) 


SP dt — fP dt 


A B 
Effect of A on B Effect of Bon A 


15.4 Impact 


Impact occurs when two bodies collide with each other during a very short 
period of time, causing relatively large (impulsive) forces to be exerted 
between the bodies. The striking of a hammer on a nail, or a golf club on 
a ball, are common examples of impact loadings. 

In general, there are two types of impact. Central impact occurs when 
the direction of motion of the mass centers of the two colliding particles 
is along a line passing through the mass centers of the particles. This line 
is called the line of impact, which is perpendicular to the plane of 
contact, Fig. 15-13a. When the motion of one or both of the particles 
make an angle with the line of impact, Fig. 15-135, the impact is said to 
be oblique impact. 


Central Impact. To illustrate the method for analyzing the 
mechanics of impact, consider the case involving the central impact of 
the two particles A and B shown in Fig. 15-14. 


e The particles have the initial momenta shown in Fig. 15-14a. 
Provided (v4); > (vg), collision will eventually occur. 


e During the collision the particles must be thought of as deformable 
or nonrigid. The particles will undergo a period of deformation such 
that they exert an equal but opposite deformation impulse / P dt 
on each other, Fig. 15-14b. 


e Only at the instant of maximum deformation will both particles 
move with a common velocity v, since their relative motion is zero, 
Fig. 15-14c. 


e Afterward a period of restitution occurs, in which case the particles will 
either return to their original shape or remain permanently deformed. 
The equal but opposite restitution impulse f R dt pushes the particles 
apart from one another, Fig. 15-144. In reality, the physical properties 
of any two bodies are such that the deformation impulse with always 
be greater than that of restitution, i.e., / P dt > fR dt. 


e Just after separation the particles will have the final momenta 
shown in Fig. 15-14e, where (vp)? > (v4);. 


ma(vA)o mg(vg)o 
Y — 
= fR dt —JR dt ; 
@ We, o @ 
AB Effect of Aon B Effect of Bon A A w@gh> (vak B 


Deformation impulse Maximum deformation Restitution impulse | After impact 


(b) 


(c) (d) (e) 
Fig. 15-14 


In most problems the initial velocities of the particles will be known, 
and it will be necessary to determine their final velocities (v4); and 
(vg)2- In this regard, momentum for the system of particles is conserved 
since during collision the internal impulses of deformation and 
restitution cancel. Hence, referring to Fig. 15-14a and Fig. 15-14e we 
require 


Gi ma(va)ı + Mp(ve)ı = ma(va)a + ma(vg); (15-10) 
In order to obtain a second equation necessary to solve for (v4); and 
(vg)2, we must apply the principle of impulse and momentum to each 


particle. For example, during the deformation phase for particle A, 
Figs. 15-14a, 15-14b, and 15-14c, we have 


(5) ma(va)1 — fe dt = mav 


For the restitution phase, Figs. 15-14c, 15-14d, and 15-14e, 


(4) mav — fr dt = m4(va)h 


The ratio of the restitution impulse to the deformation impulse is 
called the coefficient of restitution, e. From the above equations, this 
value for particle A is 


fra v — (vah 


Jea vec 


In a similar manner, we can establish e by considering particle B, 


Fig. 15-14. This yields 
Rdt 
/ (vs) — v 


BITES 


If the unknown » is eliminated from the above two equations, the 
coefficient of restitution can be expressed in terms of the particles' initial 
and final velocities as 


e= 


(5) e = —— (15-11) 


15.4 


IMPACT 
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The quality of a manufactured tennis ball 
is measured by the height of its bounce, 
which can be related to its coefficient of 
restitution. Using the mechanics of 
oblique impact, engineers can design a 
separation device to remove substandard 
tennis balls from a production line. 


Provided a value for e is specified, Eqs. 15-10 and 15-11 can be solved 
simultaneously to obtain (v4); and (vg);. In doing so, however, it is 
important to carefully establish a sign convention for defining the 
positive direction for both v4 and vg and then use it consistently when 
writing both equations. As noted from the application shown, and 
indicated symbolically by the arrow in parentheses, we have defined the 
positive direction to the right when referring to the motions of both A 
and B. Consequently, if a negative value results from the solution of 
either (v4); or (vg)5, it indicates motion is to the left. 


Coefficient of Restitution. From Figs. 15-14a and 15-14e, it is 
seen that Eq. 15-11 states that e is equal to the ratio of the relative 
velocity of the particles’ separation just after impact, (vg); — (v4)5, to 
the relative velocity of the particles' approach just before impact, 
(vah — (vg). By measuring these relative velocities experimentally, 
it has been found that e varies appreciably with impact velocity as well 
as with the size and shape of the colliding bodies. For these reasons the 
coefficient of restitution is reliable only when used with data which 
closely approximate the conditions which were known to exist when 
measurements of it were made. In general e has a value between zero 
and one, and one should be aware of the physical meaning of these 
two limits. 


Elastic Impact (e = 1). If the collision between the two particles is 
perfectly elastic, the deformation impulse ( JP dt) is equal and opposite to 


the restitution impulse ( JR dt). Although in reality this can never be 
achieved, e = 1 for an elastic collision. 


Plastic Impact (e = 0). The impact is said to be inelastic or plastic 
when e — 0. In this case there is no restitution impulse ( [Rat = 0), so 
that after collision both particles couple or stick together and move with 
a common velocity. 


From the above derivation it should be evident that the principle of 
work and energy cannot be used for the analysis of impact problems 
since it is not possible to know how the internal forces of deformation 
and restitution vary or displace during the collision. By knowing the 
particle’s velocities before and after collision, however, the energy loss 
during collision can be calculated on the basis of the difference in the 
particle’s kinetic energy. This energy loss, ZU; ; = £T; — XT|, occurs 
because some of the initial kinetic energy of the particle is transformed 
into thermal energy as well as creating sound and localized deformation 
of the material when the collision occurs. In particular, if the impact is 
perfectly elastic, no energy is lost in the collision; whereas if the collision 
is plastic, the energy lost during collision is a maximum. 
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Procedure for Analysis (Central Impact) 


In most cases the final velocities of two smooth particles are to be 
determined just after they are subjected to direct central impact. 
Provided the coefficient of restitution, the mass of each particle, and 
each particle’s initial velocity just before impact are known, the 
solution to this problem can be obtained using the following two 
equations: 


Plane of contact 


(a) 


* The conservation of momentum applies to the system of 
particles, 2mv, = Xm. 
The coefficient of restitution,e = [(vg)2 — (va4)al/[(va)1 — (vpg)i]. 
relates the relative velocities of the particles along the line of dames 
impact, just before and just after collision. 


ma(Vay)t SFdt = ma(vax)2 
When applying these two equations, the sense of an unknown = (4) + a = 19 
velocity can be assumed. If the solution yields a negative magnitude, 


the velocity acts in the opposite sense. mati 


mp(vpy)o 


(0-7 J'Fdt Q= 
. <— + = — 
Oblique Impact. When oblique impact occurs between two smooth 


particles, the particles move away from each other with velocities having 
unknown directions as well as unknown magnitudes. Provided the initial 
velocities are known, then four unknowns are present in the problem. As (b) 
shown in Fig. 15-15a, these unknowns may be represented either as 
(va), (vg), 02, and d», or as the x and y components of the final 
velocities. 


mp(vgy)i 


Fig. 15-15 


Procedure for Analysis (Oblique Impact) 


If the y axis is established within the plane of contact and the x axis along the line of impact, the impulsive 
forces of deformation and restitution act only in the x direction, Fig. 15-15b. By resolving the velocity or 
momentum vectors into components along the x and y axes, Fig. 15-15), it is then possible to write four 
independent scalar equations in order to determine (74,)5, (Vay)2, (Upx)2, and (vp,);. 


Momentum of the system is conserved along the line of impact, x axis, so that m(v,); = Xm(v,);. 


The coefficient of restitution, e = [(vgy)2 — (Vax)2l/[(Var)1 — (vg;)i] relates the relative-velocity 
components of the particles along the line of impact (x axis). 


If these two equations are solved simultaneously, we obtain (v4,); and (vp,);. 


Momentum of particle A is conserved along the y axis, perpendicular to the line of impact, since no 
impulse acts on particle A in this direction. As a result m4(v4,); = mA(v4y); or (Vay) = (v4); 


Momentum of particle B is conserved along the y axis, perpendicular to the line of impact, since no 
impulse acts on particle B in this direction. Consequently (vgy); = (vp). 


Application of these four equations is illustrated in Example 15.11. 
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EXAMPLE |15.9 


ine of impact 


4) 
(vs) = 0 6 
B 


ae 
(vah = 13.90 ft/s 
Just before impact 


(Va) (YA) 


Just after impact 


(c) 
Fig. 15-16 


The bag A, having a weight of 6 Ib, is released from rest at the position 
0 = 0°, as shown in Fig. 15-16a. After falling to 0 = 90°, it strikes an 
18-Ib box B. If the coefficient of restitution between the bag and box 
is e — 0.5, determine the velocities of the bag and box just after 
impact. What is the loss of energy during collision? 


SOLUTION 

This problem involves central impact. Why? Before analyzing the 
mechanics of the impact, however, it is first necessary to obtain the 
velocity of the bag just before it strikes the box. 


Conservation of Energy. With the datum at 0 = 0°, Fig. 15-16b, 
we have 
To zs Vo = Ti ale Wu 
1 61b 
1-0 = i — 61b(3 ft); = 13.90 ft 
2 (= us) eni (3 ft) (vA) /s 


Conservation of Momentum. After impact we will assume A and B 
travel to the left. Applying the conservation of momentum to the 
system, Fig. 15-16c, we have 


(4) mp(vg)i + ma(vA)i = ma(vpg)o + Ma(Va)2 
61b ) ( 18 Ib ) ( 6 lb ) 
SF || NSS) = | Na oe) REA 
E fs? | /9= aa si / 9 \ 39.9 tys / 04 
(va)2 = 13.90 — 3(vg); (1) 
Coefficient of Restitution. Realizing that for separation to occur 
after collision (vg); > (v,)2, Fig. 15-16c, we have 
(vg)? — (wa), 2 (vg)2 — (vA 
(va)1 — (vg)? ^  1390ft/s — 0 
(va)2 = (vg); — 6.950 (2) 
Solving Eqs. 1 and 2 simultaneously yields 
(vA); = —1.74 ft/s = 1.74 ft/s ^ and (vg); = 5.21 ft/s — Ans. 
Loss of Energy. Applying the principle of work and energy to the 


bag and box just before and just after collision, we have 
zou 


18 2855105 1/ 61b 
EU, 5-2 |=| ——— (62 ft seu) 1.74 ft J 
ue EE AC 32.2 ft/s? ae) 


1/ 61b 
— |=( ———2 ](13.9 ft | 
| (= = /s) 
ZU, = — 10.1 ft-lb Ans. 


NOTE: The energy loss occurs due to inelastic deformation during the 
collision. 


(E) e= 
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EXAMPLE |15.10 


Ball B shown in Fig. 15-17a has a mass of 1.5 kg and is suspended 
from the ceiling by a 1-m-long elastic cord. If the cord is stretched Datum- TO O 
downward 0.25 m and the ball is released from rest, determine how 

far the cord stretches after the ball rebounds from the ceiling. The 
stiffness of the cord is k = 800 N/m, and the coefficient of restitution 
between the ball and ceiling is e = 0.8. The ball makes a central 
impact with the ceiling. © 


SOLUTION 

First we must obtain the velocity of the ball just before it strikes the 
ceiling using energy methods, then consider the impulse and momentum 
between the ball and ceiling, and finally again use energy methods to 
determine the stretch in the cord. 


k= 800 N/m| y= (1 + 0.25) m 


Conservation of Energy. With the datum located as shown in 
Fig. 15-17a, realizing that initially y = yọ = (1 + 0.25) m = 1.25 m, 
we have 

pee VG = Ti a A 

pm(vg) — Way + 5ks? = 3m(vg)i + 0 
.5(9.81)N(1.25 m) + 4(800 N/m) (0.25 m)? = 4(1.5 kg)(vg)t 

(vg), = 2.968 m/s 1 
The interaction of the ball with the ceiling will now be considered using 
the principles of impact.* Since an unknown portion of the mass of the a (vg) = 2.97 m/s 
ceiling is involved in the impact, the conservation of momentum for the 
ball-ceiling system will not be written. The “velocity” of this portion of (b) 
ceiling is zero since it (or the earth) are assumed to remain at rest both 
before and after impact. 
Coefficient of Restitution. Fig. 15-17). 

Up)? — (v Ug); — 0 
C NIS (v5) - ( D» 08 = (vp)2 
(vA), zd (vg)i 0 — 2.968 m/s 
(vg); = —2.374 m/s = 2.374 m/s | 

Conservation of Energy. The maximum stretch s3 in the cord can 


be determined by again applying the conservation of energy equation O 
to the ball just after collision. Assuming that y = ys = (1 + s3)m, Qe 


Fig. 15-17c, then 
dock yg cds 


jm(vg)) + 0 = 3m(vg)) — Ways + 3 ks 
1(1.5 kg)(2.37 m/s)? = 0 — 9.81(1.5) N(1 m + ss) + 5(800 N/m)s3 (c) 
400s — 14.715s, — 18.94 = 0 


k = 800N/m y 2 (1 + s3) m 


© 


Solving this quadratic equation for the positive root yields Fig. 15-17 
s3 = 0.237 m = 237 mm 


* The weight of the ball is considered a nonimpulsive force. 
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Two smooth disks A and B, having a mass of 1 kg and 2 kg, 
(op) omis respectively, collide with the velocities shown in Fig. 15-18a. If the 
coefficient of restitution for the disks is e = 0.75, determine the x and 


y components of the final velocity of each disk just after collision. 
x 


Line of impact SOLUTION 
This problem involves oblique impact. Why? In order to solve it, we 
Plane of contact have established the x and y axes along the line of impact and the 
plane of contact, respectively, Fig. 15-18a. 
(a) Resolving each of the initial velocities into x and y components, 
we have 


(Vax)1 = 3c0s 30° = 2.598 m/s (v4,), = 3sin 30° = 1.50 m/s 
(Vp;)1 = —1 cos 45° = —0.7071 m/s (vg,) = —1 sin 45° = —0.7071 m/s 


(v4) = 3 m/s 


The four unknown velocity components after collision are assumed to 

act in the positive directions, Fig. 15-185. Since the impact occurs in the 

x direction (line of impact), the conservation of momentum for both 
CMT — f Fdt 


—- 2 (4) go o= disks can be applied in this direction. Why? 


| Conservation of "x" Momentum. In reference to the momentum 
ma(Vay)1 ma(Vay)2 diagrams, we have 


(3) Ma(Vax)1 + mpg(vg,)i = mA(vA,;); + mp(vg.)z 
| 1 kg(2.598 m/s) + 2 kg(—0.707 m/s) = 1 kg(vax)2 + 2 kg(vgx)2 
oe >e- wiles (EE E x 2055 = 1.184 (1) 


eee of Restitution (x). 


mp(Vpy)i 


mi] Pe (vBx)2 — (Vax). 0.75 (Ypx)2 — (V4x)2 


(b) vn) (vas — (vg ~ 2.508 m/s — (—0.7071 m/s) 
(Upx)2 — (Vax)2 = 2.479 (2) 

Solving Eqs. 1 and 2 for (v4,); and (vg); yields 
(vax)2 = —1.26 m/s = 1.26 m/s —— (vg,); = 1.22m/s > Ans. 


y 
(v4), = 1.96 m/s Conservation of "y" Momentum. The momentum of each disk is 


conserved in the y direction (plane of contact), since the disks are 
6; = 50.0°\ A |o smooth and therefore no external impulse acts in this direction. From 
i Fig. 15-18b, 


CFT) ma(vay)i = Ma(Vay)2; (Vay)2 = 1.50 m/s Î Ans. 


(+1) ma(vgy)1 = Mmg(Vey)2; (VBy)2 = —0.707 m/s = 0.707 m/s | Ans. 


x 
‘b> = 30.1? 
(vg); = 1.41 m/s 
(c) 


Fig. 15-18 NOTE: Show that when the velocity components are summed 


vectorially, one obtains the results shown in Fig. 15-18c. 
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fad; FUNDAMENTAL PROBLEMS 


F15-13. Determine the coefficient of restitution e between 
ball A and ball B. The velocities of A and B before and 
after the collision are shown. 


8 m/s 2 m/s 


? Q 


Before collision 


9 m/s 


After collision 


F15-13 


F15-14. The 15-Mg tank car A and 25-Mg freight car B 
travel towards each other with the velocities shown. If the 
coefficient of restitution between the bumpers is e — 0.6, 
determine the velocity of each car just after the collision. 


5 m/s p im^ 


F15-14 


F15-15. The 30-Ib package A has a speed of 5 ft/s when it 
enters the smooth ramp. As it slides down the ramp, it 
strikes the 80-Ib package B which is initially at rest. If the 
coefficient of restitution between A and B is e — 0.6, 
determine the velocity of B just after the impact. 


F15-16. Blocks A and B weigh 5 Ib and 10 Ib, respectively. 
After striking block B, A slides 2 in. to the right, and B 
slides 3 in. to the right. If the coefficient of kinetic friction 
between the blocks and the surface is uw, = 0.2, determine 
the coefficient of restitution between the blocks. Block B is 
originally at rest. 


VA 
———À 


F15-16 


F15-17. The ball strikes the smooth wall with a velocity of 
(vp), = 20 m/s. If the coefficient of restitution between the 
ball and the wall is e — 0.75, determine the velocity of the 
ball just after the impact. 


30* 
(v5) = 20 m/s 


F15-17 


F15-18. Disk A weighs 21b and slides on the smooth 
horizontal plane with a velocity of 3 ft/s. Disk B weighs 
11 lb and is initially at rest. If after impact A has a velocity 
of 1 ft/s, parallel to the positive x axis, determine the speed 
of disk B after impact. 


F15-18 
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15-55. A 1-lb ball A is traveling horizontally at 20 ft/s 
when it strikes a 10-lb block B that is at rest. If the 
coefficient of restitution between A and B is e — 0.6, and 
the coefficient of kinetic friction between the plane and the 
block is u% = 0.4, determine the time for the block B to 
stop sliding. 


*15-56. A 1-lb ball A is traveling horizontally at 20 ft/s 
when it strikes a 10-Ib block B that is at rest. If the 
coefficient of restitution between A and B is e — 0.6, and 
the coefficient of kinetic friction between the plane and the 
block is ux = 0.4, determine the distance block B slides on 
the plane before it stops sliding. 


*15-57. The three balls each have a mass m. If A has a 
speed v just before a direct collision with B, determine the 
speed of C after collision. The coefficient of restitution 
between each ball is e. Neglect the size of each ball. 


9 óó 


Prob. 15-57 


15-58. The 15-lb suitcase A is released from rest at C. 
After it slides down the smooth ramp, it strikes the 10-Ib 
suitcase B, which is originally at rest. If the coefficient of 
restitution between the suitcases is e — 0.3 and the 
coefficient of kinetic friction between the floor DE and 
each suitcase is ug = 0.4, determine (a) the velocity of A 
just before impact, (b) the velocities of A and B just after 
impact, and (c) the distance B slides before coming to rest. 


Prob. 15-58 


15-59. The 2-kg ball is thrown at the suspended 20-kg 
block with a velocity of 4 m/s. If the coefficient of restitution 
between the ball and the block is e — 0.8, determine the 
maximum height h to which the block will swing before it 
momentarily stops. 


*15-60. The 2-kg ball is thrown at the suspended 20-kg 
block with a velocity of 4 m/s. If the time of impact between 
the ball and the block is 0.005 s, determine the average normal 
force exerted on the block during this time. Take e — 0.8. 


Probs. 15-59/60 


*15-61. The slider block B is confined to move within the 
smooth slot. It is connected to two springs, each of which 
has a stiffness of k — 30 N/m. They are originally stretched 
0.5 m when s — 0 as shown. Determine the maximum 
distance, Smax, block B moves after it is hit by block A which 
is originally traveling at (v4); = 8 m/s. Take e = 0.4 and 
the mass of each block to be 1.5 kg. 


15-62. In Prob. 15-61 determine the average net force 
between blocks A and B during impact if the impact occurs 
in 0.005 s. 


k — 30 N/m 


wa) = 8 m/s 


Probs. 15-61/62 


15-63. The pile P has a mass of 800 kg and is being driven 
into loose sand using the 300-kg hammer C which is 
dropped a distance of 0.5 m from the top of the pile. 
Determine the initial speed of the pile just after it is struck 
by the hammer. The coefficient of restitution between the 
hammer and the pile is e = 0.1. Neglect the impulses due to 
the weights of the pile and hammer and the impulse due to 
the sand during the impact. 


*15-64. The pile P has a mass of 800 kg and is being driven 
into loose sand using the 300-kg hammer C which is dropped 
a distance of 0.5 m from the top of the pile. Determine the 
distance the pile is driven into the sand after one blow if the 
sand offers a frictional resistance against the pile of 18 kN. 
The coefficient of restitution between the hammer and the 
pile is e = 0.1. Neglect the impulses due to the weights of 
the pile and hammer and the impulse due to the sand during 
the impact. 


Probs. 15-63/64 


*15-65. The girl throws the ball with a horizontal velocity 
of v, — 8 ft/s. If the coefficient of restitution between the 
ball and the ground is e = 0.8, determine (a) the velocity of 
the ball just after it rebounds from the ground and (b) the 
maximum height to which the ball rises after the first 
bounce. 


Prob. 15-65 
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15-66. During an impact test, the 2000-lb weight is 
released from rest when 0 = 60°. It swings downwards and 
strikes the concrete blocks, rebounds and swings back up to 
0 — 15? before it momentarily stops. Determine the 
coefficient of restitution between the weight and the blocks. 
Also, find the impulse transferred between the weight and 
blocks during impact. Assume that the blocks do not move 
after impact. 


Prob. 15-66 


15-67. The 100-lb crate A is released from rest onto the 
smooth ramp. After it slides down the ramp it strikes the 
200-Ib crate B that rests against the spring of stiffness 
k — 600 Ib/ft. If the coefficient of restitution between the 
crates is e — 0.5, determine their velocities just after 
impact. Also, what is the spring's maximum compression? 
The spring is originally unstretched. 


k — 600 Ib/ft IE 
z | 


Prob. 15-67 
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*15-68. A ball has a mass m and is dropped onto a surface 
from a height h. If the coefficient of restitution is e between 
the ball and the surface, determine the time needed for the 
ball to stop bouncing. 


*15-69. To test the manufactured properties of 2-lb steel 
balls, each ball is released from rest as shown and strikes the 
45? smooth inclined surface. If the coefficient of restitution 
is to be e — 0.8, determine the distance s to where the ball 
strikes the horizontal plane at A. At what speed does the 
ball strike point A? 


st | 
ER ^ B 
2 ft 
45° io (o 
| { ü 
——s——34 
Prob. 15-69 


15-70. Two identical balls A and B of mass m are 
suspended from cords of length L/2 and L, respectively. 
Ball A is released from rest when $ = 90? and swings down 
to $ = 0°, where it strikes B. Determine the speed of each 
ball just after impact and the maximum angle 0 through 
which B will swing. The coefficient of restitution between 
the balls is e. 


Prob. 15-70 
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15-71. The 5-Mg truck and 2-Mg car are traveling with the 
free-rolling velocities shown just before they collide. After 
the collision, the car moves with a velocity of 15km/h to the 
right relative to the truck. Determine the coefficient of 
restitution between the truck and car and the loss of energy 
due to the collision. 


30 km/h 
—— 
10 km/h 
e— a 


Prob. 15-71 


*15-72. A 10-kg block A is released from rest 2 m above 
the 5-kg plate P, which can slide freely along the smooth 
vertical guides BC and DE. Determine the velocity of the 
block and plate just after impact. The coefficient of 
restitution between the block and the plate is e — 0.75. 
Also, find the maximum compression of the spring due to 
impact. The spring has an unstretched length of 600 mm. 


_ ^ 


2m 
| B D 
== P 
450 mm k = 1500 N/m 
G E 
Prob. 15-72 


*15-73. A row of n similar spheres, each of mass m, are 
placed next to each other as shown. If sphere 1 has a 
velocity of v;, determine the velocity of the nth sphere just 
after being struck by the adjacent (n — 1)th sphere. The 
coefficient of restitution between the spheres is e. 


MI 
QOOOOOQQ 
1 2 3 n 


Prob. 15-73 
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15-74. The three balls each have a mass of m. If A is 
released from rest at 0, determine the angle $ towhichC eee 


rises after collision. The coefficient of restitution between ee p 
each ball is e. Je pd 
F ^f A va = 10 m/s 
/ ol 
P 30° 
r4 15m 
© 
l 3m 
AY 
Prob. 15-76 


Prob. 15-74 


015-77. A 300-g ball is kicked with a velocity of 
v4 = 25 m/s at point A as shown. If the coefficient of 
restitution between the ball and the field is e — 0.4, 


Ts he ee ball, A du given an mihal velocity determine the magnitude and direction 0 of the velocity of the 


(va) = 5m/s. If it makes a direct collision with ball 


boundi Il at B. 
B (e = 0.8), determine the velocity of B and the angle 0 just RE E 
after it rebounds from the cushion at C (e' — 0.6). Each ball 
has a mass of 0.4 kg. Neglect the size of each ball. 
va = 25 m/s 
Vp a j bi 
0 30° 
B A 


Prob. 15-77 


15-78. Using a slingshot, the boy fires the 0.2-lb marble at 
the concrete wall, striking it at B. If the coefficient of 
restitution between the marble and the wall is e = 0.5, 
determine the speed of the marble after it rebounds from 


the wall. 
Prob. 15-75 
va = 75 ft/s 
A 
*15-76. The girl throws the 0.5-kg ball toward the wall E ! 


with an initial velocity v4 = 10 m/s. Determine (a) the 

velocity at which it strikes the wall at B, (b) the velocity at 

which it rebounds from the wall if the coefficient of |. 100 ft - 
restitution e — 0.5, and (c) the distance s from the wall to 

where it strikes the ground at C. Prob. 15-78 
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15-79. The 2-kg ball is thrown so that it travels 
horizontally at 10 m/s when it strikes the 6-kg block as it is 
traveling down the inclined plane at 1 m/s. If the coefficient 
of restitution between the ball and the block is e = 0.6, 
determine the speeds of the ball and the block just after the 
impact. Also, what distance does B slide up the plane before 
it momentarily stops? The coefficient of kinetic friction 
between the block and the plane is uj, = 0.4. 


*15-80. The 2-kg ball is thrown so that it travels 
horizontally at 10 m/s when it strikes the 6-kg block as it 
travels down the smooth inclined plane at 1 m/s. If the 
coefficient of restitution between the ball and the block is 
e = 0.6, and the impact occurs in 0.006 s, determine the 
average impulsive force between the ball and block. 


1 m/s 


Probs. 15-79/80 


*15-81. Two cars A and B each have a weight of 4000 Ib 
and collide on the icy pavement of an intersection. The 
direction of motion of each car after collision is measured 
from snow tracks as shown. If the driver in car A states that 
he was going 44 ft/s (30 mi/h) just before collision and that 
after collision he applied the brakes so that his car skidded 
10 ft before stopping, determine the approximate speed of 
car B just before the collision. Assume that the coefficient 
of kinetic friction between the car wheels and the pavement 
is ug = 0.15. Note: The line of impact has not been defined; 
however, this information is not needed for the solution. 


- 


Prob. 15-81 
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15-82. The pool ball A travels with a velocity of 10 m/s 
just before it strikes ball B, which is at rest. If the masses of 
A and B are each 200 g, and the coefficient of restitution 
between them is e — 0.8, determine the velocity of both 
balls just after impact. 


Prob. 15-82 


15-83. Two coins A and B have the initial velocities shown 
just before they collide at point O. If they have weights of 
W,4-—132(107) lb and Wg = 6.60(00 7) Ib. and the 
surface upon which they slide is smooth, determine their 
speeds just after impact. The coefficient of restitution is 
e — 0.65. 


Line of impact 


Prob. 15-83 


*15-84. Two disks A and B weigh 2 lb and 5 Ib, respectively. 
If they are sliding on the smooth horizontal plane with the 
velocities shown, determine their velocities just after impact. 
The coefficient of restitution between the disks is e — 0.6. 


y 


10 ft/s 


Prob. 15-84 


*15-85. Disks A and B have a mass of 15 kg and 10 kg, 
respectively. If they are sliding on a smooth horizontal 
plane with the velocities shown, determine their speeds just 
after impact. The coefficient of restitution between them is 
e = 0.8. 


Prob. 15-85 


15-86. Disks A and B have a mass of 6 kg and 4 kg, 
respectively. If they are sliding on the smooth horizontal 
plane with the velocities shown, determine their speeds just 
after impact. The coefficient of restitution between the 
disks is e = 0.6. 


Prob. 15-86 
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15-87. Disks A and B weigh 8 Ib and 2 lb, respectively. If 
they are sliding on the smooth horizontal plane with the 
velocities shown, determine their speeds just after impact. 
The coefficient of restitution between them is e — 0.5. 


M 


13 ft/s 


26 ft/s 
ues 


x 


*15-88. Ball A strikes ball B with an initial velocity of (v4), 
as shown. If both balls have the same mass and the collision is 
perfectly elastic, determine the angle 0 after collision. Ball B 
is originally at rest. Neglect the size of each ball. 


x 


(Y) 


(Va) Prob. 15-88 


*15-89. Two disks A and B each have a weight of 2 Ib and 
the initial velocities shown just before they collide. If the 
coefficient of restitution is e — 0.5, determine their speeds 
just after impact. 


(v4) = 4 ft/s 


—À 
(vg), = 3 ft/s 


Prob. 15-89 


Prob. 15-87 u 
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15.5 Angular Momentum 


The angular momentum of a particle about point O is defined as the 
“moment” of the particle's linear momentum about O. Since this concept 
is analogous to finding the moment of a force about a point, the angular 
momentum, Hg, is sometimes referred to as the moment of momentum. 


Scalar Formulation. If a particle moves along a curve lying in the 
x-y plane, Fig. 15-19, the angular momentum at any instant can be 
determined about point O (actually the z axis) by using a scalar 
formulation. The magnitude of Hg is 


(Ho); — (d)(mv) (15-12) 


Here d is the moment arm or perpendicular distance from O to the line 
of action of mv. Common units for (Hg), are kg - m?/s or slug - ft?/s. The 
direction of Ho is defined by the right-hand rule. As shown, the curl of 
the fingers of the right hand indicates the sense of rotation of mv about 
O, so that in this case the thumb (or Ho) is directed perpendicular to the 
x—y plane along the +z axis. 


Vector Formulation. If the particle moves along a space curve, 
Fig. 15-20, the vector cross product can be used to determine the angular 
momentum about O. In this case 


Ho = r x mv (15-13) 


Here r denotes a position vector drawn from point O to the particle. As 
shown in the figure, Ho is perpendicular to the shaded plane containing 
r and mv. 

In order to evaluate the cross product, r and mv should be expressed in 
terms of their Cartesian components, so that the angular momentum can 
be determined by evaluating the determinant: 


Ho =|", n. Te (15-14) 


15.6 RELATION BETWEEN MOMENT OF A FORCE AND ANGULAR MOMENTUM 


15.6 Relation Between Moment of a 
Force and Angular Momentum 


The moments about point O of all the forces acting on the particle in 
Fig. 15-21a can be related to the particle’s angular momentum by applying 
the equation of motion. If the mass of the particle is constant, we may write 


=F = mv 
The moments of the forces about point O can be obtained by performing 
a cross-product multiplication of each side of this equation by the 
position vector r, which is measured from the x, y, z inertial frame of 
reference. We have 


My =r X SF =r X mv 


From Appendix B, the derivative of r X mv can be written as 


: d . 1 
Ho = z; Œ X mv) 5i X my +r x my 


The first term on the right side, t X mv = m(r X r) = 0, since the cross 
product of a vector with itself is zero. Hence, the above equation 
becomes 


XMo = Ho (15-15) 


which states that the resultant moment about point O of all the forces 
acting on the particle is equal to the time rate of change of the particle’s 
angular momentum about point O. This result is similar to Eq. 15-1, i.e., 


XEcE (15-16) 


Here L = mv, so that the resultant force acting on the particle is equal to 
the time rate of change of the particle's linear momentum. 

From the derivations, it is seen that Eqs. 15-15 and 15-16 are actually 
another way of stating Newton's second law of motion. In other sections 
of this book it will be shown that these equations have many practical 
applications when extended and applied to problems involving either a 
system of particles or a rigid body. 


O 


Inertial coordinate 
system 


(a) 
Fig. 15-21 
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System of Particles. An equation having the same form as 
Eq. 15-15 may be derived for the system of particles shown in 
Fig. 15—21b. The forces acting on the arbitrary ith particle of the system 
consist of a resultant external force F; and a resultant internal force f;. 
Expressing the moments of these forces about point O, using the form 
of Eq. 15-15, we have 


(r; X E) + (r; X £) = (Hijo 


Here (H;)o is the time rate of change in the angular momentum of the 
ith particle about O. Similar equations can be written for each of the 
other particles of the system. When the results are summed vectorially, 
the result is 


E(r, X E) + Z(r, X f) = Z(Hj)o 


The second term is zero since the internal forces occur in equal but 
opposite collinear pairs, and hence the moment of each pair about point 
O is zero. Dropping the index notation, the above equation can be 
written in a simplified form as 


XMo = Ho (15-17) 


which states that the sum of the moments about point O of all the external 
forces acting on a system of particles is equal to the time rate of change of 
the total angular momentum of the system about point O. Although O has 
been chosen here as the origin of coordinates, it actually can represent 
any fixed point in the inertial frame of reference. 


Inertial coordinate 
system 


(b) 
Fig. 15-21 (cont.) 


15.6 RELATION BETWEEN MOMENT OF A FORCE AND ANGULAR MOMENTUM 


EXAMPLE |15.12 


The box shown in Fig. 15-22a has a mass m and travels down the 
smooth circular ramp such that when it is at the angle 0 it has a speed 
v. Determine its angular momentum about point O at this instant and 
the rate of increase in its speed, i.e., a;. 


Fig. 15-22 


SOLUTION 
Since v is tangent to the path, applying Eq. 15-12 the angular 
momentum is 


Ho = rmv 2 Ans. 


The rate of increase in its speed (dv/dt) can be found by applying 
Eq. 15-15. From the free-body diagram of the box, Fig. 15-22b, it can 
be seen that only the weight W — mg contributes a moment about 
point O. We have 


C -XMo- Ho; mg(r sin 0) — » 


(rmv) 


Since r and m are constant, 


ind dv 
mer sin =i = 
d dt 


dv 

— = gsin 0 Ans. 

Jm g sin ns. 
NOTE: This same result can, of course, be obtained from the equation 
of motion applied in the tangential direction, Fig. 15-22b, i.e., 


+/>F, = oma; mg sin 0 = m( 22) 


d 
= 88nd 
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15.7 Principle of Angular Impulse and 
Momentum 


Principle of Angular Impulse and Momentum. If Eq. 15-15 
is rewritten in the form ZModt = dHo and integrated, assuming that at 
time t = ti, Ho = (Ho); and at time t = £j, Ho = (Ho);, we have 


tz 
z ji Modi = (Ho); — (Ho): 
ti 
or 


(Ho), + x [ Moat = (Ho)2 (15-18) 


This equation is referred to as the principle of angular impulse and 
momentum. The initial and final angular momenta (Ho); and (Ho), are 
defined as the moment of the linear momentum of the particle 
(Ho = r X mv) at the instants t; and h, respectively. The second term 
on the left side, X J Mo dt, is called the angular impulse. It is determined 
by integrating, with respect to time, the moments of all the forces acting 
on the particle over the time period tr; to t. Since the moment of a force 
about point O is Mo = r X F, the angular impulse may be expressed in 
vector form as 


(i5 D 
angular impulse — J Mo dt = i) (r X F) dt (15-19) 
ty 1j 


Here r is a position vector which extends from point O to any point on 
the line of action of F. 

In a similar manner, using Eq. 15-18, the principle of angular impulse 
and momentum for a system of particles may be written as 


th 
Z(Ho) + z] Mo dt = Z(Ho); (15-20) 
f 
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Here the first and third terms represent the angular momenta of all the 
particles [ZH = Z£X(r; X mv;)] at the instants t; and t. The second term 
is the sum of the angular impulses given to all the particles from t, to t. 
Recall that these impulses are created only by the moments of the external 
forces acting on the system where, for the ith particle, Mo = r; X F;. 


Vector Formulation. Using impulse and momentum principles, it 
is therefore possible to write two equations which define the particle's 
motion, namely, Eqs. 15-3 and Eqs. 15-18, restated as 


i 
3 
S 


ty 
MY, 3r zi F dt 
A (15-21) 


| 

= 
o 
S 


ty 
(Ho), sr a Mo dt = 
ti 


Scalar Formulation. In general, the above equations can be 
expressed in x, y, z component form, yielding a total of six scalar 
equations. If the particle is confined to move in the x-y plane, three 
scalar equations can be written to express the motion, namely, 


ty 
m(v,)i a a F, dt = m(,)5 
ti 
t 
mw) + X | F,dt = m(vy); (15-22) 
ti 
ty 
(Ho) + 2 | Modt = (Ho) 
ti 


The first two of these equations represent the principle of linear impulse 
and momentum in the x and y directions, which has been discussed in 
Sec. 15.1, and the third equation represents the principle of angular 
impulse and momentum about the z axis. 
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Fig. 15-23 


Provided air resistance is neglected, the 
passengers on this amusement-park ride are 
subjected to a conservation of angular 
momentum about the axis of rotation. As 
shown on the free-body diagram, the line of 
action of the normal force N of the seat on 
the passenger passes through the axis, and the 
passenger’s weight W is parallel to it. Thus, 
no angular impulse acts around the z axis. 


Conservation of Angular Momentum. When the angular 
impulses acting on a particle are all zero during the time f; to tj, Eq. 15-18 
reduces to the following simplified form: 


(Ho); = (Ho); (15-23) 


This equation is known as the conservation of angular momentum. It 
states that from f, to f£ the particle’s angular momentum remains 
constant. Obviously, if no external impulse is applied to the particle, both 
linear and angular momentum will be conserved. In some cases, 
however, the particle's angular momentum will be conserved and linear 
momentum may not. An example of this occurs when the particle is 
subjected only to a central force (see Sec. 13.7). As shown in Fig. 15-23, 
the impulsive central force F is always directed toward point O as the 
particle moves along the path. Hence, the angular impulse (moment) 
created by F about the z axis is always zero, and therefore angular 
momentum of the particle is conserved about this axis. 

From Eq. 15-20, we can also write the conservation of angular 
momentum for a system of particles as 


Z(Ho), = =(Ho)2 (15-24) 


In this case the summation must include the angular momenta of all 
particles in the system. 


Procedure for Analysis 


When applying the principles of angular impulse and momentum, or 
the conservation of angular momentum, it is suggested that the 
following procedure be used. 


Free-Body Diagram. 


* Draw the particle's free-body diagram in order to determine any 
axis about which angular momentum may be conserved. For this 
to occur, the moments of all the forces (or impulses) must either 
be parallel or pass through the axis so as to create zero moment 
throughout the time period 1; to t. 


The direction and sense of the particle's initial and final velocities 
should also be established. 


An alternative procedure would be to draw the impulse and 
momentum diagrams for the particle. 


Momentum Equations. 


* Apply the principle of angular impulse and momentum, 
(Ho); + X S Modt = (Ho), or if appropriate, the conservation 
of angular momentum, (Ho), = (Ho);. 
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EXAMPLE [15.13 


The 1.5-Mg car travels along the circular road as shown in Fig. 15—24a. 
If the traction force of the wheels on the road is F = (1507?) N, where 
t is in seconds, determine the speed of the car when t = 5s. The car 
initially travels with a speed of 5 m/s. Negect the size of the car. 


SOLUTION 


Free-Body Diagram. The free-body diagram of the car is shown in 
Fig. 15-24b. If we apply the principle of angular impulse and 
momentum about the z axis, then the angular impulse created by the 
weight, normal force, and radial frictional force will be eliminated 
since they act parallel to the axis or pass through it. 


Principle of Angular Impulse and Momentum. 


t2 
GLA E | M, dt = (Hy, W = 1500 (9.81)N 
t 


1 


t 
rmo((v), + J rF dt = rm((v); 
ti 


DIS 
(100 m)(1500 kg)(5 m/s) + (100 m)[(15027) N] at F = (150)N 
0 
= (100 m)(1500 kg)(v.); 
5s 
750(105) + 5000| = 150(103)(v,)> T 
0 


(vs ex m/s 5 Fig. 15-24 
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EXAMPLE |15.14 


The 0.8-Ib ball B, shown in Fig. 15-25a, is attached to a cord which 
passes through a hole at A in a smooth table. When the ball is 
rj = 1.75 ft from the hole, it is rotating around in a circle such that its 
speed is v, = 4ft/s. By applying the force F the cord is pulled 
downward through the hole with a constant speed v, — 6 ft/s. 
Determine (a) the speed of the ball at the instant it is r} = 0.6 ft from 
the hole, and (b) the amount of work done by F in shortening the 
radial distance from z to r;. Neglect the size of the ball. 


SOLUTION 


Part (a) Free-Body Diagram. As the ball moves from rı to n, 
Fig. 15-255, the cord force F on the ball always passes through the z axis, 
and the weight and Nz are parallel to it. Hence the moments, or angular 
impulses created by these forces, are all zero about this axis. Therefore, 
angular momentum is conserved about the z axis. 


Conservation of Angular Momentum. The ball’s velocity v; is 
resolved into two components. The radial component, 6 ft/s, is known; 
however, it produces zero angular momentum about the z axis. Thus, 


H; = H, 


rimgv; = rMmgvy 


81 81 
LS E ay 5) 4 ft/s = 0.6 E EB 3r 
32.2 ft/s 32.2 ft/s 


v, = 11.67 ft/s 
ots The speed of the ball is thus 


(b) 
= 11.67 ft/s)? + (6 ft/s)” 
Fig. 15-25 i MA " PRU 
= B S 


Part (b). The only force that does work on the ball is F. (The normal 
force and weight do not move vertically.) The initial and final kinetic 
energies of the ball can be determined so that from the principle of 
work and energy we have 


Tı dr EU, = T 


1/ 081b 
4 ft/s)? + Up = ( 
J p 32.2 ft/s? 


A 0.8 Ib 


3 Jasa ft/s)? 


Up = 1.94 ft- Ib Ans. 


2\32.2 ft/s? 


NOTE: The force F is not constant because the normal component of 
acceleration, a, = v?/r, changes as r changes. 
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EXAMPLE [15.15 


The 2-kg disk shown in Fig. 15-26a rests on a smooth horizontal 
surface and is attached to an elastic cord that has a stiffness 
k, = 20 N/m and is initially unstretched. If the disk is given a velocity 
(vp), = 1.5 m/s, perpendicular to the cord, determine the rate at 
which the cord is being stretched and the speed of the disk at the 
instant the cord is stretched 0.2 m. 


SOLUTION 


Free-Body Diagram. After the disk has been launched, it slides 
along the path shown in Fig. 15-265. By inspection, angular 
momentum about point O (or the z axis) is conserved, since none of 
the forces produce an angular impulse about this axis. Also, when 
the distance is 0.7 m, only the transverse component (v5)? produces 
angular momentum of the disk about O. 


Conservation of Angular Momentum. The component (vp). can 
be obtained by applying the conservation of angular momentum 
about O (the z axis). 


(Ho); = (Ho) 
rımp(vp) = rmp(vp)o 
0.5 m (2 kg)(1.5 m/s) = 0.7 m(2 kg)(v); 
(v'p)2 = 1.071 m/s 
Conservation of Energy. The speed of the disk can be obtained by 


applying the conservation of energy equation at the point where the 
disk was launched and at the point where the cord is stretched 0.2 m. 


Tit Vy =7T2+ V2 


5mp(vp) ats Ikxi amp(vp)s um jo 


32 kg) (1.5 m/s)? + 0 = 3(2kg)(vp)3 + 3(20 N/m)(0.2 m)? 
(vp)2 = 1.360 m/s = 1.36 m/s Ans. 


Having determined (vp), and its component (v/5);, the rate of stretch of 
the cord, or radial component, (v5); is determined from the Pythagorean 
theorem, 


(vb)a = V (vD) — (vb? 
= WV/ (1360 m/s)? — (1.071 m/s)? 
— 0.838 m/s 


y 


v .5 m/s 
Ne 1 


» 


0.5m 
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E FUNDAMENTAL PROBLEMS 


F15-19. The 2-kg particle A has the velocity shown. 
Determine its angular momentum Ho about point O. 


y 10 m/s 
ft 
3 
| 2kg| A4 
3m 
| 
o 4m | 
F15-19 


F15-20. The 2-kg particle A has the velocity shown. 
Determine its angular momentum Hp about point P. 


| 3m 2m 


F15-20 


F15-21. Initially the 5-kg block is rotating with a constant 
speed of 2 m/s around the circular path centered at O on 
the smooth horizontal plane. If a constant tangential force 
F — 5N is applied to the block, determine its speed when 
t = 3s. Neglect the size of the block. 


F15-21 


F15-22. The 5-kg block is rotating around the circular path 
centered at O on the smooth horizontal plane when it is 
subjected to the force F = (10r) N, where t is in seconds. If 
the block starts from rest, determine its speed when t — 4 s. 
Neglect the size of the block. The force maintains the same 
constant angle tangent to the path. 


,F7 (10) N 


F15-22 
F15-23. The 2-kg sphere is attached to the light rigid rod, 
which rotates in the horizontal plane centered at O. If the 
system is subjected to a couple moment M = (0.977) N + m, 
where ż is in seconds, determine the speed of the sphere at 
the instant f = 5 s starting from rest. 


M = (0.92) ml A in 


F15-23 
F15-24. Two identical 10-kg spheres are attached to the 


light rigid rod, which rotates in the horizontal plane 
centered at O. If the spheres are subjected to tangential 
forces of P — 10 N, and the rod is subjected to a couple 
moment M = (8t) N-m, where t is in seconds, determine 
the speed of the spheres at the instant t = 4s. The system 


starts from rest. Neglect the size of the spheres. 
P=10N 


| 0.5 m T 0.5m 
M = (8t)N-m 


Y 


F15-24 
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ET PROBLEMS 


15-90. The spheres A and B each weighing 4 Ib, are 
welded to the light rods that are rigidly connected to a shaft 
as shown. If the shaft is subjected to a couple moment of 
M = (4? + 2) lb - ft, where t is in seconds, determine the 
speed of A and B when t — 3 s. The system starts from rest. 
Neglect the size of the spheres. 


M = (41? + 2) lb-ft 


Prob. 15-90 


15-91. If the rod of negligible mass is subjected to a 
couple moment of M = (307) N -m and the engine of the 
car supplies a traction force of F = (15t) N to the wheels, 
where ż is in seconds, determine the speed of the car at the 
instant f = 5 s. The car starts from rest. The total mass of 
the car and rider is 150 kg. Neglect the size of the car. 


Prob. 15-91 


15-92. The 10-Ib block rests on a surface for which 
uk = 0.5. It is acted upon by a radial force of 2 lb and a 
horizontal force of 7 lb, always directed at 30° from the 
tangent to the path as shown. If the block is initially moving 
in a circular path with a speed v, — 2 ft/s at the instant the 
forces are applied, determine the time required before the 
tension in cord AB becomes 20 Ib. Neglect the size of the 
block for the calculation. 


15-93. The 10-Ib block is originally at rest on the smooth 
surface. It is acted upon by a radial force of 2 Ib and a 
horizontal force of 7 Ib, always directed at 30° from the 
tangent to the path as shown. Determine the time required 
to break the cord, which requires a tension T = 30 Ib. What 
is the speed of the block when this occurs? Neglect the size 
of the block for the calculation. 


Probs. 15-92/93 


15-94. The projectile having a mass of 3 kg is fired from a 
cannon with a muzzle velocity of vy = 500 m/s. Determine 
the projectile's angular momentum about point O at the 
instant it is at the maximum height of its trajectory. 


y 
Vo 
45° 
x 
O 
Prob. 15-94 
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15-95. The 3-lb ball located at A is released from rest and 
travels down the curved path. If the ball exerts a normal 
force of 5 Ib on the path when it reaches point B, determine 
the angular momentum of the ball about the center of 
curvature, point O. Hint: Neglect the size of the ball. The 
radius of curvature at point B must first be determined. 


Prob. 15-95 


*15-96. The ball B has a mass of 10 kg and is attached to 
the end of a rod whose mass can be neglected. If the shaft is 
subjected to a torque M = (21? + 4) N : m, where t is in 
seconds, determine the speed of the ball when t = 2s. The 
ball has a speed v = 2 m/s when t = 0. 


Prob. 15-96 


KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 


*15-97. The two spheres each have a mass of 3 kg and are 
attached to the rod of negligible mass. If a torque 
M = (6€?) N+ m, where t is in seconds, is applied to the 
rod as shown, determine the speed of each of the spheres in 
2 s, starting from rest. 


15-98. The two spheres each have a mass of 3 kg and are 
attached to the rod of negligible mass. Determine the time the 
torque M = (8t) N * m, where t is in seconds, must be 
applied to the rod so that each sphere attains a speed of 3 m/s 
starting from rest. 


Probs. 15-97/98 


15-99. Anamusement park ride consists of a car which is 
attached to the cable OA. The car rotates in a horizontal 
circular path and is brought to a speed v, = 4 ft/s when 
r — 12 ft. The cable is then pulled in at the constant rate of 
0.5 ft/s. Determine the speed of the car in 3 s. 


Prob. 15-99 
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*15-100. An earth satellite of mass 700 kg is launched into 
a free-flight trajectory about the earth with an initial speed 
of v4 = 10 km/s when the distance from the center of the 
earth is r4 — 15 Mm. If the launch angle at this position is 
$a = 70°, determine the speed vg of the satellite and its 
closest distance rg from the center of the earth. The earth 
has a mass M, = 5.976(107* kg. Hint: Under these 
conditions, the satellite is subjected only to the earth's 
gravitational force, F = GM.m,/r*, Eq. 13-1. For part of 
the solution, use the conservation of energy. 


Prob. 15-100 


*15-101. The 2-kg ball rotates around a 0.5-m-diameter 
circular path with a constant speed. If the cord length is 
shortened from / = 1 m to l’ = 0.5 m, by pulling the cord 
through the tube, determine the new diameter of the path 
d'. Also, what is the tension in the cord in each case? 


Prob. 15-101 


15-102. A gymnast having a mass of 80 kg holds the two 
rings with his arms down in the position shown as he swings 
downward. His center of mass is located at point G;. When 
he is at the lowest position of his swing, his velocity is 
(vg); = 5 m/s. At this position he suddenly lets his arms 
come up, shifting his center of mass to position Gə. 
Determine his new velocity in the upswing and the angle 0 
to which he swings before momentarily coming to rest. 
Treat his body as a particle. 


GP 


Prob. 15-102 


15-103. The four 5-Ib spheres are rigidly attached to the 
crossbar frame having a negligible weight. If a couple 
moment M = (0.5t + 0.8) lb-ft, where t is in seconds, is 
applied as shown, determine the speed of each of the 
spheres in 4 seconds starting from rest. Neglect the size of 
the spheres. 


M = (0.5t + 0.8) Ib - ft 


Prob. 15-103 
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*15-104. At the instant r = 1.5 m, the 5-kg disk is given a 
speed of v — 5 m/s, perpendicular to the elastic cord. 
Determine the speed of the disk and the rate of shortening 
of the elastic cord at the instant r — 1.2 m. The disk slides 
on the smooth horizontal plane. Neglect its size. The cord 
has an unstretched length of 0.5 m. 


Prob. 15-104 


*15-105. The 150-Ib car of an amusement park ride is 
connected to a rotating telescopic boom. When r = 15 ft, 
the car is moving on a horizontal circular path with a speed 
of 30 ft/s. If the boom is shortened at a rate of 3ft/s, 
determine the speed of the car when r — 10 ft. Also, find 
the work done by the axial force F along the boom. Neglect 
the size of the car and the mass of the boom. 


Prob. 15-105 
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15-106. A small ball bearing of mass m is given a velocity 
of vp at A parallel to the horizontal rim of a smooth bowl. 
Determine the magnitude of the velocity v of the ball when 
it has fallen through a vertical distance to reach point B. 
Angle 0 is measured from v to the horizontal at point B. 


Prob. 15-106 


15-107. When the 2-kg bob is given a horizontal speed of 
1.5 m/s, it begins to rotate around the horizontal circular 
path A. If the force F on the cord is increased, the bob rises 
and then rotates around the horizontal circular path B. 
Determine the speed of the bob around path B. Also, find 
the work done by force F. 


600 mm 


d> 


Prob. 15-107 
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15.8 Steady Flow of a Fluid Stream 


Up to this point we have restricted our study of impulse and momentum 
principles to a system of particles contained within a closed volume. In 
this section, however, we will apply the principle of impulse and 
momentum to the steady mass flow of fluid particles entering into and 
then out of a control volume. This volume is defined as a region in space 
where fluid particles can flow into or out of a region. The size and shape 
of the control volume is frequently made to coincide with the solid 
boundaries and openings of a pipe, turbine, or pump. Provided the flow of 
the fluid into the control volume is equal to the flow out, then the flow can 
be classified as steady flow. 


Principle of Impulse and Momentum. Consider the steady flow 


of a fluid stream in Fig. 15-27a that passes through a pipe. The region A 
within the pipe and its openings will be taken as the control volume. As VA 
shown, the fluid flows into and out of the control volume with velocities v4 
and vg, respectively. The change in the direction of the fluid flow within the : 
control volume is caused by an impulse produced by the resultant external 
VB 


force exerted on the control surface by the wall of the pipe. This resultant 
force can be determined by applying the principle of impulse and 
momentum to the control volume. (a) 


Fig. 15-27 


The air on one side of this fan is 
essentially at rest, and as it passes through 
the blades its momentum is increased. To 
change the momentum of the air flow in 
this manner, the blades must exert a 
horizontal thrust on the air stream. As the 


The conveyor belt must supply frictional 
forces to the gravel that falls upon it in 
order to change the momentum of the 
gravel stream, so that it begins to travel 
along the belt. 


blades turn faster, the equal but opposite 
thrust of the air on the blades could 
overcome the rolling resistance of the 
wheels on the ground and begin to move 
the frame of the fan. 
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O Timet 
Aa 
is c CK." 
-a 
iR EE Ap 
ds, h a 
dsp dm 


(c) 
Fig. 15-27 (cont.) 


EF dt 


dm vg 


O Time dt O Time: + dt 


(b) 


As indicated in Fig. 15-27b, a small amount of fluid having a mass dm 
is about to enter the control volume through opening A with a velocity 
of v, at time t. Since the flow is considered steady, at time t + dt, the 
same amount of fluid will leave the control volume through opening B 
with a velocity vg. The momenta of the fluid entering and leaving the 
control volume are therefore dmv, and dm vg, respectively. Also, 
during the time dt, the momentum of the fluid mass within the control 
volume remains constant and is denoted as my. As shown on the center 
diagram, the resultant external force exerted on the control volume 
produces the impulse =F dt. If we apply the principle of linear impulse 
and momentum, we have 


dmv, + mv + ÈF dt = dm vg + mv 


If r, r4, r5 are position vectors measured from point O to the geometric 
centers of the control volume and the openings at A and B, Fig. 15-27b, 
then the principle of angular impulse and momentum about O becomes 


rA X dmvA xr X mv  r' X EF dt =r X mv * rg X dm vp 


Dividing both sides of the above two equations by dt and simplifying, 
we get 


d 
DF = "(vp — v) (15-25) 
dt 
dm 
=Mo = —-(rg X Vg — rA X Va) (15-26) 


dt 
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The term dm/dt is called the mass flow. It indicates the constant amount of 
fluid which flows either into or out of the control volume per unit of time. If 
the cross-sectional areas and densities of the fluid at the entrance A are 
A 4, pA and at exit B, Ag, pg, Fig. 15-27c, then for an incompressible fluid, 
the continuity of mass requires dm = pdV = p4(ds4AA) = pp(dspAg). 
Hence, during the time dt, since v4 = ds,/dt and vg = dsp/dt, we have 
dm/dt = p4vAAA = pgUpgAg or in general, 


d 
p = pvA = pQ (15-27) 


The term Q = vA measures the volume of fluid flow per unit of time and 
is referred to as the discharge or the volumetric flow. 


Procedure for Analysis 


Problems involving steady flow can be solved using the following 
procedure. 


Kinematic Diagram. 


* Identify the control volume. If it is moving, a kinematic diagram 
may be helpful for determining the entrance and exit velocities of 
the fluid flowing into and out of its openings since a relative- 
motion analysis of velocity will be involved. 


The measurement of velocities v4 and vg must be made by an 
observer fixed in an inertial frame of reference. 


Once the velocity of the fluid flowing into the control volume is 
determined, the mass flow is calculated using Eq. 15-27. 


Free-Body Diagram. 


* Draw the free-body diagram of the control volume in order to 
establish the forces XF that act on it. These forces will include the 
support reactions, the weight of all solid parts and the fluid 
contained within the control volume, and the static gauge 
pressure forces of the fluid on the entrance and exit sections.* 
The gauge pressure is the pressure measured above atmospheric 
pressure, and so if an opening is exposed to the atmosphere, the 
gauge pressure there will be zero. 


Equations of Steady Flow. 

* Apply the equations of steady flow, Eqs. 15-25 and 15-26, using 
the appropriate components of velocity and force shown on the 
kinematic and free-body diagrams. 


* In the SI system, pressure is measured using the pascal (Pa), where 1Pa = 1 N/m’. 
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EXAMPLE [15.16 


Determine the components of reaction which the fixed pipe joint at A 
exerts on the elbow in Fig. 15—28a, if water flowing through the pipe is 
subjected to a static gauge pressure of 100 kPa at A. The discharge at 
B is Qg = 0.2 m?/s. Water has a density p, = 1000 kg/m?, and the 
water-filled elbow has a mass of 20 kg and center of mass at G. 


SOLUTION 

We will consider the control volume to be the outer surface of the 
elbow. Using a fixed inertial coordinate system, the velocity of flow at 
A and B and the mass flow rate can be obtained from Eq. 15-27. Since 
the density of water is constant, Qg = Q4 = Q. Hence, 


am = p,Q = (1000 kg/m?)(0.2 m3/s) = 200 kg/s 
Q | 0.2m?/s 
— Ans  m(0.05 m)? 


Q 02m*/s Su 
cr ae EN 
"AC AA nOr n 


UB = 25.46 m/s | 


Free-Body Diagram. As shown on the free-body diagram of the 
control volume (elbow) Fig. 15-28b, the fixed connection at A exerts a 
resultant couple moment Mo and force components F, and F, on the 
elbow. Due to the static pressure of water in the pipe, the pressure 
force acting on the open control surface at A is F4 = p4A4. Since 
1 kPa = 1000 N/m’, 


F, pAAA = [100(103) N/m?][r(0.1 m)?] = 3141.6 N 


There is no static pressure acting at B, since the water is discharged at 
atmospheric pressure; i.e., the pressure measured by a gauge at B is 
equal to zero, pg = 0. 


Equations of Steady Flow. 
d 
+ UF = FAC — vA); —F, + 3141.6N = 200 kg/s(0 — 6.37 m/s) 
F, = 4.41 kN Ans. 


d 
+ TSF, =" (ogy — va); F, - 20(9.81) N = 200 kg/s(-25.46 m/s — 0) 


dt 
F, = 490 kN Ans. 


If moments are summed about point O, Fig. 15-28b, then F,, E and 
the static pressure F4 are eliminated, as well as the moment of 
momentum of the water entering at A, Fig. 15-28a. Hence, 


ur 


C*ZMgo- " (dogtg — doava) 
Mo + 20(9.81) N (0.125 m) = 200 kg/s[(0.3 m) (25.46 m/s) — 0] 
Mo = L50kN:m Ans. 
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EXAMPLE |15.17 


A 2-in.-diameter water jet having a velocity of 25 ft/s impinges upon a 
single moving blade, Fig. 15-29a. If the blade moves with a constant 
velocity of 5 ft/s away from the jet, determine the horizontal and vertical 
components of force which the blade is exerting on the water. What 
power does the water generate on the blade? Water has a specific weight 
of y,, = 62.4 lb/ft?. 


SOLUTION 

Kinematic Diagram. Here the control volume will be the stream of 
water on the blade. From a fixed inertial coordinate system, 
Fig. 15-295, the rate at which water enters the control volume at A is 


MAE (25i) ft/s 
The  relative-flow velocity within the control volume is 
Vw/cu = Vw — Vey = 25i — Si = (201) ft/s. Since the control volume is 
moving with a velocity of Ve = {5i} ft/s, the velocity of flow at B 


measured from the fixed x, y axes is the vector sum, shown in 
Fig. 15-29b. Here, 


— 
Up; = 5 ft/s 


Vg — Vey + Vw/co 
= (5i + 20j} ft/s 

Thus, the mass flow of water onto the control volume that undergoes a 
momentum change is 

dm 62.4 INe 

AE Ay = |= 20 — = 0.8456 sl 

E, puc A Gar Le | 8 56 slug/s 

Free-Body Diagram. The free-body diagram of the control volume 
is shown in Fig. 15-29c. The weight of the water will be neglected in 
the calculation, since this force will be small compared to the reactive 
components F, and F,. 


Equations of Steady Flow. 


dm 
zE- pu zw) 


=F at Fj — 0.8456( 50 + 20y — 251) 
Equating the respective i and j components gives 
F, = 0.8456(20) = 16.9 Ib — Ans. 


F, = 0.8456(20) = 16.9 Ib f Ans. 


The water exerts equal but opposite forces on the blade. 

Since the water force which causes the blade to move forward 
horizontally with a velocity of 5 ft/s is F, = 16.9 Ib, then from Eq. 14-10 
the power is 


PM p. 269 Pf 
Md SSOhp/(ft-Ib/s) ^^ P 
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Control 
Volume 
mv 
mv, 
<< 
m, 
Time t 


*15.9 Propulsion with Variable Mass 


A Control Volume That Loses Mass. Consider a device such as 
a rocket which at an instant of time has a mass m and is moving forward 
with a velocity v, Fig. 15—30a. At this same instant the amount of mass m, 
is expelled from the device with a mass flow velocity v,. For the analysis, 
the control volume will include both the mass m of the device and the 
expelled mass m,. The impulse and momentum diagrams for the control 
volume are shown in Fig. 15-30b. During the time dt, its velocity is 
increased from v to v + dv since an amount of mass dm, has been ejected 
and thereby gained in the exhaust. This increase in forward velocity, 
however, does not change the velocity v, of the expelled mass, as seen by 
a fixed observer, since this mass moves with a constant velocity once it has 
been ejected. The impulses are created by ZF,, which represents the 
resultant of all the external forces, such as drag or weight, that act on the 
control volume in the direction of motion. This force resultant does not 
include the force which causes the control volume to move forward, since 
this force (called a thrust) is internal to the control volume; that is, the 
thrust acts with equal magnitude but opposite direction on the mass rn of 
the device and the expelled exhaust mass m,.* Applying the principle of 
impulse and momentum to the control volume, Fig. 15-305, we have 


(5) mv — mv, + EF, dt = (m — dm,)(v + dv) — (m, + dm,)v, 


or 


YF. dt = —v dm, + mdv — dm, dv — v, dm, 


(m — dm,) (v + dv) 
——À- 


(m, + dmj)v, 
E 


XF, dt 
(m, + moo = 
Time dt Time t + dt 
(b) 
Fig. 15-30 


*XF represents the external resultant force acting on the control volume, which is 
different from F, the resultant force acting only on the device. 
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Without loss of accuracy, the third term on the right side may be 
neglected since it is a “second-order” differential. Dividing by dt gives 
dv dm, 


y= m—— (vt 
È Fey my (v + ve) 3: 


The velocity of the device as seen by an observer moving with the 
particles of the ejected mass is vp;, = (v + v,), and so the final result 
can be written as 


dv dm, 
dt “Ple q 


ZSF, =m (15-28) 


Here the term dm,/dt represents the rate at which mass is being ejected. 

To illustrate an application of Eq. 15-28, consider the rocket shown in 
Fig. 15-31, which has a weight W and is moving upward against an 
atmospheric drag force Fp. The control volume to be considered consists 
of the mass of the rocket and the mass of ejected gas m,. Applying 
Eq. 15-28 gives 

W dv dm, 

(+1) SE We SVO UPR ae 
The last term of this equation represents the thrust T which the engine 
exhaust exerts on the rocket, Fig. 15-31. Recognizing that dv/dt = a, we 
can therefore write 


(+1) a en ee 
g 


If a free-body diagram of the rocket is drawn, it becomes obvious that 
this equation represents an application of XF = ma for the rocket. 


A Control Volume That Gains Mass. A device such as a scoop 
or a shovel may gain mass as it moves forward. For example, the device 
shown in Fig. 15-32a has a mass m and moves forward with a velocity v. 
At this instant, the device is collecting a particle stream of mass m;. The 
flow velocity v; of this injected mass is constant and independent of the 
velocity v such that v > v;. The control volume to be considered here 
includes both the mass of the device and the mass of the injected 
particles. Control Volume 


Vi 


Control Volume 


Fp 


Fig. 15-31 
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Hig (m + dmj) (v + dy) 
SS SE 
my; (m; — dmj) vi 
= — 
+ — — 

m; EF, dt m; — dm; 

Time £ Time dt Time t + dt 
(b) 


The impulse and momentum diagrams are shown in Fig. 15-32b. Along 
with an increase in mass dm; gained by the device, there is an assumed 
increase in velocity dv during the time interval dt. This increase is caused 
by the impulse created by =F,,, the resultant of all the external forces 
acting on the control volume in the direction of motion. The force 
summation does not include the retarding force of the injected mass 
acting on the device. Why? Applying the principle of impulse and 
momentum to the control volume, we have 


(5) mv + my; + XF,,dt = (m + dm;)(v + dv) + (m; — dmjyv; 


(c) 


Fig. 15-32 (cont.) equation as 


Using the same procedure as in the previous case, we may write this 


È Foa = mat (v — vi) 


Since the velocity of the device as seen by an observer moving with the 
particles of the injected mass is vpj; = (v — vj), the final result can be 
written as 


dv dm; 
2 = TT ar Upji dt 


(15-29) 


where dm,/dt is the rate of mass injected into the device. The last term in 
this equation represents the magnitude of force R, which the injected 
mass exerts on the device, Fig. 15—32c. Since dv/dt = a, Eq. 15-29 


becomes 
The scraper box behind this tractor EFE,- R = ma 
represents a device that gains mass. If the 
tractor maintains a constant velocity v, This is the application of ZF = ma. 
then dv/dt = 0 and, because the soil As in the case of steady flow, problems which are solved using Eqs. 


is originally at rest, vp; = v. Applying — 15 28 and 15-29 should be accompanied by an identified control volume 
Eq. 15-29, the horizontal towing force 


on the scraper box is then and the necessary free-body diagram. With this diagram one can then 
T = 0 + v(dm/dt), where dm/dt is the determine >F.,, and isolate the force exerted on the device by the 
rate of soil accumulated in the box. particle stream. 
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EXAMPLE [15.18 


The initial combined mass of a rocket and its fuel is mg. A total mass 
m, of fuel is consumed at a constant rate of dm,/dt = c and expelled 
at a constant speed of u relative to the rocket. Determine the 
maximum velocity of the rocket, i.e., at the instant the fuel runs out. 
Neglect the change in the rocket's weight with altitude and the drag 
resistance of the air. The rocket is fired vertically from rest. 


SOLUTION 

Since the rocket loses mass as it moves upward, Eq. 15-28 can be used 
for the solution. The only external force acting on the control volume 
consisting of the rocket and a portion of the expelled mass is the 
weight W, Fig. 15-33. Hence, 


dv dm, _ dv 
HIER. m, De qo W = ma ue (1) 


The rocket’s velocity is obtained by integrating this equation. 

At any given instant f during the flight, the mass of the rocket can be 
expressed as m = mo — (dm,/dt)t = mg — ct. Since W = mg, Eq. 1 
becomes 


—(mo — et)g = (mo — 


Separating the variables and integrating, realizing that v = 0 att = 0, 
we have 


v t 
jl dv [( = e) dt 
0 0 \Mo — ct 


t 
“ulmo — ct) — gt| = uin( ie ) = rer (2) 
0 Ng = GE. 
Note that liftoff requires the first term on the right to be greater than 
the second during the initial phase of motion. The time t’ needed to 
consume all the fuel is 


Hence, 


Substituting into Eq. 2 yields 


mo 
mg — my 


Umax = U in( 
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EXAMPLE |15.19 


A chain of length /, Fig. 15—34a, has a mass m. Determine the magnitude 
of force F required to (a) raise the chain with a constant speed 2, 
starting from rest when y = 0; and (b) lower the chain with a constant 
speed v,, starting from rest when y = /. 


SOLUTION 

Part (a). As the chain is raised, all the suspended links are given a 
sudden downward impulse by each added link which is lifted off the 
ground. Thus, the suspended portion of the chain may be considered as 
a device which is gaining mass. The control volume to be considered is 
the length of chain y which is suspended by F at any instant, including 
the next link which is about to be added but is still at rest, Fig. 15-345. 
The forces acting on the control volume exclude the internal forces 
P and —P, which act between the added link and the suspended 
portion of the chain. Hence, X F„ = F — mg(y/l). 

To apply Eq. 15-29, it is also necessary to find the rate at which mass is 
being added to the system. The velocity v, of the chain is equivalent to 
vpj;. Why? Since v, is constant, dv,/dt = 0 and dy/dt = v,. Integrating, 
using the initial condition that y = 0 when: = 0, gives y = v,t. Thus, the 
mass of the control volume at any instant is m,, = m(y/l) = m(v,t/l), 
and therefore the rate at which mass is added to the suspended chain is 


oD 
i I 


Applying Eq. 15-29 using this data, we have 


Hence, 
F = (m/l)(gy + v2) Ans. 


Part (b). When the chain is being lowered, the links which are 
expelled (given zero velocity) do not impart an impulse to the 
remaining suspended links. Why? Thus, the control volume in Part (a) 
will not be considered. Instead, the equation of motion will be used to 
obtain the solution. At time t the portion of chain still off the floor is y. 
The free-body diagram for a suspended portion of the chain is shown 
in Fig. 15-34c. Thus, 


+ TSF = ma; F- me(~) =) 


= X 
Fig. 15-34 im z l ) 
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ET PROBLEMS 


*15-108. A scoop in front of the tractor collects snow at a 
rate of 200 kg/s. Determine the resultant traction force T 
that must be developed on all the wheels as it moves 
forward on level ground at a constant speed of 5 km/h. The 
tractor has a mass of 5 Mg. 


*15-109. A four-engine commercial jumbo jet is cruising 
at a constant speed of 800 km/h in level flight when all four 
engines are in operation. Each of the engines is capable of 
discharging combustion gases with a velocity of 775 m/s 
relative to the plane. If during a test two of the engines, one 
on each side of the plane, are shut off, determine the new 
cruising speed of the jet. Assume that air resistance (drag) is 
proportional to the square of the speed, that is, Fp = cv’, 
where c is a constant to be determined. Neglect the loss of 
mass due to fuel consumption. 


Prob. 15-109 


15-110. The jet dragster when empty has a mass of 
1.25 Mg and carries 250 kg of solid propellent fuel. Its 
engine is capable of burning the fuel at a constant rate of 
50kg/s, while ejecting it at 1500 m/s relative to the 
dragster. Determine the maximum speed attained by the 
dragster starting from rest. Assume air resistance is 
Fp = (100?) N, where v is the dragster's velocity in m/s. 
Neglect rolling resistance. 


Prob. 15-110 


15-111. The 150-lb fireman is holding a hose which has a 
nozzle diameter of 1 in. and hose diameter of 2 in. If the 
velocity of the water at discharge is 60 ft/s, determine the 
resultant normal and frictional force acting on the man's 
feet at the ground. Neglect the weight of the hose and the 
water within it. y,, = 62.4 Ib/ft^. 


Prob. 15-111 


*15-112. When operating, the air-jet fan discharges air 
with a speed of vg = 20 m/s into a slipstream having a 
diameter of 0.5 m. If air has a density of 1.22 kg/m’, 
determine the horizontal and vertical components of 
reaction at C and the vertical reaction at each of the two 
wheels, D, when the fan is in operation. The fan and motor 
have a mass of 20 kg and a center of mass at G. Neglect the 
weight of the frame. Due to symmetry, both of the wheels 
support an equal load. Assume the air entering the fan at A 
is essentially at rest. 


F— 0.8 m 


0.25 m 
Prob. 15-112 
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e15-113. The blade divides the jet of water having a 
diameter of 3 in. If one-fourth of the water flows downward 
while the other three-fourths flows upwards, and the total 
flow is Q = 0.5 ft?/ s, determine the horizontal and vertical 
components of force exerted on the blade by the jet, 
Yw = 62.4 lb/ft. 


Prob. 15-113 


15-114. The toy sprinkler for children consists of a 0.2-kg 
cap and a hose that has a mass per length of 30 g/m. 
Determine the required rate of flow of water through the 
5-mm-diameter tube so that the sprinkler will lift 1.5 m 
from the ground and hover from this position. Neglect the 
weight of the water in the tube. p, = 1 Mg/m^. 


Prob. 15-114 
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15-115. The fire boat discharges two streams of seawater, 
each at a flow of 0.25 m?/s and with a nozzle velocity of 
50 m/s. Determine the tension developed in the anchor 
chain, needed to secure the boat. The density of seawater is 
Psw = 1020 kg/m. 


Prob. 15-115 


*15-116. A speedboat is powered by the jet drive shown. 
Seawater is drawn into the pump housing at the rate of 
20 ft?/s through a 6-in.-diameter intake A. An impeller 
accelerates the water flow and forces it out horizontally 
through a 4-in.- diameter nozzle B. Determine the horizontal 
and vertical components of thrust exerted on the speedboat. 
The specific weight of seawater is y, = 64.3 Ib/ft^. 


Prob. 15-116 


*15-117. The fan blows air at 6000 ft?/min. If the fan has a 
weight of 30 Ib and a center of gravity at G, determine the 
smallest diameter d of its base so that it will not tip over. 


Prob. 15-117 


15-118. The elbow for a 5-in-diameter buried pipe is 
subjected to a static pressure of 10 Ib/ir?. The speed of the 
water passing through it is v — 8 ft/s. Assuming the pipe 
connections at A and B do not offer any vertical force 
resistance on the elbow, determine the resultant vertical 
force F that the soil must then exert on the elbow in order 
to hold it in equilibrium. Neglect the weight of the elbow 
and the water within it. y,, = 62.4 lb/ft’. 


" 
em 


——Ó——— 


Prob. 15-118 
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15-119. The hemispherical bowl of mass m is held in 
equilibrium by the vertical jet of water discharged through 
a nozzle of diameter d. If the discharge of the water through 
the nozzle is Q, determine the height h at which the bowl is 
suspended. The water density is p,. Neglect the weight of 
the water jet. 


h 


ll 


Prob. 15-119 


*15-120. The chute is used to divert the flow of water, 
Q = 0.6 m?/s. If the water has a cross-sectional area of 
0.05 m?, determine the force components at the pin D and 
roller C necessary for equilibrium. Neglect the weight of the 
chute and weight of the water on the chute. p, = 1 Mg/m*. 


Prob. 15-120 
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*15-121. The bend is connected to the pipe at flanges A 
and B as shown. If the diameter of the pipe is 1 ft and it 
carries a discharge of 50 ft?/s, determine the horizontal and 
vertical components of force reaction and the moment 
reaction exerted at the fixed base D of the support. The 
total weight of the bend and the water within it is 500 Ib, 
with a mass center at point G. The gauge pressure of the 
water at the flanges at A and B are 15 psi and 12 psi, 
respectively. Assume that no force is transferred to the 
flanges at A and B. The specific weight of water is 
Yw = 62.4 lb/ft}. 


Prob. 15-121 


15-122. The gauge pressure of water at C is 40 lb/in’. If 
water flows out of the pipe at A and B with velocities 
v4 = 12 ft/s and vg = 25 ft/s, determine the horizontal and 
vertical components of force exerted on the elbow 
necessary to hold the pipe assembly in equilibrium. Neglect 
the weight of water within the pipe and the weight of the 
pipe. The pipe has a diameter of 0.75 in. at C, and at A and B 
the diameter is 0.5 in. y,, = 62.4 Ib/ft. 


va = 12 ft/s 
Ug = 25 ft/s 
N 
3 
B 
A 
Ve 
——- 
C 


Prob. 15-122 
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15-123. A missile has a mass of 1.5 Mg (without fuel). If it 
consumes 500 kg of solid fuel at a rate of 20 kg/s and ejects 
it with a velocity of 2000 m/s relative to the missile, 
determine the velocity and acceleration of the missile at the 
instant all the fuel has been consumed. Neglect air 
resistance and the variation of its weight with altitude. The 
missile is launched vertically starting from rest. 


*15-124. The rocket has a weight of 65 000 Ib including 
the solid fuel. Determine the constant rate at which the fuel 
must be burned so that its thrust gives the rocket a speed of 
200 ft/sin 10 s starting from rest. The fuel is expelled from 
the rocket at a relative speed of 3000 ft/s relative to the 
rocket. Neglect the effects of air resistance and assume that 
g is constant. 


Prob. 15-124 
015-125. The 10-Mg helicopter carries a bucket containing 
500 kg of water, which is used to fight fires. If it hovers over 
the land in a fixed position and then releases 50 kg/s of 
water at 10 m/s, measured relative to the helicopter, 
determine the initial upward acceleration the helicopter 
experiences as the water is being released. 


Prob. 15-125 


15-126. A plow located on the front of a locomotive 
scoops up snow at the rate of 10 ft?/s and stores it in the 
train. If the locomotive is traveling at a constant speed of 
12 ft/s, determine the resistance to motion caused by the 
shoveling. The specific weight of snow is y, = 6 lb/ft’. 


15-127. The boat has a mass of 180 kg and is traveling 
forward on a river with a constant velocity of 70 km/h, 
measured relative to the river. The river is flowing in the 
opposite direction at 5 km/h. If a tube is placed in the water, 
as shown, and it collects 40 kg of water in the boat in 80 s, 
determine the horizontal thrust T on the tube that is 
required to overcome the resistance due to the water 
collection and yet maintain the constant speed of the boat. 
Pw = 1 Mg/m*. 


Prob. 15-127 


*15-128. The bin deposits gravel onto the conveyor belt at 
the rate of 1500 Ib/min. If the speed of the belt is 5 ft/s, 
determine how much greater the tension in the top portion 
of the belt must be than that in the bottom portion in order 
to pull the belt forward. 


Prob. 15-128 
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*15-129. The tractor together with the empty tank has a 
total mass of 4 Mg. The tank is filled with 2 Mg of water. 
The water is discharged at a constant rate of 50 kg/s with a 
constant velocity of 5 m/s, measured relative to the tractor. 
If the tractor starts from rest, and the rear wheels provide a 
resultant traction force of 250 N, determine the velocity 
and acceleration of the tractor at the instant the tank 
becomes empty. 


Prob. 15-129 


15-130. The second stage B of the two-stage rocket has a 
mass of 5 Mg (empty) and is launched from the first stage A 
with an initial velocity of 600 km/h. The fuel in the second 
stage has a mass of 0.7 Mg and is consumed at the rate of 
4 kg/s. If it is ejected from the rocket at the rate of 3 km/s, 
measured relative to B, determine the acceleration of B at 
the instant the engine is fired and just before all the fuel is 
consumed. Neglect the effects of gravitation and air 
resistance. 


B | Up = 600 km/h 


Prob. 15-130 
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15-131. The 12-Mg jet airplane has a constant speed of 
950 km/h when it is flying along a horizontal straight line. 
Air enters the intake scoops S at the rate of 50 m?/s. If the 
engine burns fuel at the rate of 0.4 kg/s and the gas (air and 
fuel) is exhausted relative to the plane with a speed of 
450 m/s, determine the resultant drag force exerted on the 
plane by air resistance. Assume that air has a constant 
density of 1.22 kg/m?. Hint: Since mass both enters and exits 


the plane, Eqs. 15-28 and 15-29 must be combined to yield 
dv dm, | dm; 
Upje dt ` Upji a 


v = 950 km/h 


Prob. 15-131 


*15-132. The cart has a mass M and is filled with water 
that has a mass mo. If a pump ejects the water through a 
nozzle having a cross-sectional area A at a constant rate 
of v, relative to the cart, determine the velocity of the cart 
as a function of time. What is the maximum speed of the 
cart assuming all the water can be pumped out? The 
frictional resistance to forward motion is F The density of 
the water is p. 


Prob. 15-132 
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*15-133. The truck has a mass of 50 Mg when empty. 
When it is unloading 5 m? of sand at a constant rate of 
0.8 m?/s, the sand flows out the back at a speed of 7 m/s, 
measured relative to the truck, in the direction shown. If the 
truck is free to roll, determine its initial acceleration just as 
the sand begins to fall out. Neglect the mass of the wheels 
and any frictional resistance to motion. The density of sand 
is p, = 1520 kg/m. 


a 
\\ 
Y 


45° 4— Y 7 
N4 B a a 
Wi ee e e 
7 m/s 


Prob. 15-133 


15-134. The truck has a mass mọ and is used to tow the 
smooth chain having a total length / and a mass per unit of 
length m'. If the chain is originally piled up, determine the 
tractive force F that must be supplied by the rear wheels of 
the truck necessary to maintain a constant speed v while the 
chain is being drawn out. 


Prob. 15-134 


15-135. The chain has a total length L < d and a mass per 
unit length of m'. If a portion A of the chain is suspended 
over the table and released, determine the velocity of its 
end A as a function of its position y. Neglect friction. 


if 


| ^ 
| 


Prob. 15-135 


*15-136. A commercial jet aircraft has a mass of 150 Mg 
and is cruising at a constant speed of 850 km/h in level flight 
(0 = 0°). If each of the two engines draws in air at a rate of 
1000kg/s and ejects it with a velocity of 900 m/s, relative to 
the aircraft, determine the maximum angle of inclination 0 
at which the aircraft can fly with a constant speed of 
750 km/h. Assume that air resistance (drag) is proportional 
to the square of the speed, that is, Fp = cv’, where c is a 
constant to be determined. The engines are operating with 
the same power in both cases. Neglect the amount of fuel 
consumed. 


Prob. 15-136 


*15-137. A coil of heavy open chain is used to reduce the 
stopping distance of a sled that has a mass M and travels at 
a speed of vp. Determine the required mass per unit length 
of the chain needed to slow down the sled to (1/2)v within 
a distance x = s if the sled is hooked to the chain at x = 0. 
Neglect friction between the chain and the ground. 


15-138. The car is used to scoop up water that is lying ina 
trough at the tracks. Determine the force needed to pull the 
car forward at constant velocity v for each of the three 
cases. The scoop has a cross-sectional area A and the 
density of water is p,,. 


Prob. 15-138 
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15-139. A rocket has an empty weight of 500 lb and 
carries 300 Ib of fuel. If the fuel is burned at the rate of 
1.5 Ib/s and ejected with a velocity of 4400 ft/s relative to 
the rocket, determine the maximum speed attained by the 
rocket starting from rest. Neglect the effect of gravitation 
on the rocket. 


*15-140. Determine the magnitude of force F as a function 
of time, which must be applied to the end of the cord at A to 
raise the hook H with a constant speed v = 0.4 m/s. Initially 
the chain is at rest on the ground. Neglect the mass of the 
cord and the hook. The chain has a mass of 2 kg/m. 


Prob. 15-140 


*15-141. The earthmover initially carries 10 m? of sand 
having a density of 1520 kg/m?. The sand is unloaded 
horizontally through a 2.5-m? dumping port P at a rate of 
900 kg/s measured relative to the port. If the earthmover 
maintains a constant resultant tractive force F — 4 kN at its 
front wheels to provide forward motion, determine its 
acceleration when half the sand is dumped. When empty, 
the earthmover has a mass of 30 Mg. Neglect any resistance 
to forward motion and the mass of the wheels. The rear 
wheels are free to roll. 


Prob. 15-141 
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15-142. The earthmover initially carries 10 m? of sand 
having a density of 1520 kg/m?. The sand is unloaded 
horizontally through a 2.5-m?^ dumping port P at a rate of 
900 kg/s measured relative to the port. Determine the 
resultant tractive force F at its front wheels if the acceleration 
of the earthmover is 0.1 m/s? when half the sand is dumped. 
When empty, the earthmover has a mass of 30 Mg. Neglect 
any resistance to forward motion and the mass of the wheels. 
The rear wheels are free to roll. 


Prob. 15-142 


15-143. The jet is traveling at a speed of 500 mi/h, 30° 
with the horizontal. If the fuel is being spent at 3 lb/s, and 
the engine takes in air at 400 Ib/s, whereas the exhaust gas 
(air and fuel) has a relative speed of 32 800 ft/s, determine 
the acceleration of the plane at this instant. The drag 
resistance of the air is Fp = (0.70?) Ib, where the speed is 
measured in ft/s. The jet has a weight of 15 000 Ib. Hint: See 
Prob. 15-131. 


Prob. 15-143 
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*15-144. The rocket has an initial mass mọ, including the 
fuel. For practical reasons desired for the crew, it is required 
that it maintain a constant upward acceleration ay. If the 
fuel is expelled from the rocket at a relative speed vj, 
determine the rate at which the fuel should be consumed to 
maintain the motion. Neglect air resistance, and assume that 
the gravitational acceleration is constant. 


Prob. 15-144 


*15-145. If the chain is lowered at a constant speed, 
determine the normal reaction exerted on the floor as a 
function of time. The chain has a weight of 5 lb/ft and a total 
length of 20 ft. 


N v — 4 ft/s 


20 ft 


Prob. 15-145 
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m CONCEPTUAL PROBLEMS 


P15-1. The baseball travels to the left when it is struck by 
the bat. If the ball then moves horizontally to the right, 
determine which measurements you could make in order to 
determine the net impulse given to the ball. Use numerical 
values to give an example of how this can be done. 


Kw 


P15-1 
P15-2. The steel wrecking “ball” is suspended from the 
boom using an old rubber tire A. The crane operator lifts 
the ball then allows it to drop freely to break up the 
concrete. Explain, using appropriate numerical data, why it 
is a good idea to use the rubber tire for this work. 


P15-2 


P15-3. The train engine on the left, A, is at rest, and the 
one on the right, B, is coasting to the left. If the engines are 
identical, use numerical values to show how to determine 
the maximum compression in each of the spring bumpers 
that are mounted in the front of the engines. Each engine is 
free to roll. 


P15-3 


P15-4. Three train cars each have the same mass and are 
rolling freely when they strike the fixed bumper. Legs AB 
and BC on the bumper are pin-connected at their ends and 
the angle BAC is 30° and BCA is 60°. Compare the average 
impulse in each leg needed to stop the motion if the cars 
have no bumper and if the cars have a spring bumper. Use 
appropriate numerical values to explain your answer. 
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CHAPTER REVIEW 


Impulse 


An impulse is defined as the product of force and time. 
Graphically it represents the area under the F-t 
diagram. If the force is constant, then the impulse 
becomes / = F(t, — t). 


I- [E F(t)dt 


Principle of Impulse and Momentum 


When the equation of motion, £F = ma, and the 

kinematic equation, a — dv/dt, are combined, we 

obtain the principle of impulse and momentum. This is a 

vector equation that can be resolved into rectangular b 
components and used to solve problems that involve mv, + X i F dt = mv; 
force, velocity, and time. For application, the free-body h 

diagram should be drawn in order to account for all the 


impulses that act on the particle. 


Conservation of Linear Momentum 


If the principle of impulse and momentum is applied to 
a system of particles, then the collisions between the 
particles produce internal impulses that are equal, 
opposite, and collinear, and therefore cancel from the 
equation. Furthermore, if an external impulse is small, 
that is, the force is small and the time is short, then the 
impulse can be classified as nonimpulsive and can be 
neglected. Consequently, momentum for the system of 
particles is conserved. 


The conservation-of-momentum equation is useful for 
finding the final velocity of a particle when internal 
impulses are exerted between two particles and the 
initial velocities of the particles is known. If the internal 
impulse is to be determined, then one of the particles is 
isolated and the principle of impulse and momentum is 
applied to this particle. 


Impact 
When two particles A and B have a direct impact, the 


internal impulse between them is equal, opposite, and ma(v4), + mg(vg), = malva) + mp(vg); 
collinear. Consequently the conservation of momentum 
for this system applies along the line of impact. 


If the final velocities are unknown, a second equation is 
needed for solution. We must use the coefficient of 
restitution, e. This experimentally determined coefficient 
depends upon the physical properties of the colliding 
particles. It can be expressed as the ratio of their relative 
velocity after collision to their relative velocity before 
collision. If the collision is elastic, no energy is lost and 
e = 1. For a plastic collision e = 0. 


If the impact is oblique, then the conservation of 
momentum for the system and the coefficient-of- 
restitution equation apply along the line of impact. Also, 
conservation of momentum for each particle applies 
perpendicular to this line (plane of impact) because no 
impulse acts on the particles in this direction. 


Principle of Angular Impulse and Momentum 


The moment of the linear momentum about an axis (z) 
is called the angular momentum. 


The principle of angular impulse and momentum is often 
used to eliminate unknown impulses by summing the 
moments about an axis through which the lines of action 
of these impulses produce no moment. For this reason, a 
free-body diagram should accompany the solution. 


Steady Fluid Streams 


Impulse-and-momentum methods are often used to 
determine the forces that a device exerts on the mass 
flow of a fluid—liquid or gas. To do so, a free-body 
diagram of the fluid mass in contact with the device is 
drawn in order to identify these forces. Also, the 
velocity of the fluid as it flows into and out of a control 
volume for the device is calculated. The equations of 
steady flow involve summing the forces and the 
moments to determine these reactions. 


Propulsion with Variable Mass 


Some devices, such as a rocket, lose mass as they are 
propelled forward. Others gain mass, such as a shovel. 
We can account for this mass loss or gain by applying 
the principle of impulse and momentum to a control 
volume for the device. From this equation, the force 
exerted on the device by the mass flow can then be 
determined. 
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Plane of contact 
Plane of contact 
Line of impact 


$ 
Y, 


V5 Line of impact 
R5 OEE 


VA 


Oblique impact 


dv dm, 
DE v Wu UD/e dt 


Loses Mass 


dm; 
T UDji dt 


Gains Mass 


REVIEW 


Kinematics and 
Kinetics of a Particle 


The topics and problems presented in Chapters 12 through 15 have all 
been categorized in order to provide a clear focus for learning the various 
problem-solving principles involved. In engineering practice, however, it 
is most important to be able to identify an appropriate method for the 
solution of a particular problem. In this regard, one must fully understand 
the limitations and use of the equations of dynamics, and be able to 
recognize which equations and principles to use for the problem’s 
solution. For these reasons, we will now summarize the equations and 
principles of particle dynamics and provide the opportunity for applying 
them to a variety of problems. 


Kinematics. Problems in kinematics require a study of the geometry 
of motion, and do not account for the forces causing the motion. When 
the equations of kinematics are applied, one should clearly establish a 
fixed origin and select an appropriate coordinate system used to define 
the position of the particle. Once the positive direction of each 
coordinate axis is established, then the directions of the components of 
position, velocity, and acceleration can be determined from the algebraic 
sign of their numerical quantities. 
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Rectilinear Motion. Variable Acceleration. If a mathematical (or 
graphical) relation is established between any two of the four variables s, 
t, a, and t, then a third variable can be determined by using one of the 
following equations which relates all three variables. 


| ds _ dv 


Eb ac ads =vdv 


v 


Constant Acceleration. Be absolutely certain that the acceleration is 
constant when using the following equations: 


S = So + vt + Sat? v=utat V? = ve + 2a(s — so) 


Curvilinear Motion. x, y, z Coordinates. These coordinates are often 
used when the motion can be resolved into rectangular components. They 
are also useful for studying projectile motion since the acceleration of the 
projectile is always downward. 


v =x ay = Vy 
vy = y ay = Vy 
v,=Z a,=Wv 


n, t, b Coordinates. These coordinates are particularly advantageous for 
studying the particle’s acceleration along a known path. This is because 
the ¢ and n components of a represent the separate changes in the 
magnitude and direction of the velocity, respectively, and these 
components can be readily formulated. 


v=S5 

i dv 
a, = Ù = v — 
: ds 

" 
an = — 

p 


where 


[1 + (dy/dx)? 
d’y/dx* 


when the path y = f(x) is given. 


r, 0, z Coordinates. These coordinates are used when data regarding the 
angular motion of the radial coordinate r is given to describe the particle’s 
motion. Also, some paths of motion can conveniently be described using 
these coordinates. 


vy =r a, =F — ro 
v = rọ dy = r0 + 270 


Uz, =Z a =z 
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Relative Motion. If the origin of a translating coordinate system is 
established at particle A, then for particle B, 


rg — YA + B/A 
Vg = VA + VB/A 
ag =aygt AB/A 


Here the relative motion is measured by an observer fixed in the 
translating coordinate system. 


Kinetics. Problems in kinetics involve the analysis of forces which 
cause the motion. When applying the equations of kinetics, it is 
absolutely necessary that measurements of the motion be made from an 
inertial coordinate system, i.e., one that does not rotate and is either fixed 
or translates with constant velocity. If a problem requires simultaneous 
solution of the equations of kinetics and kinematics, then it is important 
that the coordinate systems selected for writing each of the equations 
define the positive directions of the axes in the same manner. 


Equations of Motion. These equations are used to solve for the 
particle's acceleration or the forces causing the motion. If they are used to 
determine a particle's position, velocity, or time of motion, then kinematics 
will also have to be considered to complete the solution. Before applying 
the equations of motion, always draw a free-body diagram to identify all 
the forces acting on the particle. Also, establish the direction of the 
particle's acceleration or its components. (A kinetic diagram may 
accompany the solution in order to graphically account for the ma vector.) 


XF, = ma, YF,=ma,  ZF,- ma, 
ZF,- ma, LR=ma  ZF,- mae 
XF, = ma, ZF,-0 LF, = ma, 


Work and Energy. The equation of work and energy represents an 
integrated form of the tangential equation of motion, XF, = ma, 
combined with kinematics (a,ds = v dv). It is used to solve problems 
involving force, velocity, and displacement. Before applying this equation, 
always draw a free-body diagram in order to identify the forces which do 
work on the particle. 


Ti T XU == T 
where 


T= sm (kinetic energy) 
52 
Up = / F cos 0 ds (work of a variable force) 
51 


= F.cos0(s; — sı) (work of a constant force) 
Uw = -W Ay (work of a weight) 


U, = — (aks? — iks?) (work of an elastic spring) 
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If the forces acting on the particle are conservative forces, i.e., those 
that do not cause a dissipation of energy, such as friction, then apply 
the conservation of energy equation. This equation is easier to use 
than the equation of work and energy since it applies at only two 
points on the path and does not require calculation of the work done 
by a force as the particle moves along the path. 


ht Vy =k 
where V = V, + V, and 


V, —- Wy (gravitational potential energy) 


V, —iks? (elastic potential energy) 
If the power developed by a force is to be determined, use 


dU 
= — = F. 
dt : 


where v is the velocity of the particle acted upon by the force F. 


Impulse and Momentum. The equation of linear impulse and 
momentum is an integrated form of the equation of motion, XF = ma, 
combined with kinematics (a — dv/dt). It is used to solve problems 
involving force, velocity, and time. Before applying this equation, one 
should always draw the free-body diagram, in order to identify all the 
forces that cause impulses on the particle. From the diagram the impulsive 
and nonimpulsive forces should be identified. Recall that the 
nonimpulsive forces can be neglected in the analysis during the time of 
impact. Also, establish the direction of the particle's velocity just before 
and just after the impulses are applied. As an alternative procedure, 
impulse and momentum diagrams may accompany the solution in order 
to graphically account for the terms in the equation. 


t2 
mv, + =f F dt = mv; 
ti 


If several particles are involved in the problem, consider applying the 
conservation of momentum to the system in order to eliminate the 
internal impulses from the analysis. This can be done in a specified 
direction, provided no external impulses act on the particles in that 
direction. 


ÈX my = Xmv 


If the problem involves impact and the coefficient of restitution e is 
given, then apply the following equation. 


(?p)2 — (v4)2 


— (vA) — (Vp) 


(along line of impact) 
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Remember that during impact the principle of work and energy cannot 
be used, since the particles deform and therefore the work due to the 
internal forces will be unknown. The principle of work and energy can be 
used, however, to determine the energy loss during the collision once the 
particle’s initial and final velocities are determined. 


The principle of angular impulse and momentum and the conservation 
of angular momentum can be applied about an axis in order to eliminate 
some of the unknown impulses acting on the particle during the period 
when its motion is studied. Investigation of the particle’s free-body 
diagram (or the impulse diagram) will aid in choosing the axis for 
application. 


(Ho), + 3| Mod = (Ho); 
(Ho); = (Ho) 


The following problems provide an opportunity for applying the above 
concepts. They are presented in random order so that practice may be 
gained in identifying the various types of problems and developing the 
skills necessary for their solution. 


i REVIEW PROBLEMS 


R1-1. The ball is thrown horizontally with a speed of R1-2. Cartons having a mass of 5 kg are required to move 
8 m/s. Find the equation of the path, y = f(x), and then along the assembly line with a constant speed of 8 m/s. 


determine the ball's velocity and the normal 
components of acceleration when t = 0.25 s. 


and tangential Determine the smallest radius of curvature, p, for the 
conveyor so the cartons do not slip. The coefficients of static 
and kinetic friction between a carton and the conveyor are 
bs = 0.7 and ug = 0.5, respectively. 


Prob. R1-1 


Prob. R1-2 


REVIEW 1 


R1-3. A small metal particle travels downward through a 
fluid medium while being subjected to the attraction of a 
magnetic field such that its position is s = (15? — 3¢) mm, 
where ¢ is in seconds. Determine (a) the particle's 
displacement from t = 2s to t = 4s, and (b) the velocity 
and acceleration of the particle when t = 5 s. 


*R1-4. The flight path of a jet aircraft as it takes off is 
defined by the parametric equations x = 1257? and 
y = 0.03P, where t is the time after take-off, measured in 
seconds, and x and y are given in meters. If the plane starts 
to level off at t = 40s, determine at this instant (a) the 
horizontal distance it is from the airport, (b) its altitude, 
(c) its speed, and (d) the magnitude of its acceleration. 


Prob. R1-4 


R1-5. The boy jumps off the flat car at A with a velocity of 
v' = 4 ft/s relative to the car as shown. If he lands on the 
second flat car B, determine the final speed of both cars 
after the motion. Each car has a weight of 80 Ib. The boy's 
weight is 60 Ib. Both cars are originally at rest. Neglect the 
mass of the car's wheels. 


Prob. R1-5 


R1-6. The man A has a weight of 175 Ib and jumps from 
rest at a height A = 8 ft onto a platform P that has a weight 
of 60 Ib. The platform is mounted on a spring, which has a 
stiffness k — 200 Ib/ft. Determine (a) the velocities of A 
and P just after impact and (b) the maximum compression 
imparted to the spring by the impact. Assume the coefficient 
of restitution between the man and the platform is e — 0.6, 
and the man holds himself rigid during the motion. 
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R1-7. The man A has a weight of 100 Ib and jumps from 
rest onto the platform P that has a weight of 601b. The 
platform is mounted on a spring, which has a stiffness 
k = 200 lb/ft. If the coefficient of restitution between the 
man and the platform is e — 0.6, and the man holds himself 
rigid during the motion, determine the required height h of 
the jump if the maximum compression of the spring is 2 ft. 


Probs. R1-6/7 


*R1-8. The baggage truck A has a mass of 800 kg and is 
used to pull each of the 300-kg cars. Determine the tension 
in the couplings at B and C if the tractive force F on the 
truck is F = 480 N. What is the speed of the truck when 
t = 2s, starting from rest? The car wheels are free to roll. 
Neglect the mass of the wheels. 


R1-9. The baggage truck A has a mass of 800 kg and is 
used to pull each of the 300-kg cars. If the tractive force F 
on the truck is F — 480 N, determine the acceleration of 
the truck. What is the acceleration of the truck if the 
coupling at C suddenly fails? The car wheels are free to roll. 
Neglect the mass of the wheels. 


Probs. R1-8/9 
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R1-10. A car travels at 80 ft/s when the brakes are 
suddenly applied, causing a constant deceleration of 
10 ft/s’. Determine the time required to stop the car and 
the distance traveled before stopping. 


R1-11. Determine the speed of block B if the end of the 
cable at C is pulled downward with a speed of 10 ft/s. What 
is the relative velocity of the block with respect to C? 


Prob. R1-11 
*R1-12. The skier starts fom rest at A and travels down 
the ramp. If friction and air resistance can be neglected, 
determine his speed vg when he reaches B. Also, compute 
the distance s to where he strikes the ground at C, if he 
makes the jump traveling horizontally at B. Neglect the 
skier’s size. He has a mass of 70 kg. 


Prob. R1-12 


R1-13. The position of a particle is defined by 
r = {5(cos 2t)i + 4(sin 2t)j} m, where t is in seconds and 
the arguments for the sine and cosine are given in radians. 
Determine the magnitudes of the velocity and acceleration 
of the particle when t = 1 s. Also, prove that the path of the 
particle is elliptical. 
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R1-14. The 5-lb cylinder falls past A with a speed 
v4 = 10 ft/s onto the platform. Determine the maximum 
displacement of the platform, caused by the collision. The 
spring has an unstretched length of 1.75 ft and is originally 
kept in compression by the 1-ft-long cables attached to the 
platform. Neglect the mass of the platform and spring and 
any energy lost during the collision. 


y, = 10 ts] A 


= LN 


k = 400 Ib /ft 


Prob. R1-14 


R1-15. The block has a mass of 50 kg and rests on the 
surface of the cart having a mass of 75 kg. If the spring 
which is attached to the cart and not the block is 
compressed 0.2m and the system is released from rest, 
determine the speed of the block after the spring becomes 
undeformed. Neglect the mass of the cart's wheels and the 
spring in the calculation. Also neglect friction. Take 
k — 300 N/m. 


*R1-16. The block has a mass of 50 kg and rests on the 
surface of the cart having a mass of 75 kg. If the spring 
which is attached to the cart and not the block is 
compressed 0.2 m and the system is released from rest, 
determine the speed of the block with respect to the cart 
after the spring becomes undeformed. Neglect the mass of 
the carts wheels and the spring in the calculation. Also 
neglect friction. Take k — 300 N/m. 


Probs. R1-15/16 
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R1-17. A ball is launched from point A at an angle of 30°. 
Determine the maximum and minimum speed v4 it can 
have so that it lands in the container. 


1m 
B C 
| 0.25 m 
25m | 
4m - 
Prob. R1-17 


R1-18. At the instant shown, cars A and B travel at speeds 
of 55 mi/h and 40 mi/h, respectively. If B is increasing its 
speed by 1200 mi/h?, while A maintains its constant speed, 
determine the velocity and acceleration of B with respect to 
A. Car B moves along a curve having a radius of curvature 
of 0.5 mi. 


R1-19. At the instant shown, cars A and B travel at speeds 
of 55 mi/h and 40 mi/h, respectively. If B is decreasing its 
speed at 1500 mi/h? while A is increasing its speed at 
800 mi/h?, determine the acceleration of B with respect to 
A. Car B moves along a curve having a radius of curvature 


of 0.75 mi. 
N x — 40 mi/h 
2 


3 30° 


v4 = 55 mi/h 
Probs. R1-18/19 


*R1-20. Four inelastic cables C are attached to a plate P 
and hold the 1-ft-long spring 0.25 ft in compression when 
no weight is on the plate. There is also an undeformed 
spring nested within this compressed spring. If the block, 
having a weight of 10 lb, is moving downward at v = 4 ft/s, 
when it is 2 ft above the plate, determine the maximum 
compression in each spring after it strikes the plate. 
Neglect the mass of the plate and springs and any energy 
lost in the collision. 
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R1-21. Four inelastic cables C are attached to plate P and 
hold the 1-ft-long spring 0.25 ft in compression when no 
weight is on the plate. There is also a 0.5-ft-long undeformed 
spring nested within this compressed spring. Determine the 
speed v of the 10-Ib block when it is 2 ft above the plate, so 
that after it strikes the plate, it compresses the nested 
spring, having a stiffness of 50 Ib/in., an amount of 0.20 ft. 
Neglect the mass of the plate and springs and any energy 
lost in the collision. 


p RE 
2ft 
k = 30 Ib/in. 


Probs. R1-20/21 
R1-22. The 2-kg spool S fits loosely on the rotating 
inclined rod for which the coefficient of static friction is 
us = 0.2. If the spool is located 0.25 m from A, determine 
the minimum constant speed the spool can have so that it 
does not slip down the rod. 


R1-23. The 2-kg spool S fits loosely on the rotating inclined 
rod for which the coefficient of static friction is u, = 0.2. If 
the spool is located 0.25 m from A, determine the maximum 
constant speed the spool can have so that it does not slip up 
the rod. 


Probs. R1-22/23 
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*R1-24. The winding drum D draws in the cable at an 
accelerated rate of 5 m/s”. Determine the cable tension if 
the suspended crate has a mass of 800 kg. 


Prob. R1-24 


R1-25. The bottle rests at a distance of 3 ft from the center 
of the horizontal platform. If the coefficient of static friction 
between the bottle and the platform is uş, = 0.3, determine 
the maximum speed that the bottle can attain before 
slipping. Assume the angular motion of the platform is 
slowly increasing. 


R1-26. Work Prob. R1-25 assuming that the platform 
starts rotating from rest so that the speed of the bottle is 
increased at 2 ft/s?. 


3 ft 


-— 


Probs. R1-25/26 
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R1-27. The 150-Ib man lies against the cushion for which 
the coefficient of static friction is u, = 0.5. Determine the 
resultant normal and frictional forces the cushion exerts on 
him if, due to rotation about the z axis, he has a constant 
speed v = 20 ft/s. Neglect the size of the man. Take 
0 = 60°. 


*R1-28. The 150-lb man lies against the cushion for which 
the coefficient of static friction is u, = 0.5. If he rotates 
about the z axis with a constant speed v = 30 ft/s, determine 
the smallest angle 6 of the cushion at which he will begin to 
slip up the cushion. 


Probs. R1-27/28 


R1-29. The motor pulls on the cable at A with a force 
F = (30 + f°) lb, where t is in seconds. If the 34-Ib crate is 
originally at rest on the ground when ¢ = 0, determine its 
speed when ¢ = 4s. Neglect the mass of the cable and 
pulleys. Hint: First find the time needed to begin lifting 
the crate. 


Prob. R1-29 


REVIEW 1 


R1-30. The motor pulls on the cable at A with a force 
F = (e”) lb, where t is in seconds. If the 34-lb crate is 
originally at rest on the ground when ¢ = 0, determine the 
crate's velocity when ¢ = 2 s. Neglect the mass of the cable 
and pulleys. Hint: First find the time needed to begin lifting 
the crate. 


Prob. R1-30 


R1-31. The collar has a mass of 2 kg and travels along the 
smooth horizontal rod defined by the equiangular spiral 
r = (e?) m, where 0 is in radians. Determine the tangential 
force F and the normal force N acting on the collar 
when 0 = 45°, if force F maintains a constant angular motion 


b = 2 rad/s. 


*R1-32. The collar has a mass of 2 kg and travels along the 
smooth horizontal rod defined by the equiangular spiral 
r = (e?) m, where 9 is in radians. Determine the tangential 
force F and the normal force N acting on the collar when 
0 = 90°, if force F maintains a constant angular motion 
6 = 2 rad/s. 


Probs. R1-31/32 
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R1-33. The acceleration of a particle along a straight line is 
defined by a = (2t — 9) m/s’, where t is in seconds. When 
t = 0, s=1m and v = 10 m/s. When f = 9s, determine 
(a) the particle’s position, (b) the total distance traveled, and 
(c) the velocity. Assume the positive direction is to the right. 


R1-34. The 400-kg mine car is hoisted up the incline using 
the cable and motor M. For a short time, the force in the 
cable is F = (32007?) N, where t is in seconds. If the car has 
an initial velocity v; = 2 m/s when t = 0, determine its 
velocity when ¢ = 2 s. 


R1-35. The 400-kg mine car is hoisted up the incline using 
the cable and motor M. For a short time, the force in the 
cable is F = (32007?) N, where t is in seconds. If the car has 
an initial velocity v, = 2 m/s at s = 0 and t = 0, determine 
the distance it moves up the plane when ¢ = 2 s. 


Probs. R1-34/35 


*R1-36. The rocket sled has a mass of 4 Mg and travels 
along the smooth horizontal track such that it maintains a 
constant power output of 450 kW. Neglect the loss of fuel 
mass and air resistance, and determine how far the sled must 
travel to reach a speed of v — 60 m/s starting from rest. 


Prob. R1-36 
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R1-37. The collar has a mass of 20 kg and can slide freely on 
the smooth rod. The attached springs are undeformed when 
d — 0.5 m. Determine the speed of the collar after the 
applied force F = 100 N causes it to be displaced so that 
d — 0.3 m. When d — 0.5 m the collar is at rest. 


R1-38. The collar has a mass of 20 kg and can slide freely on 
the smooth rod. The attached springs are both compressed 
0.4 m when d = 0.5 m. Determine the speed of the collar 
after the applied force F — 100 N causes it to be displaced 
so that d — 0.3 m. When d — 0.5 m the collar is at rest. 


Probs. R1-37/38 
R1-39. The assembly consists of two blocks A and B which 
have masses of 20 kg and 30 kg, respectively. Determine the 
speed of each block when B descends 1.5 m. The blocks are 
released from rest. Neglect the mass of the pulleys and cords. 


*R1-40. The assembly consists of two blocks A and B, 
which have masses of 20kg and 30kg, respectively. 
Determine the distance B must descend in order for A to 
achieve a speed of 3 m/s starting from rest. 


Probs. R1—39/40 
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R1-41. Block A, having a mass rn, is released from rest, 
falls a distance h and strikes the plate B having a mass 2m. 
If the coefficient of restitution between A and B is e, 
determine the velocity of the plate just after collision. The 
spring has a stiffness k. 


R1-42. Block A, having a mass of 2 kg, is released from 
rest, falls a distance h = 0.5 m, and strikes the plate B 
having a mass of 3kg. If the coefficient of restitution 
between A and B is e — 0.6, determine the velocity of the 
block just after collision. The spring has a stiffness 
k — 30 N/m. 


AS 


Probs. R1-41/42 


R1-43. The cylindrical plug has a weight of 2 lb and it is 
free to move within the confines of the smooth pipe. The 
spring has a stiffness k = 141b/ft and when no motion 
occurs the distance d — 0.5 ft. Determine the force of the 
spring on the plug when the plug is at rest with respect to 
the pipe. The plug travels in a circle with a constant speed of 
15 ft/s, which is caused by the rotation of the pipe about the 
vertical axis. Neglect the size of the plug. 


= 3 ft 
— 


k = 14 Ib/ft 


Prob. R1-43 


REVIEW 1 


*R1-44. A 20-g bullet is fired horizontally into the 300-g 
block which rests on the smooth surface. After the bullet 
becomes embedded into the block, the block moves to the 
right 0.3 m before momentarily coming to rest. Determine 
the speed (vg), of the bullet. The spring has a stiffness 
k — 200 N/m and is originally unstretched. 


R1-45. The 20-g bullet is fired horizontally at 
(vg), = 1200 m/s into the 300-g block which rests on the 
smooth surface. Determine the distance the block moves to 
the right before momentarily coming to rest. The spring has 
a stiffness k — 200 N/m and is originally unstretched. 


(Ya) k = 200 N/m 
———— 


Probs. R1-44/45 


R1-46. A particle of mass m is fired at an angle 0) with a 
velocity vo in a liquid that develops a drag resistance 
F — —kv, where k is a constant. Determine the maximum 
or terminal speed reached by the particle. 


R1-47. A projectile of mass m is fired into a liquid at an 
angle 0, with an initial velocity vy as shown. If the liquid 
develops a friction or drag resistance on the projectile 
which is proportional to its velocity i.e., F = —kv, where k 
is a constant, determine the x and y components of its 
position at any instant. Also, what is the maximum distance 
Xmax that it travels? 
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*R1-48. The position of particles A and B are 
rA = (3ü + 9(2 — tj) m. and rg = (3(? — 2t + 2)i4 
3(t — 2)j) m, respectively, where t is in seconds. Determine 
the point where the particles collide and their speeds just 
before the collision. How long does it take before the 
collision occurs? 


R1-49. Determine the speed of the automobile if it has the 
acceleration shown and is traveling on a road which has a 
radius of curvature of p — 50m. Also, what is the 
automobile's rate of increase in speed? 


Prob. R1-49 


R1-50. The spring has a stiffness k = 3 lb/ft and an 
unstretched length of 2 ft. If itis attached to the 5-Ib smooth 
collar and the collar is released from rest at A, determine 
the speed of the collar just before it strikes the end of the 
rod at B. Neglect the size of the collar. 


Probs. R1—46/47 


Prob. R1-50 
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Planar Kinematics 
of a Rigid Body 


CHAPTER OBJECTIVES 
* To classify the various types of rigid-body planar motion. 


* To investigate rigid-body translation and angular motion about a 
fixed axis. 


* To study planar motion using an absolute motion analysis. 


* To provide a relative motion analysis of velocity and acceleration 
using a translating frame of reference. 


* To show how to find the instantaneous center of zero velocity and 
determine the velocity of a point on a body using this method. 


* To provide a relative-motion analysis of velocity and acceleration 
using a rotating frame of reference. 


16.1 Planar Rigid-Body Motion 


In this chapter, the planar kinematics of a rigid body will be discussed. 
This study is important for the design of gears, cams, and mechanisms used 
for many mechanical operations. Once the kinematics is thoroughly 
understood, then we can apply the equations of motion, which relate the 
forces on the body to the body's motion. 

The planar motion of a body occurs when all the particles of a rigid 
body move along paths which are equidistant from a fixed plane. There 
are three types of rigid body planar motion, in order of increasing 
complexity, they are 
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Path of rectilinear translation Path of curvilinear translation 


(a) (b) 


\ 


Rotation about a fixed axis General plane motion 
(c) (d) 
Fig. 16-1 
e Translation. This type of motion occurs when a line in the body 


remains parallel to its original orientation throughout the motion. 
When the paths of motion for any two points on the body are 
parallel lines, the motion is called rectilinear translation, Fig. 16-1a. 
If the paths of motion are along curved lines which are equidistant, 
the motion is called curvilinear translation, Fig. 16-1b. 


Rotation about a fixed axis. When a rigid body rotates about a fixed 
axis, all the particles of the body, except those which lie on the axis 
of rotation, move along circular paths, Fig. 16-1c. 


General plane motion. When a body is subjected to general plane 
motion, it undergoes a combination of translation and rotation, 
Fig. 16-1d. The translation occurs within a reference plane, and the 
rotation occurs about an axis perpendicular to the reference plane. 


In the following sections we will consider each of these motions in detail. 
Examples of bodies undergoing these motions are shown in Fig. 162. 


Curvilinear translation 


General plane motion 


Rectilinear translation Rotation about a fixed axis 


Fig. 16-2 


16.2 Translation 


Consider a rigid body which is subjected to either rectilinear or curvilinear 
translation in the x-y plane, Fig. 16-3. 


D 


x 


Translating 
coordinate system 


o Fixed 
coordinate system 


Fig. 16-3 


Position. The locations of points A and B on the body are defined 
with respect to fixed x, y reference frame using position vectors r4 and 
rg. The translating x’, y’ coordinate system is fixed in the body and has its 
origin at A, hereafter referred to as the base point. The position of B with 
respect to A is denoted by the relative-position vector rgj4 (“r of B with 
respect to A"). By vector addition, 


rg — YA + IB/A 


Velocity. A relation between the instantaneous velocities of A and B 
is obtained by taking the time derivative of this equation, which yields 
Vg = V4 + drg;4/dt. Here v4 and vg denote absolute velocities since 
these vectors are measured with respect to the x, y axes. The term 
drgja/dt = 0, since the magnitude of rpg,4 is constant by definition of a 
rigid body, and because the body is translating the direction of rg, is also 
constant. Therefore, 


Vp — VA 


Acceleration. Taking the time derivative of the velocity equation yields 
a similar relationship between the instantaneous accelerations of A and B: 


ag = a, 


The above two equations indicate that all points in a rigid body 
subjected to either rectilinear or curvilinear translation move with the same 
velocity and acceleration. As a result, the kinematics of particle motion, 
discussed in Chapter 12, can also be used to specify the kinematics of 
points located in a translating rigid body. 
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Riders on this amusement ride are 
subjected to curvilinear translation, since 
the vehicle moves in a circular path yet it 
always remains in an upright position. 
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16.3 Rotation about a Fixed Axis 


When a body rotates about a fixed axis, any point P located in the body 
travels along a circular path. To study this motion it is first necessary to 
discuss the angular motion of the body about the axis. 


Angular Motion. Since a point is without dimension, it cannot 
have angular motion. Only lines or bodies undergo angular motion. For 
example, consider the body shown in Fig. 16-4a and the angular motion 
of a radial line r located within the shaded plane. 


Angular Position. At the instant shown, the angular position of r is 
defined by the angle 0, measured from a fixed reference line to r. 


Angular Displacement. The change in the angular position, which 
can be measured as a differential d0, is called the angular displacement.* 
This vector has a magnitude of d0, measured in degrees, radians, or 
revolutions, where 1 rev = 27 rad. Since motion is about a fixed axis, the 
direction of d0 is always along this axis. Specifically, the direction is 
determined by the right-hand rule; that is, the fingers of the right hand are 
curled with the sense of rotation, so that in this case the thumb, or dé, 
points upward, Fig. 16-4a. In two dimensions, as shown by the top view of 
the shaded plane, Fig. 16-45, both 0 and dé are counterclockwise, and so 
the thumb points outward from the page. 


Angular Velocity. The time rate of change in the angular position 
is called the angular velocity œ (omega). Since d0 occurs during an 
instant of time dt, then, 


(G+) o=—; (16-1) 


This vector has a magnitude which is often measured in rad/s. It is 
expressed here in scalar form since its direction is also along the axis of 
rotation, Fig. 16-4a. When indicating the angular motion in the shaded 
plane, Fig. 16-45, we can refer to the sense of rotation as clockwise or 
counterclockwise. Here we have arbitrarily chosen counterclockwise 
rotations as positive and indicated this by the curl shown in parentheses 
next to Eq. 16-1 Realize, however, that the directional sense of œ is 
actually outward from the page. 


*It is shown in Sec. 20.1 that finite rotations or finite angular displacements are not vector 
Fig. 16-4 quantities, although differential rotations d6 are vectors. 
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Angular Acceleration. The angular acceleration œ (alpha) 
measures the time rate of change of the angular velocity. The magnitude 
of this vector is 


(G+) D ee (16-2) 


Using Eq. 16-1, it is also possible to express o as 


do 


(G+) cid dt? 


(16-3) 


The line of action of a is the same as that for w, Fig. 16-4a; however, its 
sense of direction depends on whether w is increasing or decreasing. If œw 
is decreasing, then a is called an angular deceleration and therefore has a 
sense of direction which is opposite to w. 

By eliminating dt from Eqs. 16-1 and 16-2, we obtain a differential 
relation between the angular acceleration, angular velocity, and angular 
displacement, namely, 


C» as 


The similarity between the differential relations for angular motion 
and those developed for rectilinear motion of a particle (v = ds/dt, 
a = dv/dt, and a ds = v dv) should be apparent. 


Constant Angular Acceleration. If the angular acceleration of 
the body is constant, a = o,, then Eqs. 16-1, 16-2, and 16-4, when 
integrated, yield a set of formulas which relate the body's angular 
velocity, angular position, and time. These equations are similar to 
Eqs. 12-4 to 12-6 used for rectilinear motion. The results are 


(G+) w = og + act (16-5) 
+ 0 = 0$ + wot + sat 
Ç lot 16-6 
(C+) w = w + 2a,(6 — 0o) (16-7) 
Constant Angular Acceleration 


Here 6, and wọ are the initial values of the body's angular position and 
angular velocity, respectively. 
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(d) 


Motion of Point P. As the rigid body in Fig. 16—4c rotates, point P 
travels along a circular path of radius r with center at point O. This path 
is contained within the shaded plane shown in top view, Fig. 16—4d. 


Position and Displacement. The position of P is defined by the 
position vector r, which extends from O to P. If the body rotates d0 then 
P will displace ds = r dð. 


Velocity. The velocity of P has a magnitude which can be found by 
dividing ds = r d0 by dt so that 


v= or (16-8) 


As shown in Figs. 16-4c and 16-4d, the direction of v is tangent to the 
circular path. 

Both the magnitude and direction of v can also be accounted for by 
using the cross product of w and rp (see Appendix B). Here, rp is directed 
from any point on the axis of rotation to point P, Fig. 16-4c. We have 


The order of the vectors in this formulation is important, since the cross 
product is not commutative, i.e., «o X rp # rp X œ. Notice in Fig. 16-4c 
how the correct direction of v is established by the right-hand rule. The 
fingers of the right hand are curled from « toward rp (@ “cross” rp). The 
thumb indicates the correct direction of v, which is tangent to the path in 
the direction of motion. From Eq. B-8, the magnitude of v in Eq. 16-9 is 
v = wrpsin $, and since r = rpsin $, Fig. 16-4c, then v = wr, which 
agrees with Eq. 16-8. As a special case, the position vector r can be 
chosen for rp. Here r lies in the plane of motion and again the velocity of 
point P is 


v-oXr (16-10) 
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Acceleration. The acceleration of P can be expressed in terms of its 
normal and tangential components. Since a, = dv/dt and a, = v/p, 
where p = r, v = or, and a = da/dt, we have 


a, = ar (16-11) 


Gy = oP (16-12) 


The tangential component of acceleration, Figs. 16-4e and 16-4f, 
represents the time rate of change in the velocity’s magnitude. If the 
speed of P is increasing, then a, acts in the same direction as v; if the 
speed is decreasing, a, acts in the opposite direction of v; and finally, if 
the speed is constant, a, is zero. 

The normal component of acceleration represents the time rate of 
change in the velocity's direction. The direction of a, is always toward O, 
the center of the circular path, Figs. 16-4e and 16-4f. 

Like the velocity, the acceleration of point P can be expressed in terms 
of the vector cross product. Taking the time derivative of Eq. 16-9 we 
have 


a= dE di BM 


Recalling that a = dw/dt, and using Eq. 16-9 (drp/dt = v = w X rp), 
yields 


(f) 


a — aq X rp t ce X (c X rp) (16-13) 


From the definition of the cross product, the first term on the right has a 
magnitude a, = arpsin $ = ar, and by the right-hand rule, œ X rp is in 
the direction of a,, Fig. 16-4e. Likewise, the second term has a magnitude 
a, = orpsin $ = or, and applying the right-hand rule twice, first to 
determine the result vp = œw X rp then œw X vp, it can be seen that this 
result is in the same direction as a,,, shown in Fig. 16-4e. Noting that this 
is also the same direction as —r, which lies in the plane of motion, we can 
express a, in a much simpler form as a, = —o?r. Hence, Eq. 16-13 can 
be identified by its two components as 


a=a,+a, 


=axr- or eo) 


Since a, and a, are perpendicular to one another, if needed the 
magnitude of acceleration can be determined from the Pythagorean 
theorem; namely, a = Va? + a?, Fig. 16-4f. 
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The gears used in the operation of a 
crane all rotate about fixed axes. 
Engineers must be able to relate their 
angular motions in order to properly 
design this gear system. 


Important Points 


A body can undergo two types of translation. During rectilinear 
translation all points follow parallel straight-line paths, and 
during curvilinear translation the points follow curved paths that 
are the same shape and are equidistant from one another. 


All the points on a translating body move with the same velocity 
and acceleration. 


Points located on a body that rotates about a fixed axis follow 
circular paths. 


The relation à d0 = wdw is derived from a= dw/dt and 
w = d0/dt by eliminating dt. 


Once angular motions w and «œ are known, the velocity and 
acceleration of any point on the body can be determined. 


The velocity always acts tangent to the path of motion. 


The acceleration has two components. The tangential acceleration 
measures the rate of change in the magnitude of the velocity and 
can be determined from a, — ar. The normal acceleration 
measures the rate of change in the direction of the velocity and 


can be determined from a, = or. 


16.3 


Procedure for Analysis 


The velocity and acceleration of a point located on a rigid body that 
is rotating about a fixed axis can be determined using the following 
procedure. 


Angular Motion. 


Establish the positive sense of rotation about the axis of rotation 
and show it alongside each kinematic equation as it is applied. 


If a relation is known between any two of the four variables a, w, 
0, and t, then a third variable can be obtained by using one of the 
following kinematic equations which relates all three variables. 


a d0 = w dw 


If the body’s angular acceleration is constant, then the following 
equations can be used: 


O = wy T at 
0 = 05 ar Wot ar lo, 
w = wh + 2a,(0 — A) 


Once the solution is obtained, the sense of 0, œw, and a is 
determined from the algebraic signs of their numerical 
quantities. 


Motion of Point P. 


In most cases the velocity of P and its two components of 
acceleration can be determined from the scalar equations 

v 

ar 


d. — Qu 


If the geometry of the problem is difficult to visualize, the 
following vector equations should be used: 
V—oXrp—-oxr 
a=axrp=axr 
a, = w X (w X rp) = —or 
Here rp is directed from any point on the axis of rotation to 
point P, whereas r lies in the plane of motion of P. Either of 
these vectors, along with w and a, should be expressed in terms 


of its i, j. k components, and, if necessary, the cross products 
determined using a determinant expansion (see Eq. B-12). 


ROTATION ABOUT A FIXED Axis 
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EXAMPLE [16.1 


A cord is wrapped around a wheel in Fig. 16-5, which is initially at rest 
when 0 = 0. If a force is applied to the cord and gives it an 
acceleration a = (4t) m/s”, where t is in seconds, determine, as a 
function of time, (a) the angular velocity of the wheel, and (b) the 
angular position of line OP in radians. 


SOLUTION 


Part(a). The wheelis subjected to rotation about a fixed axis passing 
through point O. Thus, point P on the wheel has motion about a 
circular path, and the acceleration of this point has both tangential and 
normal components. The tangential component is (ap); = (4t) m/s’, 
since the cord is wrapped around the wheel and moves tangent to it. 
Hence the angular acceleration of the wheel is 


Cc) (ap), = ar 
(4t) m/s? = a(0.2 m) 
a = (20r) rad/s“) 
Using this result, the wheel’s angular velocity w can now be 


determined from a = dw/dt, since this equation relates a, t, and w. 
Integrating, with the initial condition that œ = 0 when t = 0, yields 


(CE) eS we = (20r) rad/s” 


w t 
n dw 20t dt 
0 0 


o = 108 rad/s) Ans. 


Part (b). Using this result, the angular position 6 of OP can be 
found from w = d0/dt, since this equation relates 0, œ, and t. 
Integrating, with the initial condition 0 = 0 when t = 0, we have 


(C) w = (1022) rad/s 


dt 
0 t 
| dé = Ji 108 dt 
0 0 


0 = 3.33P rad Ans. 


NOTE: We cannot use the equation of constant angular acceleration, 
since a is a function of time. 
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EXAMPLE [16.2 


The motor shown in the photo is used to turn a wheel and attached 
blower contained within the housing. The details of the design are 
shown in Fig. 16—6a. If the pulley A connected to the motor begins to 
rotate from rest with a constant angular acceleration of a, = 2 rad/s’, 
determine the magnitudes of the velocity and acceleration of point P 
on the wheel, after the pulley has turned two revolutions. Assume the 
transmission belt does not slip on the pulley and wheel. 


SOLUTION 


Angular Motion. First we will convert the two revolutions to 
radians. Since there are 27 rad in one revolution, then 


27 rad 


) — 1257 rad 
lrev 


a, = 2s ( 


Since a, is constant, the angular velocity of pulley A is therefore 


(Ge) w + 2a,(8 — 80) 
= 0 + 2(2 rad/s”) (12.57 rad — 0) 
= 7.090 rad/s 


The belt has the same speed and tangential component of 
acceleration as it passes over the pulley and wheel. Thus, 


U = wal, = ogrg; 7.090 rad/s (0.15 m) = og(0.4 m) 
Wp = 2.659 rad/s 
dj laura = apne? 2tad/s° (015m) — as 4m) 


a, — 0750 rad/s" 


Motion of P. As shown on the kinematic diagram in Fig. 16-6), 
we have 
Up = wpgrg = 2.659 rad/s (0.4 m) = 1.06 m/s Ans. 
(Gp), = wgrg = 0,750 rad/s’ (04m) = 0.3 m/s" 
(ap), = erg = (2.659 rad/s)^(0.4 m) = 2.827 m/s? 


dp = V/(0.3 m/s’)? + (2.827 m/s?? = 2.84 m/s — Ans. 
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ie FUNDAMENTAL PROBLEMS 


F16-1. When the gear rotates 20 revolutions, it achieves an 
angular velocity of w = 30rad/s, starting from rest. 
Determine its constant angular acceleration and the time 
required. 


F16-1 


E F16-2. The flywheel rotates with an angular velocity of 


w = (0.0056?) rad/s, where 6 is in radians. Determine the 
angular acceleration when it has rotated 20 revolutions. 


F16-2 


F16-3. The flywheel rotates with an angular velocity of 
w = (4 61?) rad/s, where 0 is in radians. Determine the time 
it takes to achieve an angular velocity of w = 150 rad/s. 
When t = 0,0 = 0. 


F16-3 


F16-4. The bucket is hoisted by the rope that wraps around 
a drum wheel. If the angular displacement of the wheel is 
d= (0.507 + 15t) rad, where t is in seconds, determine the 
velocity and acceleration of the bucket when t = 3 s. 


F16-4 


Fi16-5. A wheel has an angular acceleration of 
a = (0.50) rad/s”, where 0 is in radians. Determine the 
magnitude of the velocity and acceleration of a point P 
located on its rim after the wheel has rotated 2 revolutions. 
The wheel has a radius of 0.2 m and starts from rest. 


F16-6. For a short period of time, the motor turns gear A 
with a constant angular acceleration of o4 = 4.5 rad/s’, 
starting from rest. Determine the velocity of the cylinder and 
the distance it travels in three seconds. The cord is wrapped 
around pulley D which is rigidly attached to gear B. 


ay = 4.5 rad/s” ( 


F16-6 
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ELM 


*16-1. A disk having a radius of 0.5 ft rotates with an 
initial angular velocity of 2 rad/s and has a constant angular 
acceleration of 1 rad/s?. Determine the magnitudes of the 
velocity and acceleration of a point on the rim of the disk 
when t = 2s. 


16-2. Just after the fan is turned on, the motor gives the 
blade an angular acceleration a = (20e °) rad/s”, where t 
is in seconds. Determine the speed of the tip P of one of the 
blades when ¢t = 3 s. How many revolutions has the blade 
turned in 3 s? When ż = 0 the blade is at rest. 


Prob. 16-2 


16-3. The hook is attached to a cord which is wound 
around the drum. If it moves from rest with an acceleration 
of 20 ft/s?, determine the angular acceleration of the drum 
and its angular velocity after the drum has completed 
10 rev. How many more revolutions will the drum turn after 
it has first completed 10 rev and the hook continues to 
move downward for 4 s? 


a = 20 ft/s? 


Prob. 16-3 


*16-4. The torsional pendulum (wheel) undergoes 
oscillations in the horizontal plane, such that the angle of 
rotation, measured from the equilibrium position, is given 
by 0 = (0.5 sin 3f) rad, where t is in seconds. Determine the 
maximum velocity of point A located at the periphery of 
the wheel while the pendulum is oscillating. What is the 
acceleration of point A in terms of t? 


Prob. 16-4 


*16-5. The operation of reverse gear in an automotive 
transmission is shown. If the engine turns shaft A at 
wa, = 40 rad/s, determine the angular velocity of the drive 
shaft, wg. The radius of each gear is listed in the figure. 


? w4 = 40 rad/s 


— am 


Prob. 16-5 
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16-6. The mechanism for a car window winder is shown in 
the figure. Here the handle turns the small cog C, which 
rotates the spur gear S, thereby rotating the fixed-connected 
lever AB which raises track D in which the window rests. 
The window is free to slide on the track. If the handle is 
wound at 0.5 rad/s, determine the speed of points A and E 
and the speed v, of the window at the instant 0 = 30°. 


V — 


200 mm 


Prob. 16-6 


16-7. The gear A on the drive shaft of the outboard motor 
has a radius r4 = 0.5 in. and the meshed pinion gear B on the 
propeller shaft has a radius rg = 1.2 in. Determine the 
angular velocity of the propeller int = 1.5 s, if the drive shaft 
rotates with an angular acceleration a = (40015) rad/s’, 
where t is in seconds. The propeller is originally at rest and 
the motor frame does not move. 


*16-8. For the outboard motor in Prob. 16-7, determine 
the magnitude of the velocity and acceleration of point P 
located on the tip of the propeller at the instant t = 0.75 s. 


Probs. 16-7/8 
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*16-9. When only two gears are in mesh, the driving gear 
A and the driven gear B will always turn in opposite 
directions. In order to get them to turn in the same 
direction an idler gear C is used. In the case shown, 
determine the angular velocity of gear B when t = 5s, if 
gear A starts from rest and has an angular acceleration of 
aa = (3t + 2) rad/s”, where t is in seconds. 


Driving gear 


Idler gear 


Prob. 16-9 


16-10. During a gust of wind, the blades of the windmill 
are given an angular acceleration of o — (0.20) rad/s?, 
where 0 is in radians. If initially the blades have an angular 
velocity of 5 rad/s, determine the speed of point P, located 
at the tip of one of the blades, just after the blade has turned 
two revolutions. 


~~ a-(020)rad/s 


Prob. 16-10 


16-11. The can opener operates such that the can is driven 
by the drive wheel D. If the armature shaft S on the motor 
turns with a constant angular velocity of 40 rad/s, 
determine the angular velocity of the can. The radii of S, can 
P, drive wheel D, gears A, B, and C, are rs = 5mm, 
rp = 40mm, rp = 7.5 mm, r4 = 20mm, rg = 10 mm, and 
rc = 25 mm, respectively. 


Prob. 16-11 


*16-12. If the motor of the electric drill turns the 
armature shaft S with a constant angular acceleration of 
as = 30 rad/s’, determine the angular velocity of the shaft 
after it has turned 200 rev, starting from rest. 


*16-13. If the motor of the electric drill turns the armature 
shaft S with an angular velocity of ws = (1007!) rad/s, 
determine the angular velocity and angular acceleration of 
the shaft at the instant it has turned 200 rev, starting from rest. 


Probs. 16-12/13 
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16-14. A disk having a radius of 6 in. rotates about a fixed 
axis with an angular velocity of o = (2t + 3) rad/s, where t is 
in seconds. Determine the tangential and normal components 
of acceleration of a point located on the rim of the disk at the 
instant the angular displacement is 0 = 40 rad. 


16-15. The 50-mm-radius pulley A of the clothes 
dryer rotates with an angular acceleration of 
a4 = (270?) rad/s”, where 0, is in radians. Determine its 
angular acceleration when ft = 1 s, starting from rest. 


*16-16. If the 50-mm-radius motor pulley A of the 
clothes dryer rotates with an angular acceleration of 
aa = (10 + 50r) rad/s’, where t is in seconds, determine 
its angular velocity when ¢ = 3 s, starting from rest. 


Prob. 16-15/16 
*16-17. The vacuum cleaner’s armature shaft S rotates 
with an angular acceleration of a = 4«^ rad/s”, where c is 
in rad/s. Determine the brush's angular velocity when 
t = 4s, starting from rest. The radii of the shaft and the 
brush are 0.25 in. and 1 in., respectively. Neglect the 
thickness of the drive belt. 


Prob. 16-17 
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16-18. Gear A is in mesh with gear B as shown. If A starts 
from rest and has a constant angular acceleration of 
aa = 2 rad/s’, determine the time needed for B to attain an 
angular velocity of wg = 50 rad/s. 


Prob. 16-18 


16-19. The vertical-axis windmill consists of two blades 
that have a parabolic shape. If the blades are originally at 
rest and begin to turn with a constant angular acceleration 
of a, = 0.5 rad/s”, determine the magnitude of the velocity 
and acceleration of points A and B on the blade after the 
blade has rotated through two revolutions. 


*16-20. The vertical-axis windmill consists of two blades 
that have a parabolic shape. If the blades are originally at rest 
and begin to turn with a constant angular acceleration of 
a, = 0.5 rad/s”, determine the magnitude of the velocity and 
acceleration of points A and B on the blade when t = 4 s. 


Probs. 16-19/20 
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16.21. The disk is originally rotating at wọ = 8 rad/s. If it 
is subjected to a constant angular acceleration of 
a = 6 rad/s’, determine the magnitudes of the velocity and 
the n and t components of acceleration of point A at the 
instant t = 0.5 s. 


16-22. The disk is originally rotating at wọ = 8 rad/s. If it 
is subjected to a constant angular acceleration of 
a = 6 rad/s’, determine the magnitudes of the velocity and 
the n and t components of acceleration of point B just after 
the wheel undergoes 2 revolutions. 


€ = 8 rad/s 


Probs. 16-21/22 


16-23. The blade C of the power plane is driven by pulley 
A mounted on the armature shaft of the motor. If the 
constant angular acceleration of pulley A is v4 = 40 rad/s’, 
determine the angular velocity of the blade at the instant A 
has turned 400 rev, starting from rest. 


Prob. 16-23 


*16—24. For a short time the motor turns gear A with an 
angular acceleration of a, = (30r!2) rad/s?, where t is in 
seconds. Determine the angular velocity of gear D when 
t = 5s,starting from rest. Gear A is initially at rest. The radii 
of gears A, B, C, and D are r4 = 25 mm, rg = 100 mm, 
rc = 40 mm, and rp = 100 mm, respectively. 


*16-25. The motor turns gear A so that its angular velocity 
increases uniformly from zero to 3000 rev/min after the shaft 
turns 200 rev. Determine the angular velocity of gear D when 
t — 3s. The radii of gears A, B, C, and D are r4 — 25 mm, 
rg = 100 mm, rc = 40 mm, and rp = 100 mm, respectively. 
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16-27. For a short time, gear A of the automobile 
starter rotates with an angular acceleration of 
aa = (450¢7 + 60) rad/s”, where t is in seconds. Determine 
the angular velocity and angular displacement of gear B 
when f = 2s, starting from rest. The radii of gears A and B 
are 10 mm and 25 mm, respectively. 


*16-28. For a short time, gear A of the automobile starter 
rotates with an angular acceleration of «4 = (50%) rad/s”, 
where w is in rad/s. Determine the angular velocity of gear B 
after gear A has rotated 50 rev, starting from rest. The radii of 
gears A and B are 10 mm and 25 mm, respectively. 


—S aap 
Um 


Probs. 16-24/25 


16-26. Rotation of the robotic arm occurs due to linear 
movement of the hydraulic cylinders A and B. If this motion 
causes the gear at D to rotate clockwise at 5 rad/s, determine 
the magnitude of velocity and acceleration of the part C 
held by the grips of the arm. 


Prob. 16-26 


Probs. 16-27/28 


*16—29. Gear A rotates with a constant angular velocity of 
w, = 6rad/s. Determine the largest angular velocity of 
gear B and the speed of point C. 


pet 


Prob. 16-29 
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16-30. If the operator initially drives the pedals at 
20 rev/min, and then begins an angular acceleration of 
30 rev/min’, determine the angular velocity of the flywheel 
F when t = 3 s. Note that the pedal arm is fixed connected 
to the chain wheel A, which in turn drives the sheave B 
using the fixed connected clutch gear D. The belt wraps 
around the sheave then drives the pulley E and fixed- 
connected flywheel. 


16-31. If the operator initially drives the pedals at 
12 rev/min, and then begins an angular acceleration of 
8 rev/min’, determine the angular velocity of the flywheel 
F after the pedal arm has rotated 2 revolutions. Note that 
the pedal arm is fixed connected to the chain wheel A, 
which in turn drives the sheave B using the fixed- 
connected clutch gear D. The belt wraps around the sheave 
then drives the pulley E and fixed-connected flywheel. 


rg = 175mm 
rg = 30mm 


rA = 125mm 
rp = 20mm 


Probs. 16-30/31 


*16-32. The drive wheel A has a constant angular velocity 
of w4. At a particular instant, the radius of rope wound on 
each wheel is as shown. If the rope has a thickness T, 
determine the angular acceleration of wheel B. 


Prob. 16-32 
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*16—33. If the rod starts from rest in the position shown 
and a motor drives it for a short time with an angular 
acceleration of a = (1.5e") rad/s’, where t is in seconds, 
determine the magnitude of the angular velocity and the 
angular displacement of the rod when t = 3 s. Locate the 
point on the rod which has the greatest velocity and 
acceleration, and compute the magnitudes of the velocity 
and acceleration of this point when ¢ = 3 s. The rod is 
defined by z = 0.25 sin(zy) m, where the argument for the 
sine is given in radians and y is in meters. 


z = 0.25 sin (zy) 


Prob. 16-33 


16-34. If the shaft and plate rotates with a constant 
angular velocity of w = 14 rad/s, determine the velocity 
and acceleration of point C located on the corner of the 
plate at the instant shown. Express the result in Cartesian 
vector form. 


16-35. At the instant shown, the shaft and plate rotates 
with an angular velocity of w = 14rad/s and angular 
acceleration of a = 7 rad/s?. Determine the velocity and 
acceleration of point D located on the corner of the plate at 
this instant. Express the result in Cartesian vector form. 


Probs. 16—34/35 
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16.4 Absolute Motion Analysis 


A body subjected to general plane motion undergoes a simultaneous 
translation and rotation. If the body is represented by a thin slab, the slab 
translates in the plane of the slab and rotates about an axis perpendicular 
to this plane. The motion can be completely specified by knowing both the 
angular rotation of a line fixed in the body and the motion of a point on 
the body. One way to relate these motions is to use a rectilinear position 
coordinate s to locate the point along its path and an angular position 
coordinate 0 to specify the orientation of the line. The two coordinates are 
then related using the geometry of the problem. By direct application of 
the time-differential equations v = ds/dt, a = dv/dt, w = d0/dt, and 
a = dw/dt, the motion of the point and the angular motion of the line can 
then be related. This procedure is similar to that used to solve dependent 
motion problems involving pulleys, Sec. 12.9. In some cases, this same 
procedure may be used to relate the motion of one body, undergoing 
either rotation about a fixed axis or translation, to that of a connected 
body undergoing general plane motion. 


Procedure for Analysis 


The velocity and acceleration of a point P undergoing rectilinear 
motion can be related to the angular velocity and angular 
acceleration of a line contained within a body using the following 
procedure. 


Position Coordinate Equation. 

* Locate point P on the body using a position coordinate s, which is 
measured from a fixed origin and is directed along the straight-line 
path of motion of point P. 

Measure from a fixed reference line the angular position 0 of a 
line lying in the body. 

From the dimensions of the body, relate s to 0, s = f(0), using 
geometry and/or trigonometry. 


Time Derivatives. 

* Take the first derivative of s = f (0) with respect to time to get a 
relation between v and o. 
Take the second time derivative to get a relation between a 
and a. 
In each case the chain rule of calculus must be used when taking 
the time derivatives of the position coordinate equation. See 
Appendix C. 


The dumping bin on the truck rotates 
about a fixed axis passing through the 
pin at A. It is operated by the extension 
of the hydraulic cylinder BC. The 
angular position of the bin can be 
specified using the angular position 
coordinate 6, and the position of point 
C on the bin is specified using the 
rectilinear position coordinate s. Since a 
and b are fixed lengths, then the two 
coordinates can be related by the cosine 
law s = Va + b? — 2ab cos 0. The 
time derivative of this equation relates 
the speed at which the hydraulic cylinder 
extends to the angular velocity of 
the bin. 
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EXAMPLE |16.3 


The end of rod R shown in Fig. 16-7 maintains contact with the cam 
by means of a spring. If the cam rotates about an axis passing through 
point O with an angular acceleration @ and angular velocity œ, 
determine the velocity and acceleration of the rod when the cam is in 
the arbitrary position 6. 


SOLUTION 


Position Coordinate Equation. Coordinates 0 and x are chosen in 
order to relate the rotational motion of the line segment OA on the 
cam to the rectilinear translation of the rod. These coordinates are 
measured from the fixed point O and can be related to each other 
using trigonometry. Since OC = CB = r cos 0, Fig. 16-7, then 


x = 2r cos 0 
Time Derivatives. Using the chain rule of calculus, we have 


dx 


dO 
E —2r(sin 0) di 


v = —2ro sin 0 


iue (£e) sin 0 — 2ro(cos 9 


dt dt 
a = —2r(a sin 0 + a? cos 0) Ans. 
NOTE: The negative signs indicate that v and a are opposite to the 


direction of positive x. This seems reasonable when you visualize 
the motion. 
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EXAMPLE |16.4 


At a given instant, the cylinder of radius r, shown in Fig. 16-8, has an 
angular velocity œ and angular acceleration œ. Determine the 
velocity and acceleration of its center G if the cylinder rolls without 


slipping. 


SOLUTION 


Position Coordinate Equation. The cylinder undergoes general 
plane motion since it simultaneously translates and rotates. By 
inspection, point G moves in a straight line to the left, from G to G”, as 
the cylinder rolls, Fig. 16-8. Consequently its new position G’ will be 
specified by the horizontal position coordinate sg, which is measured 
from G to G'. Also, as the cylinder rolls (without slipping), the arc 
length A'B on the rim which was in contact with the ground from 
A to B, is equivalent to sg. Consequently, the motion requires the 
radial line GA to rotate 0 to the position G'A'. Since the arc 
A'B = r0, then G travels a distance 


Sg = r0 


Time Derivatives. Taking successive time derivatives of this 
equation, realizing that r is constant, o = d0/dt, and a = dw/dt, gives 
the necessary relationships: 


Sg = r0 
UG = rw Ans. 


ag = ra Ans. 


NOTE: Remember that these relationships are valid only if the 
cylinder (disk, wheel, ball, etc.) rolls without slipping. 
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EXAMPLE |16.5 


The large window in Fig. 16-9 is opened using a hydraulic cylinder 
AB. If the cylinder extends at a constant rate of 0.5 m/s, determine the 
angular velocity and angular acceleration of the window at the instant 
9 = 30°. 


SOLUTION 


Position Coordinate Equation. The angular motion of the window 
can be obtained using the coordinate 0, whereas the extension or 
motion along the hydraulic cylinder is defined using a coordinate s, 
which measures its length from the fixed point A to the moving 
point B. These coordinates can be related using the law of cosines, 
namely, 


s? = (2m)? + (1m)? — 2(2 m)(1 m) cos 0 
s? = 5 — 4cos@ 
When 0 = 30°, 
s = 1.239 m 


Time Derivatives. Taking the time derivatives of Eq. 1, we have 


ds 


do 
2s— = 0 — 4(-sin 0) 


dt 
s(v,) = 2(sin 0)@ 


dt 


Since v, = 0.5 m/s, then at 6 = 30°, 
(1.239 m)(0.5 m/s) = 2 sin 30°w 
w = 0.6197 rad/s = 0.620 rad/s 
Taking the time derivative of Eq. 2 yields 


ds dv, do . do 
—v,+s—= —w + — 
nidum 2(cos 0) dr? 2(sin 0) dt 


v? + sa, = 2(cos 0)? + 2(sin 0)a 
Since a, = dv,/dt = 0, then 
(0.5 m/s)? + 0 = 2 cos 30°(0.6197 rad/s)? + 2 sin 30°a 
a = —0.415 rad/s” Ans. 


Because the result is negative, it indicates the window has an 
angular deceleration. 
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= PROBLEMS 


*16-36. Rod CD presses against AB, giving it an angular 16-38. The block moves to the left with a constant 
velocity. If the angular velocity of AB is maintained at velocity vy. Determine the angular velocity and angular 
w = 5 rad/s, determine the required magnitude of the acceleration of the bar as a function of 6. 


velocity v of CD as a function of the angle 6 of rod AB. 


Prob. 16-36 Prob. 16-38 
*16—37. The scaffold S is raised by moving the roller at A 16-39. Determine the velocity and acceleration of 
toward the pin at B. If A is approaching B with a speed of platform P as a function of the angle 0 of cam C if the cam 
1.5 ft/s, determine the speed at which the platform rises as a rotates with a constant angular velocity w. The pin 
function of 0. The 4-ft links are pin connected at their connection does not cause interference with the motion of 
midpoint. P on C. The platform is constrained to move vertically by 


the smooth vertical guides. 


Prob. 16-37 Prob. 16-39 
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*16-40. Disk A rolls without slipping over the surface of 
the fixed cylinder B. Determine the angular velocity of A if 
its center C has a speed vç = 5 m/s. How many revolutions 
will A rotate about its center just after link DC completes 
one revolution? 


vc = 5 m/s 


Prob. 16-40 


*16-41. Crank AB rotates with a constant angular 
velocity of 5 rad/s. Determine the velocity of block C and 
the angular velocity of link BC at the instant 0 = 30°. 
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16-42. The pins at A and B are constrained to move in the 
vertical and horizontal tracks. If the slotted arm is causing A 
to move downward at v4, determine the velocity of B as a 
function of 0. 


Prob. 16-42 


16-43. End A of the bar moves to the left with a constant 
velocity v4. Determine the angular velocity œ and angular 
acceleration «a of the bar as a function of its position x. 


Prob. 16-41 


Prob. 16-43 


*16-44. Determine the velocity and acceleration of the 
plate at the instant 0 = 30°, if at this instant the circular cam 
is rotating about the fixed point O with an angular velocity 
w = 4 rad/s and an angular acceleration a = 2 rad/s’. 


Prob. 16-44 


*16-45. At the instant 0 = 30°, crank AB rotates with an 
angular velocity and angular acceleration of w = 10 rad/s 
and a = 2 rad/s’, respectively. Determine the velocity and 
acceleration of the slider block C at this instant. Take 
a=b=03m. 


16-46. At the instant 0 = 30°, crank AB rotates with an 
angular velocity and angular acceleration of w = 10 rad/s 
and a = 2rad/s?, respectively. Determine the angular 
velocity and angular acceleration of the connecting rod BC 
at this instant. Take a = 0.3m and b = 0.5m. 


Probs. 16-45/46 
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16-47. The bridge girder G of a bascule bridge is raised 
and lowered using the drive mechanism shown. If the 
hydraulic cylinder AB shortens at a constant rate of 
0.15 m/s, determine the angular velocity of the bridge girder 
at the instant 0 = 60°. 


Prob. 16-47 


*16-48. The man pulls on the rope at a constant rate of 
0.5m/s. Determine the angular velocity and angular 
acceleration of beam AB when 0 = 60°. The beam rotates 
about A. Neglect the thickness of the beam and the size of 
the pulley. 


Prob. 16-48 


336 CHAPTER 16 PLANAR KINEMATICS OF A RIGID BODY 


*16—49. Peg B attached to the crank AB slides in the slots *16-52. If the wedge moves to the left with a constant 
mounted on follower rods, which move along the vertical velocity v, determine the angular velocity of the rod as a 
and horizontal guides. If the crank rotates with a constant function of 0. 


angular velocity of w = 10 rad/s, determine the velocity 
and acceleration of rod CD at the instant 0 = 30°. 


16-50. Peg B attached to the crank AB slides in the slots 
mounted on follower rods, which move along the vertical 
and horizontal guides. If the crank rotates with a constant 
angular velocity of w = 10 rad/s, determine the velocity 
and acceleration of rod EF at the instant 0 = 30°. 


Prob. 16-52 


Probs. 16-49/50 


16-51. If the hydraulic cylinder AB is extending at a *16-53. At the instant shown, the disk is rotating with an 

constant rate of 1ft/s, determine the dumpster’s angular angular velocity of œw and has an angular acceleration of æ. 

velocity at the instant 0 = 30°. Determine the velocity and acceleration of cylinder B at 
this instant. Neglect the size of the pulley at C. 


15 ft 


Prob. 16-51 Prob. 16-53 
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16.5  Relative-Motion Analysis: Velocity 


The general plane motion of a rigid body can be described as a 
combination of translation and rotation. To view these “component” 
motions separately we will use a relative-motion analysis involving two 
sets of coordinate axes. The x, y coordinate system is fixed and measures 
the absolute position of two points A and B on the body, here represented 
as a bar, Fig. 16-10a. The origin of the x', y' coordinate system will be 
attached to the selected “base point" A, which generally has a known 
motion. The axes of this coordinate system translate with respect to the 
fixed frame but do not rotate with the bar. 


Position The position vector r4 in Fig. 16-10a specifies the location 
of the “base point” A, and the relative-position vector rg4 locates point 
B with respect to point A. By vector addition, the position of B is then 


rg — YA F BJA 


Displacement During an instant of time dt, points A and B undergo 
displacements dr, and drg as shown in Fig. 16-10b. If we consider the 
general plane motion by its component parts then the entire bar first 
translates by an amount dr, so that A, the base point, moves to its final 
position and point B moves to B', Fig. 16-10c. The bar is then rotated 
about A by an amount dé so that B' undergoes a relative displacement 
dr gja and thus moves to its final position B. Due to the rotation about A, 
drgja = rpjA d0, and the displacement of B is 


drg = dra + dtgjA 


due to rotation about A 
due to translation of A 
due to translation and rotation 


Time t Time t + dt 


General plane 
motion 


(b) (c) 


x 


Translating 
reference 


Fixed reference 


(a) 
Fig. 16-10 
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As slider block A moves horizontally to the left with a velocity v4, 
it causes crank CB to rotate counterclockwise, such that vz is 
directed tangent to its circular path, i.e., upward to the left. The 
connecting rod AB is subjected to general plane motion, and at the 
instant shown it has an angular velocity w. 


Velocity To determine the relation between the velocities of points A 
and B, it is necessary to take the time derivative of the position equation, 
or simply divide the displacement equation by dt. This yields 


drg  dr4 | ütgjA 
dt dt dt 


The terms drp/dt = vg and dr ,/dt = v4 are measured with respect to 
the fixed x, y axes and represent the absolute velocities of points A and B, 
respectively. Since the relative displacement is caused by a rotation, the 
magnitude of the third term is drg,A/dt = rg, d0/dt = rp, 4B = r'gjAQ, 
where w is the angular velocity of the body at the instant considered. We 
will denote this term as the relative velocity vp, 4, since it represents the 
velocity of B with respect to A as measured by an observer fixed to the 
translating x', y' axes. In other words, the bar appears to move as if it were 
rotating with an angular velocity œ about the z' axis passing through A. 
Consequently, vgj4 has a magnitude of vg;4 = rg, and a direction 
which is perpendicular to rg, 4. We therefore have 


Vg = VA + VB/A (16-15) 


where 


vg = velocity of point B 
velocity of the base point A 
velocity of B with respect to A 


VA 
VB/A 
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Path of 
point A 
(A VA 
UB/A — QT B/A 
Vp = 
B VA + 
Path of 
point B 
Translation 
General plane motion 
(d) (e) 


Fig. 16-10 (cont.) 


What this equation states is that the velocity of B, Fig. 16-10d, is 
determined by considering the entire bar to translate with a velocity of v 4, 
Fig. 16-10e, and rotate about A with an angular velocity œw, Fig. 16-10f. 
Vector addition of these two effects, applied to B, yields vg, as shown in 
Fig. 16-10g. 

Since the relative velocity vgj4 represents the effect of circular 
motion, about A, this term can be expressed by the cross product 
VgjA = €) X rgj4, Eq. 16-9. Hence, for application using Cartesian 
vector analysis, we can also write Eq. 16-15 as 


Vi = VA tox Yp/A (16-16) 


where 


vg = velocity of B 
v4 = velocity of the base point A 
c = angular velocity of the body 
rp;4 = position vector directed from A to B 


The velocity equation 16-15 or 16-16 may be used in a practical 
manner to study the general plane motion of a rigid body which is either 
pin connected to or in contact with other moving bodies. When applying 
this equation, points A and B should generally be selected as points on 
the body which are pin-connected to other bodies, or as points in contact 
with adjacent bodies which have a known motion. For example, point A 
on link AB in Fig. 16-11a must move along a horizontal path, whereas 
point B moves on a circular path. The directions of v4 and vg can 
therefore be established since they are always tangent to their paths of 
motion, Fig. 16-115. In the case of the wheel in Fig. 16-12, which rolls 
without slipping, point A on the wheel can be selected at the ground. 
Here A (momentarily) has zero velocity since the ground does not move. 
Furthermore, the center of the wheel, B, moves along a horizontal path 
so that vg is horizontal. 


Rotation about the 
base point A VA 


(f) (g) 
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Procedure for Analysis 


The relative velocity equation can be applied either by using 
Cartesian vector analysis, or by writing the x and y scalar component 
equations directly. For application, it is suggested that the following 
procedure be used. 


Vector Analysis 


Kinematic Diagram. 


* Establish the directions of the fixed x, y coordinates and draw a 
kinematic diagram of the body. Indicate on it the velocities v4, vg 
of points A and B, the angular velocity «, and the relative- 
position vector rg4. 


If the magnitudes of v4, vg, or w are unknown, the sense of 
direction of these vectors can be assumed. 


Velocity Equation. 


* To apply vg = v4 + @ X rg/4, express the vectors in Cartesian 


vector form and substitute them into the equation. Evaluate the 
cross product and then equate the respective i and j components 
to obtain two scalar equations. 


If the solution yields a negative answer for an unknown 
magnitude, it indicates the sense of direction of the vector is 
opposite to that shown on the kinematic diagram. 


Scalar Analysis 


Kinematic Diagram. 


* If the velocity equation is to be applied in scalar form, then the 
magnitude and direction of the relative velocity vg/4 must be 
established. Draw a kinematic diagram such as shown in 
Fig. 16-10g, which shows the relative motion. Since the body is 
considered to be *pinned" momentarily at the base point A, the 
magnitude of vg/4 is Ug/4 = «rg;4. The sense of direction of 
Vgj4 is always perpendicular to rg;4 in accordance with the 
rotational motion œw of the body.* 


Velocity Equation. 


* Write Eq. 16-15 in symbolic form, vg = v4 + Vga, and 
underneath each of the terms represent the vectors graphically 
by showing their magnitudes and directions. The scalar equations 
are determined from the x and y components of these vectors. 


* The notation vg = V4 + V5/A(pin) may be helpful in recalling that A is “pinned.” 


16.5  RELATIVE-MOTION ANALYSIS: VELOCITY 


EXAMPLE |16.6 


The link shown in Fig. 16-13a is guided by two blocks at A and B, 
which move in the fixed slots. If the velocity of A is 2 m/s downward, 
determine the velocity of B at the instant 0 = 45°. 


SOLUTION (VECTOR ANALYSIS) 


Kinematic Diagram. Since points A and B are restricted to move 
along the fixed slots and v4 is directed downward, the velocity vg must 
be directed horizontally to the right, Fig. 16-135. This motion causes 
the link to rotate counterclockwise; that is, by the right-hand rule the 
angular velocity œ is directed outward, perpendicular to the plane of 
motion. Knowing the magnitude and direction of v4 and the lines of 
action of vg and a, it is possible to apply the velocity equation 
Vp = VA + @ X rg4 to points A and B in order to solve for the two 
unknown magnitudes vg and w. Since rg/4 is needed, it is also shown 
in Fig. 16-13b. 


Velocity Equation. Expressing each of the vectors in Fig. 16-135 in 
terms of their i, j, k components and applying Eq. 16-16 to A, the base 
point, and B, we have 


Vp = VA +t 0 X Ip 
Vai = —2j + [ok X (0.2 sin 45*i — 0.2 cos 45°j)] 
vpi = —2j + 0.2m sin 45°j + 0.2 cos 45°i 
Equating the i and j components gives 
Ug = 0.20 cos 45? 0 = —2 + 0.2m sin 45? 
Thus, 
o = 14.1 rad/s Ý 


vg = 2 m/s > Ans. 


Since both results are positive, the directions of vg and w are indeed 
correct as shown in Fig. 16-135. It should be emphasized that these 
results are valid only at the instant 0 = 45°. A recalculation for 
0 = 44° yields vg = 2.07 m/s and w = 14.4 rad/s; whereas when 
0 = 46°, vg = 1.93 m/s and w = 13.9 rad/s, etc. 


NOTE: Once the velocity of a point (A) on the link and the angular 
velocity are known, the velocity of any other point on the link can be 
determined. As an exercise, see if you can apply Eq. 16-16 to points A 
and C or to points B and C and show that when 0 = 45°, 
Uc = 3.16 m/s, directed at an angle of 18.4? up from the horizontal. 
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EXAMPLE |16.7 


y 


w = 15 rad/s 
E. p 


Ne = 15 rad/s 
A | 


Relative motion 


(c) 
Fig. 16-14 


The cylinder shown in Fig. 16-14a rolls without slipping on the surface 
of a conveyor belt which is moving at 2 ft/s. Determine the velocity of 
point A. The cylinder has a clockwise angular velocity w = 15 rad/s at 
the instant shown. 


SOLUTION I (VECTOR ANALYSIS) 


Kinematic Diagram. Since no slipping occurs, point B on the 
cylinder has the same velocity as the conveyor, Fig. 16-145. Also, the 
angular velocity of the cylinder is known, so we can apply the velocity 
equation to B, the base point, and A to determine v4. 
Velocity Equation. 
VA = Vg +t @ X Yap 
(v4)d + (v4),j = 2i + (—15k) X (—051 + 0.5]) 
(vA) + (v4)yj = 2i + 7.50j + 7.50i 
so that 
(vA), = 2 + 7.50 = 9.50 ft/s 
(n 7.30 tts 


v4 = V(9.50)2 + (7.50) = 12.1 ft/s 


SOLUTION II (SCALAR ANALYSIS) 

As an alternative procedure, the scalar components of v4 = vg + Va/zp 
can be obtained directly. From the kinematic diagram showing the 
relative “circular” motion which produces v 4/5, Fig. 16-14c, we have 


0.5 ft 
Vays orap = (15 raa/s)( 2 a) = 10.6 ft/s 
Thus, 
VA = Vg + VAJB 
RA " d Hu |. zl " e Ed 
mc i — 243? 


Equating the x and y components gives the same results as before, 
namely, 


(5) (va)x = 2 + 10.6 cos 45° = 9.50 ft/s 
(+f) (v4), = 0 + 10.6 sin 45° = 7.50 ft/s 


16.5 RELATIVE-MOTION ANALYSIS: VELOCITY 


EXAMPLE |16.8 


The collar C in Fig. 16-15a is moving downward with a velocity of 
2 m/s. Determine the angular velocity of CB at this instant. 


SOLUTION I (VECTOR ANALYSIS) 


Kinematic Diagram. The downward motion of C causes B to 
move to the right along a curved path. Also, CB and AB rotate 
counterclockwise. 


Velocity Equation. Link CB (general plane motion): See Fig. 16-155. 


Vea Ve a WDcB x TBIC 
= 2j + wesk X (02i — 02]) 
= —2j sl: 0.20 c pj F 0.2wcpi 


Up = 0.2wcg 
0 = —2 + 020cp 
= 10rad/s5 


Ug = 2 m/s > 


SOLUTION II (SCALAR ANALYSIS) 

The scalar component equations of vg = vc + vg;c can be obtained 
directly. The kinematic diagram in Fig. 16-15c shows the relative 
“circular” motion which produces vg;c. We have 


Vp = Ve AF VBIC 


i]- p] pm 


= 245° 


Resolving these vectors in the x and y directions yields 


5) vg =O + wcp(0.2V2 cos 45°) 


(+1) 0 = —2 + wcg(0.2V2 sin 45°) 
which is the same as Eqs. 1 and 2. 


NOTE: Since link AB rotates about a fixed axis and vg is known, 
Fig. 16-15d, its angular velocity is found from vg = e4grag Or i 
2 m/s = eg (0.2 m), wag = 10 rad/s. Fig. 16-15 
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EXAMPLE |16.9 


The bar AB of the linkage shown in Fig. 16-16a has a clockwise 
angular velocity of 30 rad/s when 0 = 60°. Determine the angular 
velocities of member BC and the wheel at this instant. 


SOLUTION (VECTOR ANALYSIS) 


Kinematic Diagram. By inspection, the velocities of points B and C 
are defined by the rotation of link AB and the wheel about their fixed 
axes. The position vectors and the angular velocity of each member 
are shown on the kinematic diagram in Fig. 16-165. To solve, we will 
write the appropriate kinematic equation for each member. 


Velocity Equation. Link AB (rotation about a fixed axis): 
Vp — Wap x Ip 


= (—30k) X (0.2 cos 60° + 0.2 sin 60°j) 
= (5.20i — 3.0j} m/s 


"c Link BC (general plane motion): 


Vc = Vg t+ Ogc X EcjB 
vd = 520i — 3.0j + (wgck) x (02i) 
(b) vd = 520i + (0.2wgc — 3.0)j 
Fig. 16-16 vc — 5.20 m/s 
o= 02o 50 
pc = 15 rad/s Ý 


Wheel (rotation about a fixed axis): 


vc = @p X ic 
5.201 = (vpk) x (-0.1j) 
5.20 = 0.197 

@p = 52.0 rad/s 5 
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[E] FUNDAMENTAL PROBLEMS 


F16-7. If roller A moves to the right with a constant F16-10. If crank OA rotates with an angular velocity of 
velocity of v4 = 3 m/s, determine the angular velocity of w = 12 rad/s, determine the velocity of piston B and the 
the link and the velocity of roller B at the instant 0 = 30°. angular velocity of rod AB at the instant shown. 


F16-10 
F16-11. If rod AB slides along the horizontal slot with a 
velocity of 60 ft/s, determine the angular velocity of link 
F16-7 BC at the instant shown. 


F16-8. The wheel rolls without slipping with an angular 
velocity of w = 10 rad/s. Determine the magnitude of the 
velocity of point B at the instant shown. 


F16-11 


F16-12. End A of the link has a velocity of v4 = 3 m/s. 
Determine the velocity of the peg at B at this instant. The 
peg is constrained to move along the slot. 


F16-8 


F16-9. Determine the angular velocity of the spool. The 
cable wraps around the inner core, and the spool does not 
slip on the platform P. 


346 CHAPTER 16 


PLANAR KINEMATICS OF A RIGID BODY 


ET PROBLEMS 


16-54. Pinion gear A rolls on the fixed gear rack B with an 
angular velocity w = 4 rad/s. Determine the velocity of the 
gear rack C. 


16-55. Pinion gear A rolls on the gear racks B and C. If B 
is moving to the right at 8 ft/s and C is moving to the left at 
4 ft/s, determine the angular velocity of the pinion gear and 
the velocity of its center A. 


Probs. 16—54/55 


*16-56. The gear rests in a fixed horizontal rack. A cord is 
wrapped around the inner core of the gear so that it 
remains horizontally tangent to the inner core at A. If the 
cord is pulled to the right with a constant speed of 2 ft/s, 
determine the velocity of the center of the gear, C. 


*16-57. Solve Prob. 16-56 assuming that the cord is 
wrapped around the gear in the opposite sense, so that the 
end of the cord remains horizontally tangent to the inner 
core at B and is pulled to the right at 2 ft/s. 


16-58. A bowling ball is cast on the ^alley" with a 
backspin of w = 10 rad/s while its center O has a forward 
velocity of vo = 8 m/s. Determine the velocity of the 
contact point A in contact with the alley. 


= 10 rad/s 


Y 


vo = 8 m/s 


Prob. 16-58 


16-59. Determine the angular velocity of the gear and the 
velocity of its center O at the instant shown. 


Prob. 16-59 


*16-60. Determine the velocity of point A on the rim of 
the gear at the instant shown. 


Probs. 16—56/57 


Prob. 16-60 


*16-61. The rotation of link AB creates an oscillating 
movement of gear F. If AB has an angular velocity of 
wag = 6 rad/s, determine the angular velocity of gear F at 
the instant shown. Gear E is rigidly attached to arm CD and 
pinned at D to a fixed point. 


Prob. 16-61 
16-62. Piston P moves upward with a velocity of 300 in./s 


at the instant shown. Determine the angular velocity of the 
crankshaft AB at this instant. 


16-63. Determine the velocity of the center of gravity G 
of the connecting rod at the instant shown. Piston P is 
moving upward with a velocity of 300 in./s. 


Up = 300 in./s 


Probs. 16-62/63 
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*16-64. The planetary gear system is used in an automatic 
transmission for an automobile. By locking or releasing 
certain gears, it has the advantage of operating the car at 
different speeds. Consider the case where the ring gear R is 
held fixed, wr = 0, and the sun gear S is rotating at 
ws = 5 rad/s. Determine the angular velocity of each of the 
planet gears P and shaft A. 


Prob. 16-64 


*16-65. Determine the velocity of the center O of the spool 
when the cable is pulled to the right with a velocity of v. The 
spool rolls without slipping. 


16-66. Determine the velocity of point A on the outer rim 
of the spool at the instant shown when the cable is pulled to 
the right with a velocity of v. The spool rolls without 


slipping. 


Probs. 16—65/66 
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16-67. The bicycle has a velocity v = 4 ft/s, and at the 
same instant the rear wheel has a clockwise angular velocity 
w = 3 rad/s, which causes it to slip at its contact point A. 
Determine the velocity of point A. 


Prob. 16-67 


*16-68. If bar AB has an angular velocity w4g = 4 rad/s, 
determine the velocity of the slider block C at the instant 
shown. 


Prob. 16-68 
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*16-69. The pumping unit consists of the crank pitman 
AB, connecting rod BC, walking beam CDE and pull rod F. 
If the crank is rotating with an angular velocity of 
w = 10rad/s, determine the angular velocity of the 
walking beam and the velocity of the pull rod EFG at the 
instant shown. 


Prob. 16-69 


16-70. Ifthe hydraulic cylinder shortens at a constant rate 
of vc = 2 ft/s, determine the angular velocity of link ACB 
and the velocity of block B at the instant shown. 


16-71. Ifthe hydraulic cylinder shortens at a constant rate 
of vc — 2 ft/s, determine the velocity of end A of link ACB 
at the instant shown. 


Probs. 16—70/71 


*16-72. The epicyclic gear train consists of the sun gear A 
which is in mesh with the planet gear B. This gear has an 
inner hub C which is fixed to B and in mesh with the fixed 
ring gear R. If the connecting link DE pinned to B and C is 
rotating at wp, = 18 rad/s about the pin at E, determine 
the angular velocities of the planet and sun gears. 


Prob. 16-72 


e16-73. If link AB has an angular velocity of 
wag = 4 rad/s at the instant shown, determine the velocity 
of the slider block E at this instant. Also, identify the type of 
motion of each of the four links. 


Prob. 16-73 
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16—74. Atthe instant shown, the truck travels to the right at 
3 m/s, while the pipe rolls counterclockwise at w = 8 rad/s 
without slipping at B. Determine the velocity of the pipe's 
center G. 


16-75. Atthe instant shown, the truck travels to the right 
at 8 m/s. If the pipe does not slip at B, determine its angular 
velocity if its mass center G appears to remain stationary to 
an observer on the ground. 


— a 
h ii e j; 
15m 
D 
- = B = 
© 
Probs. 16-74/75 


*16—76. The mechanism of a reciprocating printing table 
is driven by the crank AB. If the crank rotates with an 
angular velocity of w = 10 rad/s, determine the velocity of 
point C at the instant shown. 


Prob. 16-76 
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*16-77. The planetary gear set of an automatic *16-80. If the ring gear D rotates counterclockwise with 
transmission consists of three planet gears A, B, and C, an angular velocity of wp = 5 rad/s while link AB rotates 
mounted on carrier D, and meshed with the sun gear E and clockwise with an angular velocity of «45 = 10 rad/s, 
ring gear F. By controlling which gear of the planetary set determine the angular velocity of gear C. 


rotates and which gear receives the engine's power, the 
automatic transmission can alter a car’s speed and 
direction. If the carrier is rotating with a counterclockwise 
angular velocity of wp = 20 rad/s while the ring gear is 
rotating with a clockwise angular velocity of wp = 10 rad/s, 
determine the angular velocity of the planet gears and the 
sun gear. The radii of the planet gears and the sun gear are 
45 mm and 75 mm, respectively. 


16-78. The planetary gear set of an automatic transmission 
consists of three planet gears A, B, and C, mounted on carrier 
D, and meshed with sun gear E and ring gear F. By 
controlling which gear of the planetary set rotates and which 
gear receives the engine's power, the automatic transmission 
can alter a car's speed and direction. If the ring gear is held 
stationary and the carrier is rotating with a clockwise angular 
E velocity of wp = 20 rad/s, determine the angular velocity of 
the planet gears and the sun gear. The radii of the planet 
gears and the sun gear are 45 mm and 75 mm, respectively. 


Probs. 16—79/80 


*16-81. If the slider block A is moving to the right at 
va = 8 ft/s, determine the velocity of blocks B and C at 
the instant shown. Member CD is pin connected to 
member ADB. 


Probs. 16-77/78 


16-79. If the ring gear D is held fixed and link AB rotates vA — 8 ft/s 
with an angular velocity of cw 45 = 10 rad/s, determine the 
angular velocity of gear C. Prob. 16-81 
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16.6 Instantaneous Center of Zero 
Velocity 


The velocity of any point B located on a rigid body can be obtained in a 
very direct way by choosing the base point A to be a point that has zero 
velocity at the instant considered. In this case, v4 = 0, and therefore the 
velocity equation, vg = v4 + « X rg;4, becomes vg = œ X rg;4. Fora 
body having general plane motion, point A so chosen is called the 
instantaneous center of zero velocity (IC), and it lies on the instantaneous 
axis of zero velocity. This axis is always perpendicular to the plane of 
motion, and the intersection of the axis with this plane defines the location 
of the JC. Since point A coincides with the ZC, then vg = œ X rgyjc and 
so point B moves momentarily about the /C in a circular path; in other 
words, the body appears to rotate about the instantaneous axis. The 
magnitude of vg is simply vg = wrgjıc, where w is the angular velocity of 
the body. Due to the circular motion, the direction of vg must always be 
perpendicular to ¥gyjc- 

For example, the /C for the bicycle wheel in Fig. 16-17 is at the contact 
point with the ground. There the spokes are somewhat visible, whereas at 
the top of the wheel they become blurred. If one imagines that the wheel 
is momentarily pinned at this point, the velocities of various points can be 
found using v — wr. Here the radial distances shown in the photo, 
Fig. 16-17, must be determined from the geometry of the wheel. 


Fig. 16-17 
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Location of IC 
knowing v4 and vg 


(d) 
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Centrode 


Vic = 0 
IC 
M 
Location of IC 
Location of IC knowing the directions 
knowing v4 and c of v4 and vg 
(a) (b) 
Fig. 16-18 


Location of the IC. To locate the IC we can use the fact that the 
velocity of a point on the body is always perpendicular to the relative- 
position vector directed from the JC to the point. Several possibilities 
exist: 


The velocity v4 of a point A on the body and the angular velocity w 
of the body are known, Fig. 16-18a. In this case, the JC is located 
along the line drawn perpendicular to v4 at A, such that the distance 
from A to the JC is rajjc = v4/«. Note that the JC lies up and to the 
right of A since v4 must cause a clockwise angular velocity w about 
the /C. 


The lines of action of two nonparallel velocities v4 and vg are 
known, Fig. 16-18b. Construct at points A and B line segments that 
are perpendicular to v4 and vg. Extending these perpendiculars to 
their point of intersection as shown locates the /C at the instant 
considered. 


The magnitude and direction of two parallel velocities v4 and vg are 
known. Here the location of the /C is determined by proportional 
triangles. Examples are shown in Fig. 16-18c and d. In both cases 
rajic = Va/@ and rgjjc = vg/o. If d is a known distance between 
points A and B, then in Fig. 16-18c, rjjjc + rgjc = d and in 
Fig. 16-18d, TB/IC = FAJIC =d. 
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Realize that the point chosen as the instantaneous center of zero 
velocity for the body can only be used at the instant considered since the 
body changes its position from one instant to the next. The locus of 
points which define the location of the JC during the body's motion is 
called a centrode, Fig. 16-18a, and so each point on the centrode acts as 
the /C for the body only for an instant. 

Although the /C may be conveniently used to determine the velocity 
of any point in a body, it generally does not have zero acceleration and 
therefore it should not be used for finding the accelerations of points in 
a body. 


Procedure for Analysis 


The velocity of a point on a body which is subjected to general plane 
motion can be determined with reference to its instantaneous center 
of zero velocity provided the location of the /C is first established 
using one of the three methods described above. 


* As shown on the kinematic diagram in Fig. 16-19, the body is 
imagined as “extended and pinned” at the JC so that, at the 
instant considered, it rotates about this pin with its angular 
velocity c. 

The magnitude of velocity for each of the arbitrary points A, B, 
and C on the body can be determined by using the equation 
v = or, where r is the radial distance from the JC to each point. 


* The line of action of each velocity vector v is perpendicular to its 
associated radial line r, and the velocity has a sense of direction 
which tends to move the point in a manner consistent with the 
angular rotation œw of the radial line, Fig. 16-19. 


As the board slides downward to the 
left it is subjected to general plane 
motion. Since the directions of the 
velocities of its ends A and B are 
known, the /C is located as shown. At 
this instant the board will momentarily 
rotate about this point. Draw the board 
in several other positions and establish 
the /C for each case. 


Uc = WTC/IC 


UA = OAE 


Fig. 16-19 


354 CHAPTER 16 PLANAR KINEMATICS OF A RIGID BODY 


EXAMPLE |16.10 


Show how to determine the location of the instantaneous center of 
zero velocity for (a) member BC shown in Fig. 16—20a; and (b) the link 
CB shown in Fig. 16-20c. 


SOLUTION 


Part (a). As shown in Fig. 16-20a, point B moves in a circular path 
such that vg is perpendicular to AB. Therefore, it acts at an angle 0 
from the horizontal as shown in Fig. 16205. The motion of point B 
causes the piston to move forward Aorizontally with a velocity vc. 
When lines are drawn perpendicular to vg and vc, Fig. 16-205, they 
intersect at the /C. 


Part(b). Points B and C follow circular paths of motion since links AB 
and DC are each subjected to rotation about a fixed axis, Fig. 16-20c. 
Since the velocity is always tangent to the path, at the instant considered, 
vc on rod DC and vg on rod AB are both directed vertically downward, 
along the axis of link CB, Fig. 16-20d. Radial lines drawn perpendicular 
to these two velocities form parallel lines which intersect at “infinity;” 
res IRENE TA co and TBC me oo. Thus, Ocp = (*c/TcjIc) —0. As a 
result, link CB momentarily translates. An instant later, however, CB will 
move to a tilted position, causing the /C to move to some finite location. 
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EXAMPLE |16.11 


Block D shown in Fig. 16-21a moves with a speed of 3 m/s. Determine 
the angular velocities of links BD and AB, at the instant shown. 


SOLUTION 

As D moves to the right, it causes AB to rotate clockwise about point 
A. Hence, vg is directed perpendicular to AB. The instantaneous 
center of zero velocity for BD is located at the intersection of the line 
segments drawn perpendicular to vg and vp, Fig. 16-21b. From the 
geometry, 


Tgjjc = 0.4 tan 45? m = 0.4m 


0.4 m 
TD» = EIS = 0.5657 m 
Since the magnitude of vp is known, the angular velocity of link BD is 


Up 3 m/s 
= fpc  0.5657m 


5.30 rad/s 5 Ans. 


The velocity of B is therefore 


Ug = @gp(Tajic) = 5.30 rad/s (0.4m) = 2.12 m/s ~G45° 


From Fig. 16-21c, the angular velocity of AB is 


vg _ 2.12 m/s 


FBJA 0.4 m 


= 5.30 rad/s 2 


OAB 


NOTE: Try and solve this problem by applying vp = vg + vpjg to 
member BD. 
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EXAMPLE |16.12 


The cylinder shown in Fig. 16—22a rolls without slipping between the 
two moving plates E and D. Determine the angular velocity of the 
cylinder and the velocity of its center C. 


PEPEPEPE. 


vg = 0.25 m/s 


vp = 0.4 m/s 
PEAR 


IZI-I-ISIZ I-II I-II I2] 
(a) 


v4 — 0.25 m/s SOLUTION 

> Since no slipping occurs, the contact points A and B on the cylinder 
have the same velocities as the plates E and D, respectively. 
Furthermore, the velocities v4 and vg are parallel, so that by the 
proportionality of right triangles the /C is located at a point on line AB, 
Fig. 16-22b. Assuming this point to be a distance x from B, we have 


Up = wX; 0.4 m/s = wx 
v4 = e(0225m — x); 0.25 m/s = w(0.25m — x) 
Dividing one equation into the other eliminates w and yields 
0.4(0.25 — x) = 0.25x 


0.1 
pa 065 = 0.1538 m 


Hence, the angular velocity of the cylinder is 


UB 0.4 m/s 
|» x 0.1538 m 


= 2.60 rad/s) 


The velocity of point C is therefore 
Uc = wrcjıc = 2.60 rad/s (0.1538 m — 0.125 m) 
0.0750 m/s — 
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EXAMPLE |16.13 


The crankshaft AB turns with a clockwise angular velocity of 10 rad/s, 
Fig. 16-23a. Determine the velocity of the piston at the instant shown. 


gc = 2.43 rad/s 


wag = 10 rad/s 


SOLUTION 
The crankshaft rotates about a fixed axis, and so the velocity of point 
Bis 

Ug = 10 rad/s (0.25 ft) = 2.50 ft/s £ 45° 


Since the directions of the velocities of B and C are known, then the 
location of the /C for the connecting rod BC is at the intersection of 
the lines extended from these points, perpendicular to vg and vç, 
Fig. 16-23b. The magnitudes of rg jc and rcc can be obtained from 
the geometry of the triangle and the law of sines, i.e., 


0.75 ft TB/IC 
sin 45° sin 76.4? 


TBiic — 1.031 ft 


0.75 ft TTG 
sin45? sin 58.6? 


TC/IC = 0.9056 ft 


The rotational sense of œw gc must be the same as the rotation caused (b) 
by vg about the IC, which is counterclockwise. Therefore, Fig. 16-23 


Up — 25 ft/s 
TB/IC 1.031 ft 


= 2.425 rad/s 


WBC — 


Using this result, the velocity of the piston is 
Qos ®BcIC/IC = (2.425 rad/s)(0.9056 ft) = 2.20 ft/s Ans. 
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rel FUNDAMENTAL PROBLEMS 


F16-13. Determine the angular velocity of the rod and the F16-16. If cable AB is unwound with a speed of 3 m/s, and 
velocity of point C at the instant shown. the gear rack C has a speed of 1.5 m/s, determine the 
angular velocity of the gear and the velocity of its center O. 


|" = 6 m/s 
25m 


25m 


F16-13 F16-16 


F16-14. Determine the angular velocity of link BC and F16-17. Determine the angular velocity of link BC and the 
velocity of the piston C at the instant shown. velocity of the piston C at the instant shown. 


A 457 nds P 


F16-14 
F16-15. If the center O of the wheel is moving with a F16-18. Determine the angular velocity of links BC and 
speed of vo = 6 m/s, determine the velocity of point A on CD at the instant shown. 


the wheel. The gear rack B is fixed. 
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PT PROBLEMS EN 


16-82. Solve Prob. 16-54 using the method of *16-89. If link CD has an angular velocity of 
instantaneous center of zero velocity. wcp = 6 rad/s, determine the velocity of point E on link BC 

and the angular velocity of link AB at the instant shown. 
16-83. Solve Prob. 16-56 using the method of 


instantaneous center of zero velocity. 
0.3m ; 0.3m 


*16-84. Solve Prob. 16-64 using the method of 
instantaneous center of zero velocity. 


*16-85. Solve Prob. 16-58 using the method of | 96m 
instantaneous center of zero velocity. wcp= 6 rad/s | 
D 
: B : 


16-86. Solve Prob. 16-67 using the method of 
instantaneous center of zero velocity. 

Prob. 16-89 
16-87. Solve Prob. 16-68 using the method of 
instantaneous center of zero velocity. 


16-90. At the instant shown, the truck travels to the right at a 
3 m/s, while the pipe rolls counterclockwise at w = 6 rad/s 

without slipping at B. Determine the velocity of the pipe's 

center G. 


*16-88. The wheel rolls on its hub without slipping on the 
horizontal surface. If the velocity of the center of the wheel 
is Uc = 2 ft/s to the right, determine the velocities of points 
A and B at the instant shown. 


Prob. 16-90 


16-91. If the center O of the gear is given a velocity of 
vo = 10 m/s, determine the velocity of the slider block B at 
the instant shown. 


Prob. 16-88 Prob. 16-91 


360 CHAPTER 16 PLANAR KINEMATICS OF A RIGID BODY 


*16-92. Ifend A of the cord is pulled down with a velocity 16-94. The wheel is rigidly attached to gear A, which is in 


of v4 = 4 m/s, determine the angular velocity of the spool mesh with gear racks D and E. If D has a velocity of 
and the velocity of point C located on the outer rim of Up = 6 ft/s to the right and wheel rolls on track C without 
the spool. slipping, determine the velocity of gear rack E. 


16-95. The wheel is rigidly attached to gear A, which is in 
mesh with gear racks D and E. If the racks have a velocity 
of vp = 6 ft/s and vg = 10 ft/s, show that it is necessary for 
the wheel to slip on the fixed track C. Also find the angular 
velocity of the gear and the velocity of its center O. 


Prob. 16-92 Probs. 16-94/95 


*16-93. If end A of the hydraulic cylinder is moving with a *16-96. If C has a velocity of vc = 3 m/s, determine the 
velocity of v4 = 3 m/s, determine the angular velocity of angular velocity of the wheel at the instant shown. 
rod BC at the instant shown. 


Prob. 16-93 Prob. 16-96 


*16-97. The oil pumping unit consists of a walking beam 
AB, connecting rod BC, and crank CD. If the crank rotates 
at a constant rate of 6 rad/s, determine the speed of the rod 
hanger H at the instant shown. Hint: Point B follows a 
circular path about point E and therefore the velocity of B 
is not vertical. 


Prob. 16-97 


16-98. If the hub gear H and ring gear R have angular 
velocities wy = 5 rad/s and wr = 20 rad/s, respectively, 
determine the angular velocity ws of the spur gear S and the 
angular velocity of arm OA. 


16-99. If the hub gear H has an angular velocity 
wy = 5rad/s, determine the angular velocity of the ring 
gear R so that the arm OA which is pinned to the spur gear 
S remains stationary (wo, = 0). What is the angular 
velocity of the spur gear? 


Probs. 16-98/99 
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*16-100. If rod AB is rotating with an angular velocity 
wag = 3 rad/s, determine the angular velocity of rod BC at 
the instant shown. 


*16-101. If rod AB is rotating with an angular velocity 
wag = 3 rad/s, determine the angular velocity of rod CD at 
the instant shown. 


Probs. 16-100/101 


16-102. The mechanism used in a marine engine consists 
of a crank AB and two connecting rods BC and BD. 
Determine the velocity of the piston at C the instant the 
crank is in the position shown and has an angular velocity of 
5 rad/s. 


16-103. The mechanism used in a marine engine consists 
of a crank AB and two connecting rods BC and BD. 
Determine the velocity of the piston at D the instant the 
crank is in the position shown and has an angular velocity of 
5 rad/s. 


Probs. 16-102/103 
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*16-104. If flywheel A is rotating with an angular velocity 
of w4 = 10 rad/s, determine the angular velocity of wheel 
B at the instant shown. 


w4 = 10 rad/s 


LJAN 


— 


0.1 m 
Prob. 16-104 
*16-105. If crank AB is rotating with an angular velocity 
of w4g = 6 rad/s, determine the velocity of the center O of 


the gear at the instant shown. 


Prob. 16-105 
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16-106. The square plate is constrained within the slots at 
A and B. When 0 = 30°, point A is moving at v4 = 8 m/s. 
Determine the velocity of point C at this instant. 


16-107. The square plate is constrained within the slots at 
A and B. When 0 = 30°, point A is moving at v4 = 8 m/s. 
Determine the velocity of point D at this instant. 


va = 8 m/s 


Probs. 16—-106/107 


*16-108. The mechanism produces intermittent motion of 
link AB. If the sprocket S is turning with an angular velocity 
of ws = 6 rad/s, determine the angular velocity of link AB 
at this instant. The sprocket S is mounted on a shaft which is 
separate from a collinear shaft attached to AB at A. The pin 
at C is attached to one of the chain links. 


Prob. 16-108 
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16.7  Relative-Motion Analysis: 
Acceleration 


An equation that relates the accelerations of two points on a bar (rigid 
body) subjected to general plane motion may be determined by 
differentiating vg = v4 + Vg, with respect to time. This yields 


dyg — dv, " dvpjA 
dt dt dt 


The terms dvg/dt = ag and dv,/dt = a, are measured with respect to 
a set of fixed x, y axes and represent the absolute accelerations of points B 
and A. The last term represents the acceleration of B with respect to A as 
measured by an observer fixed to translating x’, y' axes which 
have their origin at the base point A. In Sec. 16.5 it was shown that to this 
observer point B appears to move along a circular arc that has 
a radius of curvature 75/4. Consequently, ag/a can be expressed in terms 
of its tangential and normal components; i.e., agja = (agja): + (85/A)n: 
where (agja): = argja and (apgjA), = TBA. Hence, the relative- 
acceleration equation can be written in the form 


ag — a4 + (agja) + (AapjA)n (16-17) 


where 


ag = acceleration of point B 


a, = acceleration of point A 
(25/4); = tangential acceleration component of B with respect 
to A. The magnitude is (agja): — orpg;4, and the 
direction is perpendicular to rg, 4. 
(25/4), = normal acceleration component of B with respect to 


A. The magnitude is (ag;4), = org,4, and the 
direction is always from B towards A. 


The terms in Eq. 16-17 are represented graphically in Fig. 16-24. Here it 
is seen that at a given instant the acceleration of B, Fig. 16—24a, is 
determined by considering the bar to translate with an acceleration a4, 
Fig. 164b, and simultaneously rotate about the base point A with an 
instantaneous angular velocity œ and angular acceleration æ, Fig. 16—24c. 
Vector addition of these two effects, applied to B, yields ag, as shown in 
Fig. 16-24d. It should be noted from Fig. 16—24a that since points A and B 
move along curved paths, the accelerations of these points will have both 
tangential and normal components. (Recall that the acceleration of a point 
is tangent to the path only when the path is rectilinear or when it is an 
inflection point on a curve.) 


Path of 
point B 


General plane motion 


(a) 


Translation 


(b) 


Rotation about the 
base point A 


(c) 


(d) 
Fig. 16-24 
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aa (a4), 
(b) 
Fig. 16-26 


(a4); aa 


‘ap ac 


(b) 


Fig. 16-25 


Since the relative-acceleration components represent the effect of 
circular motion observed from translating axes having their origin at the 
base point A, these terms can be expressed as (agja); = @ X rg;4 and 
(agjA)n = —org, Eq. 16-14. Hence, Eq. 16-17 becomes 


agp=aygtax Yg/A — Qt gj A (16-18) 


where 


ag = acceleration of point B 


a, = acceleration of the base point A 


R 
Il 


angular acceleration of the body 
c = angular velocity of the body 
rg;a = position vector directed from A to B 


If Eq. 16-17 or 16-18 is applied in a practical manner to study the 
accelerated motion of a rigid body which is pin connected to two other 
bodies, it should be realized that points which are coincident at the pin 
move with the same acceleration, since the path of motion over which 
they travel is the same. For example, point B lying on either rod BA or 
BC of the crank mechanism shown in Fig. 16-25a has the same 
acceleration, since the rods are pin connected at B. Here the motion of B 
is along a circular path, so that ag can be expressed in terms of its 
tangential and normal components. At the other end of rod BC point C 
moves along a straight-lined path, which is defined by the piston. Hence, 
ac is horizontal, Fig. 16—25b. 

If two bodies contact one another without slipping, and the points in 
contact move along different paths, then the tangential components of 
acceleration of the points will be the same; however, the normal 
components will generally not be the same. For example, consider the 
two meshed gears in Fig. 16-26a. Point A is located on gear B and a 
coincident point A' is located on gear C. Due to the rotational motion, 
(a4), = (ax); however, since both points follow different circular paths, 
(a4), * (a4), and therefore a4 7 ayy, Fig. 16-26b. 
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Procedure for Analysis 


The relative acceleration equation can be applied between any two 
points A and B on a body either by using a Cartesian vector analysis, 
or by writing the x and y scalar component equations directly. 
Velocity Analysis. 

* Determine the angular velocity œ of the body by using a velocity 
analysis as discussed in Sec. 16.5 or 16.6. Also, determine the 
velocities v4 and vg of points A and B if these points move along 
curved paths. 

Vector Analysis 

Kinematic Diagram. 

* Establish the directions of the fixed x, y coordinates and draw the 
kinematic diagram of the body. Indicate on it a 4, ap, œ, œ, and rg/4. 
If points A and B move along curved paths, then their accelerations 
should be indicated in terms of their tangential and normal 
components, i.e., a4 = (a4), + (a4), and ag = (ag), + (ag), 

Acceleration Equation. 

* To apply ag = a4 + @ X rgj4 — ^Y pj A, express the vectors in 
Cartesian vector form and substitute them into the equation. 
Evaluate the cross product and then equate the respective i and j 
components to obtain two scalar equations. 

If the solution yields a negative answer for an unknown 
magnitude, it indicates that the sense of direction of the vector is 
opposite to that shown on the kinematic diagram. 

Scalar Analysis 

Kinematic Diagram. 

* ]f the acceleration equation is applied in scalar form, then the 
magnitudes and directions of the relative-acceleration components 
(25/4); and (ap, 4), must be established. To do this draw a kinematic 
diagram such as shown in Fig. 16-24c. Since the body is considered 
to be momentarily “pinned” at the base point A, the magnitudes of 
these components are (agja): = orgj4 and (agjA)n = Q^ rgjA. 
Their sense of direction is established from the diagram such that 
(45/4); acts perpendicular to rg, 4, in accordance with the rotational 
motion a of the body, and (ag/4), is directed from B towards A.* 

Acceleration Equation. 

* Represent the vectors in ag = ay + (ag/4); + (ap;A), graphically 
by showing their magnitudes and directions underneath each 
term. The scalar equations are determined from the x and y 
components of these vectors. 


*The notation ag = a4 + (ag/A(pin)); + (8B/A(pin))n May be helpful in recalling 
that A is assumed to be pinned. 


The mechanism for a 


window is shown. Here CA 
rotates about a fixed axis 
through C, and AB 
undergoes general plane 
motion. Since point A 
moves along a curved path 
it has two components 
of acceleration, whereas 
point B moves along a 
straight track and the 
direction of its acceleration 
is specified. 
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EXAMPLE |16.14 


The rod AB shown in Fig. 167a is confined to move along the 
inclined planes at A and B. If point A has an acceleration of 3 m/s” 
and a velocity of 2 m/s, both directed down the plane at the instant 
the rod is horizontal, determine the angular acceleration of the rod at 
this instant. 


SOLUTION | (VECTOR ANALYSIS) 

We will apply the acceleration equation to points A and B on the rod. 
To do so it is first necessary to determine the angular velocity of the 
rod. Show that it is w = 0.283 rad/s using either the velocity 
equation or the method of instantaneous centers. 


Kinematic Diagram. Since points A and B both move along 
straight-line paths, they have no components of acceleration normal 
to the paths. There are two unknowns in Fig. 16—27b, namely, ag and a. 


Acceleration Equation. 


ag — ay, TeX TB/A = oF gjA 


ag cos 455i + ag sin 45°j = 3 cos 45° — 3 sin 45*j + (ak) x (10i) — (0.283)(10i) 
Carrying out the cross product and equating the i and j components 
yields 
ag cos 45° = 3 cos 45° — (0.283)*(10) (1) 
agsin 45° = —3 sin 45° + a(10) (2) 


Solving, we have 


Gy = Iss? 
a — 01244 rads > Ans. 


SOLUTION II (SCALAR ANALYSIS) 
From the kinematic diagram, showing the relative-acceleration 


(apa) = arg, Components (agja), and (a5/4),, Fig. 16-27c, we have 


ag = a4 + (apa), + (ABja)n 


s] B P] em 


m Equating the x and y components yields Eqs. 1 and 2, and the solution 


Fig. 16-27 proceeds as before. 
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EXAMPLE [16.15 


At a given instant, the cylinder of radius r, shown in Fig. 16-284, has an 
angular velocity œ and angular acceleration œ. Determine the 
velocity and acceleration of its center G and the acceleration of the 
contact point at A if it rolls without slipping. 


SOLUTION (VECTOR ANALYSIS) 


Velocity Analysis. Since no slipping occurs, at the instant A 
contacts the ground, v4 = 0. Thus, from the kinematic diagram in 
Fig. 16-28) we have 


VG VA OLA GA 
vgi = 0 + (—ak) x (rj) 
Ug = or (1) Ans. 


This same result can also be obtained directly by noting that point A 
represents the instantaneous center of zero velocity. 


Kinematic Diagram. Since the motion of G is always along a 
straight line, then its acceleration can be determined by taking the 
time derivative of its velocity, which gives 


dvg dw 
ag =— =r 
C d dt 
dg = ar (2) Ans. 


Acceleration Equation. The magnitude and direction of a, is 
unknown, Fig. 16-28c. 


ag =aygtax Eo A = WGA 


ari = (a4)À + (aa) j + (~ak) x (rj) — 0° (rj) 


Evaluating the cross product and equating the i and j components 
yields 


(a4), = 0 Ans. 

(a4), = wr Ans. Fig. 16-28 
NOTE: The results, that v; = wr and ag = ar, can be applied to any 
circular object, such as a ball, cylinder, disk, etc., that rolls without 


slipping. Also, the fact that a4 = wr indicates that the instantaneous 
center of zero velocity, point A, is not a point of zero acceleration. 
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EXAMPLE |16.16 


w = 3 rad/s 
a = 4 rad/s” 


2 ft/s? 


y 
J / € = 3 rad/s 
= 4 rad/s“ x 


(agja): = QFB/G 


/ Jw = 3 rad/s 
MA = 4rad/s* 
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The spool shown in Fig. 16-29a unravels from the cord, such that at 
the instant shown it has an angular velocity of 3 rad/s and an angular 
acceleration of 4 rad/s”. Determine the acceleration of point B. 


SOLUTION I (VECTOR ANALYSIS) 

The spool “appears” to be rolling downward without slipping at point 
A. Therefore, we can use the results of Example 16.15 to determine 
the acceleration of point G, i.e., 


ag — ar drad s (05 ft) = 2 ft/s” 
We will apply the acceleration equation to points G and B. 


Kinematic Diagram. Point B moves along a curved path having an 
unknown radius of curvature.* Its acceleration will be represented by 
its unknown x and y components as shown in Fig. 16-29b. 


Acceleration Equation. 
ag = ag t+ @ X rg; — WT B/G 
(ag) + (ag),j = —2j + (74k) x (0.75j) — (3) (0.75) 
Equating the i and j terms, the component equations are 
(ag), = 4(0.75) = 3 ft/? > (1) 
(ag), = —2 — 6.75 = —8.75 ft/s? = 8.75 ft/s” | (2) 
The magnitude and direction of aj are therefore 


ap VO (875) = 925 ts 


d= tan? = E cw 


Ans. 
Ans. 


SOLUTION II (SCALAR ANALYSIS) 

This problem may be solved by writing the scalar component 
equations directly. The kinematic diagram in Fig. 16-29c shows the 
relative-acceleration components (agg); and (ag/g)n- Thus, 


ag = ag + (agg): + (apjc)s 


T 
- ? pu " [ pui a i ie ee ft) 


The x and y components yield Eqs. 1 and 2 above. 


*Realize that the path’s radius of curvature p is not equal to the radius of the spool 
since the spool is not rotating about point G. Furthermore, p is not defined as the 
distance from A (IC) to B, since the location of the JC depends only on the velocity 
of a point and not the geometry of its path. 
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EXAMPLE |16.17 


The collar C in Fig. 16-30a moves downward with an acceleration of 
1 m/s?. At the instant shown, it has a speed of 2 m/s which gives links 
CB and AB an angular velocity w4g = wcp = lO rad/s. (See 
Example 16.8.) Determine the angular accelerations of CB and AB at 
this instant. 


SOLUTION (VECTOR ANALYSIS) ® 


Kinematic Diagram. The kinematic diagrams of both links AB and 
CB are shown in Fig. 16-305. To solve, we will apply the appropriate 
kinematic equation to each link. 


Acceleration Equation. 


Link AB (rotation about a fixed axis): 


ag = Gg X Fg — Wagtp 
ag = (aapk) x (—0.2j) — (10)*(—02j) 
ag = 0.2a Api 4r 20j 


Note that ag has n and t components since it moves along a circular TERES 
path. 


Link BC (general plane motion): Using the result for ag and applying D 
Eq. 16-18, we have Fig. 16-30 


ag = ac + Acz X Ygic — OC BE B/C 
0.2; api + 20j = —1j + (acgk) X (0.21 — 0.2j) — (10)2(0.2i — 0.2) 
02045 + 20j = —1j + 0.2acgj + 0.2æcpi — 20i + 20j 
Thus, 
0.2a Ap = 0.2acpg = 20 
20 = —1 + 02acg + 20 
Solving, 
5 rad/s” 5 
—95 rad/s? = 95 rad/s? 2 
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EXAMPLE [16.18 


- wgc = 2.43 rad/s 


wag = 10 rad/s 
Gg = 20 rad /s* 


The crankshaft AB turns with a clockwise angular acceleration of 
20 rad/s”, Fig. 16-31a. Determine the acceleration of the piston at the 
instant AB is in the position shown. At this instant w4g = 10 rad/s 
and ogc = 2.43 rad/s (See Example 16.13.) 


SOLUTION (VECTOR ANALYSIS) 


Kinematic Diagram. The kinematic diagrams for both AB and BC 
are shown in Fig. 16-315. Here ac is vertical since C moves along a 
straight-line path. 


Acceleration Equation. Expressing each of the position vectors in 
Cartesian vector form 


rg = (—025 sin 45*i + 0.25 cos 45°j} ft = (—0.177i + 0.177j) ft 
rcg = (0.75 sin 13.6°i + 0.75 cos 13.6°j} ft = {0.1771 + 0.729j) ft 
Crankshaft AB (rotation about a fixed axis): 
ag = (Ag X Fg — wApts 
= (—20k) x (-0.177i + 0.177j) — (10)?(—0.177i + 0.177j) 
= (2121i — 14.14j) ft/s? 


Connecting Rod BC (general plane motion): Using the result for ag 
and noting that ac is in the vertical direction, we have 


= D 
ac = ag + ægc X cjg — OBctc/B 


C acj = 2121i — 14.14j + (agck) X (0.1771 + 0.729) — (2.43)2(0.177i + 0.729j) 


~ ABC 
- wgc = 2.43 rad/s 


j 45° 
S E =| wag = 10 rad/s 
0.25 cos 45° ft |. Og = 20 rad/s? 


acj = 21.21i — 14.145 + 0.177ægcj — 0.729agci — 1.041 — 4.30] 
0 = 2047 — 0.729ag¢ 
üc — 0.1770 gc — 18.45 


Solving yields 


ape 07 rads) 
ac = —13.5 ft/s? Ans. 


NOTE: Since the piston is moving upward, the negative sign for ac 
indicates that the piston is decelerating, i.e., ac = {—13.5j} ft/s. This 
causes the speed of the piston to decrease until AB becomes vertical, 
at which time the piston is momentarily at rest. 
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el FUNDAMENTAL PROBLEMS 


F16-19. At the instant shown, end A of the rod has the 
velocity and acceleration shown. Determine the angular 
acceleration of the rod and acceleration of end B of the rod. 


a, —5m/s 
[i = 6 m/s 
A 
5m 
4m 
B 
F16-19 


F16-20. The gear rolls on the fixed rack with an angular 
velocity of œ = 12 rad/s and angular acceleration of 
a = 6 rad/s. Determine the acceleration of point A. 


a = 6 rad/s” 
,. —w = 12 rad/s 


F16-20 


F16-21. The gear rolls on the fixed rack B. At the instant 
shown, the center O of the gear moves with a velocity of 
Vo = 6 m/s and acceleration of ag = 3 m/s’. Determine 
the angular acceleration of the gear and acceleration of 
point A at this instant. 


0.3m ao = 3 m/s 


) v9 =6m/s 


F16-22. At the instant shown, cable AB has a velocity of 
3 m/s and acceleration of 1.5 m/s?, while the gear rack has a 
velocity of 1.5 m/s and acceleration of 0.75 m/s?. Determine 
the angular acceleration of the gear at this instant. 


ag = 1.5 m/s" 
vg — 3 m/s 


ac = 0.75 m/s 
vc = 1.5 m/s 


F16-22 


F16—3. At the instant shown, the wheel rotates with an 
angular velocity of w = 12 rad/s and an angular acceleration 
of a = 6 rad/s?. Determine the angular acceleration of link 
BC and the acceleration of piston C at this instant. 


a = 6 rad/s? 
w = 12 rad/s 


F16-23 


F16-24. At the instant shown, wheel A rotates with an 
angular velocity of w = 6 rad/s and an angular acceleration 
of a = 3 rad/s’. Determine the angular acceleration of link 
BC and the acceleration of piston C. 


30° 


7, = 6 rad/s 


a = 3 rad/s 
F16-24 
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ET PROBLEMS 


*16-109. The disk is moving to the left such that it has an 
angular acceleration «œ = 8rad/s? and angular velocity 
w = 3 rad/s at the instant shown. If it does not slip at A, 
determine the acceleration of point B. 


16-110. The disk is moving to the left such that it has an 
angular acceleration a = 8rad/s? and angular velocity 
w = 3 rad/s at the instant shown. If it does not slip at A, 
determine the acceleration of point D. 


w = 3 rad/s 


2 2 
hee rads 
DaD 


Probs. 16-109/110 


16-111. The hoop is cast on the rough surface such that it 
has an angular velocity œw = 4 rad/s and an angular 
acceleration a = 5 rad/s’. Also, its center has a velocity 
Vo = 5 m/s and a deceleration ag = 2 m/s’. Determine the 
acceleration of point A at this instant. 


*16-112. The hoopis cast on the rough surface such that it 
has an angular velocity œ = 4 rad/s and an angular 
acceleration a = 5 rad/s’. Also, its center has a velocity of 
vo = 5 m/s and a deceleration aj = 2 m/s?. Determine the 
acceleration of point B at this instant. 


w = 4 rad/s 


A i 
bs = 5rad/s 
ao = 2m/s N 


J de 
B 


Probs. 16-111/112 


*16-113. At the instant shown, the slider block B is 
traveling to the right with the velocity and acceleration 
shown. Determine the angular acceleration of the wheel at 
this instant. 


— ——» vg = 6 in./s 


— ——À ag = 3in./s? 


Prob. 16-113 


16-114. The ends of bar AB are confined to move along 
the paths shown. At a given instant, A has a velocity of 8 ft/s 
and an acceleration of 3ft/s). Determine the angular 
velocity and angular acceleration of AB at this instant. 


Prob. 16-114 


16-115. Rod AB has the angular motion shown. 
Determine the acceleration of the collar C at this instant. 


Prob. 16-115 


*16-116. At the given instant member AB has the angular 
motions shown. Determine the velocity and acceleration of 
the slider block C at this instant. 


Prob. 16-116 
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*16-117. The hydraulic cylinder D extends with a velocity 
of vg =4ft/s and an acceleration of ag = 1.5 ft/s’. 
Determine the acceleration of A at the instant shown. 


16-118. The hydraulic cylinder D extends with a velocity 
of vg =4ft/s and an acceleration of ag = 1.5 ft/s’. 
Determine the acceleration of C at the instant shown. 


Probs. 16-117/118 


16-119. The slider block moves with a velocity of 
vp = 5 ft/s and an acceleration of ag = 3 ft/s’. Determine 
the angular acceleration of rod AB at the instant shown. 


*16-120. The slider block moves with a velocity of 
vg = 5 ft/s and an acceleration of ag = 3 ft/s’. Determine 
the acceleration of A at the instant shown. 


Up = 5 ft/s 
ag = 3 ft/s? 


Probs. 16-119/120 
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*16-121. Crank AB rotates with an angular velocity 
of wag = 6rad/s and an angular acceleration of 
aag = 2 rad/s’. Determine the acceleration of C and the 
angular acceleration of BC at the instant shown. 


wag = 6 rad/s 
aag = 2 rad/s” 


Prob. 16-121 


16-122. The hydraulic cylinder extends with a velocity of 
va = 1.5m/s and an acceleration of a4 = 0.5 m/s’. 
Determine the angular acceleration of link ABC and the 
acceleration of end C at the instant shown. Point B is pin 
connected to the slider block. 


va = 1.5 m/s 
a4 = 0.5 m/s? 


Prob. 16-122 
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16-123. Pulley A rotates with the angular velocity and 
angular acceleration shown. Determine the angular 
acceleration of pulley B at the instant shown. 


*16-124. Pulley A rotates with the angular velocity and 
angular acceleration shown. Determine the acceleration of 
block E at the instant shown. 


50 mm 


w4 = 40 rad/s 
a, = 5 rad/s? 


Probs. 16—-123/124 


*16-125. The hydraulic cylinder is extending with the 
velocity and acceleration shown. Determine the angular 
acceleration of crank AB and link BC at the instant shown. 


Up =2m/s 
ap = 1.5 m/s 


Prob. 16-125 
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16-126. A cord is wrapped around the inner spool of the *16-128. At a given instant, the gear has the angular 
gear. If it is pulled with a constant velocity v, determine the motion shown. Determine the accelerations of points A and 
velocities and accelerations of points A and B. The gear B on the link and the link's angular acceleration at this 
rolls on the fixed gear rack. instant. 


w = 6rad/s 
a = 12 rad/s? 


Prob. 16-126 Prob. 16-128 
16-127. Ata given instant, the gear racks have the velocities *16-129. Determine the angular acceleration of link AB if 
and accelerations shown. Determine the acceleration of link CD has the angular velocity and angular deceleration 
points A and B. shown. 


a — 2 ft/s 


Ix 0.6 m | 


^W" acp = 4 rad/s? 


wcp = 2 rad/s 


a = 3 ft/s? 
v = 2 ft/s 


7. 


Prob. 16-127 Prob. 16-129 
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16-130. Gear A is held fixed, and arm DE rotates *16-133. The retractable wing-tip float is used on an 


clockwise with an angular velocity of wpg = 6 rad/s and an airplane able to land on water. Determine the angular 
angular acceleration of apg = 3 rad/s’. Determine the accelerations acp, @gp, and a 4p at the instant shown if the 
angular acceleration of gear B at the instant shown. trunnion C travels along the horizontal rotating screw with 


an acceleration of ac = 0.5 ft/s’. In the position shown, 
tc = 0. Also, points A and E are pin connected to the wing 
and points A and C are coincident at the instant shown. 


16-131. Gear A rotates counterclockwise with a constant 
angular velocity of w4 = 10 rad/s, while arm DE rotates 
clockwise with an angular velocity of wpg = 6 rad/s and an 
angular acceleration. of apg — 3rad/s?. Determine the 
angular acceleration of gear B at the instant shown. ac = 0.5 ft/s? 


Prob. 16-133 


Probs. 130/131 , : 
16-134. Determine the angular velocity and the angular 


acceleration of the plate CD of the stone-crushing 
mechanism at the instant AB is horizontal. At this instant 
*16-132. If end A of the rod moves with a constant 0 = 30° and ¢ = 90°. Driving link AB is turning with a 
velocity of v4 = 6 m/s, determine the angular velocity and constant angular velocity of w4g = 4 rad/s. 
angular acceleration of the rod and the acceleration of end 
B at the instant shown. 


Prob. 16-132 Prob. 16-134 
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16.8 Relative-Motion Analysis using 
Rotating Axes 


In the previous sections the relative-motion analysis for velocity and 
acceleration was described using a translating coordinate system. This 
type of analysis is useful for determining the motion of points on the 
same rigid body, or the motion of points located on several pin-connected 
bodies. In some problems, however, rigid bodies (mechanisms) are 
constructed such that s/iding will occur at their connections. The kinematic 
analysis for such cases is best performed if the motion is analyzed using 
a coordinate system which both translates and rotates. Furthermore, this 
frame of reference is useful for analyzing the motions of two points on a 
mechanism which are not located in the same body and for specifying 
the kinematics of particle motion when the particle moves along a 
rotating path. 

In the following analysis two equations will be developed which relate 
the velocity and acceleration of two points, one of which is the origin of a 
moving frame of reference subjected to both a translation and a rotation 
in the plane.* 


Position. Consider the two points A and B shown in Fig. 16-32a. 
Their location is specified by the position vectors r4 and rg, which are 
measured with respect to the fixed X, Y, Z coordinate system. As shown 
in the figure, the “base point" A represents the origin of the x, y, z 
coordinate system, which is assumed to be both translating and rotating 
with respect to the X, Y, Z system. The position of B with respect to A is 
specified by the relative-position vector rg;4. The components of this 
vector may be expressed either in terms of unit vectors along the X, Y 
axes, i.e., I and J, or by unit vectors along the x, y axes, i.e., i and j. For the 
development which follows, rg;4 will be measured with respect to the 
moving x, y frame of reference. Thus, if B has coordinates (xg, yg), Fig. 
16-32a, then 


Ig/A = Xpl + ypj 


Using vector addition, the three position vectors in Fig. 16-32a are 
related by the equation 


rg — YA + FgjA (16-19) 


At the instant considered, point A has a velocity v4 and an acceleration 
24, while the angular velocity and angular acceleration of the x, y axes 
are Q (omega) and Q = dQ,/dt, respectively. 


*The more general, three-dimensional motion of the points is developed in Sec. 20.4. 
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Velocity. The velocity of point B is determined by taking the time 
derivative of Eq. 16-19, which yields 


dp) 4 
dt 


Vp = YA + (16-20) 


The last term in this equation is evaluated as follows: 


a m 
d — g 09 yaj) 
dXg, di dyg, J 
= + + + 
dt^ Bu de) Pa 


dxpg. 2) ( di 4) 
= (—4; + 4] ) + cu eae ed = 
( dt d AB dr aa 


The two terms in the first set of parentheses represent the components 
of velocity of point B as measured by an observer attached to the 
moving x, y, z coordinate system. These terms will be denoted by vector 
(Vg/A)xyz- In the second set of parentheses the instantaneous time rate 
of change of the unit vectors i and j is measured by an observer located 
in the fixed X, Y, Z coordinate system. These changes, di and dj, are due 
only to the rotation dé of the x, y, z axes, causing ito become i’ = i + di 
and j to become j' = j + dj, Fig. 16-32b. As shown, the magnitudes of 
both di and dj equal 1 d9, since i = i’ = j = j' = 1. The direction of di 
is defined by +j, since di is tangent to the path described by the 
arrowhead of i in the limit as At — dt. Likewise, dj acts in the —i 
direction, Fig. 16-325. Hence, 


di do... dj do 


a av) u an 


Qi 


Viewing the axes in three dimensions, Fig. 16-32c, and noting that 
Q = Qk, we can express the above derivatives in terms of the cross 
product as 


di dj 


Q xi 


= Q x1 16-22 
dt dt J (16:22) 


Substituting these results into Eq. 16-21 and using the distributive 
property of the vector cross product, we obtain 


dtg/A 


HE (VnjA)xy; + Q X (xpi + ygj) = (Vaja)xyz + € X Fp, (16-23) 
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Hence, Eq. 16-20 becomes 


vg = va + Q X rgja + (YBjA)xyz (16-24) 


where 


vg = velocity of B, measured from the X, Y, Z reference 


v4 = velocity of the origin A of the x, y, z reference, 
measured from the X, Y, Z reference 


(Vp/A)xyz = velocity of “B with respect to A," as measured by an 
observer attached to the rotating x, y, z reference 


Q = angular velocity of the x, y, z reference, measured 
from the X, Y, Z reference 


rg;4 = position of B with respect to A 


Comparing Eq. 16-24 with Eq. 16-16 (vg = v4 + Q X rg;4), which is 
valid for a translating frame of reference, it can be seen that the only 
difference between these two equations is represented by the term 
(V5/A)xyz- 

When applying Eq. 16—24 it is often useful to understand what each of 
the terms represents. In order of appearance, they are as follows: 


os velocity of B ee of B observed 
Xe from the X, Y, Z frame 
(equals) 
eee velocity of the 
YA origin of x, y, z frame 
(plus) motion of x, y, z frame 
observed from the 
X,Y,Z frame 
ax: uri velocity effect caused 
n by rotation of x, y, z frame 
(plus) 
CN res of B |a of B observed 
B/A'** | with respect to A from the x, y, z frame 
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Acceleration. The acceleration of B, observed from the X, Y, Z 
coordinate system, may be expressed in terms of its motion measured 
with respect to the rotating system of coordinates by taking the time 
derivative of Eq. 16-24. 


dyg dv, dQ dYp/A d(Vpj A) xyz 
- +x +0 X + 
dt dt | dt © A dt dt 
3 drgjA — d(VpjaA)x 
pat kts ek CMH 


dt dt 


Here Q = dQ,/dt is the angular acceleration of the x, y, z coordinate 
system. Since Q is always perpendicular to the plane of motion, then Q 
measures only the change in magnitude of Q. The derivative drp, A/dt is 
defined by Eq. 16-23, so that 
dtp; A 
dt 
Finding the time derivative of (Vg/4)xyz = (vgjA) + (vpjA)j]. 


d(VYpjA)xyz d(VpjA)x , d(vpya)y . di dj 
E7 = ar i + (una) + (vsa) y 3, 
The two terms in the first set of brackets represent the components of 
acceleration of point B as measured by an observer attached to the 
rotating coordinate system. These terms will be denoted by (a5/4)xyz. The 
terms in the second set of brackets can be simplified using Eqs. 16-22. 
d(Vp/A) xyz 
dt 
Substituting this and Eq. 16-26 into Eq. 16-25 and rearranging terms, 


Q x 


=0 xX (Vasa) xyz +Q xX (Q x 15/4) (16-26) 


= (a5/A)xyz +Q Xx (VB/A) xyz 


ag =a, t+ Ox rga + Q X (Q X rga) + 20 X (vaya) xyz + (AB/A) xyz 


(16-27) 
where 
ag = acceleration of B, measured from the X, Y, Z 
reference 


a, = acceleration of the origin A of the x, y, z 
reference, measured from the X, Y, Z reference 


(35/A)xyzs (VgjA) xy; = acceleration and velocity of B with respect to A, 
as measured by an observer attached to the 
rotating x, y, z reference 


0,0 = angular acceleration and angular velocity of the 
X, y z reference, measured from the X, Y, Z 
reference 


rp/4 = position of B with respect to A 
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If Eq. 16-27 is compared with Eq. 16-18, written in the form 
ag — a4 + OQ X rga + Q X (O X rga), which is valid for a translating 
frame of reference, it can be seen that the difference between these two 
equations is represented by the terms 20 X (vgy4)xyz and (ag/A)xyz: In 
particular, 2Q X (vp; 4),,; is called the Coriolis acceleration, named after 
the French engineer G. C. Coriolis, who was the first to determine it. This 
term represents the difference in the acceleration of B as measured from 
nonrotating and rotating x, y, z axes. As indicated by the vector cross 
product, the Coriolis acceleration will always be perpendicular to both Q 
and (vg/4),,;. It is an important component of the acceleration which 
must be considered whenever rotating reference frames are used. This 
often occurs, for example, when studying the accelerations and forces 
which act on rockets, long-range projectiles, or other bodies having 
motions whose measurements are significantly affected by the rotation of 
the earth. 

The following interpretation of the terms in Eq. 16-27 may be useful 
when applying this equation to the solution of problems. 


a {absolute acceleration of B | inn ot ODSETVOR 
B from the X, Y, Z frame 
(equals) 
" s acceleration of the 
i origin of x, y, z frame 
(plus) 
angular acceleration effect motion of 
Q X rgiA caused by rotation of x, y, z x, y, z frame 
tiae observed from 
the X, Y, Z frame 
(plus) 


angular velocity effect caused 


Q x (Q x 
( T5/A) us rotation of x, y, z frame 


(plus) 


combined effect of B moving 
20. X (VB/A) xyz relative to x, y, z coordinates interacting motion 
and rotation of x, y, z frame 


(plus) 


acceleration of B with | motion of B observed 
(ap) xyz 


respect to A from the x, y, z frame 
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Procedure for Analysis 


Equations 16-24 and 16-27 can be applied to the solution of 
problems involving the planar motion of particles or rigid bodies 
using the following procedure. 


Coordinate Axes. 

* Choose an appropriate location for the origin and proper 
orientation of the axes for both fixed X, Y, Z and moving x, y, z 
reference frames. 

Most often solutions are easily obtained if at the instant 
considered: 

1. the origins are coincident 

2. the corresponding axes are collinear 

3. the corresponding axes are parallel 

The moving frame should be selected fixed to the body or device 
along which the relative motion occurs. 


Kinematic Equations. 


* After defining the origin A of the moving reference and 
specifying the moving point B, Eqs. 16-24 and 16-27 should be 
written in symbolic form 


Va = Va O En AUS JA) eve 
ag —3234- OQ X rgi4 tO X (Q X rga) + 20 X (Wea) xyz + (apjA)xyz 


* The Cartesian components of all these vectors may be expressed 
along either the X, Y, Z axes or the x, y, z axes. The choice is 
arbitrary provided a consistent set of unit vectors is used. 


* Motion of the moving reference is expressed by v4, a4, ©, and Q; 
and motion of B with respect to the moving reference is expressed 


by Ypg/A; (YB/A)xyz> and (aB/A) xyz: 


The rotation of the dumping bin of the 
truck about point C is operated by the 
extension of the hydraulic cylinder AB.To 
determine the rotation of the bin due to 
this extension, we can use the equations of 
relative motion and fix the x, y axes to the 
cylinder so that the relative motion of the 
cylinder’s extension occurs along the y axis. 
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EXAMPLE |16.19 


At the instant 0 = 60°, the rod in Fig. 16-33 has an angular velocity of 
3 rad/s and an angular acceleration of 2 rad/s”. At this same instant, 
collar C travels outward along the rod such that when x = 0.2 m the 
velocity is 2 m/s and the acceleration is 3 m/s?, both measured 
relative to the rod. Determine the Coriolis acceleration and the 
velocity and acceleration of the collar at this instant. 


SOLUTION 


Coordinate Axes. The origin of both coordinate systems is located 
at point O, Fig. 16-33. Since motion of the collar is reported relative to 
the rod, the moving x, y, z frame of reference is attached to the rod. 


Kinematic Equations. 
Vc — Vo + Q X rojo + (Vojo) xyz (1) 
ac — ao TORA rc/o +0 X (Q x Ico) +20, X (Vcj0) xyz ar ur 
(2 
It will be simpler to express the data in terms of i, j, k component 


vectors rather than I, J, K components. Hence, Fig. 16-33 


Motion of Motion of C with respect 
moving reference to moving reference 


Vo = 0 Ico = {0.2i} m 
ao = 0 (Vojo) xyz a {2i} m/s 
Q = {—3k} rad/s (Acjo) xyz = {3i} m/s? 
Q= (—2k) rad/s? 
The Coriolis acceleration is defined as 
acor = 20 X (Ycjo)xyz = 2(-3k) x (zi) = (-12j) m/s? Ans 
This vector is shown dashed in Fig. 16—33. If desired, it may be resolved 
into L J components acting along the X and Y axes, respectively. 
The velocity and acceleration of the collar are determined by 


substituting the data into Eqs. 1 and 2 and evaluating the cross products, 
which yields 


Vc = Vo + Q X rcjo + (Vcjo)xy: 
0 + (—3k) x (02i) + 2i 
(2i — 0.6j} m/s 


= ao + Ô X rgo + Q X (Q X rco) + 20 X (Vejo)xyz + (acjo)sy: 

0 + (—2k) x (0.21) + (—3k) x [(—3k) x (0.21)] + 2(—3k) x (2i) + 3i 
= 0 — 04j — 1.80i — 12j 3i 
= (120i — 12.4j} m/s? 
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EXAMPLE |16.20 


Rod AB, shown in Fig. 16-34, rotates clockwise such that it has an 
angular velocity w 4, = 3 rad/s and angular acceleration a 4g = 4 rad/s” 
when @ = 45°. Determine the angular motion of rod DE at this instant. 
The collar at C is pin connected to AB and slides over rod DE. 


SOLUTION 


? Coordinate Axes. The origin of both the fixed and moving frames 
@ap = 3 rad/s of reference is located at D, Fig. 16-34. Furthermore, the x, y, z 
ag = 4 rad/s? reference is attached to and rotates with rod DE so that the relative 
motion of the collar is easy to follow. 
Kinematic Equations. 
Yo=Yp + 2 X rcp + (Voyp) xyz 


ac = ap + Ô X rcp + Q X (Q X rcp) + 20 X (Veyp) 


mc 


Fig. 16-34 
All vectors will be expressed in terms of i, j, k components. 


Motion of Motion of C with respect 
moving reference to moving reference 


Vp > 0 Ic/p = {0.4i}m 
ap =0 (Vo/p) xyz = (?c/p) xy À 
Q = —oprk (Ac/p) xyz z (4c/p) xy 
Motion of C: Since the collar moves along a circular path of radius 
AC, its velocity and acceleration can be determined using Eqs. 16-9 
and 16-14. 
Vc = Og X rcj4 = (73k) X (0.4 + 04j) = (12i — 1.2j} m/s 
ac = G4pg X Ica — QABEC/ A 
(—4k) x (0.4i + 0.4j) — (3)?(0.4i + 0.4j) = (—2i — 5.2j} m/s 
Substituting the data into Eqs. 1 and 2, we have 
Vc — Vp + Q X rcjp + (Very) xyz 
1.21 — 1.2j = 0 + (—wpgk) X (0.41) + (vc/p),,À 
1.21 — 1.2j = 0 — 0.4opgj + (csp) xyd 
(Vai) eye x m/s 
pr = 3rad/s2 Ans. 
ac — ap +Q X rcjp + Q X (Q X rcp) + 20 X (Veyp) xyz + (Ac/D) xyz 
—2i — 52j = 0 + (-apgk) X (0.4i) + (-3k) X [(-3k) X (0.4i)] 
T2(—3k) X (121) + (85/5) s,d 
(ac/p) xyz = 16 m/s? 
py = —otad/s — S5rad/s > 


16.8  RELATIVE-MOTION ANALYSIS USING ROTATING AXES 385 


EXAMPLE |16.21 


Planes A and B fly at the same elevation and have the motions shown 
in Fig. 16-35. Determine the velocity and acceleration of A as 
measured by the pilot of B. 


SOLUTION 
Coordinate Axes. Since the relative motion of A with respect to the 
pilot in B is being sought, the x, y, z axes are attached to plane B, 
Fig. 16-35. At the instant considered, the origin B coincides with the 
origin of the fixed X, Y, Z frame. 
Kinematic Equations. 
VA = Vp + Q X rag + (Va/B) xyz (1) 
34-— ag + Q X rag t+ O X (O X rag) + 20 X (vayg)xy; + (aAjp)xyz 
Q) 
Motion of Moving Reference: 
vg = {600j} km/h 
vz (600) 
p 400 
ag = (ag), + (ag), = (900i — 100j} km/h? 
vg | 600 km/h 
p 400 km 
. (ag, 100 km/h? : 
Q = 0.2 h’ Q = {0.25k} rad/h? 
E "ROTE 5 rad/h*5 { } rad/ 


Motion of A with Respect to Moving Reference: 


(a — 900 km/h? 


— 1.5 rad/h 2 Q = (-1.5k] rad/h 


YA/JB — {—4i} km SZET = (8 A/B)xyz ni 
Substituting the data into Eqs. 1 and 2, realizing that v4 = {700j}km/h 
anda, = {50j} km/h’, we have 
VA = Vg + Q X rag + (Vas) xyz 700 km/h 
700j = 600j + (—1.5k) X (—4i) + (Vaya) xyz 600 = | 10 km/h? 
(YA/B) xyz = {94j} km/h Ans. x, X 


84 = ag - X rg - OX (OX ryg) + 20 X (Vip) xyz + (aap) 

50j = (900i — 100j) + (0.25k) x (—4i) 50 km/h? 
+ (—1.5k) X [(—1.5k) x (—4i)] + 2(—1.5k) x (049) + (a4/B)xyz 

(a4/p)sy; = {—1191i + 151j} km/h? Ans. 


NOTE: The solution of this problem should be compared with that Mapes 


of Example 12.26, where it is seen that (vg/4)xyz * (v4jg);y; and 
[an ae za (à Aj B) xyz 
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PT PROBLEMS 


16-135. At the instant shown, ball B is rolling along the 
slot in the disk with a velocity of 600 mm/s and an 
acceleration of 150 mm/s’, both measured relative to the 
disk and directed away from O. If at the same instant the 
disk has the angular velocity and angular acceleration 
shown, determine the velocity and acceleration of the ball 
at this instant. 


z 


| w = 6rad/s 
a = 3 rad/s? 


Prob. 16-135 


*16-136. Ball C moves along the slot from A to B with a 
speed of 3 ft/s, which is increasing at 1.5 ft/s”, both measured 
relative to the circular plate. At this same instant the plate 
rotates with the angular velocity and angular deceleration 
shown. Determine the velocity and acceleration of the ball at 
this instant. 


Zz 


w= 6 rad/s (D 


a = 1.5 rad/s? ( ) 


Prob. 16-136 


*16-137. Ball C moves with a speed of 3 m/s, which is 
increasing at a constant rate of 1.5 m/s”, both measured 
relative to the circular plate and directed as shown. At the 
same instant the plate rotates with the angular velocity and 
angular acceleration shown. Determine the velocity and 
acceleration of the ball at this instant. 

z 


w = 8 rad/s 
a=5 ney 


Prob. 16-137 


16-138. The crane’s telescopic boom rotates with the 
angular velocity and angular acceleration shown. At the 
same instant, the boom is extending with a constant speed 
of 0.5 ft/s, measured relative to the boom. Determine the 
magnitudes of the velocity and acceleration of point B at 
this instant. 


Prob. 16-138 


16.8 


16-139. The man stands on the platform at O and runs out 
toward the edge such that when he is at A, y = 5 ft, his mass 
center has a velocity of 2 ft/s and an acceleration of 3 ft/s”, 
both measured relative to the platform and directed along 
the positive y axis. If the platform has the angular motions 
shown, determine the velocity and acceleration of his mass 
center at this instant. Z 


CID w= 0.5 rad/s 
CTA a = 0.2 rad/s? 


Prob. 16-139 


*16-140. At the instant 0 = 45°, link DC has an angular 
velocity of opc = 4rad/s and an angular acceleration of 
apc = 2 rad/s*. Determine the angular velocity and 
angular acceleration of rod AB at this instant. The collar at 
C is pin connected to DC and slides freely along AB. 


n en 
B. 


Prob. 16-140 
*16-141. Peg B fixed to crank AB slides freely along the 
slot in member CDE. If AB rotates with the motion shown, 
determine the angular velocity of CDE at the instant 
shown. 


wag = 10 rad/s 
aag = 5rad/s? Vo 


Prob. 16-141 
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16-142. At the instant shown rod AB has an angular 
velocity «45 = 4rad/s and an angular acceleration 
aag = 2 rad/s?. Determine the angular velocity and angular 
acceleration of rod CD at this instant. The collar at C is pin 
connected to CD and slides freely along AB. 


wag = 4 rad/s 


A Rie = 2 rad/s? 


Prob. 16-142 


16-143. At a given instant, rod AB has the angular 
motions shown. Determine the angular velocity and angular 
acceleration of rod CD at this instant. There is a collar at C. 


wag = 5 rad/s 
aas = 12 rad/s? 


Prob. 16-143 
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*16-144. The dumpster pivots about C and is operated by 
the hydraulic cylinder AB. If the cylinder is extending at a 
constant rate of 0.5 ft/s, determine the angular velocity œ of 
the container at the instant it is in the horizontal position 
shown. 


3 ft —— 


Prob. 16-144 


*16-145. The disk rolls without slipping and at a given 
instant has the angular motion shown. Determine the 
angular velocity and angular acceleration of the slotted link 
BC at this instant. The peg at A is fixed to the disk. 


\\ o = 2 rad/s 
\ia=4 rad/s” 


Prob. 16-145 


16-146. The wheel is rotating with the angular velocity 
and angular acceleration at the instant shown. Determine 
the angular velocity and angular acceleration of the rod at 
this instant. The rod slides freely through the smooth collar. 


Prob. 16-146 
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16-147. The two-link mechanism serves to amplify angular 
motion. Link AB has a pin at B which is confined to move 
within the slot of link CD. If at the instant shown, AB (input) 
has an angular velocity of w4g = 2.5 rad/s and an angular 
acceleration of o4g = 3rad/s?, determine the angular 
velocity and angular acceleration of CD (output) at this 
instant. B 


E 
b 
N 
N 
C N 
Y 
A | 
| 
- | 
wag = 2.5 rad/s / 
\ QAp-3 Ber 
7 
x " 
ree ^ Prob. 16-147 


~ 


*16-148. The gear has the angular motion shown. Determine 
the angular velocity and angular acceleration of the slotted 
link BC at this instant. The peg A is fixed to the gear. 

w = 4rad/s 


Prob. 16-148 


*16-149. Peg B on the gear slides freely along the slot in 
link AB. If the gear’s center O moves with the velocity and 
acceleration shown, determine the angular velocity and 
angular acceleration of the link at this instant. 


150 mm 
vo =3 m/s 
ao = 1.5 m/s* 
— 


Prob. 16-149 
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16-150. At the instant shown, car A travels with a speed of 
25 m/s, which is decreasing at a constant rate of 2m/s?, 
while car B travels with a speed of 15m/s, which is 
increasing at a constant rate of 2m/s?. Determine the 
velocity and acceleration of car A with respect to car B. 


Prob. 16-150 


16-151. Atthe instant shown,car A travels with a speed of 
25 m/s, which is decreasing at a constant rate of 2m/s’, 
while car C travels with a speed of 15m/s, which is 
increasing at a constant rate of 3m/s?. Determine the 
velocity and acceleration of car A with respect to car C. 


*16-152. Atthe instant shown, car B travels with a speed 
of 15 m/s, which is increasing at a constant rate of 2m/s’, 
while car C travels with a speed of 15m/s, which is 
increasing at a constant rate of 3m/s?. Determine the 
velocity and acceleration of car B with respect to car C. 


Probs. 16-151/152 


*16-153. At the instant shown, boat A travels with a speed 
of 15 m/s, which is decreasing at 3 m/ s*, while boat B travels 
with a speed of 10m/s, which is increasing at 2m/s’. 
Determine the velocity and acceleration of boat A with 
respect to boat B at this instant. 


16-154. Atthe instant shown, boat A travels with a speed 
of 15 m/s, which is decreasing at 3 m/ s?, while boat B travels 
with a speed of 10m/s, which is increasing at 2m/s^. 
Determine the velocity and acceleration of boat B with 
respect to boat A at this instant. 


Probs. 16-153/154 


16-155. Water leaves the impeller of the centrifugal pump 
with a velocity of 25m/s and acceleration of 30m/s”, both 
measured relative to the impeller along the blade line AB. 
Determine the velocity and acceleration of a water particle 
at A as it leaves the impeller at the instant shown. The 
impeller rotates with a constant angular velocity of 
w = 15 rad/s. 


Prob. 16-155 
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*16-156. A ride in an amusement park consists of a rotating 
arm AB having a constant angular velocity w4g = 2 rad/s 
about point A and a car mounted at the end of the arm which 
has a constant angular velocity w’ = {—0.5k} rad/s, 
measured relative to the arm. At the instant shown, determine 
the velocity and acceleration of the passenger at C. 


*16-157. A ride in an amusement park consists of a 
rotating arm AB that has an angular acceleration of 
aag = lrad/s? when w4g = 2 rad/s at the instant shown. 
Also at this instant the car mounted at the end of the arm 
has an angular acceleration of a = (—0.6k] rad/s? and 
angular velocity of w’ = {—0.5k} rad/s, measured relative 
to the arm. Determine the velocity and acceleration of the 


passenger C at this instant. 
' = 0.5 rad/s 


Probs. 16-156/157 
16-158. The “quick-return” mechanism consists of a crank 
AB, slider block B, and slotted link CD. If the crank has the 


angular motion shown, determine the angular motion of the 
slotted link at this instant. 


OCD, ack O 


Prob. 16-158 
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16-159. The quick return mechanism consists of the crank 
CD and the slotted arm AB. If the crank rotates with the 
angular velocity and angular acceleration at the instant 
shown, determine the angular velocity and angular 
acceleration of AB at this instant. 


Prob. 16-159 


*16-160. The Geneva mechanism is used in a packaging 
system to convert constant angular motion into intermittent 
angular motion. The star wheel A makes one sixth of a 
revolution for each full revolution of the driving wheel B 
and the attached guide C. To do this, pin P, which is attached 
to B, slides into one of the radial slots of A, thereby turning 
wheel A, and then exits the slot. If B has a constant angular 
velocity of wg = 4 rad/s, determine w 4 and a, of wheel A 


at the instant shown. 
wz = 4 rad/s 
Mm 


Prob. 16-160 
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EJ CONCEPTUAL PROBLEMS 


P16-1. An electric motor turns the tire at A at a constant 
angular velocity, and friction then causes the tire to roll 
without slipping on the inside rim of the Ferris Wheel. Using 
appropriate numerical values, determine the magnitude of 
the velocity and acceleration of passengers in one of the 
baskets. Do passengers in the other baskets experience this 
same motion? Explain. 


P16-1 
P16-2. Thecrank AB turns counterclockwise at a constant 
rate w causing the connecting arm CD and rocking beam 
DE to move. Draw a sketch showing the location of the /C 
for the connecting arm when 0 = 0°, 90°, 180°, and 270°. 
Also, how was the curvature of the head at E determined, 
and why is it curved in this way? 


P16-3. The bi-fold hangar door is opened by cables that 
move upward at a constant speed. Determine the position 0 
of panel BC when the angular velocity of BC is equal but 
opposite to the angular velocity of AB. Also, what is this 
angular velocity? Panel BC is pinned at C and has a height 
which is different from the height of BA. Use appropriate 
numerical values to explain your result. 


P16-3 


P16-4. If the tires do not slip on the pavement, determine 
the points on the tire that have a maximum and minimum 
speed and the points that have a maximum and minimum 
acceleration. Use appropriate numerical values for the car's 
speed and tire size to explain your result. 


P16-2 


P16-4 
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CHAPTER REVIEW 


Rigid-Body Planar Motion 


A rigid body undergoes three types of planar motion: 
translation, rotation about a fixed axis, and general plane 
motion. 


Path of rectilinear translation 


Translation | 


When a body has rectilinear translation, all the particles of 
the body travel along parallel straight-line paths. If the paths 
have the same radius of curvature, then curvilinear 
translation occurs. Provided we know the motion of one of 
the particles, then the motion of all of the others is also | 


known. R 
Path of curvilinear translation 


Rotation about a Fixed Axis 


For this type of motion, all of the particles move along 
circular paths. Here, all line segments in the body undergo 
the same angular displacement, angular velocity, and angular 
acceleration. 


Once the angular motion of the body is known, then the Rotation about a fixed axis 
velocity of any particle a distance r from the axis can be 
obtained. o = d6/dt wo + at 


= T2 
The acceleration of any particle has two components. The a = dw/dt Oo + wot + zat 
tangential component accounts for the change in the a dó = w dw 2 = wh + 2a,(0 — 00) 
magnitude of the velocity, and the normal component 
accounts for the change in the velocity’s direction. 


Constant a, 


General Plane Motion 


When a body undergoes general plane motion, it 
simultaneously translates and rotates. There are several 
methods for analyzing this motion. 


Absolute Motion Analysis 

If the motion of a point on a body or the angular motion of a 
line is known, then it may be possible to relate this motion to 
that of another point or line using an absolute motion 
analysis. To do so, linear position coordinates s or angular 
position coordinates 0 are established (measured from a fixed 
point or line). These position coordinates are then related 
using the geometry of the body. The time derivative of this 
equation gives the relationship between the velocities and/or 
the angular velocities. A second time derivative relates the 
accelerations and/or the angular accelerations. 


General plane motion 


Relative-Motion using Translating Axes 


General plane motion can also be analyzed 
using a relative-motion analysis between two 
points A and B located on the body. This 
method considers the motion in parts: first a 
translation of the selected base point A, then 
a relative “rotation” of the body about point 
A, which is measured from a translating axis. 
Since the relative motion is viewed as circular 
motion about the base point, point B will have 
a velocity vg;4 that is tangent to the circle. It 
also has two components of acceleration, 
(a5;4); and (ag;4),. It is also important to 
realize that a, and ag will have tangential and 
normal components if these points move 
along curved paths. 


Instantaneous Center of Zero Velocity 
If the base point A is selected as having zero 
velocity, then the relative velocity equation 
becomes vg = œ X rg, 4. In this case, motion 
appears as if the body rotates about an 
instantaneous axis passing through A. 


The instantaneous center of rotation (/C) can 
be established provided the directions of the 
velocities of any two points on the body are 
known, or the velocity of a point and the 
angular velocity are known. Since a radial line r 
will always be perpendicular to each velocity, 
then the /C is at the point of intersection of 
these two radial lines. Its measured location is 
determined from the geometry of the body. 
Once it is established, then the velocity of any 
point P on the body can be determined from 
v = or, where r extends from the JC to point P. 


Relative Motion using Rotating Axes 

Problems that involve connected members 
that slide relative to one another or points not 
located on the same body can be analyzed 
using a relative-motion analysis referenced 
from a rotating frame. This gives rise to the 
term 20 X (V¥g/4) xyz that is called the Coriolis 
acceleration. 
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m EE w X VBA 


2 
aa + € X rp, — Q^ YpgjA 


VA + Q X rpg + (Vaya) xyz 


a,+0x rgja t+ Q X (Q X rgj4) + 20 X (Vaya) eye + (ABA) xyz 


The forces acting on this dragster as it begins to accelerate are quite severe and must 
be accounted for in the design of its structure. 


Planar Kinetics of a 
Rigid Body: Force and 
Acceleration 


CHAPTER OBJECTIVES 


* To introduce the methods used to determine the mass moment of 
inertia of a body. 

* To develop the planar kinetic equations of motion for a symmetric 
rigid body. 

* To discuss applications of these equations to bodies undergoing 
translation, rotation about a fixed axis, and general plane motion. 


17.1 Mass Moment of Inertia 


Since a body has a definite size and shape, an applied nonconcurrent force 
system can cause the body to both translate and rotate. The translational 
aspects of the motion were studied in Chapter 13 and are governed by the 
equation F = ma. It will be shown in the next section that the rotational 
aspects, caused by a moment M, are governed by an equation of the form 
M = Ia. The symbol / in this equation is termed the mass moment of 
inertia. By comparison, the moment of inertia is a measure of the resistance 
of a body to angular acceleration (M — Ia) in the same way that mass is 
a measure of the body's resistance to acceleration (F = ma). 
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The flywheel on the engine of this tractor has a large moment of inertia about its axis 
of rotation. Once it is set into motion, it will be difficult to stop, and this in turn will 
prevent the engine from stalling and instead will allow it to maintain a constant power. 


z We define the moment of inertia as the integral of the “second moment” 
about an axis of all the elements of mass dm which compose the body.* 
For example, the body's moment of inertia about the z axis in Fig. 17-1 is 


Ts | r° dm (17-1) 


Here the “moment arm” r is the perpendicular distance from the z axis 
to the arbitrary element dm. Since the formulation involves r, the value 
of Iis different for each axis about which it is computed. In the study of 
planar kinetics, the axis chosen for analysis generally passes through the 
body's mass center G and is always perpendicular to the plane of motion. 
The moment of inertia about this axis will be denoted as Ig. Since r is 
squared in Eq. 17-1, the mass moment of inertia is always a positive 
quantity. Common units used for its measurement are kg * m? or slug: ft”. 

If the body consists of material having a variable density, p = p (x, y, z), 
the elemental mass dm of the body can be expressed in terms of its 
density and volume as dm — p dV. Substituting dm into Eq. 17-1, the 
body's moment of inertia is then computed using volume elements for 
integration; i.e., 


pe | r^pdV (17-2) 
V 


* Another property of the body, which measures the symmetry of the body's mass with 
respect to a coordinate system, is the product of inertia.This property applies to the three- 
dimensional motion of a body and will be discussed in Chapter 21. 


17.1 Mass MOMENT OF INERTIA 397 


In the special case of p being a constant, this term may be factored out of z 
the integral, and the integration is then purely a function of geometry, 


dm = p dV 
I-p n r° dV (17-3) 
i =f 
x 
When the volume element chosen for integration has infinitesimal "A d 
dimensions in all three directions, Fig. 17-2a, the moment of inertia of a) 


the body must be determined using “triple integration.” The integration 
process can, however, be simplified to a single integration provided the 
chosen volume element has a differential size or thickness in only one 
direction. Shell or disk elements are often used for this purpose. 


Procedure for Analysis 


To obtain the moment of inertia by integration, we will consider 
only symmetric bodies having volumes which are generated by 
revolving a curve about an axis. An example of such a body is shown 
in Fig. 17-2a. Two types of differential elements can be chosen. 


Shell Element. 


* Ifa shell element having a height z, radius r = y, and thickness dy 

is chosen for integration, Fig. 17-2b, then the volume is 
dV = (2my)(z)dy. 
This element may be used in Eq. 17-2 or 17-3 for determining the 
moment of inertia 7, of the body about the z axis, since the entire 
element, due to its “thinness,” lies at the same perpendicular 
distance r = y from the z axis (see Example 17.1). 


Disk Element. 


* If a disk element having a radius y and a thickness dz is chosen 
for integration, Fig. 17-2c, then the volume is dV = (zy?)dz. 


Fig. 17-2 


* This element is finite in the radial direction, and consequently its 
parts do not all lie at the same radial distance r from the z axis. As 
a result, Eq. 17-2 or 17-3 cannot be used to determine J, directly. 
Instead, to perform the integration it is first necessary to 
determine the moment of inertia of the element about the z axis 
and then integrate this result (see Example 17.2). 
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EXAMPLE |17.1 


Determine the moment of inertia of the cylinder shown in Fig. 17—3a 
about the z axis. The density of the material, p, is constant. 


SOLUTION 


Shell Element. This problem can be solved using the shell element in 
Fig. 17-3b and a single integration. The volume of the element is 
dV = (2mr)(h) dr, so that its mass is dm = pdV = p(2srhr dr). 
Since the entire element lies at the same distance r from the z axis, the 
moment of inertia of the element is 


dI, = dm = p2rhr’ dr 


Integrating over the entire region of the cylinder yields 


R 
I = nz = anh | Pdr =" gl 
m 0 2 


The mass of the cylinder is 


R 
m= n = pun | rdr = pr hR? 
m 0 


so that 
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EXAMPLE |17.2 


If the density of the material is 5 slug/ft^, determine the moment of 
inertia of the solid in Fig 17-4a about the y axis. 


y 


I— 1 ft 
E 


A 


1 ft 


(wy) > | 


(b) 


SOLUTION 


Disk Element. The moment of inertia will be found using a disk 
element, as shown in Fig. 17—4b. Here the element intersects the curve 
at the arbitrary point (x,y) and has a mass 


dm = pdV = p(mx?) dy 


Although all portions of the element are not located at the same 
distance from the y axis, it is still possible to determine the moment of 
inertia dI, of the element about the y axis. In the preceding example it 
was shown that the moment of inertia of a cylinder about its 
longitudinal axis is / = 4mR*, where m and R are the mass and radius 
of the cylinder. Since the height is not involved in this formula, the 
disk itself can be thought of as a cylinder. Thus, for the disk element in 
Fig. 17-45, we have 


dl, = 5(dm)x? = 5[p(ax?) dy]? 


Substituting x = y?, p = 5 slug/ft^, and integrating with respect to y, 
from y = Oto y = 1 ft, yields the moment of inertia for the entire solid. 


m(5slug/ft) f1" T 
2 ks ae 


1 ft 
[ y? dy = 0.873 slug - ft? Ans. 
0 
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Parallel-Axis Theorem. If the moment of inertia of the body 
about an axis passing through the body’s mass center is known, then the 
moment of inertia about any other parallel axis can be determined by 
using the parallel-axis theorem. This theorem can be derived by 
considering the body shown in Fig. 17-5. Here the z' axis passes through 
the mass center G, whereas the corresponding parallel z axis lies at a 
constant distance d away. Selecting the differential element of mass dm, 
which is located at point (x', y'), and using the Pythagorean theorem, 
r? = (d + x’)? + y?, we can express the moment of inertia of the body 
about the z axis as 


re [ram = fia + x’)? + y?] dm 


= [ore y nam + 2a fx am + f am 


Since r’? = x? + y", the first integral represents Ig. The second 
integral equals zero, since the z’ axis passes through the body’s mass 
center, i.e., f x'dm = x'm = 0 since x’ = 0. Finally, the third integral 


17.1 


represents the total mass m of the body. Hence, the moment of inertia 
about the z axis can be written as 


I = Ig + md? (17-4) 


where 


Ig = moment of inertia about the z’ axis passing through the mass 
center G 

m = mass of the body 

d = perpendicular distance between the parallel z and z' axes 


Radius of Gyration. Occasionally, the moment of inertia of a body 
about a specified axis is reported in handbooks using the radius of 
gyration, k. This is a geometrical property which has units of length. 
When it and the body's mass m are known, the body's moment of inertia 
is determined from the equation 


T 
I = e ERE em (17-5) 


Note the similarity between the definition of k in this formula and r in 
the equation dI = r?dm, which defines the moment of inertia of an 
elemental mass dm of the body about an axis. 


Composite Bodies. If a body consists of a number of simple 
shapes such as disks, spheres, and rods, the moment of inertia of the body 
about any axis can be determined by adding algebraically the moments of 
inertia of all the composite shapes computed about the axis. Algebraic 
addition is necessary since a composite part must be considered as a 
negative quantity if it has already been counted as a piece of another 
part—for example, a “hole” subtracted from a solid plate. The parallel- 
axis theorem is needed for the calculations if the center of mass of 
each composite part does not lie on the axis. For the calculation, then, 
I = X(Ig + md’). Here Ig for each of the composite parts is determined 
by integration, or for simple shapes, such as rods and disks, it can be 
found from a table, such as the one given on the inside back cover of 
this book. 


Mass MOMENT OF INERTIA 
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EXAMPLE |17.3 


If the plate shown in Fig. 17-6a has a density of 8000 kg/m? and a 
thickness of 10 mm, determine its moment of inertia about an axis 
directed perpendicular to the page and passing through point O. 


Thickness 10 mm 


Fig. 17-6 
SOLUTION 


The plate consists of two composite parts, the 250-mm-radius disk 
minus a 125-mm-radius disk, Fig. 17-65. The moment of inertia about 
O can be determined by computing the moment of inertia of each of 
these parts about O and then adding the results algebraically. The 
calculations are performed by using the parallel-axis theorem in 
conjunction with the data listed in the table on the inside back cover. 


Disk. The moment of inertia of a disk about the centroidal axis 
perpendicular to the plane of the disk is Ig = imr? The mass center 
of the disk is located at a distance of 0.25 m from point O. Thus, 


ma = paVa = 8000 kg/m? [7(0.25 m)?(0.01 m)] = 15.71 kg 
(ajo = mar + mad? 


(15.71 kg)(0.25 m)? + (15.71 kg)(0.25 my? 


í 
2 
1.473 kg- m? 


Hole. For the 125-mm-radius disk (hole), we have 
mj = pj,Vj = 8000 kg/m? [7(0.125 m)?(0.01 m)] = 3.927 kg 
ho = impr} + md? 
5(3.927 kg)(0.125 m)? + (3.927 kg)(0.25 mf? 
0.276 kg - m? 


The moment of inertia of the plate about point O is therefore 
To (o (Uno 
= 1473 kg- m? — 0.276 kg- m? 
= 120 kg: m? 
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EXAMPLE |17.4 


The pendulum in Fig. 17-7 is suspended from the pin at O and consists 
of two thin rods, each having a weight of 10 Ib. Determine the moment 
of inertia of the pendulum about an axis passing through (a) point O, 
and (b) the mass center G of the pendulum. 


SOLUTION 


Part (a). Using the table on the inside back cover, the moment of Ec 
inertia of rod OA about an axis perpendicular to the page and passing 
through point O of the rod is I = +m’. Hence, I-: tb 1 - 


1/ 101b 


1 Fig. 17-7 
I = = ( 
Uoa)o = 3m 32.2 ft/s? 


5 A Jen = 0.414 slug ft? 


This same value can be obtained using Jg = zm and the parallel- 
axis theorem. 


1 1/ 101b 10 Ib 
ijo Lo mo L( 9 Jens (299 Joy 
Voalo = gym + md = natus) Y T Vaz2 ms) V 19 


— 0.414 slug - f 


For rod BC we have 


(nc)o = iym + md? = son ae ft)? + ("Je ft)? 


32.2 ft/s 32.2 ft/s 


= 1.346 slug - ft? 


The moment of inertia of the pendulum about O is therefore 
To = 0.414 + 1.346 = 1.76 slug - ft” Ans. 


Part (b). The mass center G will be located relative to point O. 
Assuming this distance to be y, Fig. 17-7, and using the formula for 
determining the mass center, we have 


_ EZym  1(10/322) + 2(10/322) 
J= = = 1.50 ft 
Em (10/322) + (10/322) 


The moment of inertia Ig may be found in the same manner as Ip, 
which requires successive applications of the parallel-axis theorem to 
transfer the moments of inertia of rods OA and BC to G. A more 
direct solution, however, involves using the result for Jo, i.e., 


20 Ib 

5) (1.50 ft)? 
32.2 ft/s 

Ig = 0.362 slug: ft? 


Io = Ig + ma’; 1.76 slug: ft? = Ig + ( 
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PROBLEMS 


*17-1. Determine the moment of inertia 7, for the slender 
rod. The rod’s density p and cross-sectional area A are 
constant. Express the result in terms of the rod’s total mass m. 


Prob. 17-1 


17-2. The right circular cone is formed by revolving the 
shaded area around the x axis. Determine the moment of 
inertia Z, and express the result in terms of the total mass m 
of the cone. The cone has a constant density p. 


Ne 


Prob. 17-2 


17-3. The paraboloid is formed by revolving the shaded 
area around the x axis. Determine the radius of gyration kx. 
The density of the material is p = 5 Mg/m?. 


2 = 50x 
á P 


200 mm — —— 


Prob. 17-3 


*17-4. The frustum is formed by rotating the shaded area 
around the x axis. Determine the moment of inertia 7, and 
express the result in terms of the total mass m of the 
frustum. The frustum has a constant density p. 


*17-5. The paraboloid is formed by revolving the shaded 
area around the x axis. Determine the moment of inertia 
about the x axis and express the result in terms of the total 
mass m of the paraboloid. The material has a constant 
density p. 


m 


Prob. 17-5 


17-6. The hemisphere is formed by rotating the shaded 
area around the y axis. Determine the moment of inertia /, 
and express the result in terms of the total mass m of the 
hemisphere. The material has a constant density p. 


Prob. 17-6 
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17-7. Determine the moment of inertia of the homogeneous 
pyramid of mass m about the z axis. The density of the 
material is p. Suggestion: Use a rectangular plate element 
having a volume of dV — (2x)(2y)dz. 


Prob 17-7 


*17-8. Determine the mass moment of inertia 7, of the 
cone formed by revolving the shaded area around the z axis. 
The density of the material is p. Express the result in terms 
of the mass m of the cone. 


gian 


F 


Prob. 17-8 
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*17-9. Determine the mass moment of inertia 7, of the 
solid formed by revolving the shaded area around the y 
axis. The density of the material is p. Express the result in 
terms of the mass m of the solid. 


Prob. 17-9 


17-10. Determine the mass moment of inertia J, of the 
solid formed by revolving the shaded area around the y 
axis. The density of the material is p. Express the result in 
terms of the mass m of the semi-ellipsoid. 


x 


Prob. 17-10 
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17-11. Determine the moment of inertia of the assembly 
about an axis that is perpendicular to the page and passes 
through the center of mass G. The material has a specific 
weight of y = 90 lb/ft. 


*17-12. Determine the moment of inertia of the assembly 
about an axis that is perpendicular to the page and passes 
through point O. The material has a specific weight of 
y = 90 lb/ft. 


0.25 ft 


— 1ft -— 


Probs. 17-11/12 


*17-13. Ifthe large ring, small ring and each of the spokes 
weigh 100 Ib, 15 Ib, and 20 Ib, respectively, determine the 
mass moment of inertia of the wheel about an axis 
perpendicular to the page and passing through point A. 


Prob. 17-13 


17-14. The pendulum consists of the 3-kg slender rod and 
the 5-kg thin plate. Determine the location y of the center 
of mass G of the pendulum; then calculate the moment of 
inertia of the pendulum about an axis perpendicular to the 
page and passing through G. 


N 


Pr EN 


Prob. 17-14 


17-15. Each of the three slender rods has a mass rm. 
Determine the moment of inertia of the assembly about an 
axis that is perpendicular to the page and passes through 
the center point O. 


a 


Prob. 17-15 
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*17-16. The pendulum consists of a plate having a weight of 
12 Ib and a slender rod having a weight of 4 Ib. Determine 
the radius of gyration of the pendulum about an axis 
perpendicular to the page and passing through point O. 


4+ — an 


Prob. 17-16 


*17-17. Determine the moment of inertia of the solid steel 
assembly about the x axis. Steel has a specific weight of 
ys = 490 lb/ft. 


0.25 ft | 


3 0.5 ft 


2ft *| 3 ft 


Prob. 17-17 


17-18. Determine the moment of inertia of the center 
crank about the x axis. The material is steel having a specific 
weight of y, = 490 lb/ft. 


05 in— EH 05 in. EH 


E E 1 in. 
=] 1 
| 
0.5 in | 
4 in. 
0.5 in. 0.5 in 
1 e | 
x 4 
E (us 1 in. 
— Y 
lin lin 
Prob. 17-18 
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17-19. Determine the moment of inertia of the overhung 
crank about the x axis. The material is steel for which the 
density is p = 7.85 Mg/m*. 


*17-20. Determine the moment of inertia of the overhung 
crank about the x’ axis. The material is steel for which the 
density is p = 7.85 Mg/m?. 


20 mm i D 
30 mm 
MENS 
x 180 mm 
x — 7 
30 mm 
i Y 


20 mies 


50 mm 


Probs. 17-19/20 


*17-21. Determine the mass moment of inertia of the 
pendulum about an axis perpendicular to the page and 
passing through point O. The slender rod has a mass of 10 kg 
and the sphere has a mass of 15 kg. 


Prob. 17-21 
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17-22. Determine the mass moment of inertia of the thin 
plate about an axis perpendicular to the page and passing 
through point O. The material has a mass per unit area of 
20 kg/m’. 


hy 


150 mm 150 mm 


Prob. 17-22 


17-23. Determine the mass moment of inertia of the thin 
plate about an axis perpendicular to the page and passing 
through point O. The material has a mass per unit area of 
20 kg/m’. 


Prob. 17-23 
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17.2 Planar Kinetic Equations of Motion 


In the following analysis we will limit our study of planar kinetics to rigid 
bodies which, along with their loadings, are considered to be symmetrical 
with respect to a fixed reference plane.* Since the motion of the body can 
be viewed within the reference plane, all the forces (and couple moments) 
acting on the body can then be projected onto the plane. An example of 
an arbitrary body of this type is shown in Fig. 17-8a. Here the inertial 
frame of reference x, y, z has its origin coincident with the arbitrary point 
Pin the body. By definition, these axes do not rotate and are either fixed or 
translate with constant velocity 


Fig. 17-8 


Equation of Translational Motion. The external forces acting 
on the body in Fig. 17-8a represent the effect of gravitational, electrical, 
magnetic, or contact forces between adjacent bodies. Since this force 
system has been considered previously in Sec. 13.3 for the analysis of a 
system of particles, the resulting Eq. 13-6 can be used here, in which case 


=F = mag 


This equation is referred to as the translational equation of motion for 
the mass center of a rigid body. It states that the sum of all the external 
forces acting on the body is equal to the body's mass times the acceleration 
of its mass center G. 

For motion of the body in the x-y plane, the translational equation of 
motion may be written in the form of two independent scalar equations, 
namely, 


SF, 


ZF, 


I 
A 

a 
L 
tad 


I 
= 
a 
2A 

=< 


*By doing this, the rotational equation of motion reduces to a rather simplified form. 
The more general case of body shape and loading is considered in Chapter 21. 
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Particle free-body diagram 


(b) 


Particle kinetic diagram 


(c) 


(d) 
Fig. 17-8 (cont.) 


Equation of Rotational Motion. We will now determine the 
effects caused by the moments of the external force system computed 
about an axis perpendicular to the plane of motion (the z axis) and 
passing through point P. As shown on the free-body diagram of the ith 
particle, Fig. 17-8b, F; represents the resultant external force acting on the 
particle, and f; is the resultant of the internal forces caused by interactions 
with adjacent particles. If the particle has a mass m; and its acceleration 
is a;, then its kinetic diagram is shown in Fig. 17-8c. Summing moments 
about point P, we require 


rxXF;-rXf;-r* mai 
or 
(Mp); = r X ma; 
The moments about P can also be expressed in terms of the acceleration 


of point P, Fig. 17-8d. If the body has an angular acceleration a and 
angular velocity w, then using Eq. 16-18 we have 


(Mp); = mir X (ap + æ X r — or) 
= mir X ap +r X (a Xr) — o*(r x r)] 
The last term is zero, since r X r = 0. Expressing the vectors with 


Cartesian components and carrying out the cross-product operations 
yields 


(Mp)ik = m;{(xi + yj) X [(ap)xi + (ap)yj] 

+ (xi + yj) X [ak X (xi + yl! 
(Mp)ik = mj[-y(ap). + x(ap), + ax? + ay?]k 
G (Mp); = m[-y(ap), + x(ap), + ar?] 


Letting m; — dm and integrating with respect to the entire mass m of the 
body, we obtain the resultant moment equation 


G =Mp = f» dm) ap + (f> dm) a) + (| ram)a 


Here Z Mp represents only the moment of the external forces acting on 
the body about point P. The resultant moment of the internal forces is 
Zero, since for the entire body these forces occur in equal and opposite 
collinear pairs and thus the moment of each pair of forces about P 
cancels. The integrals in the first and second terms on the right are used 
to locate the body's center of mass G with respect to P, since 
ym — fy dm and xm = fx dm, Fig. 17-8d. Also, the last integral 
represents the body's moment of inertia about the z axis, i.e., 
Ip = fram. Thus, 


Ç E Mp = -ym(ap)x + xm(ap), + Ipa (17-6) 
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It is possible to reduce this equation to a simpler form if point P 
coincides with the mass center G for the body. If this is the case, then 


x = y = 0, and therefore* 
an) 


This rotational equation of motion states that the sum of the moments of 
all the external forces about the body's mass center G is equal to the 
product of the moment of inertia of the body about an axis passing 
through G and the body's angular acceleration. 

Equation 17-6 can also be rewritten in terms of the x and y components 
of ag and the body's moment of inertia Zg. If point G is located at (x, y), 
Fig. 17-8d, then by the parallel-axis theorem, Ip = Ig + m(x? + y’). 
Substituting into Eq. 17-6 and rearranging terms, we get 


GEM, = ym[-(ap), + yo] + xm[(ap), + Xa] + Iga (17-8) 


From the kinematic diagram of Fig. 17-8d, ap can be expressed in terms 
of ag as 


ag —-aptexr- wr 


(ag)xi + (ag),j = (ap), + (ap),j + ak x (xi + yj) — ef (xi + yj) 


Carrying out the cross product and equating the respective i and j 
components yields the two scalar equations 


(ac)x = (ap) x — ya — Xe? 


(ac)y = (ap)y + Xa — yor 


From these equations, [—(ap), + yo] = [-(ag). — Xe?] and 
[(ap), + Xa] = [(ac), + Yo"]. Substituting these results into Eq. 17-8 
and simplifying gives 


E ZMp- —ym(ag), + xm(ag), + Iga (17-9) 


This important result indicates that when moments of the external forces 
shown on the free-body diagram are summed about point P, Fig. 17-8e, 
they are equivalent to the sum of the "kinetic moments" of the components 
of mag about P plus the “kinetic moment" of Iga, Fig. 17-8f. In other 
words, when the “kinetic moments," =(Jl,)p, are computed, Fig. 17-8f, 
the vectors m(ag), and m(ag), are treated as sliding vectors; that is, they 
can act at any point along their line of action. In a similar manner, /5;« 
can be treated as a free vector and can therefore act at any point. It is 
important to keep in mind, however, that mag and Ig« are not the same 
as a force or a couple moment. Instead, they are caused by the external 
effects of forces and couple moments acting on the body. With this in 
mind we can therefore write Eq. 17-9 in a more general form as 


EMp- XE(M)p (17-10) 


* [t also reduces to this same simple form X Mp = Ipa if point P is a fixed point (see 
Eq. 17-16) or the acceleration of point P is directed along the line PG. 


I. Free-body diagram 


(e) 


Kinetic diagram 


(f) 
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General Application of the Equations of Motion. To 
summarize this analysis, three independent scalar equations can be 
written to describe the general plane motion of a symmetrical rigid body. 


ZF, = m(dg)x 
XF, = m(ag) y 
=MG = Ica 
or EMp- X(My)p (17-11) 
F, Free-body diagra 
(e) When applying these equations, one should always draw a free-body 


diagram, Fig. 17-8e, in order to account for the terms involved in EF, 
ZP,, =Mg, or ZMp. In some problems it may also be helpful to draw 
the kinetic diagram for the body, Fig. 17-8f. This diagram graphically 
accounts for the terms m(ag),, m(ag),, and Igq@. It is especially 
convenient when used to determine the components of mag and the 
moment of these components in X (.L,) p.* 


17.3 Equations of Motion: Translation 


Kinetic diagram When the rigid body in Fig. 17-9a undergoes a translation, all the particles 
of the body have the same acceleration. Furthermore, œ = 0, in which 
(t) case the rotational equation of motion applied at point G reduces to a 
Fig. 17-8 (cont.) simplified form, namely, XMg- 0. Application of this and the force 
equations of motion will now be discussed for each of the two types of 

translation. 


Rectilinear Translation. When a body is subjected to rectilinear 
translation, all the particles of the body (slab) travel along parallel straight- 
line paths. The free-body and kinetic diagrams are shown in Fig. 17-9b. 
Since /5 o = 0, only mag is shown on the kinetic diagram. Hence, the 
equations of motion which apply in this case become 


25, = m(ag), 
mu mae), (17-12) 
ZMg =0 


(a) 
Fig. 17-9 


* For this reason, the kinetic diagram will be used in the solution of an example problem 
whenever {Mp = X(At,) p is applied. 
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oV 
9 "4 
S 
á d Æ mag 


(b) 


It is also possible to sum moments about other points on or off the body, 
in which case the moment of mag; must be taken into account. For 
example, if point A is chosen, which lies at a perpendicular distance d 
from the line of action of mag, the following moment equation applies: 


G-EXM,- X(Mja XM, = (mag)d 


Here the sum of moments of the external forces and couple moments 
about A (Z M 4, free-body diagram) equals the moment of mag about A 
(X (4L) 4, kinetic diagram). 


Curvilinear Translation. When a rigid body is subjected to 
curvilinear translation, all the particles of the body travel along parallel 
curved paths. For analysis, it is often convenient to use an inertial 
coordinate system having an origin which coincides with the body's mass 
center at the instant considered, and axes which are oriented in the 
normal and tangential directions to the path of motion, Fig. 17-9c. The 
three scalar equations of motion are then 


PNE x m(ag), 
SF, = m(ac), (17-13) 
ZMg = 0 


If moments are summed about the arbitrary point B, Fig. 17—9c, then it 
is necessary to account for the moments, >(Jl;,)g, of the two 
components m(ag), and m(ag), about this point. From the kinetic 
diagram, h and e represent the perpendicular distances (or “moment 
arms") from B to the lines of action of the components. The required 
moment equation therefore becomes 


Ç -ZMg = X(At4)g; = Mz = e[m(ag);] — h[m(ac),] 
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Procedure for Analysis 


Kinetic problems involving rigid-body translation can be solved 
using the following procedure. 


Free-Body Diagram. 


The free-body and kinetic diagrams for * Establish the x, y or n, t inertial coordinate system and draw the 
this boat and trailer are drawn first in free-body diagram in order to account for all the external forces 
order to apply the equations of motion. and couple moments that act on the body. 

Here the forces on the free-body 

diagram cause the effect shown on the The direction and sense of the acceleration of the body’s mass 
kinetic diagram. If moments are center ag should be established. 

nca oe ower ead ie A Identify the unknowns in the problem. 

are summed about point B then If it is decided that the rotational equation of motion 
C -EMmg = mag(d). =Mp = X(/t)p is to be used in the solution, then consider 


drawing the kinetic diagram, since it graphically accounts for the 
components m(ag),, m(ag), or m(ag);, m(ag); and is therefore 
convenient for *visualizing" the terms needed in the moment 
sum X (Lj) p. 


Equations of Motion. 


* Apply the three equations of motion in accordance with the 
established sign convention. 


* To simplify the analysis, the moment equation E Mg; = 0 can be 
replaced by the more general equation E Mp = Z(/,)p, where 
point P is usually located at the intersection of the lines of action 
of as many unknown forces as possible. 


* If the body is in contact with a rough surface and slipping occurs, 
use the friction equation F = uN. Remember, F always acts on 
the body so as to oppose the motion of the body relative to the 
surface it contacts. 


Kinematics. 
* Use kinematics to determine the velocity and position of the body. 
* For rectilinear translation with variable acceleration 
ag = dvg/dt agdsg = vgdvg vg = dsg/dt 
* For rectilinear translation with constant acceleration 
vg = (Vg)o + act — v6 = (va)o + 2ag[sa — (sc)ol 
Sg = (Sa)o + (vc) + Fact? 
* For curvilinear translation 
(ac), = VG/p = «p 


(ag); = dv¢/dt, (ac),dsg = vgdvg,(ag): = ep 
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EXAMPLE |17.5 


The car shown in Fig. 17-10a has a mass of 2 Mg and a center of mass 
at G. Determine the acceleration if the rear "driving" wheels are 
always slipping, whereas the front wheels are free to rotate. Neglect 
the mass of the wheels. The coefficient of kinetic friction between the 
wheels and the road is u = 0.25. 


ee 
125m 075m 
(a) 
SOLUTION | 


Free-Body Diagram. As shown in Fig. 17-10b, the rear-wheel 
frictional force Fg pushes the car forward, and since slipping occurs, 
Fg = 0.25 Ng. The frictional forces acting on the front wheels are zero, 
since these wheels have negligible mass.* There are three unknowns in 
the problem, N4, Ng, and ag. Here we will sum moments about the mass 
center. The car (point G) accelerates to the left, i.e., in the negative x 
direction, Fig. 17-10b. 


Equations of Motion. 
5 EF, = m(ag),; —0.25Ng = —(2000kg)ag (1) 


+1 ZF, = m(ac)y; Na + Ng — 2000(9.81)N =0 (2) 


G-EMg = 0; —N,(1.25 m) — 025N5(0.3 m)  Ng(0.75 m) = 0 (3) 


Solving, 
ag = 1.59 m/s? — Ans. 
Na = 6.88 kN 
Ng = 12.7 kN 


SOLUTION II 


Free-Body and Kinetic Diagrams. If the “moment” equation is 
applied about point A, then the unknown N, will be eliminated from the 
equation. To “visualize” the moment of mag about A, we will include the 
kinetic diagram as part of the analysis, Fig. 17-10c. 


Equation of Motion. 
G+EMy = E(M,)A;  Ng(2m) — [2000(9.81) N](1.25 m) = 
(2000 kg)a,(0.3 m) 


Solving this and Eq. 1 for ag leads to a simpler solution than that 
obtained from Eqs. 1 to 3. 
Fig. 17-10 
* With negligible wheel mass, Jæ = 0 and the frictional force at A required to turn the 
wheel is zero. If the wheels’ mass were included, then the solution would be more involved, 


since a general-plane-motion analysis of the wheels would have to be considered (see 
Sec. 17.5). 
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EXAMPLE |17.6 


The motorcycle shown in Fig. 17-11a has a mass of 125 kg and a center 
of mass at G,, while the rider has a mass of 75 kg and a center of mass 
at G5. Determine the minimum coefficient of static friction between 
the wheels and the pavement in order for the rider to do a “wheely,” 
i.e., lift the front wheel off the ground as shown in the photo. What 
acceleration is necessary to do this? Neglect the mass of the wheels 
and assume that the front wheel is free to roll. 


SOLUTION 


Free-Body and Kinetic Diagrams. In this problem we will consider 
both the motorcycle and the rider as a single systern. It is possible first to 
determine the location of the center of mass for this “system” by using 
the equations x = XXm/£Zm and y = Xym/Zm. Here, however, we 
will consider the weight and mass of the motorcycle and rider seperate 
as shown on the free-body and kinetic diagrams, Fig. 17-115. Both of 
these parts move with the same acceleration. We have assumed that the 
front wheel is about to leave the ground, so that the normal reaction 
Na, © 0. The three unknowns in the problem are Ng, Fg, and ag. 

ey l Equations of Motion. 

Soe m(ag)s Fy = (75 kg + 125kg)ag 

+TZF, = m(ag); | Ng — 735.75 N — 1226.25N = 0 

G+ ZMg = X(40)g; —(735.75 N)(0.4 m) — (1226.25 N)(0.8 m) 


—(75 kg a5)(0.9 m) — (125 kg ag)(0.6 m) 
Solving, 


ag = 895 m/s? > 
Ng = 1962 N 
Fg = 1790N 

Thus the minimum coefficient of static friction is 


Fg  1790N 
Nz  1962N 


CBS run = = 0917 
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EXAMPLE |17.7 


A uniform 50-kg crate rests on a horizontal surface for which the 
coefficient of kinetic friction is uj, = 0.2. Determine the acceleration 
if a force of P = 600 N is applied to the crate as shown in Fig. 17-12a. 


SOLUTION 


Free-Body Diagram. The force P can cause the crate either to slide 
or to tip over. As shown in Fig. 17-12b, it is assumed that the crate 
slides, so that F = ju, Nc = 0.2Nc. Also, the resultant normal force Nc 
acts at O, a distance x (where 0 < x = 0.5 m) from the crate’s center 
line.* The three unknowns are Nc, x, and ag. 


Equations of Motion. 


5 XF, = m(ag);  600N — 02Nc = (50kg)ag (1) 
+TSF, =m(ag)y; Nc — 490.5N =0 (2) 
G-XMg; =0; —600N(0.3 m) + Nc(x) - 0.2NC(0.5m)=0 (3) 


Solving, 
Nc = 490.5N 
x — 0.467 m 


ag = 10.0 m/? > Ans. 


Since x = 0.467 m « 0.5 m, indeed the crate slides as originally Fig. 17-12 
assumed. 


NOTE: If the solution had given a value of x > 0.5 m, the problem 
would have to be reworked since tipping occurs. If this were the case, 
Nc would act at the corner point A and F = 0.2Nc. 


* The line of action of Nc does not necessarily pass through the mass center G (x = 0), 
since Nc must counteract the tendency for tipping caused by P. See Sec. 8.1 of 
Engineering Mechanics: Statics. 
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EXAMPLE [17.8 


The 100-kg beam BD shown in Fig.17-13a is supported by two rods 
having negligible mass. Determine the force developed in each rod if 
at the instant 0 = 30°, w = 6 rad/s. 


SOLUTION 


Free-Body Diagram. The beam moves with curvilinear translation 
since all points on the beam move along circular paths, each path 
having the same radius of 0.5 m. Using normal and tangential 
coordinates, the free-body diagram for the beam is shown in 
Fig. 17-135. Because of the translation, G has the same motion as the 
pin at B, which is connected to both the rod and the beam. Note that 
the tangential component of acceleration acts downward to the left 
due to the clockwise direction of œ, Fig. 17-13c. Furthermore, the 
normal component of acceleration is always directed toward the 
center of curvature (toward point A for rod AB). Since the angular 
velocity of AB is 6 rad/s when 0 = 30°, then 


(ag), = er = (6 rad/s)(0.5m) = 18 m/s* 


The three unknowns are Tg, Tp, and (ag),. The directions of (ag), and 
(ag), have been established, and are indicated on the coordinate axes. 


n Ts 


(ac), N i Nt ENI AX "m =6 rad/s 


(ac) ye N 


t 


Fig. 17-13 


Equations of Motion. 

+N F, = m(ag)n; Tg + Tp — 981 cos 30° N = 100 kg(18 m/s?) (1) 
+/5F, = m(ag);; 981 sin 30° = 100 kg(ag); (2) 
Gc ZMg = 0; — (Tg cos 30°) (0.4m) + (Tp cos 30°)(0.4m) = 0 (3) 


Simultaneous solution of these three equations gives 
Tg = Tp = 1.32 KN Ans. 
(ag), = 4.905 m/s? 


NOTE: It is also possible to apply the equations of motion along 
horizontal and vertical x, y axes, but the solution becomes more involved. 
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m FUNDAMENTAL PROBLEMS 


F17-1. The cart and its load have a total mass of 100 kg. 
Determine the acceleration of the cart and the normal 
reactions on the pair of wheels at A and B. Neglect the 
mass of the wheels. 


F17-1 
F17-2. If the 80-kg cabinet is allowed to roll down the 
inclined plane, determine the acceleration of the cabinet 
and the normal reactions on the pair of rollers at A and B 
that have negligible mass. 


F17-2 
F17-3. The 20-lb link AB is pinned to a moving frame at A 
and held in a vertical position by means of a string BC 
which can support a maximum tension of 10 lb. Determine 
the maximum acceleration of the frame without breaking 
the string. What are the corresponding components of 
reaction at the pin A? 


F17-3 


F17-4. Determine the maximum acceleration of the truck 
without causing the assembly to move relative to the truck. 
Also what is the corresponding normal reaction on legs 
A and B? The 100-kg table has a mass center at G and the 
coefficient of static friction between the legs of the table 
and the bed of the truck is u, = 0.2. 


F17-5. At the instant shown both rods of negligible mass 
swing with a counterclockwise angular velocity of 
w = 5 rad/s, while the 50-kg bar is subjected to the 100-N 
horizontal force. Determine the tension developed in the 
rods and the angular acceleration of the rods at this instant. 


F17-5 


F17-6. At the instant shown, link CD rotates with an 
angular velocity of w = 6 rad/s. If it is subjected to a couple 
moment M = 450 N - m, determine the force developed in 
link AB, the horizontal and vertical component of reaction 
on pin D, and the angular acceleration of link CD at this 
instant. The block has a mass of 50 kg and center of mass at 
G. Neglect the mass of links AB and CD. 


M=450N-m F17-6 
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PT PROBLEMS 


*17-24. The 4-Mg uniform canister contains nuclear waste 
material encased in concrete. If the mass of the spreader 
beam BD is 50 kg, determine the force in each of the links 
AB, CD, EF, and GH when the system is lifted with an 
acceleration of a = 2 m/s? for a short period of time. 


*17-25. The 4-Mg uniform canister contains nuclear waste 
material encased in concrete. If the mass of the spreader 
beam BD is 50 kg, determine the largest vertical acceleration 
a of the system so that each of the links AB and CD are not 
subjected to a force greater than 30 KN and links EF and GH 
are not subjected to a force greater than 34 kN. 


Probs. 17-24/25 


17-26. The dragster has a mass of 1200 kg and a center of 
mass at G. If a braking parachute is attached at C and 
provides a horizontal braking force of F = (1.60?) N, 
where v is in meters per second, determine the critical speed 
the dragster can have upon releasing the parachute, such 
that the wheels at B are on the verge of leaving the ground; 
ie. the normal reaction at B is zero. If such a condition 
occurs, determine the dragster's initial deceleration. Neglect 
the mass of the wheels and assume the engine is disengaged 
so that the wheels are free to roll. 


Prob. 17-26 


17-27. When the lifting mechanism is operating, the 400-Ib 
load is given an upward acceleration of 5 ft/s?. Determine 
the compressive force the load creates in each of the 
columns, AB and CD. What is the compressive force in each 
of these columns if the load is moving upward at a constant 
velocity of 3 ft/s? Assume the columns only support an 
axial load. 


Prob. 17-27 


*17-28. The jet aircraft has a mass of 22 Mg and a center of 
mass at G. If a towing cable is attached to the upper portion 
of the nose wheel and exerts a force of T = 400 N as shown, 
determine the acceleration of the plane and the normal 
reactions on the nose wheel and each of the two wing 
wheels located at B. Neglect the lifting force of the wings 
and the mass of the wheels. 


Prob. 17-28 


*17—29. The lift truck has a mass of 70 kg and mass center 
at G. If it lifts the 120-kg spool with an acceleration of 
3 m/s’, determine the reactions on each of the four wheels. 
The loading is symmetric. Neglect the mass of the movable 
arm CD. 


17-30. The lift truck has a mass of 70 kg and mass center at 
G. Determine the largest upward acceleration of the 120-kg 
spool so that no reaction on the wheels exceeds 600 N. 


0.75 m 


Probs. 17-29/30 


17-31. The dragster has a mass of 1500 kg and a center of 
mass at G. If the coefficient of kinetic friction between the 
rear wheels and the pavement is i, = 0.6, determine if it is 
possible for the driver to lift the front wheels, A, off the 
ground while the rear drive wheels are slipping. Neglect the 
mass of the wheels and assume that the front wheels are 
free to roll. 


*17-32. The dragster has a mass of 1500 kg and a center of 
mass at G. If no slipping occurs, determine the frictional 
force Fz which must be developed at each of the rear drive 
wheels B in order to create an acceleration of a = 6 m/s’. 
What are the normal reactions of each wheel on the 
ground? Neglect the mass of the wheels and assume that 
the front wheels are free to roll. 


Probs. 17-31/32 
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*17-33. At the start of a race, the rear drive wheels B of the 
1550-Ib car slip on the track. Determine the car's 
acceleration and the normal reaction the track exerts on the 
front pair of wheels A and rear pair of wheels B. The 
coefficient of kinetic friction is uw, = 0.7, and the mass 
center of the car is at G. The front wheels are free to roll. 
Neglect the mass of all the wheels. 


17-34. Determine the maximum acceleration that can be 
achieved by the car without having the front wheels A leave 
the track or the rear drive wheels B slip on the track. The 
coefficient of static friction is u, = 0.9. The car’s mass center 
is at G, and the front wheels are free to roll. Neglect the 
mass of all the wheels. 


` (CEN. 
Lan] 
I 6 ft 4.75 ft 


Probs. 17-33/34 


17-35. The sports car has a mass of 1.5 Mg and a center of 
mass at G. Determine the shortest time it takes for it to 
reach a speed of 80 km/h, starting from rest, if the engine 
only drives the rear wheels, whereas the front wheels are 
free rolling. The coefficient of static friction between the 
wheels and the road is u, = 0.2. Neglect the mass of the 
wheels for the calculation. If driving power could be 
supplied to all four wheels, what would be the shortest time 
for the car to reach a speed of 80 km/h? 


A125 m--__| 8 
0.75 m 


Prob. 17-35 
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*17-36. The forklift travels forward with a constant speed 
of 9ft/s. Determine the shortest stopping distance without 
causing any of the wheels to leave the ground. The forklift 
has a weight of 2000 Ib with center of gravity at G;, and the 
load weighs 900 Ib with center of gravity at G2. Neglect the 
weight of the wheels. 


¢17-37. If the forklift’s rear wheels supply a combined traction 
force of F4 = 3001b, determine its acceleration and the 
normal reactions on the pairs of rear wheels and front wheels. 
The forklift has a weight of 2000 Ib, with center of gravity at 
G;, and the load weighs 900 Ib, with center of gravity at G2. The 
front wheels are free to roll. Neglect the weight of the wheels. 


4.25 ft 


3.5 ft 


Probs. 17-36/37 


17-38. Each uniform box on the stack of four boxes has a 
weight of 8 Ib. The stack is being transported on the dolly, 
which has a weight of 30 Ib. Determine the maximum force F 
which the woman can exert on the handle in the direction 
shown so that no box on the stack will tip or slip. The 
coefficient of the static friction at all points of contact is 
ls = 0.5. The dolly wheels are free to roll. Neglect their mass. 


Prob. 17-38 
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17-39. The forklift and operator have a combined weight of 
10 000 Ib and center of mass at G. If the forklift is used to lift 
the 2000-Ib concrete pipe, determine the maximum vertical 
acceleration it can give to the pipe so that it does not tip 
forward on its front wheels. 


*17-40. The forklift and operator have a combined weight 
of 10 000 Ib and center of mass at G. If the forklift is used 
to lift the 2000-Ib concrete pipe, determine the normal 
reactions on each of its four wheels if the pipe is given an 
upward acceleration of 4 ft/s?. 


—4 ft 


m 6 ft 


Probs. 17-39/40 


*17-41. The car, having a mass of 1.40 Mg and mass center 
at G., pulls a loaded trailer having a mass of 0.8 Mg and 
mass center at G;. Determine the normal reactions on both 
the car's front and rear wheels and the trailer's wheels if the 
driver applies the car's rear brakes C and causes the car to 
skid. Take uc = 0.4 and assume the hitch at A is a pin or 
ball-and-socket joint. The wheels at B and D are free to roll. 
Neglect their mass and the mass of the driver. 


Prob. 17-41 


17-42. The uniform crate has a mass of 50 kg and rests on 
the cart having an inclined surface. Determine the smallest 
acceleration that will cause the crate either to tip or slip 
relative to the cart. What is the magnitude of this 
acceleration? The coefficient of static friction between the 
crate and the cart is u, = 0.5. 


Prob. 17-42 


17-43. Arm BDE of the industrial robot is activated by 
applying the torque of M = 50 N:mtolink CD. Determine 
the reactions at pins B and D when the links are in the 
position shown and have an angular velocity of 2 rad/s. Arm 
BDE has a mass of 10 kg with center of mass at G4. The 
container held in its grip at E has a mass of 12 kg with center 
of mass at G». Neglect the mass of links AB and CD. 


w = 2 rad/s 
—-50N:m 


Prob. 17-43 
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*17-44. The handcart has a mass of 200 kg and center of 
mass at G. Determine the normal reactions at each of the two 
wheels at A and at B if a force of P = 50 N is applied to the 
handle. Neglect the mass of the wheels. 


*17-45. The handcart has a mass of 200 kg and center of 
mass at G. Determine the largest magnitude of force P that 
can be applied to the handle so that the wheels at A or B 
continue to maintain contact with the ground. Neglect the 
mass of the wheels. 


Probs. 17—44/45 


17-46. The jet aircraft is propelled by four engines to 
increase its speed uniformly from rest to 100 m/s in a distance 
of 500 m. Determine the thrust T developed by each engine 
and the normal reaction on the nose wheel A. The aircraft's 
total mass is 150 Mg and the mass center is at point G. 
Neglect air and rolling resistance and the effect of lift. 


Prob. 17-46 
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17-47. The 1-Mg forklift is used to raise the 750-kg crate 
with a constant acceleration of 2m/s?. Determine the 
reaction exerted by the ground on the pairs of wheels at A 
and at B. The centers of mass for the forklift and the crate 
are located at G; and Gy, respectively. 


*17-48. Determine the greatest acceleration with which 
the 1-Mg forklift can raise the 750-kg crate, without causing 
the wheels at B to leave the ground. The centers of mass for 
the forklift and the crate are located at G) and Gy, 
respectively. 


Y 


0.9 m — 1m -i 
0.4 


Probs. 17-47/48 


*17-49. The snowmobile has a weight of 250 lb, centered at 
G4, while the rider has a weight of 150 Ib, centered at G3. If the 
acceleration is a = 20 ft/s”, determine the maximum height h 
of G, of the rider so that the snowmobile's front skid does not 
lift off the ground. Also, what are the traction (horizontal) 
force and normal reaction under the rear tracks at A? 


17-50. The snowmobile has a weight of 250 lb, centered at 
G4, while the rider has a weight of 150 Ib, centered at G». If 
h — 3ft, determine the snowmobile's maximum permissible 
acceleration a so that its front skid does not lift off the 
ground. Also, find the traction (horizontal) force and the 
normal reaction under the rear tracks at A. 


0.5 ft 


Probs. 17-49/50 
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17-51. The trailer with its load has a mass of 150 kg and a 
center of mass at G. If it is subjected to a horizontal force of 
P — 600 N, determine the trailer's acceleration and the 
normal force on the pair of wheels at A and at B. The 
wheels are free to roll and have negligible mass. 


Prob. 17-51 


*17-52. The 50-kg uniform crate rests on the platform for 
which the coefficient of static friction is m, = 0.5. If the 
supporting links have an angular velocity w = 1 rad/s, 
determine the greatest angular acceleration o they can have 
so that the crate does not slip or tip at the instant 0 = 30°. 


*17-53. The 50-kg uniform crate rests on the platform for 
which the coefficient of static friction is u, = 0.5. If at the 
instant 0 — 30? the supporting links have an angular velocity 
w= 1 rad/s and angular acceleration a = 0.5 rad/s’, 
determine the frictional force on the crate. 


w= 1 rad/s 


Probs. 17-52/53 
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17-54. If the hydraulic cylinder BE exerts a vertical force 
of F =1.5kN on the platform, determine the force 
developed in links AB and CD at the instant 0 = 90°. The 
platform is at rest when 0 = 45°. Neglect the mass of the 
links and the platform. The 200-kg crate does not slip on 
the platform. 


Prob. 17-54 


17.4 
about a Fixed Axis 


Consider the rigid body (or slab) shown in Fig. 17-14a, which is constrained 
to rotate in the vertical plane about a fixed axis perpendicular to the page 
and passing through the pin at O. The angular velocity and angular 
acceleration are caused by the external force and couple moment system 
acting on the body. Because the body's center of mass G moves around a 
circular path, the acceleration of this point is best represented by its 
tangential and normal components. The tangential component of acceleration 
has a magnitude of (ag); = org and must act in a direction which is 
consistent with the body's angular acceleration a. The magnitude of the 


Equations of Motion: Rotation 


17-55. A uniform plate has a weight of 50 Ib. Link AB is 
subjected to a couple moment of M = 101b- ft and has a 
clockwise angular velocity of 2rad/s at the instant 0 = 30°. 
Determine the force developed in link CD and the tangential 
component of the acceleration of the plate's mass center at 
this instant. Neglect the mass of links AB and CD. 


A M-101b- ft 


Prob. 17-55 


normal component of acceleration is (ag), = org. This component is (a) 
always directed from point G to O, regardless of the rotational sense of w. 
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The free-body and kinetic diagrams for the body are shown in 
Fig. 17-145. The two components m(ag), and m(ag),, shown on the 
kinetic diagram, are associated with the tangential and normal components 
of acceleration of the body's mass center. The /gq@ vector acts in the same 
direction as œ and has a magnitude of Iga, where Ig is the body's moment 
of inertia calculated about an axis which is perpendicular to the page and 
passes through G. From the derivation given in Sec. 17.2, the equations of 
motion which apply to the body can be written in the form 


DF, = m(ag), = mw rg 
LF, = m(ag), = marg (17-14) 
ZMg = Iga 


The moment equation can be replaced by a moment summation about 
any arbitrary point P on or off the body provided one accounts for the 
moments È(M)p produced by Iga, m(ag), and m(ag), about the 
point. Often it is convenient to sum moments about the pin at O in order 
to eliminate the unknown force Fo. From the kinetic diagram, 
Fig. 17-145, this requires 


G + =Mo = £E(4U)0; £ Mo = ram(ag), F Iga (17-15) 


Note that the moment of m(ag),, is not included here since the line of 
action of this vector passes through O. Substituting (a5), = rga, we may 
rewrite the above equation as Ç --EMo = (Ig + mrz)a. From the 
parallel-axis theorem, Jj = Ig + md’, and therefore the term in 
parentheses represents the moment of inertia of the body about the fixed 
axis of rotation passing through O.* Consequently, we can write the 
three equations of motion for the body as 


EF, = m(ag), = marg (17-16) 


When using these equations, remember that “Joa” accounts for the 
“moment” of both m(ag), and Iga about point O, Fig. 17-14b. In other 
words, ZMo = Z(/U)o = Ioa, as indicated by Eqs. 17-15 and 17-16. 


(b) 


" * The result È Mọ = Ioa can also be obtained directly from Eq. 17-6 by selecting point 
Fig. 17-14 (cont. oe y 4 y £p 
8 ( ) P to coincide with O, realizing that (ap), = (ap), = 0. 


17.4 EQUATIONS OF MOTION: ROTATION ABOUT A FIXED AXIS 


Procedure for Analysis 


Kinetic problems which involve the rotation of a body about a fixed 
axis can be solved using the following procedure. 


Free-Body Diagram. 


Establish the inertial n, t coordinate system and specify the 
direction and sense of the accelerations (ac), and (ag), and the 
angular acceleration « of the body. Recall that (ag), must act in a 
direction which is in accordance with the rotational sense of a, 
whereas (ag), always acts toward the axis of rotation, point O. 


Draw the free-body diagram to account for all the external forces 
and couple moments that act on the body. 


Determine the moment of inertia Iç or Io. 
Identify the unknowns in the problem. 


If it is decided that the rotational equation of motion 
© Mp = Z£(U)pisto be used,i.e., P is a point other than G or O, 
then consider drawing the kinetic diagram in order to help 
“visualize” the “moments” developed by the components 
m(ag),, m(ag),, and Ig @ when writing the terms for the moment 
sum X(/L,) p. 


Equations of Motion. 


Apply the three equations of motion in accordance with the 
established sign convention. 


If moments are summed about the body's mass center, G, then 
È Mg = Iga, since (mag); and (mag), create no moment about G. 
If moments are summed about the pin support O on the axis of 


rotation, then (mag), creates no moment about O, and it can be 
shown that X Mo = Toa. 


Kinematics. 


Use kinematics if a complete solution cannot be obtained strictly 
from the equations of motion. 


If the angular acceleration is variable, use 


a= — a d0 = w dw 
If the angular acceleration is constant, use 
= wo + æt 
= 0) + wot + lo, 
= wi + 2a,(0 = o) 
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The crank on the oil-pumping rig undergoes 
rotation about a fixed axis which is caused by 
a driving torque M of the motor. The loadings 
shown on the free-body diagram cause the 
effects shown on the kinetic diagram. If 
moments are summed about the mass center, 
G, then 2 Mg = Iga. However, if moments 
are summed about point O, noting 
that (a5), = ad, then G+ Mo = Igat 
m(ac)id + m(ac),(0) = (Ig + md*)a = Ioa. 
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EXAMPLE |17.9 


The unbalanced 50-Ib flywheel shown in Fig. 17-15a has a radius of 
gyration of kg = 0.6 ft about an axis passing through its mass center 
G. If it is released from rest, determine the horizontal and vertical 
components of reaction at the pin O. 

SOLUTION 


Free-Body and Kinetic Diagrams. Since G moves in a circular 
path, it will have both normal and tangential components of 
acceleration. Also, since a, which is caused by the flywheel’s weight, 
acts clockwise, the tangential component of acceleration must act 
downward. Why? Since œw = 0, only m(ag), = marg and Iga are 
shown on the kinematic diagram in Fig. 17-155. Here, the moment of 
inertia about G is 

Ig = mk = (501b/32.2 ft/s?)(0.6 ft)? = 0.559 slug - ft? 
The three unknowns are O,, O,, and a. 
Equations of Motion. 


«EFE = mot; Qu Ans. 


50 Ib 
32.2 peoos i» O 


C+EMe = Ica; 0;(0.5 ft) = (0.5590 slug : ft?)a 
Solving, 


+L EF, = marg; —O,+ 501b = ( 


a = 264rad/s? O = 295b Ans. 


Moments can also be summed about point O in order to eliminate O,, 
and O, and thereby obtain a direct solution for a, Fig. 17-155. This can 
be done in one of two ways. 


C+EMo = Z(4t)o; 
01 
aan aos ft) [os ft) 
32.2 ft/s 
50 Ib(0.5 ft) = 0.94724 2) 


If =Mo = Ioa is applied, then by the parallel-axis theorem the 
moment of inertia of the flywheel about O is 


Ig = Ig mire = 0.559 + (Sos = 0.9472 slug - ft? 


(50 Ib)(0.5 ft) = (0.5590 slug - ft?)a + ( 


(b) 


Hence, 
Fig. 17-15 


C -EMg = Ioa; (501b)(0.5 ft) = (0.9472 slug - ft”)a 


which is the same as Eq. 2. Solving for a and substituting into Eq. 1 
yields the answer for O, obtained previously. 
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EXAMPLE |17.10 


At the instant shown in Fig. 17-16a, the 20-kg slender rod has an 
angular velocity of œ = 5 rad/s. Determine the angular acceleration 
and the horizontal and vertical components of reaction of the pin on 
the rod at this instant. 


y — 5 rad/s 


SOLUTION 
Free-Body and Kinetic Diagrams. Fig. 17-16b. As shown on the 
kinetic diagram, point G moves around a circular path and so it has 
two components of acceleration. It is important that the tangential 
component a, = arg act downward since it must be in accordance 
with the rotational sense of a. The three unknowns are O,, O,, and a. 
Equation of Motion. 
e EF, = marc; O, = (20 kg)(5 rad/s)?(1.5 m) 
+L EF, = marg; —O, + 20(9.81)N = (20 kg)(a)(1.5 m) 
C*EMg- Iga; O,(1.5m) + 60N-m = |520kg)(3 my?]a 
Solving 

0,—750N 0O,=1905N  o-590rad/s Ans. 
A more direct solution to this problem would be to sum moments 


about point O to eliminate O, and O, and obtain a direct solution for 
a. Here, 


C+EMo = X(44)o; 60N-m + 20(9.81) N(L5 m) = 
[520 kg)(3 m)?]a + [20 kg(a)(1.5 m)](1.5 m) 


a = 5.90 rad/s? Ans. 
Also, since Ig = im? for a slender rod, we can apply 


C *ZMo = loa; 60 N «m + 20(9.81) N(L5 m) = 320 kg) (3 m)?]a 


a = 5.90 rad/s” Ans. 


NOTE: By comparison, the last equation provides the simplest solution 
for a and does not require use of the kinetic diagram. 


1.5 m— 


60N-m 


20(9.81) N 


Fig. 17-16 
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EXAMPLE |17.11 


20 (9.81) N 


(b) 


60 (9.81) N 


20(9.81) N 


(20 kg)a 
(c) 


Fig. 17-17 


The drum shown in Fig. 17-17a has a mass of 60 kg and a radius of 
gyration kg = 0.25 m. A cord of negligible mass is wrapped around the 
periphery of the drum and attached to a block having a mass of 20 kg. If 
the block is released, determine the drum’s angular acceleration. 


SOLUTION | 


Free-Body Diagram. Here we will consider the drum and block 
separately, Fig. 17-17b. Assuming the block accelerates downward at 
a, it creates a counterclockwise angular acceleration @ of the drum. 
The moment of inertia of the drum is 


Io = mko = (60 kg) (0.25 m)? = 3.75 kg: m? 
There are five unknowns, namely O,, O,, T, a, and a. 


Equations of Motion. Applying the translational equations of 
motion EF, = m(ag), and XF, = m(ag), to the drum is of no 
consequence to the solution, since these equations involve the 
unknowns O, and O,. Thus, for the drum and block, respectively, 


G -EMg = log; T(0.4 m) = (3.75 kg: m?)a (1) 


+TXF, = m(ag),; —20(9.81)N + T = —(20kg)a (2) 


Kinematics. Since the point of contact A between the cord and 
drum has a tangential component of acceleration a, Fig. 17-17a, then 


G+a = ar; a = o(0.4 m) (3) 
Solving the above equations, 
P= ON ¢ = 452 m/s 
@ = Il3rad/s’ 5 


SOLUTION II 


Free-Body and Kinetic Diagrams. The cable tension T can be 
eliminated from the analysis by considering the drum and block as a 
single system, Fig. 17-17c. The kinetic diagram is shown since 
moments will be summed about point O. 


Equations of Motion. Using Eq. 3 and applying the moment 
equation about O to eliminate the unknowns O, and O,, we have 


G+EMo = E(4&)o; [20(9.81)N] (0.4m) = 
(3.75 kg - m?)o + [20 kg(a 0.4 m)](0.4 m) 
m= aee Ans. 


NOTE: If the block were removed and a force of 20(9.81) N were 
applied to the cord, show that a = 20.9 rad/s”. This value is larger 
since the block has an inertia, or resistance to acceleration. 
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EXAMPLE |17.12 


The slender rod shown in Fig. 17-18a has a mass m and length / and is 
released from rest when 0 = 0°. Determine the horizontal and 
vertical components of force which the pin at A exerts on the rod at 
the instant 0 = 90°. 


SOLUTION 


Free-Body Diagram. The free-body diagram for the rod in the 
general position 0 is shown in Fig. 17-18b. For convenience, the force 
components at A are shown acting in the n and t directions. Note that 
a acts clockwise and so (ac), acts in the + t direction. 

The moment of inertia of the rod about point A is Z4 = iml. 


Equations of Motion. Moments will be summed about A in order 
to eliminate A, and A,. 


TNEF,- morg; A, — mgsin0 = mo" (1/2) 
TZXF, = marg; A, + mg cos 0 = ma(l/2) 
CEMI = Ie mg cos 0(1/2) = (jml?)a 


Kinematics. For a given angle 0 there are four unknowns in the 
above three equations: A,, A;, o, and a. As shown by Eq. 3, a is not 
constant; rather, it depends on the position 0 of the rod. The necessary 
fourth equation is obtained using kinematics, where a and w can be 
related to 0 by the equation 
(CE) w do = a d0 (4) 
Note that the positive clockwise direction for this equation agrees with 
that of Eq. 3. This is important since we are seeking a simultaneous 
solution. 

In order to solve for w at 0 = 90°, eliminate a from Eqs. 3 and 4, 
which yields 

w dw = (1.5g/I) cos 0 d0 


Since w = 0 at 0 = 0°, we have 


w 90° 
| wdw = (1/5 f cos 0 d0 
0 0° 


a? = 3g/l 


Substituting this value into Eq. 1 with 0 — 90? and solving Eqs. 1 to 3 
yields 
a=0 
A, =0 A, = 2.5mg Ans. 


NOTE: If EM, = £X(/t(;)4 is used, one must account for the 
moments of /;& and m(ag), about A. 


n 


(ac), M 


n d 


Fig. 17-18 
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S FUNDAMENTAL PROBLEMS 


F17-7. The 100-kg wheel has a radius of gyration about its 
center O of kg = 500 mm. If the wheel starts from rest, 
determine its angular velocity int = 3 s. 


F17-8. The 50-kg disk is subjected to the couple moment 
of M = (9t) N: m, where ft is in seconds. Determine the 


E angular velocity of the disk when t — 4s starting from rest. 
17 


y W = (9AN m 


F17-8 


F17-9. At the instant shown, the uniform 30-kg slender 
rod has a counterclockwise angular velocity of œ = 6 rad/s. 
Determine the tangential and normal components of 
reaction of pin O on the rod and the angular acceleration of 
the rod at this instant. 


F17-10. At the instant shown, the 30-kg disk has a 
counterclockwise angular velocity of w = 10 rad/s. 
Determine the tangential and normal components of 
reaction of the pin O on the disk and the angular 
acceleration of the disk at this instant. 


F17-10 
F17-11. The uniform slender rod has a mass of 15 kg. 
Determine the horizontal and vertical components of 
reaction at the pin O, and the angular acceleration of the 
rod just after the cord is cut. 


F17-11 


F17-12. The uniform 30-kg slender rod is being pulled by 

the cord that passes over the small smooth peg at A. If the 

rod has an angular velocity of w = 6 rad/s at the instant 

shown, determine the tangential and normal components of 

reaction at the pin O and the angular acceleration of the rod. 
P-300N 


0.8m 


w = 6 rad/s A 
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ET PROBLEMS — 


*17-56. The four fan blades have a total mass of 2 kg and 
moment of inertia Jo = 0.18 kg: m? about an axis passing 
through the fan's center O. If the fan is subjected to a 
moment of M = 3(1 — e 9?) N- m, where t is in seconds, 
determine its angular velocity when t= 4s starting 
from rest. 


Prob. 17-56 


*17-57. Cable is unwound from a spool supported on small 
rollers at A and B by exerting a force of T — 300 N on the 
cable in the direction shown. Compute the time needed to 
unravel 5 m of cable from the spool if the spool and cable 
have a total mass of 600 kg and a centroidal radius of 
gyration of ko — 1.2 m. For the calculation, neglect the 
mass of the cable being unwound and the mass of the rollers 
at A and B. The rollers turn with no friction. 


17-58. The single blade PB of the fan has a mass of 2 kg 
and a moment of inertia Iç = 0.18 kg: m? about an axis 
passing through its center of mass G. If the blade is 
subjected to an angular acceleration a = 5 rad/s?, and has 
an angular velocity œ = 6 rad/s when it is in the vertical 
position shown, determine the internal normal force N, 
shear force V, and bending moment M, which the hub 
exerts on the blade at point P. 


B 


w = 6 rad/s 
a = 5 rad/s? 


12 


Prob. 17-58 


17-59. The uniform spool is supported on small rollers at 
A and B. Determine the constant force P that must be 
applied to the cable in order to unwind 8 m of cable in 4 s 
starting from rest. Also calculate the normal forces on the 
spool at A and B during this time. The spool has a mass of 
60 kg and a radius of gyration about O of kg = 0.65 m. For 
the calculation neglect the mass of the cable and the mass of 
the rollers at A and B. 


Prob. 17-57 


Prob. 17-59 
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*17-60. A motor supplies a constant torque M = 2 N-m 
to a 50-mm-diameter shaft O connected to the center of the 
30-kg flywheel. The resultant bearing friction F, which the 
bearing exerts on the shaft, acts tangent to the shaft and has 
a magnitude of 50 N. Determine how long the torque must 
be applied to the shaft to increase the flywheel’s angular 
velocity from 4 rad/s to 15 rad/s. The flywheel has a radius 
of gyration kg = 0.15 m about its center O. 


*17-61. If the motor in Prob. 17-60 is disengaged from the 
shaft once the flywheel is rotating at 15 rad/s,so that M = 0, 
determine how long it will take before the resultant bearing 
frictional force F = 50 N stops the flywheel from rotating. 


Probs. 17—60/61 


17-62. The pendulum consists of a 30-lb sphere and a 10-Ib 
slender rod. Compute the reaction at the pin O just after the 
cord AB is cut. 


Prob. 17-62 
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17-63. The 4-kg slender rod is supported horizontally by a 
spring at A and a cord at B. Determine the angular 
acceleration of the rod and the acceleration of the rod's 
mass center at the instant the cord at B is cut. Hint: The 
stiffness of the spring is not needed for the calculation. 


Prob. 17-63 


*17-64. The passengers, the gondola, and its swing frame 
have a total mass of 50 Mg, a mass center at G, and a radius 
of gyration kg = 3.5 m. Additionally, the 3-Mg steel block 
at A can be considered as a point of concentrated mass. 
Determine the horizontal and vertical components of 
reaction at pin B if the gondola swings freely at o = 1 rad/s 
when it reaches its lowest point as shown. Also, what is the 
gondola's angular acceleration at this instant? 


*17-65. The passengers, the gondola, and its swing frame 
have a total mass of 50 Mg, a mass center at G, and a radius 
of gyration kg = 3.5 m. Additionally, the 3-Mg steel block 
at A can be considered as a point of concentrated mass. 
Determine the angle 0 to which the gondola will swing 
before it stops momentarily, if it has an angular velocity of 
w = 1 rad/s at its lowest point. 


Probs. 17-64/65 


17.4 EQUATIONS OF MOTION: ROTATION ABOUT A FIXED Axis 435 


17-66. The kinetic diagram representing the general 
rotational motion of a rigid body about a fixed axis passing 
through O is shown in the figure. Show that Içæ may be 
eliminated by moving the vectors m(ag), and m(ac), to 
point P, located a distance rgp = k%/rog from the center of 
mass G of the body. Here kg represents the radius of 
gyration of the body about an axis passing through G. The 
point P is called the center of percussion of the body. 


Prob. 17-66 


17-67. Determine the position rp of the center of 
percussion P of the 10-Ib slender bar. (See Prob. 17-66.) 
What is the horizontal component of force that the pin at A 
exerts on the bar when it is struck at P with a force of 
F = 201b? 


Prob. 17-67 


*17-68. The 150-kg wheel has a radius of gyration about 
its center of mass O of kg = 250 mm. If it rotates 
counterclockwise with an angular velocity of œ = 1200 rev/ 
min at the instant the tensile forces T, = 2000N and 
Tg = 1000N are applied to the brake band at A and B, 
determine the time needed to stop the wheel. 


*17-69. The 150-kg wheel has a radius of gyration about 
its center of mass O of kg = 250mm. If it rotates 
counterclockwise with an angular velocity of œ = 1200 rev/ 
min and the tensile force applied to the brake band at A is 
T4 = 2000 N, determine the tensile force Tg in the band at 
B so that the wheel stops in 50 revolutions after T4 and Tg 
are applied. 


Probs. 17-68/69 


17-70. The 100-Ib uniform rod is at rest in a vertical 
position when the cord attached to it at B is subjected to a 
force of P = 501b. Determine the rod’s initial angular 
acceleration and the magnitude of the reactive force that 
pin A exerts on the rod. Neglect the size of the smooth 
peg at C. 


Prob. 17-70 
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17-71. Wheels A and B have weights of 150 Ib and 100 Ib, 
respectively. Initially, wheel A rotates clockwise with a 
constant angular velocity of w = 100 rad/s and wheel B is 
at rest. If A is brought into contact with B, determine the 
time required for both wheels to attain the same angular 
velocity. The coefficient of kinetic friction between the two 
wheels is ug = 0.3 and the radii of gyration of A and B 
about their respective centers of mass are k4 — 1ft and 
kg — 0.75 ft. Neglect the weight of link AC. 


*17—72. Initially, wheel A rotates clockwise with a constant 
angular velocity of w = 100 rad/s. If A is brought into 
contact with B, which is held fixed, determine the number 
of revolutions before wheel A is brought to a stop. The 
coefficient of kinetic friction between the two wheels is 
k = 0.3, and the radius of gyration of A about its mass 
center isk, = 1 ft. Neglect the weight of link AC. 


Prob. 17-71/72 


*17—73. The bar has a mass m and length /. If it is released 
from rest from the position 0 = 30°, determine its angular 
acceleration and the horizontal and vertical components of 
reaction at the pin O. 


Prob 17.73 
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17-74. The uniform slender rod has a mass of 9 kg. If the 
spring is unstretched when 0 = 0°, determine the magnitude 
of the reactive force exerted on the rod by pin A when 
0 = 45°, if at this instant w = 6 rad/s. The spring has a 
stiffness of k — 150N/m and always remains in the 
horizontal position. 


k = 150 N/m 


Prob. 17-74 


17-75. Determine the angular acceleration of the 25-kg 
diving board and the horizontal and vertical components of 
reaction at the pin A the instant the man jumps off. Assume 
that the board is uniform and rigid, and that at the instant 
he jumps off the spring is compressed a maximum amount 
of 200 mm, w = 0, and the board is horizontal. Take 
k = 7 kN/m. 


Prob 17-75 


*17-76. The slender rod of length L and mass m is released 
from rest when 0 = 0°. Determine as a function of 0 the 
normal and the frictional forces which are exerted by the 
ledge on the rod at A as it falls downward. At what angle 0 
does the rod begin to slip if the coefficient of static friction 
at A is u? A 


qT 


Prob. 17-76 
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*17-77. The 100-kg pendulum has a center of mass at G *17-80. The hose is wrapped in a spiral on the reel and is 


and a radius of gyration about G of kg = 250mm. pulled off the reel by a horizontal force of P — 200 N. 
Determine the horizontal and vertical components of Determine the angular acceleration of the reel after it has 
reaction on the beam by the pin A and the normal reaction turned 2 revolutions. Initially, the radius is r = 500 mm. The 
of the roller B at the instant 0 — 90? when the pendulum is hose is 15 m long and has a mass per unit length of 10 kg/m. 
rotating at w = 8 rad/s. Neglect the weight of the beam and Treat the wound-up hose as a disk. 


the support. 


17-78. The 100-kg pendulum has a center of mass at G anda 
radius of gyration about G of kg = 250 mm. Determine the 
horizontal and vertical components of reaction on the beam 
by the pin A and the normal reaction of the roller B at the 
instant 0 = 0° when the pendulum is rotating at w = 4 rad/s. 
Neglect the weight of the beam and the support. 


Prob. 17-80 


17 
*17-81. The disk has a mass of 20 kg and is originally ua 


spinning at the end of the strut with an angular velocity of 
w = 60 rad/s. If it is then placed against the wall, where the 
coefficient of kinetic friction is ju, = 0.3, determine the 
Probs. 17-77/78 time required for the motion to stop. What is the force in 
strut BC during this time? 


= 0.6 m ++ 0.6 m l 


17-79. If the support at B is suddenly removed, determine 
the initial horizontal and vertical components of reaction 
that the pin A exerts on the rod ACB. Segments AC and CB 
each have a weight of 10 Ib. 


Prob. 17-79 Prob. 17-81 
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17-82. The 50-kg uniform beam (slender rod) is lying on 
the floor when the man exerts a force of F = 300 N on the 
rope, which passes over a small smooth peg at C. Determine 
the initial angular acceleration of the beam. Also find the 
horizontal and vertical reactions on the beam at A 
(considered to be a pin) at this instant. 


Prob. 17-82 


17-83. At the instant shown, two forces act on the 30-Ib 
slender rod which is pinned at O. Determine the magnitude 
of force F and the initial angular acceleration of the rod so 
that the horizontal reaction which the pin exerts on the rod 
is 5 Ib directed to the right. 


20 Ib 


Prob. 17-83 
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*17-84. The 50-kg flywheel has a radius of gyration about 
its center of mass of kg = 250 mm. It rotates with a 
constant angular velocity of 1200 rev/min before the brake 
is applied. If the coefficient of kinetic friction between the 
brake pad B and the wheel’s rim is uj, = 0.5, and a force of 
P = 300 N is applied to the braking mechanism's handle, 
determine the time required to stop the wheel. 


*17-85. The 50-kg flywheel has a radius of gyration about 
its center of mass of kg = 250 mm. It rotates with a 
constant angular velocity of 1200 rev/min before the brake 
is applied. If the coefficient of kinetic friction between the 
brake pad B and the wheel’s rim is ug = 0.5, determine the 
constant force P that must be applied to the braking 
mechanism's handle in order to stop the wheel in 
100 revolutions. 


Probs. 17-84/85 


17-86. The 5-kg cylinder is initially at rest when it is placed 
in contact with the wall B and the rotor at A. If the rotor 
always maintains a constant clockwise angular velocity 
w = 6 rad/s, determine the initial angular acceleration of 
the cylinder. The coefficient of kinetic friction at the 
contacting surfaces B and C is uj = 0.2. 


Prob. 17-86 


17.4 EQUATIONS OF MOTION: ROTATION ABOUT A FIXED Axis 439 


17-87. The drum has a weight of 50 lb and a radius of 
gyration k4 = 0.4 ft. A 35-ft-long chain having a weight of 
2 lb/ft is wrapped around the outer surface of the drum so 
that a chain length of s = 3 ft is suspended as shown. If the 
drum is originally at rest, determine its angular velocity 
after the end B has descended s — 13ft. Neglect the 
thickness of the chain. 


Y B 


Prob. 17-87 


*17-88. Disk D turns with a constant clockwise angular 
velocity of 30 rad/s. Disk E has a weight of 60 Ib and is 
initially at rest when it is brought into contact with D. 
Determine the time required for disk E to attain the same 
angular velocity as disk D. The coefficient of kinetic 
friction between the two disks is uw, = 0.3. Neglect the 
weight of bar BC. 


Aa = 30 rad/s 


Prob. 17-88 


017-89. A 17-kg roll of paper, originally at rest, is 
supported by bracket AB. If the roll rests against a wall 
where the coefficient of kinetic friction is uç = 0.3, and a 
constant force of 30 N is applied to the end of the sheet, 
determine the tension in the bracket as the paper unwraps, 
and the angular acceleration of the roll. For the calculation, 
treat the roll as a cylinder. 


Prob. 17-89 


17-90. The cord is wrapped around the inner core of the 
spool. If a 5-Ib block B is suspended from the cord and 
released from rest, determine the spool’s angular velocity 
when t = 3 s. Neglect the mass of the cord. The spool has a 
weight of 180 Ib and the radius of gyration about the axle A 
is k4 — 125 ft. Solve the problem in two ways, first by 
considering the *system" consisting of the block and spool, 
and then by considering the block and spool separately. 


P=30N 


Prob. 17-90 
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17.5 Equations of Motion: General Plane 
Motion 


The rigid body (or slab) shown in Fig. 17-19a is subjected to general plane 
motion caused by the externally applied force and couple-moment system. 
The free-body and kinetic diagrams for the body are shown in Fig. 17-19b. 
If an x and y inertial coordinate system is established as shown, the three 
equations of motion are 


ZR. a m(ag)x 
ZF, = m(ag), (17-17) 
2 Mg = Iga 


In some problems it may be convenient to sum moments about a point 
P other than G in order to eliminate as many unknown forces as possible 
from the moment summation. When used in this more general case, the 
three equations of motion are 


n = m(ag) x 
2 omae (17-18) 
ZMp- X(M)p 


Here £X(/L,)p represents the moment sum of Içæ and mag (or its 
components) about P as determined by the data on the kinetic diagram. 

There is a particular type of problem that involves a uniform cylinder, 
or body of circular shape, that rolls on a rough surface without slipping. If 
we sum the moments about the instantaneous center of zero velocity, 
then Z£Z(/t,);c becomes Ica. The proof is similar to EMgo = Ioa 
(b) (Eq. 17-16), so that 


Fig. 17-19 
È Mic = Irca (17-19) 


This result compares with 2 Mo = Ioa, which is used for a body pinned 
at point O, Eq. 17-16. See Prob. 17-91. 
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Procedure for Analysis 


Kinetic problems involving general plane motion of a rigid body can 

be solved using the following procedure. As the soil compactor, or “sheep’s foot 

roller” moves forward, the roller has 

general plane motion. The forces shown 

Establish the x, y inertial coordinate system and draw the free- on its free-body diagram cause the effects 

body diagram for the body. shown on the kinetic diagram. If moments 
: , : s are summed about the mass center, G, 

Specify the direction and sense of the acceleration of the mass then SAC: = Tex. However, if moments 

center, ac, and the angular acceleration « of the body. are summed about point A (the IC) then 

Determine the moment of inertia Ig. G+=M,4 = Iga + (mag)d = Iya. 

Identify the unknowns in the problem. 

If it is decided that the rotational equation of motion 

È Mp = X(A,)p is to be used, then consider drawing the kinetic 

diagram in order to help “visualize” the “moments” developed by 

the components (ag) ,, m(ag),, and J¢@ when writing the terms 

in the moment sum È (Li) p. 


Free-Body Diagram. 


Equations of Motion. 


* Apply the three equations of motion in accordance with the 
established sign convention. 

* When friction is present, there is the possibility for motion with 
no slipping or tipping. Each possibility for motion should be 
considered. 


Kinematics. 


* Use kinematics if a complete solution cannot be obtained strictly 
from the equations of motion. 

* Ifthe body's motion is constrained due to its supports, additional 
equations may be obtained by using ag = a4 + agja, which 
relates the accelerations of any two points A and B on the body. 

* When a wheel, disk, cylinder, or ball rolls without slipping, then 
(he: =- Ar. 
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EXAMPLE |17.13 


(0.980 kg - m°) c 


(8 kg) ac 
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Determine the angular acceleration of the spool in Fig. 17-20a. The 
spool has a mass of 8 kg and a radius of gyration of kg = 0.35 m. 
The cords of negligible mass are wrapped around its inner hub and 
outer rim. 

SOLUTION | 


Free-Body Diagram. Fig. 17—20b. The 100-N force causes ag to act 
upward. Also, « acts clockwise, since the spool winds around the cord 
at A. 

There are three unknowns 7, ag, and a. The moment of inertia of 
the spool about its mass center is 


Ig = mkz = 8kg(0.35 m)? = 0.980 kg - m? 


Equations of Motion. 
HSR = m(ag)y; T + 100N — 7848 N = (8 kg)ag (1) 
C+=Mg = Iga; 100N(0.2m) — T(0.5 m) = (0.980 kg- m?)o (2) 
Kinematics. A complete solution is obtained if kinematics is used to 
relate ag to a. In this case the spool “rolls without slipping" on the cord 
at A. Hence, we can use the results of Example 16.4 or 16.15, so that 
(C+) ag = ar. dg = a (0.5 m) (3) 
Solving Eqs. 1 to 3, we have 
a = 10.3 rad/s” 
dc = 546m/s 
T —19.8N 
SOLUTION II 
Equations of Motion. We can eliminate the unknown T by summing 
moments about point A. From the free-body and kinetic diagrams 
Figs. 17-20b and 17—20c, we have 
CEM E 100 N(0.7 m) — 78.48 N(0.5 m) 
= (0.980 kg: m?)a + [(8 kg)ag](0.5 m) 
Using Eq. (3), 
a = 10.3 rad/s? Ans. 
SOLUTION III 
Equations of Motion. The simplest way to solve this problem is to 
realize that point A is the /C for the spool. Then Eq. 17-19 applies. 
C-ZM,- Iya; (100 N)(0.7 m) — (7848 N)(0.5 m) 
= [0.980 kg: m? + (8 kg)(0.5 m)?]a 
a = 10.3 rad/s? 
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EXAMPLE |17.14 


The 50-Ib wheel shown in Fig. 17-21a has a radius of gyration 

kg = 0.70 ft. If a 35-Ib- ft couple moment is applied to the wheel, 

determine the acceleration of its mass center G. The coefficients of 

static and kinetic friction between the wheel and the plane at A are M = 35 Ib - ft 
ls = 0.3 and ux = 0.25, respectively. 


SOLUTION 


Free-Body Diagram. By inspection of Fig. 17-21), it is seen that the 
couple moment causes the wheel to have a clockwise angular 
acceleration of a. As a result, the acceleration of the mass center, ac, 
is directed to the right. The moment of inertia is 


_ 501b 
32.2 ft/s” 


ie = mike (0.70 ft)? = 0.7609 slug - ft? 


The unknowns are N4, F4, ag, and a. 


Equations of Motion. 


50 Ib 
55F, = F= (28) 1 
x m(ag)x; A 322 ft/s? ag ( ) 


-TZF, = m(ag)y; Nai 501b =0 (2) 
C-ZMg- Iga; 351b-ft — 125 ft(F4) = (0.7609 slug: ft?)a (3) 


A fourth equation is needed for a complete solution. 
(b) 


Kinematics (No Slipping). If this assumption is made, then Fig. 17-21 


(Cc) ag = (1.25 ft)a 
Solving Eqs. 1 to 4, 
Na = 50.0 Ib Fy = 21:3 Ib 
a@=110tad/s ag = 13.7 ft/s” 

This solution requires that no slipping occurs, ie. F4 = u,N4. 
However, since 21.3 Ib > 0.3(50 Ib) = 15 lb, the wheel slips as it rolls. 
(Slipping). Equation 4 is not valid, and so F4 = p,Na, or 

F4 = 025NA (5) 
Solving Eqs. 1 to 3 and 5 yields 


Nya = 50.0lb F, = 12.51b 
a = 25.5 rad/s” 


ag = 8.05 ft/s? — 
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EXAMPLE |17.15 


The uniform slender pole shown in Fig. 17—22a has a mass of 100 kg. If 
the coefficients of static and kinetic friction between the end of the 
pole and the surface are u, = 0.3 and p, = 0.25, respectively, 
determine the pole’s angular acceleration at the instant the 400-N 
horizontal force is applied. The pole is originally at rest. 


SOLUTION 


Free-Body Diagram. Figure 17-22). The path of motion of the mass 
center G will be along an unknown curved path having a radius of 
curvature p, which is initially on a vertical line. However, there is no 
normal or y component of acceleration since the pole is originally at 
rest, i.e., Vg = 0, so that (ag), = vo/p = 0. We will assume the mass 
center accelerates to the right and that the pole has a clockwise 
angular acceleration of a. The unknowns are N4, F4, ag, and a. 


Equation of Motion. 

-EXF,- m(ag), 400N — Fy = (100 kg)ag (1) 
+Î EF, = m(ag)y; N, — 981N =0 (2) 
C+E Mg = Ica; F,(1.5 m) — (400 N)(1 m) = ([(100 kg)(3 m)?)a (3) 


A fourth equation is needed for a complete solution. 


Kinematics (No Slipping). With this assumption, point A acts as a 
“pivot” so that o is clockwise, then ag is directed to the right. 


ag = ar aG; ag = (1.5m) a (4) 
Solving Eqs. 1 to 4 yields 
N, = 981 N F, = 300 N 
ag =1m/ a«a = 0.667 rad/s? 
The assumption of no slipping requires F4 S u,N4. However, 
300 N > 0.3(981 N) = 294 N and so the pole slips at A. 
(Slipping). For this case Eq. 4 does not apply. Instead the frictional 
equation F4 = u,N, must be used. Hence, 
F4 =0.25N, (5) 
Solving Eqs. 1 to 3 and 5 simultaneously yields 
N,=981N E GN ao = 155 m/s 
a = —0.428 rad/s* = 0.428 rad/s* 5 
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EXAMPLE |17.16 


445 


The uniform 50-kg bar in Fig. 17-23a is held in the equilibrium 
position by cords AC and BD. Determine the tension in BD and the 
angular acceleration of the bar immediately after AC is cut. 


SOLUTION 


Free-Body Diagram. Fig. 17-23b. There are four unknowns, Tg, 
(dg) x» (ac). and a. 


Equations of Motion. 


5 zd m(ag) x3 p (50 kg aG)x 


(ac)x zu 
+Î EF, = m(ag)y; Tg — 50(9.81)N = —(50 kg ag), » 


XM Ia F,(15m) = | ioo kg)(3 wl. 


Kinematics. Since the bar is at rest just after the cable is cut, then its 
angular velocity and the velocity of point B at this instant are equal to 
zero. Thus (ag), = Vp/Pgp = 0. Therefore, ag only has a tangential 
component, which is directed along the x axis, Fig. 17-23c. Applying 
the relative acceleration equation to points G and B, 


ag = ag "coax Kp OTOR 
—(ag),j = agi + (ak) x (—1.5i) — 0 
—(ag)j = agi — 1.5oj 
Equating the i and j components of both sides of this equation, 
0 üp 
(ag), = Fig. 17-23 
Solving Eqs. (1) through (3) yields 
a = 4.905 rad/s” 


Tg = 123N 
(ag), — 7.36 m/s? 
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[fz FUNDAMENTAL PROBLEMS 


F17-13. The uniform 60-kg slender bar is initially at rest 
on a smooth horizontal plane when the forces are applied. 
Determine the acceleration of the bar’s mass center and the 
angular acceleration of the bar at this instant. 


20N 
p m | 175m Lr i 
80N 
F17-13 


F17-14. The 100-kg cylinder rolls without slipping on the 
horizontal plane. Determine the acceleration of its mass 
center and its angular acceleration. 


F17-14 


F17-15. The 20-kg wheel has a radius of gyration about its 
center O of ko = 300 mm. When the wheel is subjected to 
the couple moment, it slips as it rolls. Determine the angular 
acceleration of the wheel and the acceleration of the 
wheel’s center O. The coefficient of kinetic friction between 
the wheel and the plane is yx, = 0.5. 


M=100N-m 
S lin 


F17-15 


0.4m 


F17-16. The 20-kg sphere rolls down the inclined plane 
without slipping. Determine the angular acceleration of the 
sphere and the acceleration of its mass center. 


30° 


- 


F17-16 


F17-17. The 200-kg spool has a radius of gyration about its 
mass center of kg = 300 mm. If the couple moment is 
applied to the spool and the coefficient of kinetic friction 
between the spool and the ground is ug = 0.2, determine 
the angular acceleration of the spool, the acceleration of G 
and the tension in the cable. 


0.4 m 


F17-17 


F17-18. The 12-kg slender rod is pinned to a small roller A 
that slides freely along the slot. If the rod is released from 
rest at 0 = 0°, determine the angular acceleration of the rod 
and the acceleration of the roller immediately after the 
release. 


F17-18 
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ETPROBLEMS 


17-91. If a disk rolls without slipping on a horizontal 
surface, show that when moments are summed about the 
instantaneous center of zero velocity, IC, it is possible to use 
the moment equation = M;c = Irca, where Irc represents 
the moment of inertia of the disk calculated about the 
instantaneous axis of zero velocity. 


*17-92. The 10-kg semicircular disk is rotating at 
w = 4rad/s at the instant 0 = 60°. Determine the normal 
and frictional forces it exerts on the ground at A at this 
instant. Assume the disk does not slip as it rolls. 


*17-93. The semicircular disk having a mass of 10 kg is 
rotating at w = 4 rad/s at the instant 0 = 60°. If the 
coefficient of static friction at A is u, = 0.5, determine if the 
disk slips at this instant. 


Probs. 17-92/93 


17-94. The uniform 50-Ib board is suspended from cords 
at C and D. If these cords are subjected to constant forces 
of 30 lb and 45 Ib, respectively, determine the initial 
acceleration of the board's center and the board's angular 
acceleration. Assume the board is a thin plate. Neglect the 
mass of the pulleys at E and F. 


30 Ib 45 Ib 
Prob. 17-94 


17-95. The rocket consists of the main section A having a 
mass of 10 Mg and a center of mass at G 4. The two identical 
booster rockets B and C each have a mass of 2 Mg with 
centers of mass at Gg and Gc, respectively. At the instant 
shown, the rocket is traveling vertically and is at an altitude 
where the acceleration due to gravity is g = 8.75 m/s’. If 
the booster rockets B and C suddenly supply a thrust of 
Tg = 30 kN and Tç = 20 kN, respectively, determine the 
angular acceleration of the rocket. The radius of gyration of 
A about G4 is k4 — 2 m and the radii of gyration of B and 
C about Gg and Gc are kg = kc = 0.75 m. 


Gc 


T4 — 150 kN 

Prob. 17-95 
*17-96. The 75-kg wheel has a radius of gyration about the 
z axis of k, — 150 mm. If the belt of negligible mass is 
subjected to a force of P — 150 N, determine the acceleration 
of the mass center and the angular acceleration of the wheel. 
The surface is smooth and the wheel ds free to slide. 


P=150N 
Prob. 17-96 


448 CHAPTER 17 


*17-97. The wheel has a weight of 30 lb and a radius of 
gyration of kg = 0.6 ft. If the coefficients of static and 
kinetic friction between the wheel and the plane are 
bs = 0.2 and ug = 0.15, determine the wheel’s angular 
acceleration as it rolls down the incline. Set 0 = 12°. 


17-98. The wheel has a weight of 30 Ib and a radius of 
gyration of kg = 0.6 ft. If the coefficients of static and 
kinetic friction between the wheel and the plane are 
bs = 0.2 and u = 0.15, determine the maximum angle 0 of 
the inclined plane so that the wheel rolls without slipping. 


Probs. 17-97/98 


17-99. Two men exert constant vertical forces of 40 Ib 
and 30 Ib at ends A and B of a uniform plank which has a 
weight of 50 Ib. If the plank is originally at rest in the 
horizontal position, determine the initial acceleration of its 
center and its angular acceleration. Assume the plank to be 
a slender rod. 


Prob. 17-99 
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*17-100. The circular concrete culvert rolls with an 
angular velocity of w = 0.5 rad/s when the man is at the 
position shown. At this instant the center of gravity of the 
culvert and the man is located at point G, and the radius of 
gyration about G is kg = 3.5 ft. Determine the angular 
acceleration of the culvert. The combined weight of the 
culvert and the man is 500 Ib. Assume that the culvert rolls 
without slipping, and the man does not move within the 
culvert. 


Prob. 17-100 


*17-101. The lawn roller has a mass of 80 kg and a radius 
of gyration kg = 0.175 m. If it is pushed forward with a 
force of 200 N when the handle is at 45?, determine its 
angular acceleration. The coefficients of static and kinetic 
friction between the ground and the roller are u, = 0.12 
and ux = 0.1, respectively. 


17-102. Solve Prob. 17-101 if u, = 0.6 and u; = 0.45. 


200N 


Probs. 17-101/102 
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17-103. The spool has a mass of 100 kg and a radius of 
gyration of kg = 0.3 m. If the coefficients of static and 
kinetic friction at A are w,=0.2 and p, = 0.15, 
respectively, determine the angular acceleration of the 
spool if P = 50N. 


*17-104. Solve Prob. 17-103 if the cord and force 
P = SON are directed vertically upwards. 


*17-105. The spool has a mass of 100 kg and a radius of 
gyration kg = 0.3 m. If the coefficients of static and kinetic 
friction at A are pw, — 0.2 and y, = 0.15, respectively, 
determine the angular acceleration of the spool if 
P — 600 N. 


Probs. 17-103/104/105 


17-106. The truck carries the spool which has a weight of 
500 Ib and a radius of gyration of kg = 2 ft. Determine the 
angular acceleration of the spool if itis not tied down on the 
truck and the truck begins to accelerate at 3 ft/s?. Assume 
the spool does not slip on the bed of the truck. 


17-107. The truck carries the spool which has a weight of 
200 Ib and a radius of gyration of kg = 2 ft. Determine the 
angular acceleration of the spool if it is not tied down on 
the truck and the truck begins to accelerate at 5 ft/s?. The 
coefficients of static and kinetic friction between the spool 
and the truck bed are u, = 0.15 and ug = 0.1, respectively. 


Probs. 17-106/107 
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*17-108. A uniform rod having a weight of 10 Ib is pin 
supported at A from a roller which rides on a horizontal 
track. If the rod is originally at rest, and a horizontal force of 
F = 15 lb is applied to the roller, determine the 
acceleration of the roller. Neglect the mass of the roller and 
its size d in the computations. 


*17-109. Solve Prob. 17-108 assuming that the roller at A 
is replaced by a slider block having a negligible mass. The 
coefficient of kinetic friction between the block and the 
track is jj, = 0.2. Neglect the dimension d and the size of 
the block in the computations. 


À , 


Probs. 17-108/109 


17-110. The ship has a weight of 4(10°) Ib and center of 
gravity at G. Two tugboats of negligible weight are used to 
turn it. If each tugboat pushes on it with a force of 
T = 2000 lb, determine the initial acceleration of its center 
of gravity G and its angular acceleration. Its radius of 
gyration about its center of gravity is kg = 125 ft. Neglect 
water resistance. 


Prob. 17-110 
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17-111. The 15-lb cylinder is initially at rest on a 5-Ib 
plate. If a couple moment M = 40 1b - ft is applied to the 
cylinder, determine the angular acceleration of the cylinder 
and the time needed for the end B of the plate to travel 3 ft 
to the right and strike the wall. Assume the cylinder does 
not slip on the plate, and neglect the mass of the rollers 
under the plate. 


Prob. 17-111 


*17-112. The assembly consists of an 8-kg disk and a 10-kg 
bar which is pin connected to the disk. If the system is 
released from rest, determine the angular acceleration of 
the disk. The coefficients of static and kinetic friction 
between the disk and the inclined plane are pw, = 0.6 and 
uk = 0.4, respectively. Neglect friction at B. 


17-113. Solve Prob. 17-112 if the bar is removed. The 
coefficients of static and kinetic friction between the disk 
and inclined plane are u, = 0.15 and pw, = 0.1, respectively. 


0.3 m 
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17-114. The 20-kg disk A is attached to the 10-kg block B 
using the cable and pulley system shown. If the disk rolls 
without slipping, determine its angular acceleration and the 
acceleration of the block when they are released. Also, what 
is the tension in the cable? Neglect the mass of the pulleys. 


17-115. Determine the minimum coefficient of static 
friction between the disk and the surface in Prob. 17-114 so 
that the disk will roll without slipping. Neglect the mass of 
the pulleys. 


Probs. 17-114/115 


*17-116. The 20-kg square plate is pinned to the 5-kg 
smooth collar. Determine the initial angular acceleration of 
the plate when P — 100 N is applied to the collar. The plate 
is originally at rest. 


*17-117. The 20-kg square plate is pinned to the 5-kg 
smooth collar. Determine the initial acceleration of the 
collar when P — 100 N is applied to the collar. The plate is 
originally at rest. 


Probs. 17-116/117 


17:5 


17-118. The spool has a mass of 100 kg and a radius of 
gyration of kg = 200 mm about its center of mass G. If a 
vertical force of P — 200N is applied to the cable, 
determine the acceleration. of G and the angular 
acceleration of the spool. The coefficients of static and 
kinetic friction between the rail and the spool are u, = 0.3 
and ug = 0.25, respectively. 


17-119. The spool has a mass of 100 kg and a radius of 
gyration of kg = 200 mm about its center of mass G. If a 
vertical force of P — 500 N is applied to the cable, determine 
the acceleration of G and the angular acceleration of the spool. 
The coefficients of static and kinetic friction between the rail 
and the spool are u, = 0.2 and ug = 0.15, respectively. 


P 
Probs. 17-118/119 


*17-120. If the truck accelerates at a constant rate of 
6m/s?, starting from rest, determine the initial angular 
acceleration. of the 20-kg ladder. The ladder can be 
considered as a uniform slender rod. The support at B is 
smooth. 


Prob. 17-120 


EQUATIONS OF MOTION: GENERAL PLANE MOTION 
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*17-121. The 75-kg wheel has a radius of gyration about its 
mass center of kg = 375 mm. If it is subjected to a torque of 
M = 100N-m, determine its angular acceleration. The 
coefficients of static and kinetic friction between the wheel 
and the ground are us = 0.2 and ug = 0.15, respectively. 


17-122. The 75-kg wheel has a radius of gyration about its 
mass center of kg = 375 mm. If it is subjected to a torque of 
M = 150 N: m, determine its angular acceleration. The 
coefficients of static and kinetic friction between the wheel 
and the ground are u, = 0.2 and up = 0.15, respectively. 


Probs. 17-121/122 


17-123. The 500-kg concrete culvert has a mean radius of 
0.5 m. If the truck has an acceleration of 3m/ s?, determine 
the culvert's angular acceleration. Assume that the culvert 
does not slip on the truck bed, and neglect its thickness. 


Prob. 17-123 
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E CONCEPTUAL PROBLEMS 


P17-1. The truck is used to pull the heavy container. To be P17-3. How can you tell the driver is accelerating this 
most effective at providing traction to the rear wheels at A, SUV? To explain your answer, draw the free-body and 
is it best to keep the container where it is or place it at the kinetic diagrams. Here power is supplied to the rear wheels. 
front of the trailer? Use appropriate numerical values to Would the photo look the same if power were supplied to 
explain your answer. the front wheels? Will the accelerations be the same? Use 


appropriate numerical values to explain your answers. 


P17-1 P17-3 
P17-2. The tractor is about to tow the plane to the right. Is P17-4. Here is something you should not try at home, at 
it possible for the driver to cause the front wheel of the least not without wearing a helmet! Draw the free-body and 
plane to lift off the ground as he accelerates the tractor? kinetic diagrams and show what the rider must do to 
Draw the free-body and kinetic diagrams and explain maintain this position. Use appropriate numerical values to 
algebraically (letters) if and how this might be possible. explain your answer. 


P17-2 P17-4 


CHAPTER REVIEW 


Moment of Inertia 


The moment of inertia is a measure of 
the resistance of a body to a change in its 
angular velocity. It is defined by 
I = [r^dm and will be different for each 
axis about which it is computed. 


Many bodies are composed of simple 
shapes. If this is the case, then tabular 
values of / can be used, such as the ones 
given on the inside back cover of this 
book. To obtain the moment of inertia of 
a composite body about any specified 
axis, the moment of inertia of each part is 
determined about the axis and the results 
are added together. Doing this often 
requires use of the parallel-axis theorem. 


Planar Equations of Motion 


The equations of motion define the 
translational, and rotational motion of a 
rigid body. In order to account for all of 
the terms in these equations, a free-body 
diagram should always accompany their 
application, and for some problems, it may 
also be convenient to draw the kinetic 
diagram which shows mag and Iga. 


CHAPTER REVIEW 


= m(dg)x YF, = m(ag), 


= m(ag), =F, = m(ag) 


Rectilinear translation Curvilinear translation 


DF, = m(ag), = me?rg 


EF, = m(ag), = marg 


=MG = Iga or =Mo = loo 
Rotation About a Fixed Axis 
= m(ag)x 
= m(ag)x 
È Mg = Iga or =Mp = = (Md) p 


General Plane Motion 
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The principle of work and energy plays an important role in the motion of the draw 


works used to lift pipe on this drilling rig. 


Planar Kinetics of a 
Rigid Body: Work and 
Energy 


CHAPTER OBJECTIVES 


* To develop formulations for the kinetic energy of a body, and define 
the various ways a force and couple do work. 


* To apply the principle of work and energy to solve rigid-body 
planar kinetic problems that involve force, velocity, and 
displacement. 


* To show how the conservation of energy can be used to solve 
rigid-body planar kinetic problems. 


18.1 Kinetic Energy 


In this chapter we will apply work and energy methods to solve planar 
motion problems involving force, velocity, and displacement. But first it will 
be necessary to develop a means of obtaining the body's kinetic energy 
when the body is subjected to translation, rotation about a fixed axis, or 
general plane motion. 

To do this we will consider the rigid body shown in Fig. 18-1, which is 
represented here by a slab moving in the inertial x-y reference plane. An 
arbitrary ith particle of the body, having a mass dm, is located a distance 
r from the arbitrary point P. If at the instant shown the particle has a 
velocity v;, then the particle’s kinetic energy is 7; = 1 dm v. 


Fig. 18-1 
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Fig. 18-1 


PLANAR KINETICS OF A RIGID BODY: WORK AND ENERGY 


The kinetic energy of the entire body is determined by writing similar 
expressions for each particle of the body and integrating the results, i.e., 


1 
r= 5 [md 


This equation may also be expressed in terms of the velocity of point 
P. If the body has an angular velocity w, then from Fig. 18-1 we have 


Vi = Vp + Vip 
(vp)xi + (vp),j + ok X (xi + yj) 
= [(vp)x — eyli + [(vp)y + ox]j 


The square of the magnitude of v; is thus 
eae — ou 2 
vit vi = vi = [(vp)s — ey] + [(vp)y + ex] 
(vp)? — 2(vp),oy + ey? (vp); + 2(vp)yox + ex? 


vp — 2(vp),coy + 2(Up)ycx + or? 


Substituting this into the equation of kinetic energy yields 


Y | dm s : c / y am) + c i x dm )+ 5e f í am) 


The first integral on the right represents the entire mass m of the body. 
Since ym = ri ydm and xm — J x dm, the second and third integrals 
locate the body’s center of mass G with respect to P. The last integral 
represents the body's moment of inertia Ip, computed about the z axis 
passing through point P. Thus, 


T = {m} — (vp) wym + (vp)yoxm + Ipo (18-1) 


As a special case, if point P coincides with the mass center G of the 
body, then y = x = 0, and therefore 


T = 4m + ilg! (18-2) 


Both terms on the right side are always positive, since vg and w are 
squared. The first term represents the translational kinetic energy, 
referenced from the mass center, and the second term represents the 
body’s rotational kinetic energy about the mass center. 


Translation. When a rigid body of mass m is subjected to either 
rectilinear or curvilinear translation, Fig. 18-2, the kinetic energy due to 
rotation is Zero, since w = 0. The kinetic energy of the body is therefore 


T = im (18-3) 


Rotation About a Fixed Axis. When a rigid body rotates about 
a fixed axis passing through point O, Fig. 18-3, the body has both 
translational and rotational kinetic energy so that 


T = jm + 5Ico? 18-4 
2 2 


The body's kinetic energy may also be formulated for this case by noting 
that vg = row, so that T = $(Ig + mra)e^. By the parallel-axis 
theorem, the terms inside the parentheses represent the moment of 
inertia /o of the body about an axis perpendicular to the plane of motion 
and passing through point O. Hence,* 


T = I (18-5) 


From the derivation, this equation will give the same result as Eq. 18-4, 
since it accounts for both the translational and rotational kinetic energies 
of the body. 


General Plane Motion. When a rigid body is subjected to general 
plane motion, Fig. 18-4, it has an angular velocity w and its mass center 
has a velocity vg. Therefore, the kinetic energy is 


T -5limvà-cllg 18-6 
2 2 


This equation can also be expressed in terms of the body’s motion about 
its instantaneous center of zero velocity i.e., 


where /;c is the moment of inertia of the body about its instantaneous 
center. The proof is similar to that of Eq. 18-5. (See Prob. 18-1.) 


*The similarity between this derivation and that of Mg = Ioa, Eq. 17-16, should be 
noted. Also the same result can be obtained directly from Eq. 18-1 by selecting point P 
at O, realizing that vg = 0. 


18.1 


KINETIC ENERGY 


Translation 


Fig. 18-2 


ES 


Rotation About a Fixed Axis 
Fig. 18-3 


Y 


General Plane Motion 


Fig. 18-4 
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The total kinetic energy of this soil 
compactor consists of the kinetic energy 
of the body or frame of the machine due 
to its translation, and the translational 
and rotational kinetic energies of the 
roller and the wheels due to their 
general plane motion. Here we exclude 
the additional kinetic energy developed 
by the moving parts of the engine and 
drive train. 


Fig. 18-6 


System of Bodies. Because energy is a scalar quantity, the total 
kinetic energy for a system of connected rigid bodies is the sum of the 
kinetic energies of all its moving parts. Depending on the type of motion, 
the kinetic energy of each body is found by applying Eq. 18-2 or the 
alternative forms mentioned above. 


18.2 The Work of a Force 


Several types of forces are often encountered in planar kinetics problems 
involving a rigid body. The work of each of these forces has been presented 
in Sec. 14.1 and is listed below as a summary. 


Work of a Variable Force. If an external force F acts on a 
body, the work done by the force when the body moves along the path 
s, Fig. 18-5, is 


Ur = ]r- EXE (18-8) 


Here 0 is the angle between the “tails” of the force and the differential 
displacement. The integration must account for the variation of the 
force's direction and magnitude. 


Fig. 18-5 


Work of a Constant Force. If an external force F, acts on a 
body, Fig. 18-6, and maintains a constant magnitude F, and constant 
direction 0, while the body undergoes a translation s, then the above 
equation can be integrated, so that the work becomes 


Up — (FK. cos 0)s (18-9) 


18.2 THE WORK OF A FORCE 459 


Work of a Weight. The weight of a body does work only when the 
body's center of mass G undergoes a vertical displacement Ay. If this 
displacement is upward, Fig. 18—7, the work is negative, since the weight 
is opposite to the displacement. 


Uy = —W Ay (18-10) 


Likewise, if the displacement is downward (—Ay) the work becomes 
positive. In both cases the elevation change is considered to be small so Fig. 18-7 
that W, which is caused by gravitation, is constant. 


Work of a Spring Force. Ifa linear elastic spring is attached to a 
body, the spring force F, — ks acting on the body does work when the 
spring either stretches or compresses from s to a further position sy. In 
both cases the work will be negative since the displacement of the body is 
in the opposite direction to the force, Fig. 18-8. The work is 


U, = -(Iksi — 1st) (18-11) 


Unstretched 
position of 
spring, s = 0 


+ s1 >| 


where |s;| > |s;l. 


Forces That Do No Work. There are some external forces that 
do no work when the body is displaced. These forces act either at fixed 
points on the body, or they have a direction perpendicular to their 
displacement. Examples include the reactions at a pin support about 
which a body rotates, the normal reaction acting on a body that moves 
along a fixed surface, and the weight of a body when the center of gravity 
of the body moves in a horizontal plane, Fig. 18-9. A frictional force Fp 
acting on a round body as it rolls without slipping over a rough surface 
also does no work.* This is because, during any instant of time dt, F, acts 
at a point on the body which has zero velocity (instantaneous center, /C) 
and so the work done by the force on the point is zero. In other words, 
the point is not displaced in the direction of the force during this instant. 
Since F; contacts successive points for only an instant, the work of F; will 
be zero. 


*The work done by a frictional force when the body slips is discussed in Sec. 14.3. Fig. 18-9 
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18.3 The Work of a Couple Moment 


Consider the body in Fig. 18-10a, which is subjected to a couple moment 
M = Fr. If the body undergoes a differential displacement, then the work 
done by the couple forces can be found by considering the displacement 
as the sum of a separate translation plus rotation. When the body translates, 
the work of each force is produced only by the component of displacement 
along the line of action of the forces ds,, Fig. 18-105. Clearly the 
“positive” work of one force cancels the “negative” work of the other. 
When the body undergoes a differential rotation d0 about the arbitrary 
point O, Fig. 18-10c, then each force undergoes a displacement 
dso = (r/2) d0 in the direction of the force. Hence, the total work done is 


dUy = (a0) E r(5ao) = (Fr) do 


= M d0 


grandes The work is positive when M and d0 have the same sense of direction and 
(b) negative if these vectors are in the opposite sense. 
When the body rotates in the plane through a finite angle 0 measured 
in radians, from 6, to 05, the work of a couple moment is therefore 


02 
Uy = M dé (18-12) 
[71 


If the couple moment M has a constant magnitude, then 


Um = M(05 x 01) (18-13) 


Rotation 


(c) 
Fig. 18-10 
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EXAMPLE [18.1 


The bar shown in Fig. 18-11a has a mass of 10 kg and is subjected to a 
couple moment of M = 50 N- m and a force of P = 80 N, which is 
always applied perpendicular to the end of the bar. Also, the spring 
has an unstretched length of 0.5 m and remains in the vertical position 
due to the roller guide at B. Determine the total work done by all the 
forces acting on the bar when it has rotated downward from 0 — 0? to 
9 = 90°. 


SOLUTION 
First the free-body diagram of the bar is drawn in order to account for 
all the forces that act on it, Fig. 18-115. 


Weight W. Since the weight 10(9.81) N = 98.1N is displaced 
downward 1.5 m, the work is 


Uy = 98.1 N(1.5 m) = 147.2J 
Why is the work positive? 


Couple Moment M. The couple moment rotates through an angle 
of 0 = 7/2 rad. Hence, 


Uy = 50N:m(z/2) = 78.5J 
Spring Force F,. When 0 = 0° the spring is stretched (0.75 m —0.5 m) 


= 0.25m, and when 0 — 90°, the stretch is (2m + 0.75 m) 
— 0.5m = 225 m. Thus, 


U, = —[5(30 N/m)(225 m)? — $(30 N/m)(0.25 m] = -75.0 J 


By inspection the spring does negative work on the bar since F, acts in 
the opposite direction to displacement. This checks with the result. 


Force P. Asthe bar moves downward, the force is displaced through 
a distance of (7/2)(3 m) = 4.712 m. The work is positive. Why? 


Up = 80 N(4.712 m) = 377.0] 


Pin Reactions. Forces A, and A, do no work since they are not 
displaced. 


Total Work. The work of all the forces when the bar is displaced is thus 


U = 1472J + 785J — 75.03 + 3770] = 528J Ans. 
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18.4 Principle of Work and Energy 


By applying the principle of work and energy developed in Sec. 14.2 to 
each of the particles of a rigid body and adding the results algebraically, 
since energy is a scalar, the principle of work and energy for a rigid body 
becomes 


Tis UD. (18-14) 


This equation states that the body's initial translational and rotational 
kinetic energy, plus the work done by all the external forces and couple 
moments acting on the body as the body moves from its initial to its final 
position, is equal to the body's final translational and rotational kinetic 
energy. Note that the work of the body's internal forces does not have to 
be considered. These forces occur in equal but opposite collinear pairs, so 
that when the body moves, the work of one force cancels that of its 
counterpart. Furthermore, since the body is rigid, no relative movement 
between these forces occurs, so that no internal work is done. 

When several rigid bodies are pin connected, connected by 
inextensible cables, or in mesh with one another, Eq. 18-14 can be 
applied to the entire system of connected bodies. In all these cases the 
internal forces, which hold the various members together, do no work 
and hence are eliminated from the analysis. 


The work of the torque or moment developed by the 
driving gears on the motors is transformed into 
kinetic energy of rotation of the drum. 


18.4 PRINCIPLE OF WORK AND ENERGY 


Procedure for Analysis 


The principle of work and energy is used to solve kinetic problems 
that involve velocity, force, and displacement, since these terms are 
involved in the formulation. For application, it is suggested that the 
following procedure be used. 


Kinetic Energy (Kinematic Diagrams). 

* The kinetic energy of a body is made up of two parts. Kinetic 
energy of translation is referenced to the velocity of the mass 
center, T — Ime, and kinetic energy of rotation is determined 
using the moment of inertia of the body about the mass center, 
T= 1 Iga. In the special case of rotation about a fixed axis (or 
rotation about the /C), these two kinetic energies are combined 
and can be expressed as T = Hoo), where Jo is the moment of 
inertia about the axis of rotation. 

Kinematic diagrams for velocity may be useful for determining 
Ug and o or for establishing a relationship between vg and w.* 


Work (Free-Body Diagram). 

* Draw a free-body diagram of the body when it is located at an 
intermediate point along the path in order to account for all the 
forces and couple moments which do work on the body as it 
moves along the path. 

A force does work when it moves through a displacement in the 
direction of the force. 

Forces that are functions of displacement must be integrated to 
obtain the work. Graphically, the work is equal to the area under 
the force-displacement curve. 

The work of a weight is the product of its magnitude and the 
vertical displacement, Uy — W y. It is positive when the weight 
moves downwards. 

The work of a spring is of the form U, = 5ks?, where k is the 
spring stiffness and s is the stretch or compression of the spring. 
The work of a couple is the product of the couple moment and 
the angle in radians through which it rotates, Uy = M0. 

Since algebraic addition of the work terms is required, it is important 
that the proper sign of each term be specified. Specifically, work is 
positive when the force (couple moment) is in the same direction as 
its displacement (rotation); otherwise, it is negative. 


Principle of Work and Energy. 

* Apply the principle of work and energy, 7; + 2U,_, = T. Since 
this is a scalar equation, it can be used to solve for only one 
unknown when it is applied to a single rigid body. 


*A brief review of Secs. 16.5 to 16.7 may prove helpful when solving problems, 
since computations for kinetic energy require a kinematic analysis of velocity. 
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EXAMPLE |18.2 


The 30-kg disk shown in Fig. 18-12a is pin supported at its center. 
Determine the number of revolutions it must make to attain an 
angular velocity of 20 rad/s starting from rest. It is acted upon by a 
constant force F — 10 N, which is applied to a cord wrapped around 
its periphery, and a constant couple moment M = 5 N-* m. Neglect 
the mass of the cord in the calculation. 


SOLUTION 


Kinetic Energy. Since the disk rotates about a fixed axis, and it is 
initially at rest, then 


Ti =0 

T, = 5 Iow3 = 3[3(30 kg)(0.2 m)?|(20 rad/s)? = 120 J 
Work (Free-Body Diagram). As shown in Fig. 18-125, the pin 
reactions O, and O, and the weight (294.3 N) do no work, since they 
are not displaced. The couple moment, having a constant magnitude, 
does positive work Uy = M9 as the disk rotates through a clockwise 


angle of 0 rad, and the constant force F does positive work Ug. = Fs as 
the cord moves downward s = 0r = 6(0.2 m). 


Principle of Work and Energy. 
U o i = U 
(n) + (M0 + Fs} = {T} 
{0} + {(5N-m)@ + (10 N)8(0.2 m)} = {120 J} 


lrev 
27 rad 


C= WW Arad = lu raa( 


) = 2.73 rev Ans. 
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EXAMPLE |18.3 


The wheel shown in Fig. 18-13a weighs 40 lb and has a radius of 
gyration kg = 0.6 ft about its mass center G. If it is subjected to a 
clockwise couple moment of 15 Ib-ft and rolls from rest without 
slipping, determine its angular velocity after its center G moves 0.5 ft. 
The spring has a stiffness k = 10 lb/ft and is initially unstretched 
when the couple moment is applied. 


k = 10 lb/ft 
NARARARARAA 


SOLUTION 


Kinetic Energy (Kinematic Diagram). Since the wheel is initially 
at rest, 


Ti =0 
The kinematic diagram of the wheel when it is in the final position is 
shown in Fig. 18-13b. The final kinetic energy is determined from 
D 5 Ico 
1| 401b 2 40 Ib 
cover 
2 [32.2 ft/s 32.2 ft/s 
15 —0.6211 05 


Jos DI 


Work (Free-Body Diagram). As shown in Fig. 18-13c, only the 
spring force F, and the couple moment do work. The normal force 
does not move along its line of action and the frictional force does no 
work, since the wheel does not slip as it rolls. 

The work of F, is found using U, — -l ks?. Here the work is negative 
since F, is in the opposite direction to displacement. Since the wheel 
does not slip when the center G moves 0.5 ft, then the wheel rotates 
0 = sa/rgjjc = 0.5 ft/0.8 ft = 0.625 rad, Fig. 18-135. Hence, the 
spring stretches s = Or, = (0.625 rad)(1.6 ft) = 1 ft. 

Principle of Work and Energy. 
Va Oen es. 
(1) + {MO - 3k} = {13} 
1 
(0) + {is Ib - ft(0.625 rad) — 3 (10 Ib/ft) (1 wp} = (0.6211 œż ft - Ib} 


€ = 2.65 rad/s 2 Ans. 


466 CHAPTER 18 PLANAR KINETICS OF A RIGID BODY: WORK AND ENERGY 


EXAMPLE [18.4 


The 700-kg pipe is equally suspended from the two tines of the fork lift 
shown in the photo. It is undergoing a swinging motion such that when 
0 = 30° itis momentarily at rest. Determine the normal and frictional 
forces acting on each tine which are needed to support the pipe at the 
instant 0 = 0°. Measurements of the pipe and the suspender are 
shown in Fig. 18-14a. Neglect the mass of the suspender and the 
thickness of the pipe. 


Fig. 18-14 


SOLUTION 

We must use the equations of motion to find the forces on the tines 
since these forces do no work. Before doing this, however, we will 
apply the principle of work and energy to determine the angular 
velocity of the pipe when 0 = 0°. 


Kinetic Energy (Kinematic Diagram). Since the pipe is originally 
at rest, then 


Tj, = 0 


The final kinetic energy may be computed with reference to either the 
fixed point O or the center of mass G. For the calculation we will 
consider the pipe to be a thin ring so that Ig = mr’. If point G is 
considered, we have 


T, = 3m(vg)3 + j lco 
= 1(700 kg)[(0.4 m)c;? + 3[700 kg(0.15 m)?]o2 
63.87504 


If point O is considered then the parallel-axis theorem must be used 
to determine /o. Hence, 


T, = +I ows = i700 kg(0.15 m)? + 700 kg(0.4 m)7]w3 
63.8750 


18.4 PRINCIPLE OF WORK AND ENERGY 


Work (Free-Body Diagram). Fig. 18-14). The normal and frictional 
forces on the tines do no work since they do not move as the pipe swings. 
The weight does positive work since the weight moves downward 
through a vertical distance Ay = 0.4m — 0.4 cos 30° m = 0.05359 m. 


Principle of Work and Energy. 
inp Ui = 
{0} + (700(9.81) N(0.05359 m)} = {63.8753} 
€» = 2.400 rad/s 


Equations of Motion. Referring to the free-body and kinetic 
diagrams shown in Fig. 18-14c, and using the result for œ, we have 
E EF = m(ag); Fr = (700kg)(ac), 
+TSF, = m(ag), Nr — 700(9.81) N = (700 kg) (2.400 rad/s)?(0.4 m) 
C+=Mo = Ioa; 0 = [(700 kg)(0.15 m)? + (700 kg) (0.4 m)?]a 
Since (ag), = (0.4 m)a, then 
a= 0, (ag); =0 

Fr =0 

Nr = 8.480 kN 
There are two tines used to support the load, therefore 


Ans. 


Ans. 


NOTE: Due to the swinging motion the tines are subjected to a 
greater normal force than would be the case if the load were static, in 
which case Ny = 700(9.81) N/2 = 3.43 KN. 


700 kg(ag), 


700 kg(ag), 
700 (9.81) N 
(c) 
Fig. 18-14 
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EXAMPLE |18.5 


The 10-kg rod shown in Fig. 18-15a is constrained so that its ends 
move along the grooved slots. The rod is initially at rest when 0 = 0°. 
If the slider block at B is acted upon by a horizontal force P — 50 N, 
determine the angular velocity of the rod at the instant 0 = 45°. 
Neglect friction and the mass of blocks A and B. 


SOLUTION 
Why can the principle of work and energy be used to solve this problem? 


Kinetic Energy (Kinematic Diagrams). Two kinematic diagrams of 
the rod, when it is in the initial position 1 and final position 2, are 
shown in Fig. 18-155. When the rod is in position 1, 7; = 0 since 
(vg); = e, = 0. In position 2 the angular velocity is œ, and the 
velocity of the mass center is (vg). Hence, the kinetic energy is 


T,-— im(vg) 3r 1 Igo? 
= 3(10 kg)(vg)3 + 3| i5(10 kg)(0.8 m)? o5 
= 5(vg)2 + 0.2667 (%2)? 


The two unknowns (vg) and w, can be related from the instantaneous 
center of zero velocity for the rod. Fig. 18-15b. It is seen that as A 
moves downward with a velocity (v4);, B moves horizontally to the 
left with a velocity (v5);. Knowing these directions, the IC is located as 
shown in the figure. Hence, 


(?G)2 = Tej1c@2 = (0.4 tan 45° m)oe» 
= 0.40, 
Therefore, 
T, = 0.803 + 0.266703 = 1.06677 


Of course, we can also determine this result using T) = I aoe 


Work (Free-Body Diagram). Fig. 18-15c. The normal forces N4 
and Nz do no work as the rod is displaced. Why? The 98.1-N weight is 
displaced a vertical distance of Ay — (0.4 — 0.4 cos 45?) m; whereas 
the 50-N force moves a horizontal distance of s = (0.8 sin 45?) m. 
Both of these forces do positive work. Why? 
Principle of Work and Energy. 
nor {Lif > 1x 3 = {15} 
B WR ees) = U 
up mm {0} + {98.1 N(0.4 m — 04 cos 45? m) + 50 N(0.8 sin 45? m)} 
B 
Solving for œ gives 
Fig. 18-15 œ, = 6.11 rad/s2 Ans. 


98.1 N 
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i FUNDAMENTAL PROBLEMS 


F18-1. The 80-kg wheel has a radius of gyration about its 
mass center O of ko = 400 mm. Determine its angular 
velocity after it has rotated 20 revolutions starting from rest. 


F18-1 
F18-2. The uniform 50-Ib slender rod is subjected to a 
couple moment of M — 100 Ib - ft. If the rod is at rest when 
0 = 0°, determine its angular velocity when 0 = 90°. 


F18-2 
F18-3. The uniform 50-kg slender rod is at rest in the 
position shown when P — 600 N is applied. Determine the 
angular velocity of the rod when the rod reaches the vertical 
position. 


F18-3 


F18-4. The 50-kg wheelis subjected to a force of 50 N. If the 
wheel starts from rest and rolls without slipping, determine 
its angular velocity after it has rotated 10 revolutions. The 
radius of gyration of the wheel about its mass center O is 
ko = 0.3 m. 


F18-4 


F18-5. Ifthe uniform 30-kg slender rod starts from rest at 
the position shown, determine its angular velocity after it 
has rotated 4 revolutions.The forces remain perpendicular 
to the rod. 


F18-5 


F18-6. The 20-kg wheel has a radius of gyration about its 
center O of ko — 300 mm. When it is subjected to a couple 
moment of M = 50N:m, it rolls without slipping. 
Determine the angular velocity of the wheel after its 
center O has traveled through a distance of sọ = 20 m, 
starting from rest. 


M = 50N:m 


F18-6 
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*18-1. At a given instant the body of mass m has an angular 
velocity w and its mass center has a velocity vg. Show that 
its kinetic energy can be represented as T = Ji 1 co^, where 
Iic is the moment of inertia of the body computed about 
the instantaneous axis of zero velocity, located a distance 
rcjrc from the mass center as shown. 


CHAPTER 18 


PROBLEMS 


IC 


TGIIC 


Prob. 18-1 


18-2. The double pulley consists of two parts that are 
attached to one another. It has a weight of 50 Ib and a radius 
of gyration about its center of ko = 0.6 ft. If it rotates with 
an angular velocity of 20 rad/s clockwise, determine the 
kinetic energy of the system. Assume that neither cable slips 
on the pulley. 


@ = 20 rad/s 


Prob. 18-2 
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18-3. A force of P = 20N is applied to the cable, which 
causes the 175-kg reel to turn without slipping on the two 
rollers A and B of the dispenser. Determine the angular 
velocity of the reel after it has rotated two revolutions 
starting from rest. Neglect the mass of the cable. Each roller 
can be considered as an 18-kg cylinder, having a radius of 
0.1 m. The radius of gyration of the reel about its center axis 
iskg = 0.42 m. 


Prob. 18-3 


*18-4. The spool of cable, originally at rest, has a mass of 
200 kg and a radius of gyration of kg = 325 mm. If the 
spool rests on two small rollers A and B and a constant 
horizontal force of P — 400 N is applied to the end of the 
cable, determine the angular velocity of the spool when 8 m 
of cable has been unwound. Neglect friction and the mass of 
the rollers and unwound cable. 


Prob. 18-4 


*18-5. The pendulum of the Charpy impact machine has a 
mass of 50 kg and a radius of gyration of k4 = 1.75 m. If it 
is released from rest when 0 = 0°, determine its angular 
velocity just before it strikes the specimen $,0 = 90°. 


Prob. 18-5 


18-6. The two tugboats each exert a constant force F on 
the ship. These forces are always directed perpendicular to 
the ship's centerline. If the ship has a mass m and a radius of 
gyration about its center of mass G of kg, determine the 
angular velocity of the ship after it turns 90°. The ship is 
originally at rest. 


Prob. 18-6 


18.4 PRINCIPLE OF WORK AND ENERGY 471 


18-7. The drum has a mass of 50 kg and a radius of gyration 
about the pin at O of kg = 0.23 m. Starting from rest, the 
suspended 15-kg block B is allowed to fall 3 m without 
applying the brake ACD. Determine the speed of the block at 
this instant. If the coefficient of kinetic friction at the brake 
pad C is ug = 0.5, determine the force P that must be applied 
at the brake handle which will then stop the block after it 
descends another 3 m. Neglect the thickness of the handle. 


*18-8. The drum has a mass of 50 kg and a radius of 
gyration about the pin at O of kp = 0.23 m. If the 15-kg 
block is moving downward at 3 m/s, and a force of 
P — 100 N is applied to the brake arm, determine how far 
the block descends from the instant the brake is applied 
until it stops. Neglect the thickness of the handle. The 
coefficient of kinetic friction at the brake pad is u; = 0.5. 


Probs. 18-7/8 


*18-9. The spool has a weight of 150 Ib and a radius of 
gyration ko = 2.25 ft. If a cord is wrapped around its inner 
core and the end is pulled with a horizontal force of 
P = 40 lb, determine the angular velocity of the spool after 
the center O has moved 10 ft to the right. The spool starts 
from rest and does not slip at A as it rolls. Neglect the mass 
of the cord. 


A 


Prob. 18-9 


472 CHAPTER 18 


18-10. A man having a weight of 180 Ib sits in a chair of 
the Ferris wheel, which, excluding the man, has a weight of 
15 000 Ib and a radius of gyration ko — 37 ft. If a torque 
M = 80(10°) lb-ft is applied about O, determine the 
angular velocity of the wheel after it has rotated 180°. 
Neglect the weight of the chairs and note that the man 
remains in an upright position as the wheel rotates. The 
wheel starts from rest in the position shown. 


Prob. 18-10 


18-11. A man having a weight of 150 Ib crouches down on 
the end of a diving board as shown. In this position the radius 
of gyration about his center of gravity is kg = 1.2 ft. While 
holding this position at 0 = 0°, he rotates about his toes at A 
until he loses contact with the board when 6 = 90°. If he 
remains rigid, determine approximately how many revolutions 
he makes before striking the water after falling 30 ft. 


— 


Prob. 18-11 
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*18-12. The spool has a mass of 60 kg and a radius of 
gyration kg = 0.3 m. If it is released from rest, determine 
how far its center descends down the smooth plane before it 
attains an angular velocity of œ = 6 rad/s. Neglect friction 
and the mass of the cord which is wound around the 
central core. 


*18-13. Solve Prob. 18-12 if the coefficient of kinetic 
friction between the spool and plane at A is ug = 0.2. 


Probs. 18-12/13 


18-14. The spool has a weight of 500 Ib and a radius of 
gyration of kg = 1.75 ft. A horizontal force of P = 15 Ib is 
applied to the cable wrapped around its inner core. If the 
spool is originally at rest, determine its angular velocity 
after the mass center G has moved 6 ft to the left. The spool 
rolls without slipping. Neglect the mass of the cable. 


Prob. 18-14 


18-15. If the system is released from rest, determine the 
speed of the 20-kg cylinders A and B after A has moved 
downward a distance of 2 m. The differential pulley has a 
mass of 15 kg with a radius of gyration about its center of 
mass of ko = 100 mm. 


Prob. 18-15 


*18-16. If the motor M exerts a constant force of 
P = 300 N on the cable wrapped around the reel’s outer 
rim, determine the velocity of the 50-kg cylinder after it has 
traveled a distance of 2 m. Initially, the system is at rest. The 
reel has a mass of 25 kg, and the radius of gyration about its 
center of mass A isk, = 125 mm. 
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*18-17. The 6-kg lid on the box is held in equilibrium by 
the torsional spring at 0 = 60°. If the lid is forced closed, 
0 = 0°, and then released, determine its angular velocity at 
the instant it opens to 0 = 45°. 


Prob. 18-17 


18-18. The wheel and the attached reel have a combined 
weight of 50 Ib and a radius of gyration about their center of 
ka = 6in.If pulley B attached to the motor is subjected to 
a torque of M = 40(2 — e 9^) Ib- ft, where 0 is in radians, 
determine the velocity of the 200-lb crate after it has moved 
upwards a distance of 5 ft, starting from rest. Neglect the 
mass of pulley B. 


18-19. The wheel and the attached reel have a combined 
weight of 50 lb and a radius of gyration about their center of 
k4 = 6in. If pulley B that is attached to the motor is 
subjected to a torque of M = 501Ib-ft, determine the 
velocity of the 200-lb crate after the pulley has turned 
5 revolutions. Neglect the mass of the pulley. 


Prob. 18-16 


Probs. 18-18/19 
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*18-20. The 30-Ib ladder is placed against the wall at an 
angle of 0 — 45? as shown. If it is released from rest, 
determine its angular velocity at the instant just before 
0 — 0*. Neglect friction and assume the ladder is a uniform 
slender rod. 


Prob. 18-20 


e18-21. Determine the angular velocity of the two 10-kg 
rods when 0 = 180° if they are released from rest in the 
position 0 = 60°. Neglect friction. 


18-22. Determine the angular velocity of the two 10-kg 
rods when 0 — 90? if they are released from rest in the 
position 0 = 60°. Neglect friction. 


Probs. 18—21/22 
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18-23. If the 50-Ib bucket is released from rest, determine 
its velocity after it has fallen a distance of 10 ft. The windlass 
A can be considered as a 30-Ib cylinder, while the spokes are 
slender rods, each having a weight of 2 lb. Neglect the 
pulley's weight. 


Prob. 18-23 


*18-24. If corner A of the 60-kg plate is subjected to a 
vertical force of P = 500 N, and the plate is released from 
rest when 0 = 0°, determine the angular velocity of the 
plate when 0 = 45°. 


Prob. 18-24 


*18-25. The spool has a mass of 100 kg and a radius of 
gyration of 400 mm about its center of mass O. If it is released 
from rest, determine its angular velocity after its center O has 
moved down the plane a distance of 2 m. The contact surface 
between the spool and the inclined plane is smooth. 


18-26. The spool has a mass of 100 kg and a radius of 
gyration of 400 mm about its center of mass O. If it is 
released from rest, determine its angular velocity after its 
center O has moved down the plane a distance of 2 m. The 
coefficient of kinetic friction between the spool and the 
inclined plane is ug = 0.15. 


Probs. 18-25/26 


18-27. The uniform door has a mass of 20 kg and can be 
treated as a thin plate having the dimensions shown. If it is 
connected to a torsional spring at A, which has a stiffness of 
k = 80 N; m/rad, determine the required initial twist of the 
spring in radians so that the door has an angular velocity of 
12 rad/s when it closes at 0 = 0° after being opened at 
0 = 90° and released from rest. Hint: For a torsional spring 
M = kð, when k is the stiffness and 0 is the angle of twist. 


Prob. 18-27 
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*18-28. The 50-lb cylinder A is descending with a speed of 
20 ft/s when the brake is applied. If wheel B must be 
brought to a stop after it has rotated 5 revolutions, 
determine the constant force P that must be applied to the 
brake arm. The coefficient of kinetic friction between the 
brake pad C and the wheel is uj, = 0.5. The wheel’s weight 
is 25 Ib, and the radius of gyration about its center of mass is 
k — 0.6 ft. 


*18-29. When a force of P = 30 lb is applied to the brake 
arm, the 50-Ib cylinder A is descending with a speed of 
20 ft/s. Determine the number of revolutions wheel B will 
rotate before it is brought to a stop. The coefficient of 
kinetic friction between the brake pad C and the wheel is 
uk = 0.5. The wheel’s weight is 25 Ib, and the radius of 
gyration about its center of mass is k — 0.6 ft. 


Probs. 18-28/29 


18-30. The 100-Ib block is transported a short distance by 
using two cylindrical rollers, each having a weight of 35 Ib. If 
a horizontal force P = 25 lb is applied to the block, 
determine the block's speed after it has been displaced 2 ft 
to the left. Originally the block is at rest. No slipping occurs. 


Prob. 18-30 
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18-31. The slender beam having a weight of 150 lb is 
supported by two cables. If the cable at end B is cut so that 
the beam is released from rest when 0 = 30°, determine the 
speed at which end A strikes the wall. Neglect friction at B. 


Prob. 18-31 


*18-32. The assembly consists of two 15-Ib slender rods 
and a 20-Ib disk. If the spring is unstretched when 0 — 45? 
and the assembly is released from rest at this position, 
determine the angular velocity of rod AB at the instant 
0 = 0°. The disk rolls without slipping. 


Prob. 18-32 
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18-33. The beam has a weight of 1500 lb and is being 
raised to a vertical position by pulling very slowly on its 
bottom end A. If the cord fails when 0 — 60? and the beam 
is essentially at rest, determine the speed of A at the instant 
cord BC becomes vertical. Neglect friction and the mass of 
the cords, and treat the beam as a slender rod. 


Prob. 18-33 


18-34. The uniform slender bar that has a mass m and a 
length L is subjected to a uniform distributed load wo, 
which is always directed perpendicular to the axis of the 
bar. If the bar is released from rest from the position shown, 
determine its angular velocity at the instant it has rotated 
90°. Solve the problem for rotation in (a) the horizontal 
plane, and (b) the vertical plane. 


Wo 


L 


Prob. 18-34 


18.5 Conservation of Energy 


When a force system acting on a rigid body consists only of conservative 
forces,the conservation of energy theorem can be used to solve a problem 
that otherwise would be solved using the principle of work and energy. This 
theorem is often easier to apply since the work of a conservative force is 
independent of the path and depends only on the initial and final positions 
of the body. It was shown in Sec. 14.5 that the work of a conservative force 
can be expressed as the difference in the body's potential energy measured 
from an arbitrarily selected reference or datum. 


Gravitational Potential Energy. Since the total weight of a body 
can be considered concentrated at its center of gravity, the gravitational 
potential energy of the body is determined by knowing the height of the 
body's center of gravity above or below a horizontal datum. 


V, = Wyo (18-15) 


Here the potential energy is positive when yg is positive upward, since 
the weight has the ability to do positive work when the body moves back 
to the datum, Fig. 18-16. Likewise, if G is located below the datum ( — yc). 
the gravitational potential energy is negative, since the weight does 
negative work when the body returns to the datum. 


Elastic Potential Energy. The force developed by an elastic 
spring is also a conservative force. The elastic potential energy which a 
spring imparts to an attached body when the spring is stretched or 
compressed from an initial undeformed position (s = 0) to a final 
position s, Fig. 18-17, is 


V, = «ks? (18-16) 


In the deformed position, the spring force acting on the body always has 
the ability for doing positive work when the spring returns back to its 
original undeformed position (see Sec. 14.5). 
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W 
+ yc 
| Datum 
w | 
= YG 


Gravitational potential energy 


Fig. 18-16 


Unstretched 
position of 
spring, s = 0 


Ss 


Elastic potential energy 


Fig. 18-17 
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The torsional springs located at the top 
of the garage door wind up as the door 
is lowered. When the door is raised, the 
potential energy stored in the springs is 
then transferred into gravitational 
potential energy of the door’s weight, 
thereby making it easy to open. 


Conservation of Energy In general, if a body is subjected to 
both gravitational and elastic forces, the total potential energy can be 
expressed as a potential function represented as the algebraic sum 


V =V, +V, (18-17) 


Here measurement of V depends upon the location of the body with 
respect to the selected datum. 

Realizing that the work of conservative forces can be written as a 
difference in their potential energies, ie, (XUi-2)cons = Vi — V2, 
Eq. 14-16, we can rewrite the principle of work and energy for a rigid 
body as 


T; + Vi + (ZUi2)soncons = 72 + V2 (18-18) 


Here ( Ui »)soncon; represents the work of the nonconservative forces 
such as friction. If this term is zero, then 


m + = t (18-19) 


This equation is referred to as the conservation of mechanical energy. It 
states that the sum of the potential and kinetic energies of the body 
remains constant when the body moves from one position to another. It 
also applies to a system of smooth, pin-connected rigid bodies, bodies 
connected by inextensible cords, and bodies in mesh with other bodies. 
In all these cases the forces acting at the points of contact are eliminated 
from the analysis, since they occur in equal but opposite collinear pairs 
and each pair of forces moves through an equal distance when the 
system undergoes a displacement. 

It is important to remember that only problems involving conservative 
force systems can be solved by using Eq. 18-19. As stated in Sec. 14.5, 
friction or other drag-resistant forces, which depend on velocity or 
acceleration, are nonconservative. The work of such forces is 
transformed into thermal energy used to heat up the surfaces of contact, 
and consequently this energy is dissipated into the surroundings and may 
not be recovered. Therefore, problems involving frictional forces can be 
solved by using either the principle of work and energy written in the 
form of Eq. 18-18, if it applies, or the equations of motion. 


Procedure for Analysis 


The conservation of energy equation is used to solve problems 
involving velocity, displacement, and conservative force systems. For 
application it is suggested that the following procedure be used. 


Potential Energy. 


* Draw two diagrams showing the body located at its initial and 
final positions along the path. 


* If the center of gravity, G, is subjected to a vertical displacement, 
establish a fixed horizontal datum from which to measure the 
body's gravitational potential energy V,. 


* Data pertaining to the elevation yg of the body's center of gravity 
from the datum and the extension or compression of any 
connecting springs can be determined from the problem 
geometry and listed on the two diagrams. 


* The potential energy is determined from V = V, + V,. Here 
V, = Wyg, which can be positive or negative, and V, = Iks?, 


which is always positive. 


Kinetic Energy. 


* The kinetic energy of the body consists of two parts, namely 
translational kinetic energy, T = imvo, and rotational kinetic 
energy, T = 4 Iga. 


* Kinematic diagrams for velocity may be useful for establishing a 
relationship between vg and o. 


Conservation of Energy. 


* Apply the conservation of energy equation 7j + V; = T; + V5. 
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EXAMPLE |18.6 


The 10-kg rod AB shown in Fig. 18-18a is confined so that its ends 
move in the horizontal and vertical slots. The spring has a stiffness of 
; k = 800 N/m and is unstretched when 6 = 0°. Determine the angular 
. ar m velocity of AB when 0 = 0°, if the rod is released from rest when 
0 — 30*. Neglect the mass of the slider blocks. 


SOLUTION 


Potential Energy. The two diagrams of the rod, when it is located at 
its initial and final positions, are shown in Fig. 18-185. The datum, 
used to measure the gravitational potential energy, is placed in line 
with the rod when 0 = 0°. 

When the rod is in position 1, the center of gravity G is located 
below the datum so its gravitational potential energy is negative. 
Furthermore, (positive) elastic potential energy is stored in the spring, 
since it is stretched a distance of s, — (0.4 sin 30?) m. Thus, 


Datum Vi _ -Wy " lks? 


sı = (0.4sin30°)m = —(98.1 N) (0.2 sin 30° m) + 3(800 N/m)(0.4 sin 30? m)? = 6.19 J 


When the rod is in position 2, the potential energy of the rod is zero, 
since the center of gravity G is located at the datum, and the spring is 
unstretched, s; = 0. Thus, 


V-20 
Kinetic Energy. The rod is released from rest from position 1, thus 
(vg)! = €, = 0, and so 


Ti = 0 
In position 2, the angular velocity is œ, and the rod’s mass center has 
a velocity of (vg). Thus, 


T, = im(vg) + igo 


(10 kg)(ug) + 3155 (10 kg)(0.4 m)? o9 


E 
2 
e 
2 


Using kinematics, (v5)? can be related to w, as shown in Fig. 18-18c. 
(Ya): At the instant considered, the instantaneous center of zero velocity 


NI (IC) for the rod is at point A; hence, (25); = (7c) = (0.2m). 
1C Saas Substituting into the above expression and simplifying (or using 


ee 2 51 ;cw3), we get 
(9) T, = 0.266705 
Conservation of Energy. 
{Ti} + Vi} = (5) + (2) 
{0} + {6.19 J} = (0.266705) + (0) 
€» = 4.82 rad/s 5 
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EXAMPLE |18.7 


The wheel shown in Fig. 18-19a has a weight of 30 Ib and a radius of 
gyration of kg = 0.6 ft. It is attached to a spring which has a stiffness 
k = 21b/ft and an unstretched length of 1 ft. If the disk is released 
from rest in the position shown and rolls without slipping, determine 
its angular velocity at the instant G moves 3 ft to the left. 


SOLUTION 


Potential Energy. Two diagrams of the wheel, when it at the initial and 
final positions, are shown in Fig. 18-19b. A gravitational datum is not 
needed here since the weight is not displaced vertically. From the 
problem geometry the spring is stretched s, = ( 324-4 - 1) E 


in the initial position, and s) = (4 — 1) = 3ft in the final position. 
Hence, 

16J 

9J 


Kinetic Energy. The disk is released from rest and so (vg); = 9, 
€, = 0. Therefore, 


Ty, = 0 


Since the instantaneous center of zero velocity is at the ground, 
Fig. 18-19c, we have 
1 


T 5 lice) 


1 30 Ib 30 Ib 

E [e ft)? + (258 5 )075 DI 
21322 ft/s 372 ft/s 

= 0.429703 


Conservation of Energy. 
TEM = eh a A 
{0} + {16 J} = {0.429703} + {9 J} 
€» = 4.04 rad/s 5 Ans. 


NOTE: If the principle of work and energy were used to solve this 
problem, then the work of the spring would have to be determined 
by considering both the change in magnitude and direction of the 
spring force. Fig. 18-19 
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EXAMPLE |18.8 


The 10-kg homogeneous disk shown in Fig. 18-20a is attached to a 
uniform 5-kg rod AB. If the assembly is released from rest when 
0 = 60°, determine the angular velocity of the rod when 0 = 0°. 
Assume that the disk rolls without slipping. Neglect friction along the 
guide and the mass of the collar at B. 


SOLUTION 


Potential Energy. Two diagrams for the rod and disk, when they are 
located at their initial and final positions, are shown in Fig. 18—20b. For 
convenience the datum passes through point A. 

When the system is in position 1, only the rod's weight has positive 
potential energy. Thus, 


V; = W,y, = (49.05 N)(0.3 sin 60? m) = 12.74 J 
When the system is in position 2, both the weight of the rod and the 
weight of the disk have zero potential energy. Why? Thus, 
y-0 


Kinetic Energy. Since the entire system is at rest at the initial 
position, 


Ti =0 
In the final position the rod has an angular velocity (w,), and its mass 
center has a velocity (vg)2, Fig. 18-20c. Since the rod is fully extended 
in this position, the disk is momentarily at rest, so (w,)2 = 0 and 
(v4); = 0. For the rod (vg) can be related to («,); from the 
instantaneous center of zero velocity, which is located at point A, 
Fig. 18-20c. Hence, (75); = rgjjc(e,)2 or (v5)? = 0.3(@,)2. Thus, 


1 1 1 1 
P omg 3 z lalor)2 + zala) + z lloa) 


= 5 (5 kg)[(03 m) (o) + 2| 1 (5 ke)(0:6 m)? [toj + 0 + 0 


= 0.3(w,)3 


AQ 
( x rG jic (en 


(@a)2 = e( Conservation of Energy. 


© (vg) (1) + (4) = {Th} + (2) 
(c) (0) + {12.74 J} = {0.3(wp)3} + {0} 
Fig. 18-20 (@,)2 = 6.52 rad/s 2 Ans. 


Hore We can also determine the final kinetic energy of the rod using 
T = al etc 
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FUNDAMENTAL PROBLEMS 


F18-7. If the 30-kg disk is released from rest when 0 = 0°, F18-10. The 30-kg rod is released from rest when 0 = 0°. 
determine its angular velocity when 0 = 90°. Determine the angular velocity of the rod when 0 = 90°. 
The spring is unstretched when 0 = 0°. 


O 
bA k = 80 N/m 
F18-7 ism 
F18-8. The 50-kg reel has a radius of gyration about its 
center O of ko = 300 mm. If it is released from rest, A 
determine its angular velocity when its center O has F18-10 


traveled 6 m down the smooth inclined plane. F18-11. The 30-kg rod is released from rest when 0 = 45°. 


Determine the angular velocity of the rod when 0 = 0°. The 
spring is unstretched when 0 — 45*. 


A 
15m 
0 
B 
k = 300 N/m F18-11 
F18-8 F18-12. The 20-kg rod is released from rest when 0 = 0°. 


F18-9. The 60-kg rod OA is released from rest when Determine its angular velocity when 0 = 90°. The spring 
0 = 0°. Determine its angular velocity when 0 = 45°. has ariunstreteticd length of 0.5 m. 

The spring remains vertical during the motion and is L 2m | 
unstretched when 0 = 0°. 


k = 150 N/m 


F18-9 F18-12 
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PT PROBLEMS 


18-35. Solve Prob. 18-5 using the conservation of energy 
equation. 


*18-36. Solve Prob. 18-12 using the conservation of 
energy equation. 


*18-37. Solve Prob. 18-32 using the conservation of 
energy equation. 


18-38. Solve Prob. 18-31 using the conservation of energy 
equation. 


18-39. Solve Prob. 18-11 using the conservation of energy 
equation. 


*18-40. At the instant shown, the 50-Ib bar rotates 
clockwise at 2 rad/s. The spring attached to its end always 
remains vertical due to the roller guide at C. If the spring 
has an unstretched length of 2 ft and a stiffness of 
k = 61b/ft, determine the angular velocity of the bar the 
instant it has rotated 30? clockwise. 


*18-41. At the instant shown, the 50-Ib bar rotates 
clockwise at 2 rad/s. The spring attached to its end always 
remains vertical due to the roller guide at C. If the spring has 
an unstretched length of 2 ft and a stiffness of k — 12 Ib/ft, 
determine the angle 0, measured from the horizontal, to 
which the bar rotates before it momentarily stops. 


— 


Probs. 18—40/41 


18-42. A chain that has a negligible mass is draped over the 
sprocket which has a mass of 2 kg and a radius of gyration of 
ko — 50 mm. If the 4-kg block A is released from rest from 
the position s — 1 m, determine the angular velocity of the 
sprocket at the instant s — 2 m. 


18-43. Solve Prob. 18-42 if the chain has a mass per unit 
length of 0.8 kg/m. For the calculation neglect the portion of 
the chain that wraps over the sprocket. 


100 mm 


Probs. 18—42/43 


*18-44. The system consists of 60-Ib and 20-Ib blocks A and 
B, respectively, and 5-Ib pulleys C and D that can be treated 
as thin disks. Determine the speed of block A after block B 
has risen 5 ft, starting from rest. Assume that the cord does 
not slip on the pulleys, and neglect the mass of the cord. 


Prob. 18-44 


*18-45. The system consists of a 20-Ib disk A, 4-lb slender 
rod BC, and a 1-lb smooth collar C. If the disk rolls without 
slipping, determine the velocity of the collar at the instant 
the rod becomes horizontal, i.e., 0 = 0°. The system is 
released from rest when 6 = 45°. 


18-46. The system consists of a 20-Ib disk A, 4-lb slender 
rod BC, and a 1-lb smooth collar C. If the disk rolls without 
slipping, determine the velocity of the collar at the instant 
0 = 30°. The system is released from rest when 0 = 45°. 


Probs. 18—45/46 


18-47. The pendulum consists of a 2-Ib rod BA and a 6-Ib 
disk. The spring is stretched 0.3 ft when the rod is horizontal 
as shown. If the pendulum is released from rest and rotates 
about point D, determine its angular velocity at the instant 
the rod becomes vertical. The roller at C allows the spring to 
remain vertical as the rod falls. 


Prob. 18-47 
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*18-48. The uniform garage door has a mass of 150 kg and is 
guided along smooth tracks at its ends. Lifting is done using 
the two springs, each of which is attached to the anchor 
bracket at A and to the counterbalance shaft at B and C. As 
the door is raised, the springs begin to unwind from the shaft, 
thereby assisting the lift. If each spring provides a torsional 
moment of M = (0.70) N- m, where 0 is in radians, 
determine the angle 09 at which both the left-wound and 
right-wound spring should be attached so that the door is 
completely balanced by the springs, i.e., when the door is in 
the vertical position and is given a slight force upwards, the 
springs will lift the door along the side tracks to the horizontal 
plane with no final angular velocity. Note: The elastic potential 
energy of a torsional spring is V, — tko’, where M = k0 and 
in this case k = 0.7 N- m/rad. 2) 


Prob. 18-48 


*18-49. The garage door CD has a mass of 50 kg and can be 
treated as a thin plate. Determine the required unstretched 
length of each of the two side springs when the door is in the 
open position, so that when the door falls freely from the open 
position it comes to rest when it reaches the fully closed 
position, i.e., when AC rotates 180°. Each of the two side 
springs has a stiffness of k — 350 N/m. Neglect the mass of 
the side bars AC. - T - 


Prob. 18-49 
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18-50. The uniform rectangular door panel has a mass of 
25 kg and is held in equilibrium above the horizontal at the 
position 0 = 60° by rod BC. Determine the required 
stiffness of the torsional spring at A, so that the door’s 
angular velocity becomes zero when the door reaches the 
closed position (0 = 0°) once the supporting rod BC is 
removed. The spring is undeformed when 0 = 60°. 


Prob. 18-50 


18-51. The 30 kg pendulum has its mass center at G anda 
radius of gyration about point G of kg = 300 mm. If it is 
released from rest when 0 = 0°, determine its angular 
velocity at the instant 0 = 90°. Spring AB has a stiffness of 
k = 300 N/m and is unstretched when 0 = 0°. 


- 0.6m - 


Prob. 18-51 
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*18-52. The 50-Ib square plate is pinned at corner A and 
attached to a spring having a stiffness of k — 20 Ib/ft. If the 
plate is released from rest when 0 = 0°, determine its 
angular velocity when 0 = 90°. The spring is unstretched 
when 0 = 0°. 


Prob. 18-52 


*18-53. A spring having a stiffness of k = 300 N/m is 
attached to the end of the 15-kg rod, and it is unstretched 
when 0 = 0°. If the rod is released from rest when 0 = 0°, 
determine its angular velocity at the instant 0 = 30°. The 
motion is in the vertical plane. 


Prob. 18-53 


18-54. If the 6-kg rod is released from rest at 0 = 30°, 
determine the angular velocity of the rod at the instant 
0 = 0°. The attached spring has a stiffness of k = 600 N/m, 
with an unstretched length of 300 mm. 


Prob. 18-54 


18-55. The 50-kg rectangular door panel is held in the 
vertical position by rod CB. When the rod is removed, the 
panel closes due to its own weight. The motion of the panel 
is controlled by a spring attached to a cable that wraps 
around the half pulley. To reduce excessive slamming, the 
door panel’s angular velocity is limited to 0.5 rad/s at the 
instant of closure. Determine the minimum stiffness k of 
the spring if the spring is unstretched when the panel is in 
the vertical position. Neglect the half pulley’s mass. 


MB 


Prob. 18-55 
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*18-56. Rods AB and BC have weights of 15 Ib and 30 Ib, 
respectively. Collar C, which slides freely along the smooth 
vertical guide, has a weight of 5 lb. If the system is released 
from rest when 0 = 0°, determine the angular velocity of 
the rods when 0 = 90°. The attached spring is unstretched 
when 0 = 0°. 


k = 20 Ib /ft E 


Prob. 18-56 


*18-57. Determine the stiffness k of the torsional spring at 
A, so that if the bars are released from rest when 0 = 0°, 
bar AB has an angular velocity of 0.5 rad/s at the closed 
position, 0 = 90°. The spring is uncoiled when 0 = 0°. The 
bars have a mass per unit length of 10 kg/m. 


18-58. The torsional spring at A has a stiffness of 
k = 900 N : m/rad and is uncoiled when 0 = 0°. Determine 
the angular velocity of the bars, AB and BC, when 0 = 0°, if 
they are released from rest at the closed position, 0 = 90°. 
The bars have a mass per unit length of 10 kg/m. 


Probs. 18-57/58 
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18-59. The arm and seat of the amusement-park ride have 
a mass of 1.5 Mg, with the center of mass located at point G4. 
The passenger seated at A has a mass of 125 kg, with the 
center of mass located at G, If the arm is raised to a position 
where 0 — 150? and released from rest, determine the speed 
of the passenger at the instant 0 — 0?. The arm has a radius of 
gyration of kg; = 12 m about its center of mass G}. Neglect 
the size of the passenger. 


Prob. 18-59 


18-60. The assembly consists of a 3-kg pulley A and 10-kg 
pulley B. If a 2-kg block is suspended from the cord, 
determine the block's speed after it descends 0.5 m starting 
from rest. Neglect the mass of the cord and treat the pulleys 
as thin disks. No slipping occurs. 


Prob. 18-60 
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*18-61. The motion of the uniform 80-Ib garage door is 
guided at its ends by the track. Determine the required 
initial stretch in the spring when the door is open, 0 = 0°,so 
that when it falls freely it comes to rest when it just reaches 
the fully closed position, 0 = 90°. Assume the door can be 
treated as a thin plate, and there is a spring and pulley 
system on each of the two sides of the door. 


18-62. The motion of the uniform 80-lb garage door is 
guided at its ends by the track. If it is released from rest at 
0 = 0°, determine the door's angular velocity at the instant 
0 = 30°. The spring is originally stretched 1 ft when the 
door is held open, 0 = 0°. Assume the door can be treated 
as a thin plate, and there is a spring and pulley system on 
each of the two sides of the door. 


Probs. 18-61/62 


18-63. The 500-g rod AB rests along the smooth inner 
surface of a hemispherical bowl. If the rod is released from 
rest from the position shown, determine its angular velocity 
at the instant it swings downward and becomes horizontal. 


Prob. 18-63 


*18-64. The 25-lb slender rod AB is attached to spring BC 
which has an unstretched length of 4 ft. If the rod is released 
from rest when 0 = 30°, determine its angular velocity at 
the instant 0 = 90°. 


*18-65. The 25-lb slender rod AB is attached to spring BC 
which has an unstretched length of 4 ft. If the rod is released 
from rest when 0 = 30°, determine the angular velocity of 
the rod the instant the spring becomes unstretched. 


Probs. 18-64/65 


18-66. The assembly consists of two 8-Ib bars which are 
pin connected to the two 10-Ib disks. If the bars are released 
from rest when 0 = 60°, determine their angular velocities 
at the instant 0 = 0°. Assume the disks roll without 
slipping. 


18-67. The assembly consists of two 8-Ib bars which are 
pin connected to the two 10-Ib disks. If the bars are released 
from rest when 0 = 60°, determine their angular velocities 
at the instant 0 = 30°. Assume the disks roll without 


slipping. 
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*18-68. The uniform window shade AB has a total weight of 
0.4 Ib. When it is released, it winds up around the spring-loaded 
core O. Motion is caused by a spring within the core, which is 
coiled so that it exerts a torque M = 0.3(10 ?)8 Ib - ft, where 
0 is in radians, on the core. If the shade is released from rest, 
determine the angular velocity of the core at the instant the 
shade is completely rolled up, i.e., after 12 revolutions. When 
this occurs, the spring becomes uncoiled and the radius of 
gyration of the shade about the axle at O is kọ = 0.9 in. 
Note: 'The elastic potential energy of the torsional spring is 
V, = ik6, where M = k0 and k = 0.3(10 5) Ib - ft/rad. 


Al + 
[7] 


Prob. 18-68 


18-69. When the slender 10-kg bar AB is horizontal it is at 
rest and the spring is unstretched. Determine the stiffness k 
of the spring so that the motion of the bar is momentarily 
stopped when it has rotated clockwise 90°. 


Probs. 18—-66/67 


Prob. 18-69 
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P18-1. The blade on the band saw wraps around the two 
large wheels A and B. When switched on, an electric 
motor turns the small pulley at C that then drives the 
larger pulley D, which is connected to A and turns with it. 
Explain why it is a good idea to use pulley D, and also use 
the larger wheels A and B. Use appropriate numerical 
values to explain your answer. 


P18-2. Two torsional springs, M = K0, are used to assist in 
opening and closing the hood of this truck. Assuming the 
springs are uncoiled (0 = 0?) when the hood is opened, 
determine the stiffness k (N+ m/rad) of each spring so that 
the hood can easily be lifted, i.e., practically no force 
applied to it, when it is closed. Use appropriate numerical 
values to explain your result. 
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P18-3. The operation of this garage door is assisted using 
two springs AB and side members BCD, which are pinned 
at C. Assuming the springs are unstretched when the door is 
in the horizontal (open) position and ABCD is vertical, 
determine each spring stiffness k so that when the door falls 
to the vertical (closed) position, it will slowly come to a stop. 
Use ap iate numerical values to explain your result. 


P18-4. Determine the counterweight of A needed to balance 
the weight of the bridge deck when 0 = 0°. Show that this 
weight will maintain equilibrium of the deck by considering 
the potential energy of the system when the deck is in the 
arbitrary position 0. Both the deck and AB are horizontal 
when 0 — 0*. Neglect the weights of the other members. Use 
appropriate numerical values to explain this result. 


ma 
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Kinetic Energy 


The kinetic energy of a rigid body that 
undergoes planar motion can be referenced 
to its mass center. It includes a scalar sum of 
its translational and rotational kinetic 
energies. 


Translation 


Rotation About a Fixed Axis 


N 


General Plane Motion 


CHAPTER REVIEW 


Translation 


1 
T= smv% 


Rotation About a Fixed Axis 
T= imu ar Low? 


or 


T = igo? 


General Plane Motion 


=l 2 il 2 
T= z MVG 4E 5Igo 


or 


il 2 
T= zlc 
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Work of a Force and a Couple Moment 


A force does work when it undergoes a 
displacement ds in the direction of the 
force. In particular, the frictional and 
normal forces that act on a cylinder or any 
circular body that rolls without slipping will 
do no work, since the normal force does 
not undergo a displacement and the 
frictional force acts on successive points on 
the surface of the body. 


Unstretched 
position of 
spring, s = 0 


Ur, = (Fe cos 0)s 


Constant Force 


Uy = M(0» — 61) 


Constant magnitude 
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Principle of Work and Energy 


Problems that involve velocity, force, and 
displacement can be solved using the 
principle of work and energy. The kinetic 
energy is the sum of both its rotational and 
translational parts. For application, a free- 
body diagram should be drawn in order to 
account for the work of all of the forces and 
couple moments that act on the body as it 
moves along the path. 


Conservation of Energy 


If a rigid body is subjected only to 

conservative forces, then the conservation- 

of-energy equation can be used to solve the T, +V,=Th+ V2 
problem. This equation requires that the 
sum of the potential and kinetic energies of 
the body remain the same at any two points 
along the path. 


where V = V, t V, 


The potential energy is the sum of the 
body's gravitational and elastic potential 
energies. The gravitational potential energy 
will be positive if the body's center of 
gravity is located above a datum. If it is 
below the datum, then it will be negative. 
The elastic potential energy is always 
positive, regardless if the spring is stretched 
or compressed. 


Unstretched 
position of 
spring, s = 0 


V= ks 


Elastic potential energy 
Gravitational potential energy 


The docking of the space shuttle to the international space station requires application 
of impulse and momentum principles to accurately predict their orbital motion and 
proper orientation. 


Planar Kinetics of a 
Rigid Body: Impulse 
and Momentum 


CHAPTER OBJECTIVES 


* To develop formulations for the linear and angular momentum of 
a body. 


* To apply the principles of linear and angular impulse and 
momentum to solve rigid-body planar kinetic problems that involve 
force, velocity, and time. 


* To discuss application of the conservation of momentum. 


* To analyze the mechanics of eccentric impact. 


19.1 Linear and Angular Momentum 


In this chapter we will use the principles of linear and angular impulse 
and momentum to solve problems involving force, velocity, and time as 
related to the planar motion of a rigid body. Before doing this, we will first 
formalize the methods for obtaining a body's linear and angular 
momentum, assuming the body is symmetric with respect to an inertial 
x—y reference plane. 


Linear Momentum. The linear momentum of a rigid body is 
determined by summing vectorially the linear momenta of all the 
particles of the body, i.e., L = £Xrnjv;. Since Èm;v; = mvc (see Sec. 15.2) 
we can also write 


L = myg (19-1) 


This equation states that the body’s linear momentum is a vector 
quantity having a magnitude mvg, which is commonly measured in units 
of kg - m/s or slug - ft/s and a direction defined by vg the velocity of the 
body's mass center. 
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(a) 


(b) 


Fig. 19-1 
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Angular Momentum. Consider the body in Fig. 19-1a, which is 
subjected to general plane motion. At the instant shown, the arbitrary 
point P has a known velocity vp, and the body has an angular velocity 
w. Therefore the velocity of the ith particle of the body is 


Vj = Vp t Vyp — Vp t oæXr 


The angular momentum of this particle about point P is equal to the 
“moment” of the particle's linear momentum about P, Fig. 19-1a. Thus, 


(Hp); 7 r X my; 
Expressing v; in terms of vp and using Cartesian vectors, we have 


(Hp)ik = m;(xi + yj) X [(vp),à + (vp),j + ok X (xi + yj)] 


(Hp); = —miy(vp), + mix(vp), + mor? 


Letting m; — dm and integrating over the entire mass m of the body, we 
obtain 


Hp = -( fy dm Jp). 4 (f; dm Jr, + (fr amo 


Here Hp represents the angular momentum of the body about an axis 
(the z axis) perpendicular to the plane of motion that passes through 
point P. Since ym = Pi ydmand xm — J x dm the integrals for the first 
and second terms on the right are used to locate the body’s center of 
mass G with respect to P, Fig. 19-1b. Also, the last integral represents the 
body’s moment of inertia about point P. Thus, 


Hp == —ym(vp)x + xm(vp), + Ipo (19-2) 


This equation reduces to a simpler form if P coincides with the mass 
center G for the body,* in which case x = y = 0. Hence, 


*It also reduces to the same simple form, Hp = Ipo, if point P is a fixed point (see 
Eq. 19-9) or the velocity of P is directed along the line PG. 
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Hg = Iga (19-3) 


Here the angular momentum of the body about G is equal to the product 
of the moment of inertia of the body about an axis passing through G 
and the body’s angular velocity. Realize that Hg is a vector quantity 
having a magnitude Igw, which is commonly measured in units of 
kg: m?/s or slug: ft?/s, and a direction defined by œ, which is always 
perpendicular to the plane of motion. 

Equation 19-2 can also be rewritten in terms of the x and y 
components of the velocity of the body's mass center, (v5), and (vo), 
and the body's moment of inertia Ig. Since G is located at coordinates 
(x,y), then by the parallel-axis theorem, Ip = Ig + m(X? + y’). 
Substituting into Eq. 19-2 and rearranging terms, we have 


From the kinematic diagram of Fig. 19-15, vg can be expressed in terms 
of vp as 


VG — vp - e XE 


(v5), + (vo),) = (vp), + (vp)yj + ek x (xi + yj) 


Carrying out the cross product and equating the respective i and j 
components yields the two scalar equations 


(UG)x = (Up)x — Yo 


(UG) y = (tp), + xo 
Substituting these results into Eq. 19-4 yields 
(G+) Hp = —ym(vg), + xm(vg), + Igo (19-5) 


As shown in Fig. 19-1c, this result indicates that when the angular 
momentum of the body is computed about point P, it is equivalent to the 
moment of the linear momentum mwg, or its components m(vg), and 
m(vg)y, about P plus the angular momentum Ig w. Using these results, 
we will now consider three types of motion. 


Body momentum 
diagram 


(c) 
Fig. 19-1 (cont.) 
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Ae Vo=Vv 


Translation 


(a) 


Rotation about a fixed axis 


(b) 


Fig. 19-2 


Translation. When a rigid body is subjected to either rectilinear or 
curvilinear translation, Fig. 19—2a, then w = 0 and its mass center has a 
velocity of vg = v. Hence, the linear momentum, and the angular 
momentum about G, become 


L = mig 


re (19-6) 


If the angular momentum is computed about some other point A, the 
“moment” of the linear momentum L must be found about the point. 
Since d is the “moment arm" as shown in Fig. 192a, then in accordance 
with Eq. 19-5, H4 = (d)(mvg) 9. 


Rotation About a Fixed Axis. When a rigid body is rotating 
about a fixed axis, Fig. 19-2b, the linear momentum, and the angular 
momentum about G, are 


L = mig 


aia (19-7) 


It is sometimes convenient to compute the angular momentum about 
point O. Noting that L (or vg) is always perpendicular to rg, we have 


(C +) Ho = Igo + rg(mug) (19-8) 


Since vg = rgo, this equation can be written as Ho = (Ig + mrc)o. 
Using the parallel-axis theorem,* 


Ho = Ioo (19-9) 


For the calculation, then, either Eq. 19-8 or 19-9 can be used. 


*The similarity between this derivation and that of Eq. 17-16 (E Mo = Toa) and Eq. 18-5 
(T = iow) should be noted. Also note that the same result can be obtained from Eq. 19-2 
by selecting point P at O, realizing that (vo), = (vo), = 0. 


19.1 LINEAR AND ANGULAR MOMENTUM 


A 


General plane motion 
(c) 
Fig 19-2 


General Plane Motion When a rigid body is subjected to general 
plane motion, Fig. 19-2c, the linear momentum, and the angular 
momentum about G, become 


L = mvg 


DM (19-10) 


If the angular momentum is computed about point A, Fig. 19-2c, it is 
necessary to include the moment of L and Hg about this point. In 
this case, 


(C+)  H4 = Igw + (d)(mvc) 
Here d is the moment arm, as shown in the figure. 


As a special case, if point A is the instantaneous center of zero velocity 
then, like Eq. 19-9, we can write the above equation as 


Ac = Ijco (19-11) 


where Irc is the moment of inertia of the body about the JC. See Prob. 19-2. 


As the pendulum swings downward, its angular 
momentum about point O can be determined by 
computing the moment of Ig o and myg about O. 
This is Ho = [gw + (mvg)d. Since vg = wd, then 
Ho = Igo + m(wd)d = (Ig + md?)o = low. 
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EXAMPLE [19.1 


At a given instant the 5-kg slender bar has the motion shown in 
Fig. 193a. Determine its angular momentum about point G and 
about the /C at this instant. 


SOLUTION 
Bar. The bar undergoes general plane motion. The IC is established 


in Fig. 19-35, so that 


2 m/s 
Os a 
4 m cos 30° 
vg = (0.5774 rad/s) (2 m) = 1.155 m/s 


— 0.5774 rad/s 


Thus, 
(C+) He = Ico =| (5 kg) (4 m)?|(0.5774 rad/s) = 3.85 kg - m?/s Ans. 


2m/s 
4 m cos 30° Adding Iç% and the moment of mvg about the JC yields 


C $) H jc = Igo * d(mvg) 
=|35(5 kg)(4 m)?(0.5774 rad/s) + (2 m)(5 kg)(1.155 m/s) 
= 15.4 kg : m?/s 2 ES 
We can also use 
(C+) Hic = Ico 
= [75 (5 kg)(4 m + (5 kg)(2 m)?] (0.5774 rad/s) 
= 15.4kg-m?/sD p 
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19.2 Principle of Impulse and 
Momentum 


Like the case for particle motion, the principle of impulse and momentum 
for a rigid body can be developed by combining the equation of motion 
with kinematics. The resulting equation will yield a direct solution to 
problems involving force, velocity, and time. 


MV) 


EC . f Initial 
Principle of Linear Impulse and Momentum. The equation Maece 
of translational motion for a rigid body can be written as diagram 
EF = mag = m(dy,/dt). Since the mass of the body is constant, (a) 

d 
EF = — (my, 
e (mvo) 


Multiplying both sides by dt and integrating from t = tj, v5 = (vg); to 
t = b, vg = (vg); yields 


ty 
a F dt = m(VG)2 m m(va) 
ti 


This equation is referred to as the principle of linear impulse and 
momentum. It states that the sum of all the impulses created by the 
external force system which acts on the body during the time interval t; to 
t is equal to the change in the linear momentum of the body during this 
time interval, Fig. 19-4. 


"A J F, dt A 
Principle of Angular Impulse and Momentum. If the body i rd [Fat 
has general plane motion then EMg = Iga = Ig(dw/dt). Since the uum : 
moment of inertia is constant, (b) 


d 
ZMg = 4,09) T 


Multiplying both sides by dt and integrating from t = fj, œ = œ; to 
t = b, w = 05 gives 


t2 
zf Mg dt = Ig@ a Ig@, (19-12) 
t 


In a similar manner, for rotation about a fixed axis passing through 
point O, Eq. 17-16 (E Mo = Ioa) when integrated becomes 


ty 
E Mo dt = Ilow = Ip, (19-13) Final 
ty momentum 
diagram 


Equations 19-12 and 19-13 are referred to as the principle of angular 
impulse and momentum. Both equations state that the sum of the angular (c) 
impulses acting on the body during the time interval 1, to f is equal to the P 

: ; : ais f Fig. 19-4 
change in the body’s angular momentum during this time interval. 
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m(vg) 
T 


Initial 
momentum 
diagram 


(a) 


[F.dt , i h 
4 Impulse F. dt 
J : 


(b) 


p" 
a" 
Final 


momentum 
diagram 


(c) 
Fig. 19-4 (repeated) 


To summarize these concepts, if motion occurs in the x-y plane, the 
following three scalar equations can be written to describe the planar 
motion of the body. 


ty 
moa + X | Eydt = mio) 
m 
M(UGy)1 T s e gie M(UGy)2 (19-14) 
f 


Iga, a p? Mg dt = Igo 


The terms in these equations can be shown graphically by drawing a set 
of impulse and momentum diagrams for the body, Fig. 19-4. Note that the 
linear momentum nyg is applied at the body's mass center, Figs. 19-4a 
and 19-4c; whereas the angular momentum /g « is a free vector, and 
therefore, like a couple moment, it can be applied at any point on the 
body. When the impulse diagram is constructed, Fig. 19-4b, the forces F 
and moment M vary with time, and are indicated by the integrals. 
However, if F and M are constant integration of the impulses yields 
F(t — t) and M(t, — t), respectively. Such is the case for the body's 
weight W, Fig. 19-45. 

Equations 19-14 can also be applied to an entire system of connected 
bodies rather than to each body separately. This eliminates the need to 
include interaction impulses which occur at the connections since they 
are internal to the system. The resultant equations may be written in 
symbolic form as 


syst. linear syst. linear syst. linear 
> ) 1 + & (1-2) “(2 2 


( momentum impulse momentum 


syst. linear syst. linear syst. linear 
oon nne d 
yl »1-2) »2 


momentum impulse momentum 
(x syst. ran i (x syst. a Hu (x syst. ae 
momentum / o4 impulse — /o(1—2) momentum / o» 
(19-15) 


As indicated by the third equation, the system's angular momentum and 
angular impulse must be computed with respect to the same reference 
point O for all the bodies of the system. 
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Procedure For Analysis 


Impulse and momentum principles are used to solve kinetic 
problems that involve velocity, force, and time since these terms are 
involved in the formulation. 


Free-Body Diagram. 


* Establish the x, y, z inertial frame of reference and draw the free- 

body diagram in order to account for all the forces and couple 
moments that produce impulses on the body. 
The direction and sense of the initial and final velocity of the 
body's mass center, vg, and the body's angular velocity w should 
be established. If any of these motions is unknown, assume that the 
sense of its components is in the direction of the positive inertial 
coordinates. 

* Compute the moment of inertia Iç or Ip. 

* As an alternative procedure, draw the impulse and momentum 
diagrams for the body or system of bodies. Each of these diagrams 
represents an outlined shape of the body which graphically accounts 
for the data required for each of the three terms in Eqs. 19-14 or 
19-15, Hig. 19-4. These diagrams are particularly helpful in order to 
visualize the *moment" terms used in the principle of angular 
impulse and momentum, if application is about the /C or another 
point other than the body's mass center G or a fixed point O. 


Principle of Impulse and Momentum. 


* Apply the three scalar equations of impulse and momentum. 

* '[he angular momentum of a rigid body rotating about a fixed 
axis is the moment of myg plus Ig w about the axis. This is equal 
to Ho = Igw, where Io is the moment of inertia of the body 
about the axis. 

All the forces acting on the body's free-body diagram will create 
an impulse; however, some of these forces will do no work. 
Forces that are functions of time must be integrated to obtain the 
impulse. 

The principle of angular impulse and momentum is often used to 
eliminate unknown impulsive forces that are parallel or pass 
through a common axis, since the moment of these forces is zero 
about this axis. 


Kinematics. 


* If more than three equations are needed for a complete solution, 
it may be possible to relate the velocity of the body's mass center 
to the body's angular velocity using kinematics. If the motion 
appears to be complicated, kinematic (velocity) diagrams may be 
helpful in obtaining the necessary relation. 


503 


504 CHAPTER 19 PLANAR KINETICS OF A RIGID BODY: IMPULSE AND MOMENTUM 


EXAMPLE |19.2 


The 20-Ib disk shown in Fig. 19—5a is acted upon by a constant couple 
moment of 4 Ib -ft and a force of 10 Ib which is applied to a cord 
wrapped around its periphery. Determine the angular velocity of the 
disk two seconds after starting from rest. Also, what are the force 
components of reaction at the pin? 


SOLUTION 

Since angular velocity, force, and time are involved in the problems, 
we will apply the principles of impulse and momentum to the 
solution. 


Free-Body Diagram. Fig. 19—5b. The disk's mass center does not 
move; however, the loading causes the disk to rotate clockwise. 
The moment of inertia of the disk about its fixed axis of rotation is 


1 1/ 201b 
I 2 ( 


= 0.75 ft)? = 0.1747 slug: ft? 
25 29 uS mel ) 3 


Principle of Impulse and Momentum. 


th 
m(Vax)1 + 30 F,dt = m(vax)2 
ti 


0+ A,(2s) 


ty 
m(Vay)1 T =f F dt = 
ti 


0 + A,(2s) — 201b(2s) — 101b(2s) 


ty 
law F 2 M, dt = I405 
ti 


0 + 41b- ft(2s) + [10 Ib(2s)](0.75 ft) = 0.1747% 


Solving these equations yields 
A, =0 
A, = 301b 
@ = 132 rad/s 2 
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EXAMPLE |19.3 


The 100-kg spool shown in Fig. 19-6a has a radius of gyration 
kg = 0.35 m. A cable is wrapped around the central hub of the spool, 
and a horizontal force having a variable magnitude of 
P = (t + 10) N is applied, where t is in seconds. If the spool is initially 
at rest, determine its angular velocity in 5 s. Assume that the spool 
rolls without slipping at A. 


P — (t 10)N 


SOLUTION 


Free-Body Diagram. From the free-body diagram, Fig. 19-6b, the 
variable force P will cause the friction force F4 to be variable, and 
thus the impulses created by both P and F4 must be determined by 
integration. Force P causes the mass center to have a velocity vg to 
the right, and so the spool has a clockwise angular velocity w. 


Principle of Impulse and Momentum. A direct solution for œ can 
be obtained by applying the principle of angular impulse and 
momentum about point A, the /C, in order to eliminate the unknown 
friction impulse. 


(Cc) Los + 3 | Madi = Ls 


0+ n K + 10)N a] (0.75 m + 0.4 m) = [100 kg (0.35 m)? + (100 kg)(0.75 nde. 


62.5(1.15) = 68.5w2 
€» = 1.05 rad/s) Ans. 
NOTE: Try solving this problem by applying the principle of impulse 


and momentum about G and using the principle of linear impulse and 
momentum in the x direction. 
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EXAMPLE [19.4 


The cylinder shown in Fig. 19—7a has a mass of 6 kg. It is attached to a 
cord which is wrapped around the periphery of a 20-kg disk that has a 
moment of inertia 74 = 0.40 kg - m?. If the cylinder is initially moving 
downward with a speed of 2 m/s, determine its speed in 3 s. Neglect 
the mass of the cord in the calculation. 


SOLUTION I 


Free-Body Diagram. The free-body diagrams of the cylinder and 
disk are shown in Fig. 19-7b. All the forces are constant since the 
weight of the cylinder causes the motion. The downward motion of 
the cylinder, vg, causes w of the disk to be clockwise. 


Principle of Impulse and Momentum. We can eliminate A , and 
A, from the analysis by applying the principle of angular impulse and 
momentum about point A. Hence 


Disk 


(C) Lyon + X | Madt = Laos 
0.40 kg-m?(w,) + T(3s)(0.2 m) = (0.40 kg  m)o; 


Cylinder 


(+1) mpg(vg)i + xf5 dt = mg(vg)2 


—6 kg(2 m/s) + T(3s) — 58.86 N(3s) = —6kg(vg)2 


Kinematics. Since w = vz/r, then «e, = (2 m/s)/(0.2 m) = 10 rad/s 
and œ= (vg)2/0.2 m = S(vg)2. Substituting and solving the 
equations simultaneously for (v5); yields 


(vg) = 13.0 m/s d Ans. 
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SOLUTION Il 


Impulse and Momentum Diagrams. We can obtain (vg); directly 
by considering the system consisting of the cylinder, the cord, and the 
disk. The impulse and momentum diagrams have been drawn to 
clarify application of the principle of angular impulse and momentum 
about point A, Fig. 19—7c. 


Principle of Angular Impulse and Momentum.  Realizing that 
e, = 10 rad/s and œw = 5(vg)2, we have 


syst. angular syst. angular syst. angular 
«(x ) «(x ae 
Al A(1-2) A2 


momentum impulse momentum 


(6 kg)(2 m/s)(0.2 m) + (0.40 kg  m?)(10 rad/s) + (58.86 N)(3 s)(0.2 m) 
= (6kg)(vg)2(0.2 m) + (0.40 kg m^)[5(vg);(0.2 m)] 
(vg), = 13.0 m/s | Ans. 


6 kg(2 m/s) 58.86 N(3 s) 6 kg(Vg); 
(c) 


Fig. 19-7 (cont.) 
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EXAMPLE [19.5 


The Charpy impact test is used in materials testing to determine the 
energy absorption characteristics of a material during impact. The test 
is performed using the pendulum shown in Fig. 19-8a, which has a 
mass m, mass center at G, and a radius of gyration kg about G. 
Determine the distance rp from the pin at A to the point P where the 
impact with the specimen S should occur so that the horizontal force 
at the pin A is essentially zero during the impact. For the calculation, 
assume the specimen absorbs all the pendulum's kinetic energy 
gained during the time it falls and thereby stops the pendulum from 
swinging when 0 — 0*. 


SOLUTION 


Free-Body Diagram. As shown on the free-body diagram, 
Fig. 19-85, the conditions of the problem require the horizontal force 
at A to be zero. Just before impact, the pendulum has a clockwise 
angular velocity w4, and the mass center of the pendulum is moving to 
the left at (vg), = ro. 


Principle of Impulse and Momentum. We will apply the principle 
of angular impulse and momentum about point A. Thus, 


I404 + =M, dt = I405 


(E) JUIN (fr drre =0 


m(vg)i + x fr dt — m(Ug)2 


(==) —m(Fa,) + re 0 


Eliminating the impulse fF dt and substituting 14 = mk% + mr? 
yields 


[mk2, + mr?]e, — m(Fw,)rp = 0 
Factoring out ma, and solving for rp, we obtain 


p 
rp=rt ke Ans. 
r 
NOTE: Point P, so defined, is called the center of percussion. By 
placing the striking point at P, the force developed at the pin will be 
minimized. Many sports rackets, clubs, etc. are designed so that 
collision with the object being struck occurs at the center of 
percussion. As a consequence, no “sting” or little sensation occurs in 
the hand of the player. (Also see Probs. 17-66 and 19-1.) 


[E] FUNDAMENTAL PROBLEMS 
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F19-1. The 60-kg wheel has a radius of gyration about its 
center O of ko = 300 mm. If it is subjected to a couple 
moment of M = (32) N: m, where ft is in seconds, 
determine the angular velocity of the wheel when t = 4s, 
starting from rest. 


M=(3°)N-m 


F19-1 


F19-2. The 300-kg wheel has a radius of gyration about its 
mass center O of kg = 400 mm. If the wheel is subjected to 
a couple moment of M = 300 N-m, determine its angular 
velocity 6 s after it starts from rest and no slipping occurs. 
Also, determine the friction force that develops between 
the wheel and the ground. 


0.6m 


M -—-300N:m 


F19-2 


F19-3. If rod OA of negligible mass is subjected to the 
couple moment M = 9N:m, determine the angular 
velocity of the 10-kg inner gear t = 5 s after it starts from 
rest. The gear has a radius of gyration about its mass center 
of k4 = 100 mm, and it rolls on the fixed outer gear. 
Motion occurs in the horizontal plane. 


F19-3 


F19-4. Gears A and B of mass 10 kg and 50 kg have radii 
of gyration about their respective mass centers of 
k4 = 80 mm and kg = 150 mm. If gear A is subjected to 
the couple moment M = 10 N: m, determine the angular 
velocity of gear B 5 s after it starts from rest. 


0.2m 


F19-4 
F19-5. The 50-kg spool is subjected to a horizontal force 
of P — 150N. If the spool rolls without slipping, 
determine its angular velocity 3 s after it starts from rest. 
The radius of gyration of the spool about its center of mass 
is kg = 175 mm. 


F19-5 
F19-6. The reel has a weight of 1501b and a radius of 
gyration about its center of gravity of kg = 1.25 ft. If it is 
subjected to a torque of M = 25b: ft, and starts from rest 
when the torque is applied, determine its angular velocity in 
3 seconds. The coefficient of kinetic friction between the 
reel and the horizontal plane is uw, = 0.15. 


1ft 


Z 


A 1.5 ft 
M — 25]b - ft | 


F19-6 
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*19-1. The rigid body (slab) has a mass m and rotates with 
an angular velocity w about an axis passing through the 
fixed point O. Show that the momenta of all the particles 
composing the body can be represented by a single vector 
having a magnitude mvg and acting through point P, called 
the center of percussion, which lies at a distance 
TpjG = kG/Tajo from the mass center G. Here kg is the 
radius of gyration of the body, computed about an axis 
perpendicular to the plane of motion and passing through G. 


MVG 


se 


Prob. 19-1 


19-2. At a given instant, the body has a linear momentum 
L = myg and an angular momentum Hg = Jgw computed 
about its mass center. Show that the angular momentum of 
the body computed about the instantaneous center of zero 
velocity JC can be expressed as H;c = Ijcc, where Irc 
represents the body's moment of inertia computed about 
the instantaneous axis of zero velocity. As shown, the /C is 
located at a distance rg); away from the mass center G. 


Prob. 19-2 


19-3. Show that if a slab is rotating about a fixed axis 
perpendicular to the slab and passing through its mass center 
G, the angular momentum is the same when computed about 
any other point P. 


Prob. 19-3 


*19-4, The pilot of a crippled jet was able to control his 
plane by throttling the two engines. If the plane has a weight 
of 17 000 Ib and a radius of gyration of kg = 4.7 ft about 
the mass center G, determine the angular velocity of the 
plane and the velocity of its mass center G int = 5s if the 
thrust in each engine is altered to Tj = 50001b and 
T, = 800 lb as shown. Originally the plane is flying straight 
at 1200 ft/s. Neglect the effects of drag and the loss of fuel. 


Prob. 19-4 


019-5. The assembly weighs 10 Ib and has a radius of 
gyration kg = 0.6 ft about its center of mass G. The kinetic 
energy of the assembly is 31 ft- Ib when it is in the position 
shown. If it rolls counterclockwise on the surface without 
slipping, determine its linear momentum at this instant. 


Prob. 19-5 


19-6. The impact wrench consists of a slender 1-kg rod AB 
which is 580 mm long, and cylindrical end weights at A and 
B that each have a diameter of 20 mm and a mass of 1 kg. 
This assembly is free to rotate about the handle and socket, 
which are attached to the lug nut on the wheel of a car. If 
the rod AB is given an angular velocity of 4 rad/s and it 
strikes the bracket C on the handle without rebounding, 
determine the angular impulse imparted to the lug nut. 


Prob. 19-6 


19.2 PRINCIPLE OF IMPULSE AND MOMENTUM 511 


19-7. The space shuttle is located in “deep space,” where 
the effects of gravity can be neglected. It has a mass of 
120 Mg, a center of mass at G, and a radius of gyration 
(kg), = 14 m about the x axis. It is originally traveling 
forward at v = 3 km/s when the pilot turns on the engine at 
A, creating a thrust T = 600(1 — e 99^) kN, where t is in 
seconds. Determine the shuttle's angular velocity 2 s later. 


Prob. 19-7 


*19-8. The 50-kg cylinder has an angular velocity of 
30 rad/s when it is brought into contact with the horizontal 
surface at C. If the coefficient of kinetic friction is uç = 0.2, 
determine how long it will take for the cylinder to stop 
spinning. What force is developed in link AB during this 
time? The axle through the cylinder is connected to two 
symmetrical links. (Only AB is shown.) For the computation, 
neglect the weight of the links. 


C 


Prob. 19-8 


512 CHAPTER 19 


*19-9. If the cord is subjected to a horizontal force of 
P = 150 N, and the gear rack is fixed to the horizontal plane, 
determine the angular velocity of the gear in 4 s,starting from 
rest. The mass of the gear is 50 kg, and it has a radius of 
gyration about its center of mass O of ko — 125 mm. 


19-10. If the cord is subjected to a horizontal force of 
P — 150 N, and gear is supported by a fixed pin at O, 
determine the angular velocity of the gear and the velocity 
of the 20-kg gear rack in 4 s, starting from rest. The mass of 
the gear is 50 kg and it has a radius of gyration of 
ko — 125 mm. Assume that the contact surface between 
the gear rack and the horizontal plane is smooth. 


Probs. 19-9/10 


19-11. A motor transmits a torque of M = 0.05 N-m to 
the center of gear A. Determine the angular velocity of each 
of the three (equal) smaller gears in 2 s starting from rest. 
The smaller gears (B) are pinned at their centers, and the 
masses and centroidal radii of gyration of the gears are 
given in the figure. 


Prob. 19-11 
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*19-12. The 200-Ib flywheel has a radius of gyration about 
its center of gravity O of kọ = 0.75ft. If it rotates 
counterclockwise with an angular velocity of 1200 rev/min 
before the brake is applied, determine the time required for 
the wheel to come to rest when a force of P = 200 lb is 
applied to the handle. The coefficient of kinetic friction 
between the belt and the wheel rim is ug = 0.3. (Hint: 
Recall from the statics text that the relation of the tension 
in the belt is given by T4 = Tç e", where B is the angle of 
contact in radians.) 


19-13. The 200-Ib flywheel has a radius of gyration about 
its center of gravity O of kọ = 0.75ft. If it rotates 
counterclockwise with a constant angular velocity of 
1200 rev/min before the brake is applied, determine the 
required force P that must be applied to the handle to stop 
the wheel in 2 s. The coefficient of kinetic friction between 
the belt and the wheel rim is uj, = 0.3. (Hint: Recall from the 
statics text that the relation of the tension in the belt is given 
by Tg = Tc e", where £ is the angle of contact in radians.) 


Probs. 19-12/13 


19-14. The 12-kg disk has an angular velocity of 
w = 20 rad/s. If the brake ABC is applied such that the 
magnitude of force P varies with time as shown, determine 
the time needed to stop the disk. The coefficient of kinetic 
friction at B is uj, = 0.4. Neglect the thickness of the brake. 


t (s) 


Prob. 19-14 


19-15. The 1.25-Ib tennis racket has a center of gravity at 
G and a radius of gyration about G of kg — 0.625 ft. 
Determine the position P where the ball must be hit so that 
‘no sting’ is felt by the hand holding the racket, i.e., the 
horizontal force exerted by the racket on the hand is zero. 


MEBEEEEEHIEEEEEEEEE 


Prob. 19-15 


*19-16. Ifthe boxer hits the 75-kg punching bag with an 
impulse of J = 20 N:s, determine the angular velocity of 
the bag immediately after it has been hit. Also, find the 
location d of point B, about which the bag appears to rotate. 
Treat the bag as a uniform cylinder. 


Prob. 19-16 
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*19-17. The 5-kg ball is cast on the alley with a backspin 
of w = 10 rad/s, and the velocity of its center of mass O is 
v = 5 m/s. Determine the time for the ball to stop back 
spinning, and the velocity of its center of mass at this 
instant. The coefficient of kinetic friction between the ball 
and the alley is uj, = 0.08. 


wy = 10 rad ls /4 j " 


Prob. 19-17 


19-18. The smooth rod assembly shown is at rest when it 
is struck by a hammer at A with an impulse of 10 N:s. 
Determine the angular velocity of the assembly and the 
magnitude of velocity of its mass center immediately after it 
has been struck. The rods have a mass per unit length of 
6 kg/m. 


Prob. 19-18 
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19-19. The flywheel A has a mass of 30 kg and a radius of 
gyration of kc = 95 mm. Disk B has a mass of 25 kg, is 
pinned at D, and is coupled to the flywheel using a belt 
which is subjected to a tension such that it does not slip at its 
contacting surfaces. If a motor supplies a counterclockwise 
torque or twist to the flywheel, having a magnitude of 
M = (120) N * m, where t is in seconds, determine the 
angular velocity of the disk 3 s after the motor is turned on. 
Initially, the flywheel is at rest. 


Prob. 19-19 


*19-20. The 30-Ib flywheel A has a radius of gyration about 
its center of 4 in. Disk B weighs 50 Ib and is coupled to the 
flywheel by means of a belt which does not slip at its 
contacting surfaces. If a motor supplies a counterclockwise 
torque to the flywheel of M = (50r) Ib - ft, where t is in 
seconds, determine the time required for the disk to attain 
an angular velocity of 60 rad/s starting from rest. 


M = (50r) lb-ft 


Prob. 19-20 
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*19—21. For safety reasons, the 20-kg supporting leg of a 
sign is designed to break away with negligible resistance at 
B when the leg is subjected to the impact of a car. Assuming 
that the leg is pinned at A and approximates a thin rod, 
determine the impulse the car bumper exerts on it, if after 
the impact the leg appears to rotate clockwise to a 
maximum angle of Omax = 150°. 


Prob. 19-21 


19-22. The slender rod has a mass m and is suspended at its 
end A by acord. If the rod receives a horizontal blow giving 
it an impulse I at its bottom B, determine the location y of 
the point P about which the rod appears to rotate during 
the impact. 


Prob. 19-22 


19-23. The 25-kg circular disk is attached to the yoke by 
means of a smooth axle A. Screw C is used to lock the disk 
to the yoke. If the yoke is subjected to a torque of 
M = (5t) N-m, where t is in seconds, and the disk is 
unlocked, determine the angular velocity of the yoke when 
t = 3s,starting from rest. Neglect the mass of the yoke. 


*19-24. The 25-kg circular disk is attached to the yoke by 
means of a smooth axle A. Screw C is used to lock the disk 
to the yoke. If the yoke is subjected to a torque of 
M = (5?) N* m, where t is in seconds, and the disk is 
locked, determine the angular velocity of the yoke when 
t = 3s,starting from rest. Neglect the mass of the yoke. 


Probs. 1923/24 


*19-25. If the shaft is subjected to a torque of 
M = (152) N-m, where t is in seconds, determine the 
angular velocity of the assembly when ¢ = 3 s, starting from 
rest. Rods AB and BC each have a mass of 9 kg. 


Prob. 19-25 
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19-26. The body and bucket of a skid steer loader has a 
weight of 2000 Ib, and its center of gravity is located at G. 
Each of the four wheels has a weight of 100 Ib and a radius 
of gyration about its center of gravity of 1 ft. If the engine 
supplies a torque of M = 100 lb: ft to each of the rear drive 
wheels, determine the speed of the loader in ¢ = 10s, 
starting from rest. The wheels roll without slipping. 


19-27. The body and bucket of a skid steer loader has a 
weight of 2000 Ib, and its center of gravity is located at G. 
Each of the four wheels has a weight of 100 Ib and a radius 
of gyration about its center of gravity of 1 ft. If the loader 
attains a speed of 20ft/s in 10 s, starting from rest, 
determine the torque M supplied to each of the rear drive 
wheels. The wheels roll without slipping. 


Probs. 19-26/27 


*19-28. The two rods each have a mass m and a length J, 
and lie on the smooth horizontal plane. If an impulse I is 
applied at an angle of 45? to one of the rods at midlength as 
shown, determine the angular velocity of each rod just after 
the impact. The rods are pin connected at B. 


", ; 1/2 
A ec ae 


B C 
INS 


Prob. 19-28 
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*19-29. The car strikes the side of a light pole, which is 
designed to break away from its base with negligible 
resistance. From a video taken of the collision it is observed 
that the pole was given an angular velocity of 60 rad/s 
when AC was vertical. The pole has a mass of 175 kg, a 
center of mass at G, and a radius of gyration about an axis 
perpendicular to the plane of the pole assembly and passing 
through G of kg = 225 m. Determine the horizontal 
impulse which the car exerts on the pole at the instant AC is 
essentially vertical. 


r— 


Prob. 19-29 


19-30. The frame of the roller has a mass of 5.5 Mg and a 
center of mass at G. The roller has a mass of 2 Mg and 
a radius of gyration about its mass center of k4 — 0.45 m. If 
a torque of M = 600 N-m is applied to the rear wheels, 
determine the speed of the compactor in t = 4s, starting 
from rest. No slipping occurs. Neglect the mass of the 
driving wheels. 


1.95m | 


Prob. 19-30 
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19-31. The 200-kg satellite has a radius of gyration about 
the centroidal z axis of k, = 1.25 m. Initially it is rotating 
with a constant angular velocity of # = (1500 k} rev/min. 
If the two jets A and B are fired simultaneously and 
produce a thrust of T = (5e 9^) KN, where t is in seconds, 
determine the angular velocity of the satellite, five seconds 
after firing. 


T = (Se) kN 


T = (5e) KN 


Prob. 19-31 


*19-32. If the shaft is subjected to a torque of 
M = (30e-9^) N- m, where t is in seconds, determine the 
angular velocity of the assembly when żt = 5 s, starting from 
rest. The rectangular plate has a mass of 25 kg. Rods AC 
and BC have the same mass of 5 kg. 


M = (30e 10) N - m 


Prob. 19-32 
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19.3 Conservation of Momentum 


Conservation of Linear Momentum If the sum of all the 
linear impulses acting on a system of connected rigid bodies is zero in a 
specific direction, then the linear momentum of the system is constant, or 
conserved in this direction, that is, 


(X syst. B E (X syst. linear ) (19-16) 
1 2 


momentum momentum 


This equation is referred to as the conservation of linear momentum. 
Without inducing appreciable errors in the calculations, it may be 
possible to apply Eq. 19-16 in a specified direction for which the linear 
impulses are small or nonimpulsive. Specifically, nonimpulsive forces 
occur when small forces act over very short periods of time. Typical 
examples include the force of a slightly deformed spring, the initial 
contact force with soft ground, and in some cases the weight of the body. 


Conservation of Angular Momentum The angular momentum 
of a system of connected rigid bodies is conserved about the system’s 
center of mass G, or a fixed point O, when the sum of all the angular 
impulses about these points is zero or appreciably small (nonimpulsive). 
The third of Eqs. 19-15 then becomes 


syst. angular syst. angular 
[S e ) = (X Ms ) (19-17) 
Ol 02 


momentum momentum 


This equation is referred to as the conservation of angular momentum. In 
the case of a single rigid body, Eq. 19-17 applied to point G becomes 
(45), = (gw). For example, consider a swimmer who executes a 
somersault after jumping off a diving board. By tucking his arms and legs 
in close to his chest, he decreases his body’s moment of inertia and thus 
increases his angular velocity (Jgw must be constant). If he straightens 
out just before entering the water, his body’s moment of inertia is 
increased, and so his angular velocity decreases. Since the weight of his 
body creates a linear impulse during the time of motion, this example 
also illustrates how the angular momentum of a body can be conserved 
and yet the linear momentum is not. Such cases occur whenever the 
external forces creating the linear impulse pass through either the center 
of mass of the body or a fixed axis of rotation. 
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Procedure for Analysis 


The conservation of linear or angular momentum should be applied 
using the following procedure. 


Free-Body Diagram. 


Establish the x, y inertial frame of reference and draw the free- 
body diagram for the body or system of bodies during the time of 
impact. From this diagram classify each of the applied forces as 
being either “impulsive” or “nonimpulsive.” 


By inspection of the free-body diagram, the conservation of linear 
momentum applies in a given direction when no external 
impulsive forces act on the body or system in that direction; 
whereas the conservation of angular momentum applies about a 
fixed point O or at the mass center G of a body or system of 
bodies when all the external impulsive forces acting on the body 
or system create zero moment (or zero angular impulse) about O 
or G. 


As an alternative procedure, draw the impulse and momentum 
diagrams for the body or system of bodies. These diagrams are 
particularly helpful in order to visualize the “moment” terms 
used in the conservation of angular momentum equation, when it 
has been decided that angular momenta are to be computed 
about a point other than the body’s mass center G. 


Conservation of Momentum. 


Apply the conservation of linear or angular momentum in the 
appropriate directions. 


Kinematics. 


If the motion appears to be complicated, kinematic (velocity) 
diagrams may be helpful in obtaining the necessary kinematic 
relations. 


19.3 CONSERVATION OF MOMENTUM 


EXAMPLE |19.6 


The 10-kg wheel shown in Fig. 19-9a has a moment of inertia 
Ig = 0.156 kg : m?. Assuming that the wheel does not slip or rebound, 
determine the minimum velocity vg it must have to just roll over the 
obstruction at A. 


SOLUTION 


Impulse and Momentum Diagrams. Since no slipping or rebounding 
occurs, the wheel essentially pivots about point A during contact. This 
condition is shown in Fig. 19-9b, which indicates, respectively, the 
momentum of the wheel just before impact, the impulses given to the 
wheel during impact, and the momentum of the wheel just after impact. 
Only two impulses (forces) act on the wheel. By comparison, the force at 
A is much greater than that of the weight, and since the time of impact is 
very short, the weight can be considered nonimpulsive. The impulsive 
force F at A has both an unknown magnitude and an unknown direction 
0. To eliminate this force from the analysis, note that angular momentum 
about A is essentially conserved since (98.1At)d ~ 0. 


Conservation of Angular Momentum. With reference to Fig. 19-9b, 
[OD (H4) = (H4); 
r'm(vg), + Igo, = rm(vg)? + Igor 
(0.2m — 0.03 m)(10 kg)(vg), + (0.156 kg: m?)(«) = 
(0.2 m)(10 kg)(vg)2 + (0.156 kg - m?) (%2) 


Kinematics. Since no slipping occurs, in general w = vg/r 
= vg5/0.2 m = 5vg. Substituting this into the above equation and 
simplifying yields 

(vg); = 0.8921(vc) (1) 


Conservation of Energy.* In order to roll over the obstruction, the 
wheel must pass position 3 shown in Fig. 19—9c. Hence, if (v5); [or 
(v5)4] is to be a minimum, it is necessary that the kinetic energy of the 
wheel at position 2 be equal to the potential energy at position 3. 
Placing the datum through the center of gravity, as shown in the 
figure, and applying the conservation of energy equation, we have 


Mgr iar OE TE 
{5(10 kg)(vg)3 + 5(0.156 kg  m?)o£) + {0} = 
{0} + {(98.1 N)(0.03 m)} 
Substituting œ = 5(vg)2 and Eq. 1 into this equation, and solving, 


(vg), = 0.729 m/s > Ans. 


*This principle does not apply during impact, since energy is lost during the collision. 
However, just after impact, as in Fig. 19-9c, it can be used. 


r' = (0.2 — 0.03) m 


98.1 N 


6) 
2 0.03 m 


Datum ap y 
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Fig. 19-9 
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EXAMPLE [19.7 


The 5-kg slender rod shown in Fig. 19-10a is pinned at O and is 
initially at rest. If a 4-g bullet is fired into the rod with a velocity of 
400 m/s, as shown in the figure, determine the angular velocity of the 
rod just after the bullet becomes embedded in it. 


SOLUTION 


Impulse and Momentum Diagrams. The impulse which the bullet 
exerts on the rod can be eliminated from the analysis, and the angular 
velocity of the rod just after impact can be determined by considering 
the bullet and rod as a single system. To clarify the principles involved, 
the impulse and momentum diagrams are shown in Fig. 19-105. The 
momentum diagrams are drawn just before and just after impact. 
During impact, the bullet and rod exert equal but opposite internal 
impulses at A. As shown on the impulse diagram, the impulses that are 
external to the system are due to the reactions at O and the weights of 
the bullet and rod. Since the time of impact, At, is very short, the rod 
moves only a slight amount, and so the *moments" of the weight 
impulses about point O are essentially zero. Therefore angular 
momentum is conserved about this point. 


O, At 
d At 


my(vg) | 4 yao At 


30° d 
| 0.0392 At 


D D G 


(b) 
Conservation of Angular Momentum. From Fig. 19-10b, we have 
(G+) 2(Ho)1 = Z(Ho) 
mpg(vg) cos 30°(0.75 m) = mg(vg)2(0.75 m) + mr(vG)2(0.5 m) + Iga 
(0.004 kg) (400 cos 30° m/s)(0.75 m) 
(0.004 kg) (vg)2(0.75 m) + (5kg)(vg)2(0.5 m) + [5(5kg)(1 m)?]o» 


— mg(vg)o 


or 


1.039 = 0.003(vg)2 + 2.50(vG)2 + 0.4167a (1) 
Kinematics. Since the rod is pinned at O, from Fig. 19-10c we have 
Fig. 19-10 (vg) = (0.5 m)o» (vg); = (0.75 m)a 
Substituting into Eq. 1 and solving yields 
€ = 0.623 rad/s Ý 


*19.4  Eccentric Impact 


The concepts involving central and oblique impact of particles were 
presented in Sec. 15.4. We will now expand this treatment and discuss the 
eccentric impact of two bodies. Eccentric impact occurs when the line 
connecting the mass centers of the two bodies does not coincide with the 
line of impact.* This type of impact often occurs when one or both of the 
bodies are constrained to rotate about a fixed axis. Consider, for example, 
the collision at C between the two bodies A and B, shown in Fig. 19-11a. 
Itis assumed that just before collision B is rotating counterclockwise with 
an angular velocity (œ g), and the velocity of the contact point C located 
on A is (u4). Kinematic diagrams for both bodies just before collision 
are shown in Fig. 19-115. Provided the bodies are smooth, the impulsive 
forces they exert on each other are directed along the line of impact. 
Hence, the component of velocity of point C on body B, which is directed 
along the line of impact, is (vg); = (@g)1r, Fig. 19-115. Likewise, on body 
A the component of velocity (u4), along the line of impact is (v,),. In 
order for a collision to occur, (v4); > (vg). 

During the impact an equal but opposite impulsive force P is exerted 
between the bodies which deforms their shapes at the point of contact. 
The resulting impulse is shown on the impulse diagrams for both bodies, 
Fig. 19-11c. Note that the impulsive force at point C on the rotating body 
creates impulsive pin reactions at O. On these diagrams it is assumed 
that the impact creates forces which are much larger than the 
nonimpulsive weights of the bodies, which are not shown. When the 
deformation at point C is a maximum, C on both the bodies moves with 
a common velocity v along the line of impact, Fig. 19-11d. A period of 
restitution then occurs in which the bodies tend to regain their original 
shapes. The restitution phase creates an equal but opposite impulsive 
force R acting between the bodies as shown on the impulse diagram, 
Fig. 19-11e. After restitution the bodies move apart such that point C on 
body B has a velocity (vg) and point C on body A has a velocity (u 4)». 
Fig. 19-11f, where (vg); > (vA)z. 

In general, a problem involving the impact of two bodies requires 
determining the two unknowns (v4); and (vg)2, assuming (v4); and 
(vg), are known (or can be determined using kinematics, energy 
methods, the equations of motion, etc.). To solve such problems, two 
equations must be written. The first equation generally involves 
application of the conservation of angular momentum to the two bodies. 
In the case of both bodies A and B, we can state that angular momentum 
is conserved about point O since the impulses at C are internal to the 
system and the impulses at O create zero moment (or zero angular 
impulse) about O. The second equation can be obtained using the 
definition of the coefficient of restitution, e, which is a ratio of the 
restitution impulse to the deformation impulse. 


* When these lines coincide, central impact occurs and the problem can be analyzed as 
discussed in Sec. 15.4. 
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Line 
of impact 


Plane of impact 


(a) 
Fig. 19-11 


Here is an example of eccentric impact 
occurring between this bowling ball 
and pin. 
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(vg) = (og)ir 


Velocity ~~ Deformation Velocity at maximum JA A Restitution 
before collision impulse deformation impulse 


(b) (c) (d) (e) 


Is is important to realize, however, that this analysis has only a very 
limited application in engineering, because values of e for this case have 
been found to be highly sensitive to the material, geometry, and the velocity 
of each of the colliding bodies. To establish a useful form of the coefficient 
of restitution equation we must first apply the principle of angular 
impulse and momentum about point O to bodies B and A separately. 
Combining the results, we then obtain the necessary equation. Proceeding 
in this manner, the principle of impulse and momentum applied to body 
B from the time just before the collision to the instant of maximum 
deformation, Figs. 19-11b, 19-11c, and 19-11d, becomes 


(G +) Io(og)i =F JL dt — Tow (19-18) 
Here Io is the moment of inertia of body B about point O. Similarly, 
applying the principle of angular impulse and momentum from the 


instant of maximum deformation to the time just after the impact, 
Figs. 19-11d, 19-11e, and 19-11f, yields 


(ce loo +r J R dt = Io(wp) (19-19) 


Solving Eqs. 19-18 and 19-19 for f P dt and fR dt, respectively, and 
formulating e, we have 


Velocity 
after collision J R dt 
r(og); - ro — (vg) - v 


(f) e= = 2 
fe dt ro — r(@g) | v — (vg) 
Fig. 19-11 (cont.) 


In the same manner, we can write an equation which relates the 
magnitudes of velocity (v4); and (v4); of body A. The result is 


v — (vah 


m (94) =v 


Combining the above two equations by eliminating the common velocity 
v yields the desired result, i.e., 


(+7) e= oo (19-20) 


This equation is identical to Eq. 15-11, which was derived for the central 
impact between two particles. It states that the coefficient of restitution 
is equal to the ratio of the relative velocity of separation of the points of 
contact (C) just after impact to the relative velocity at which the points 
approach one another just before impact. In deriving this equation, we 
assumed that the points of contact for both bodies move up and to the 
right both before and after impact. If motion of any one of the contacting 
points occurs down and to the left, the velocity of this point should be 
considered a negative quantity in Eq. 19-20. 


During impact the columns of many highway signs are intended to break out of their 
supports and easily collapse at their joints. This is shown by the slotted connections at 
their base and the breaks at the column’s midsection. 


19.4 


ECCENTRIC IMPACT 


523 
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EXAMPLE [19.8 


The 10-Ib slender rod is suspended from the pin at A, Fig. 19-12a. If a 
2-lb ball B is thrown at the rod and strikes its center with a velocity of 
30 ft/s, determine the angular velocity of the rod just after impact. The 
coefficient of restitution is e — 0.4. 


SOLUTION 


Conservation of Angular Momentum. Consider the ball and rod 
as a system, Fig. 19-125. Angular momentum is conserved about point 
A since the impulsive force between the rod and ball is internal. Also, 
the weights of the ball and rod are nonimpulsive. Noting the directions 
of the velocities of the ball and rod just after impact as shown on the 
kinematic diagram, Fig. 19-12c, we require 


(G+) CHD) = (aa 


mp( vg), (1.5 ft) = mp(Vg)2(1.5 ft) RE mg(vg)»(1.5 ft) a5 Igaz 


21b 2b 
= a) 2o iss = 


(orges ft) + Een t lo 


Since (v5); = 1.5; then 


2.795 = 0.09317(vg)2 + 0.9317% (1) 


Coefficient of Restitution. With reference to Fig. 19-12c, we have 
(4) ec Me (sh gy _ (5100 — (og) 
(vp): = 30 ft/s (vg)1 — (%)1 30 ft/s — 0 
Me 
12.0 = 1.52 — (vg); 


B 


(v3 Solving, 


(vg)? = —6.52 ft/s = 6.52 ft/s — 
œ = 3.65 rad/s 5 
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ETPROBLEMS 


*19-33. The 75-kg gymnast lets go of the horizontal bar in 
a fully stretched position A, rotating with an angular 
velocity of w4 = 3 rad/s. Estimate his angular velocity 
when he assumes a tucked position B. Assume the gymnast 
at positions A and B as a uniform slender rod and a uniform 
circular disk, respectively. 


750 mm w, = 3 rad/s 


Prob. 19-33 


19-34. A 75-kg man stands on the turntable A and rotates a 
6-kg slender rod over his head. If the angular velocity of the 
rod is w, = 5 rad/s measured relative to the man and the 
turntable is observed to be rotating in the opposite direction 
with an angular velocity of w, = 3 rad/s, determine the radius 
of gyration of the man about the z axis. Consider the turntable 
as a thin circular disk of 300-mm radius and 5-kg mass. 


Prob. 19-34 


19-35. A horizontal circular platform has a weight of 
300 Ib and a radius of gyration k; = 8 ft about the z axis 
passing through its center O. The platform is free to rotate 
about the z axis and is initially at rest. A man having a 
weight of 150 Ib begins to run along the edge in a circular 
path of radius 10 ft. If he maintains a speed of 4 ft/s relative 
to the platform, determine the angular velocity of the 
platform. Neglect friction. 


Prob. 19-35 


*19-36. A horizontal circular platform has a weight of 
300 Ib and a radius of gyration k, = 8 ft about the z axis 
passing through its center O. The platform is free to rotate 
about the z axis and is initially at rest. A man having a 
weight of 150 Ib throws a 15-Ib block off the edge of the 
platform with a horizontal velocity of 5 ft/s, measured 
relative to the platform. Determine the angular velocity of 
the platform if the block is thrown (a) tangent to the 
platform, along the +t axis, and (b) outward along a radial 
line, or +n axis. Neglect the size of the man. 


Zz 


Prob. 19-36 
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*19-37. The man sits on the swivel chair holding two 5-Ib 
weights with his arms outstretched. If he is rotating at 
3 rad/s in this position, determine his angular velocity when 
the weights are drawn in and held 0.3 ft from the axis of 
rotation. Assume he weighs 160 Ib and has a radius of 
gyration k, = 0.55 ft about the z axis. Neglect the mass of his 
arms and the size of the weights for the calculation. 


z 
| 
T 3 rad/s 


-- 2.5 ft 1 


Prob. 19-37 


19-38. The satellite's body C has a mass of 200 kg and a 
radius of gyration about the z axis of k, = 0.2 m. If the 
satellite rotates about the z axis with an angular velocity of 
5 rev/s, when the solar panels A and B are in a position of 
0 = 0°, determine the angular velocity of the satellite when 
the solar panels are rotated to a position of 0 = 90°. 
Consider each solar panel to be a thin plate having a mass 
of 30 kg. Neglect the mass of the rods. 
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19-39. A 150-Ib man leaps off the circular platform with a 
velocity of mp = 5ft/s, relative to the platform. 
Determine the angular velocity of the platform afterwards. 
Initially the man and platform are at rest. The platform 
weighs 300 Ib and can be treated as a uniform circular disk. 


Umpp = 5 ft/s 


Prob. 19-39 


*19-40. The 150-kg platform can be considered as a 
circular disk. Two men, A and B, of 60-kg and 75-kg mass, 
respectively, stand on the platform when it is at rest. If they 
start to walk around the circular paths with speeds of 
Va/p = 1.5 m/s and vg;, = 2 m/s, measured relative to the 
platform, determine the angular velocity of the platform. 


Prob. 19-38 


Prob. 19-40 


*19-41. Two children A and B, each having a mass of 30 kg, 
sit at the edge of the merry-go-round which rotates at 
w = 2 rad/s. Excluding the children, the merry-go-round 
has a mass of 180 kg and a radius of gyration k, = 0.6 m. 
Determine the angular velocity of the merry-go-round if A 
jumps off horizontally in the —n direction with a speed of 
2 m/s, measured relative to the merry-go-round. What is the 
merry-go-round’s angular velocity if B then jumps off 
horizontally in the —f direction with a speed of 2 m/s, 
measured relative to the merry-go-round? Neglect friction 
and the size of each child. 


c = 2 rad/s 


Prob. 19-41 


19-42. A thin square plate of mass m rotates on the 
smooth surface with an angular velocity w,. Determine its 
new angular velocity just after the hook at its corner strikes 
the peg P and the plate starts to rotate about P without 
rebounding. 


Prob. 19-42 
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19-43. A ball having a mass of 8 kg and initial speed of 
v = 0.2 m/s rolls over a 30-mm-long depression. Assuming 
that the ball rolls off the edges of contact first A, then B, 
without slipping, determine its final velocity v; when it 
reaches the other side. 


Prob. 19-43 


*19-44. The 15-kg thin ring strikes the 20-mm-high step. 
Determine the smallest angular velocity w, the ring can 
have so that it will just roll over the step at A without 


slipping 


— 120 mm 


Prob. 19-44 
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*19-45. The uniform pole has a mass of 15 kg and falls 
from rest when 0 = 90°. It strikes the edge at A when 
0 = 60°. If the pole then begins to pivot about this point 
after contact, determine the pole’s angular velocity just 
after the impact. Assume that the pole does not slip at B as 
it falls until it strikes A. 


Prob. 19-45 


19-46. The 10-Ib block slides on the smooth surface when 
the corner D hits a stop block S. Determine the minimum 
velocity v the block should have which would allow it to tip 
over on its side and land in the position shown. Neglect the 
size of S. Hint: During impact consider the weight of the 
block to be nonimpulsive. 


Prob. 19-46 
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19-47. The target is a thin 5-kg circular disk that can rotate 
freely about the z axis. A 25-g bullet, traveling at 600 m/s, 
strikes the target at A and becomes embedded in it. 
Determine the angular velocity of the target after the 
impact. Initially, it is at rest. 


aa 200 mm 


300 mm 600 m/s 
— 
mem 


100 mm 


Prob. 19-47 


*19-48, A 2-kg mass of putty D strikes the uniform 10-kg 
plank ABC with a velocity of 10 m/s. If the putty remains 
attached to the plank, determine the maximum angle 0 of 
swing before the plank momentarily stops. Neglect the size 
of the putty. 


Prob. 19-48 


*19-49. The uniform 6-kg slender rod AB is given a slight 
horizontal disturbance when it is in the vertical position and 
rotates about B without slipping. Subsequently, it strikes the 
step at C. The impact is perfectly plastic and so the rod 
rotates about C without slipping after the impact. 
Determine the angular velocity of the rod when it is in the 
horizontal position shown. 


AER. 
1m C 
mee 
0.225 m 
| B 
LL 0.3 m ——4 
Prob. 19-49 


19-50. The rigid 30-Ib plank is struck by the 15-Ib hammer 
head H. Just before the impact the hammer is gripped 
loosely and has a vertical velocity of 75ft/s. If the 
coefficient of restitution between the hammer head and the 
plank is e = 0.5, determine the maximum height attained 
by the 50-Ib block D. The block can slide freely along the 
two vertical guide rods. The plank is initially in a horizontal 
position. 


Prob. 19-50 
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19-51. The disk has a mass of 15 kg. If it is released from 
rest when 0 = 30°, determine the maximum angle 0 of 
rebound after it collides with the wall. The coefficient of 
restitution between the disk and the wall is e = 0.6. When 
0 = 0°, the disk hangs such that it just touches the wall. 
Neglect friction at the pin C. 


ne mm-- 


Prob. 19-51 


*19-52. The mass center of the 3-Ib ball has a velocity of 
(vg), = 6 ft/s when it strikes the end of the smooth 5-lb 
slender bar which is at rest. Determine the angular velocity 
of the bar about the z axis just after impact if e = 0.8. 


4^ Dx 
= 6ft 
; dt (va) = 6 ft/s 
r= 0.5 ft 
Prob. 19-52 
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*19-53. The 300-Ib bell is at rest in the vertical position 
before it is struck by a 75-lb wooden post suspended from 
two equal-length ropes. If the post is released from rest at 
0 = 45°, determine the angular velocity of the bell and the 
velocity of the post immediately after the impact. The 
coefficient of restitution between the bell and the post is 
e — 0.6. The center of gravity of the bell is located at point 
G and its radius of gyration about G is kg = 1.5 ft. 


Prob. 19-53 


19-54. The 4-lb rod AB hangs in the vertical position. A 
2-lb block, sliding on a smooth horizontal surface with a 
velocity of 12 ft/s, strikes the rod at its end B. Determine 
the velocity of the block immediately after the collision. The 
coefficient of restitution between the block and the rod at B 
ise — 0.8. 


12 ft/s 


——- 


err ae rT er eT eR a a 


Prob. 19-54 
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19-55. The pendulum consists of a 10-lb sphere and 4-Ib 
rod. If it is released from rest when 0 = 90°, determine the 
angle 0 of rebound after the sphere strikes the floor. Take 
e — 0.8. 


Prob. 19-55 


*19-56. The solid ball of mass m is dropped with a velocity 
v, onto the edge of the rough step. If it rebounds 
horizontally off the step with a velocity v,, determine the 
angle 0 at which contact occurs. Assume no slipping when 
the ball strikes the step. The coefficient of restitution is e. 


Prob. 19-56 
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E CONCEPTUAL PROBLEMS 


P19-1. The soil compactor moves forward at constant 
velocity by supplying power to the rear wheels. Use 
appropriate numerical data for the wheel, roller, and body 
and calculate the angular momentum of this system about 
point A at the ground, point B on the rear axle, and point G, 
the center of gravity for the system. 


P19-1 


P19-2. The swing bridge opens and closes by turning 90° 
using a motor located under the center of the deck at A that 
applies a torque M to the bridge. If the bridge was 
supported at its end B, would the same torque open the 
bridge at the same time, or would it open slower or faster? 
Explain your answer using numerical values and an impulse 
and momentum analysis. Also, what are the benefits of 
making the bridge have the variable depth as shown? 


*Salaaaaa 


P19-2 


P19-3. Why is it necessary to have the tail blade B on the 
helicopter that spins perpendicular to the spin of the main 
blade A? Explain your answer using numerical values and 
an impulse and momentum analysis. 


P19-3 


P19-4. The amusement park ride consists of two gondolas 
A and B, and counterweights C and D that swing in 
opposite directions. Using realistic dimensions and mass, 
calculate the angular momentum of this system for any 
angular position of the gondolas. Explain through analysis 
why it is a good idea to design this system to have 
counterweights with each gondola. 
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CHAPTER REVIEW 


Linear and Angular Momentum 


The linear and angular momentum of a 
rigid body can be referenced to its mass 
center G. 


If the angular momentum is to be 
determined about an axis other than the 
one passing through the mass center, then 
the angular momentum is determined by 
summing vector Hg and the moment of 
vector L about this axis. 


A 
Translation Rotation about a fixed axis General plane motion 
L = mvg L = mvg 
Hg = Igo Hg = Igo 
Ho = Iow Ay = Igo aF (mvg)d 


Principle of Impulse and Momentum 


The principles of linear and angular 
impulse and momentum are used to 
solve problems that involve force, 
velocity, and time. Before applying these 


m(vgx)i + 


X, y z inertial coordinate system. The m(UGy)1 + 
free-body diagram for the body should 

also be drawn in order to account for all 2 - 
of the forces and couple moments that lgh F 2 l Mg dt 
produce impulses on the body. i 


equations, it is important to establish the 2 
M ee aa 
ti 


Conservation of Momentum 


Provided the sum of the linear impulses 
acting on a system of connected rigid 
bodies is zero in a particular direction, 
then the linear momentum for the 
system is conserved in this direction. 
Conservation of angular momentum 
occurs if the impulses pass through an 
axis or are parallel to it. Momentum is 
also conserved if the external forces are 
small and thereby create nonimpulsive 
forces on the system. A free-body 
diagram should accompany any 
application in order to classify the forces 
as impulsive or nonimpulsive and to 
determine an axis about which the 
angular momentum may be conserved. 


Eccentric Impact 


If the line of impact does not coincide 
with the line connecting the mass centers 
of two colliding bodies, then eccentric 
impact will occur. If the motion of the 
bodies just after the impact is to be 
determined, then it is necessary to 
consider a conservation of momentum 
equation for the system and use the 
coefficient of restitution equation. 
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Planar Kinematics 


and Kinetics of a 
Rigid Body 


Having presented the various topics in planar kinematics and kinetics in 
Chapters 16 through 19, we will now summarize these principles and 
provide an opportunity for applying them to the solution of various types 
of problems. 


Kinematics. Here we are interested in studying the geometry of 
motion, without concern for the forces which cause the motion. Before 
solving a planar kinematics problem, it is first necessary to classify the 
motion as being either rectilinear or curvilinear translation, rotation 
about a fixed axis, or general plane motion. In particular, problems 
involving general plane motion can be solved either with reference to a 
fixed axis (absolute motion analysis) or using translating or rotating 
frames of reference (relative motion analysis). The choice generally 
depends upon the type of constraints and the problem’s geometry. In all 
cases, application of the necessary equations can be clarified by drawing 
a kinematic diagram. Remember that the velocity of a point is always 
tangent to its path of motion, and the acceleration of a point can have 
components in the n-t directions when the path is curved. 


Translation. When the body moves with rectilinear or curvilinear 
translation, all the points on the body have the same motion. 


Vp — VA ag = a, 


REVIEW 2 PLANAR KINEMATICS AND KINETICS OF A RIGID BODY 


Rotation About a Fixed Axis. Angular Motion. 
Variable Angular Acceleration. Provided a mathematical relationship is 
given between any two of the four variables 0, œw, a, and t, then a third 
variable can be determined by solving one of the following equations which 
relate all three variables. 


w = a= add = w do 


Constant Angular Acceleration. The following equations apply when it is 
absolutely certain that the angular acceleration is constant. 


0 = 09 + wot + lat w — 09 t a£ o = w + 2a.(0 — 0o) 


Motion of Point P. Once œ and « have been determined, then the 
circular motion of point P can be specified using the following scalar or 
vector equations. 


V = wr vVv=oxXr 


a Xr- oTr 


d,— ar a, = oTr 


General Plane Motion—Relative-Motion Analysis. Recall that 
when translating axes are placed at the “base point” A, the relative motion 
of point B with respect to A is simply circular motion of B about A. The 
following equations apply to two points A and B located on the same 
rigid body. 


Vg = VA * Vgja 7 VA t € X YgjA 


= = 2 
ag = 84 t agja = 84 * € X Trga — WTB/A 


Rotating and translating axes are often used to analyze the motion of rigid 
bodies which are connected together by collars or slider blocks. 


Vp = VA t Q X rgjA + (VBya)xyz 
ap=agt Q Xrgja t OX (Q X rga) + 20 X (vpjA)syz + (AB/A) xyz 


Kinetics. To analyze the forces which cause the motion we must use 
the principles of kinetics. When applying the necessary equations, it is 
important to first establish the inertial coordinate system and define the 
positive directions of the axes. The directions should be the same as those 
selected when writing any equations of kinematics if simultaneous 
solution of equations becomes necessary. 


Equations of Motion. These equations are used to determine 
accelerated motions or forces causing the motion. If used to determine 
position, velocity, or time of motion, then kinematics will have to be 
considered to complete the solution. Before applying the equations of 
motion, always draw a free-body diagram in order to identify all the forces 
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acting on the body. Also, establish the directions of the acceleration of the 
mass center and the angular acceleration of the body. (A kinetic diagram 
may also be drawn in order to represent mag and I¢q@ graphically. This 
diagram is particularly convenient for resolving mag into components 
and for identifying the terms in the moment sum È (t) p.) 

The three equations of motion are 


LF, = m(ag)x 
ZF,- m(ag), 
2 Mg = Iga or = Mp = £ (AM) p 


In particular, if the body is rotating about a fixed axis, moments may 
also be summed about point O on the axis, in which case 


ZMo = X(Mi)o = Low 


Work and Energy. The equation of work and energy is used to solve 
problems involving force, velocity, and displacement. Before applying this 
equation, always draw a free-body diagram of the body in order to 
identify the forces which do work. Recall that the kinetic energy of the 
body is due to translational motion of the mass center, vg, and rotational 
motion of the body, w. 


Ti t XU, = T; 
where 
T 241 2 1i 2 
—5 mug t 2 Igo 


= f F cos6 ds (variable force) 


S 
| 


Ur = F.cos0(s; — sı) (constant force) 

Uy = -W Ay (weight) 

U, = -(ksi- Msi) (spring) 

Uy = M60 (constant couple moment) 


If the forces acting on the body are conservative forces, then apply 
the conservation of energy equation. This equation is easier to use than 
the equation of work and energy, since it applies only at two points on the 
path and does not require calculation of the work done by a force as the 
body moves along the path. 


4 Va = days 
where V = V, + V, and 


V,=Wy (gravitational potential energy) 


V. = iks? (elastic potential energy) 
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Impulse and Momentum. The principles of linear and angular 
impulse and momentum are used to solve problems involving force, 
velocity, and time. Before applying the equations, draw a free-body 
diagram in order to identify all the forces which cause linear and angular 
impulses on the body. Also, establish the directions of the velocity of the 
mass center and the angular velocity of the body just before and just after 
the impulses are applied. (As an alternative procedure, the impulse and 
momentum diagrams may accompany the solution in order to graphically 
account for the terms in the equations. These diagrams are particularly 
advantageous when computing the angular impulses and angular 
momenta about a point other than the body’s mass center.) 


m(vg); + = J F dt = m(vg)a 


(Hg) + E f Mg dt= (Ho); 


Or 


(Ho), + E f Mo dt = (Ho); 


Conservation of Momentum. If nonimpulsive forces or no 
impulsive forces act on the body in a particular direction, or if the motions 
of several bodies are involved in the problem, then consider applying the 
conservation of linear or angular momentum for the solution. 
Investigation of the free-body diagram (or the impulse diagram) will aid 
in determining the directions along which the impulsive forces are zero, or 
axes about which the impulsive forces create zero angular impulse. For 
these cases, 


The problems that follow involve application of all the above concepts. 
They are presented in random order so that practice may be gained at 
identifying the various types of problems and developing the skills 
necessary for their solution. 
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B REVIEW PROBLEMS 


R2-1. An automobile transmission consists of the 
planetary gear system shown. If the ring gear R is held fixed 
so that wr = 0, and the shaft s and sun gear S, rotates at 
20 rad/s, determine the angular velocity of each planet gear 
P and the angular velocity of the connecting rack D, which 
is free to rotate about the center shaft s. 


R2-2. An automobile transmission consists of the 
planetary gear system shown. If the ring gear R rotates at 
wr = 2 rad/s, and the shaft s and sun gear S, rotates at 
20 rad/s, determine the angular velocity of each planet gear 
P and the angular velocity of the connecting rack D, which 
is free to rotate about the center shaft s. 


Probs. R2-1/2 


R2-3. The 6-Ib slender rod AB is released from rest when 
it is in the horizontal position so that it begins to rotate 
clockwise. A 1-Ib ball is thrown at the rod with a velocity 
v — 50 ft/s. The ball strikes the rod at C at the instant the 
rod is in the vertical position as shown. Determine the 
angular velocity of the rod just after the impact. Take 
e — 0.7 and d = 2 ft. 


*R2-4. The 6-Ib slender rod AB is originally at rest, 
suspended in the vertical position. A 1-Ib ball is thrown at 
the rod with a velocity v — 50 ft/s and strikes the rod at C. 
Determine the angular velocity of the rod just after the 
impact. Take e = 0.7 and d = 2 ft. 


R2-5. The 6-Ib slender rod is originally at rest, suspended 
in the vertical position. Determine the distance d where the 
1-Ib ball, traveling at v = 50 ft/s, should strike the rod so 
that it does not create a horizontal impulse at A. What is the 
rod's angular velocity just after the impact? Take e — 0.5. 


Probs. R2-3/4/5 


R2-6. At a given instant, the wheel rotates with the 
angular motions shown. Determine the acceleration of the 
collar at A at this instant. 


w = 8 rad/s 


o = 16 rad/s? 
5. [ fo) 


Prob. R2-6 
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R2-7. The small gear which has a mass m can be treated as 
a uniform disk. If it is released from rest at 0 = 0°, and rolls 
along the fixed circular gear rack, determine the angular 
velocity of the radial line AB at the instant 0 = 90°. 


Prob. R2-7 


*R2-8. The 50-kg cylinder has an angular velocity of 
30 rad/s when it is brought into contact with the surface at 
C. If the coefficient of kinetic friction is u, = 0.2, determine 
how long it will take for the cylinder to stop spinning. What 
force is developed in link AB during this time? The axis of 
the cylinder is connected to two symmetrical links. (Only 
AB is shown.) For the computation, neglect the weight of 
the links. 


w = 30 rad/s 


© 


Prob. R2-8 


R2-9. The gear rack has a mass of 6 kg, and the gears each 
have a mass of 4 kg and a radius of gyration of k = 30 mm 
about their center. If the rack is originally moving 
downward at 2 m/s, when s = 0, determine the speed of the 
rack when s = 600 mm. The gears are free to rotate about 
their centers, A and B. 


Prob. R2-9 


R2-10. The gear has a mass of 2 kg and a radius of 
gyration k4 = 0.15m. The connecting link AB (slender 
rod) and slider block at B have a mass of 4 kg and 1 kg, 
respectively. If the gear has an angular velocity w = 8 rad/s 
at the instant 0 = 45°, determine the gear’s angular velocity 
when 0 = 0°. 


w = 8 rad/s 


Prob. R2-10 
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*R2-11. The operation of a doorbell requires the use of 
an electromagnet, that attracts the iron clapper AB that is 
pinned at end A and consists of a 0.2-kg slender rod to 
which is attached a 0.04-kg steel ball having a radius of 
6mm. If the attractive force of the magnet at C is 0.5 N 
when the switch is on, determine the initial angular 
acceleration of the clapper. The spring is originally 
stretched 20 mm. 


Prob. R2-11 


*R2-12. The revolving door consists of four doors which 
are attached to an axle AB. Each door can be assumed to be 
a 50-Ib thin plate. Friction at the axle contributes a moment 
of 2 lb- ft which resists the rotation of the doors. If a woman 
passes through one door by always pushing with a force 
P = 15 lb perpendicular to the plane of the door as shown, 
determine the door's angular velocity after it has rotated 
90°. The doors are originally at rest. 


Prob. R2-12 
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R2-13. The 10-Ib cylinder rests on the 20-Ib dolly. If the 
system is released from rest, determine the angular velocity 
of the cylinder in 2 s. The cylinder does not slip on the dolly. 
Neglect the mass of the wheels on the dolly. 


R2-14. Solve Prob. R2-13 if the coefficients of static and 
kinetic friction between the cylinder and the dolly are 
bs = 0.3 and u = 0.2, respectively. 


0.5 ft 


30* 


Probs. R2-13/14 


R2-15. Gears H and C each have a weight of 0.4 Ib and a 
radius of gyration about their mass center of (kj;j)g = 
(kc)4 = 2 in. Link AB has a weight of 0.2 Ib and a radius of 
gyration of (k45)4 — 3 in., whereas link DE has a weight of 
0.15 Ib and a radius of gyration of (kpg)g = 4.5 in. If a 
couple moment of M = 3 lb-ft is applied to link AB and 
the assembly is originally at rest, determine the angular 
velocity of link DE when link AB has rotated 360°. Gear C 
is prevented from rotating, and motion occurs in the 
horizontal plane. Also, gear H and link DE rotate together 
about the same axle at B. 


Prob. R2-15 
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*R2-16. The inner hub of the roller bearing rotates with 
an angular velocity of w; = 6 rad/s, while the outer hub 
rotates in the opposite direction at w, = 4 rad/s. Determine 
the angular velocity of each of the rollers if they roll on the 
hubs without slipping. 


w, = 4 rad/s 


Prob. R2-16 


R2-17. The hoop (thin ring) has a mass of 5 kg and is 
released down the inclined plane such that it has a backspin 
w = 8rad/s and its center has a velocity vg = 3 m/s as 
shown. If the coefficient of kinetic friction between the 
hoop and the plane is ug = 0.6, determine how long the 
hoop rolls before it stops slipping. 


R2-18. The hoop (thin ring) has a mass of 5 kg and is 
released down the inclined plane such that it has a backspin 
w = 8rad/s and its center has a velocity v; = 3 m/s as 
shown. If the coefficient of kinetic friction between the 
hoop and the plane is mą = 0.6, determine the hoop's 
angular velocity 1 s after it is released. 


R2-19. Determine the angular velocity of rod CD at the 
instant 0 = 30°. Rod AB moves to the left at a constant 
speed of v45 = 5 m/s. 


*R2-20. Determine the angular acceleration of rod CD at 
the instant 0 = 30°. Rod AB has zero velocity, i.e., vag = 0, 
and an acceleration of a45 = 2 m/s? to the right when 
0 = 30°. 


Probs. R2-19/20 


R2-21. If the angular velocity of the drum is increased 
uniformly from 6 rad/s when t = 0 to 12 rad/s when t = Ss, 
determine the magnitudes of the velocity and acceleration 
of points A and B on the belt when ¢ = 1s. At this instant 
the points are located as shown. 


Probs. R2-17/18 


Prob. R2-21 
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R2-22. Pulley A and the attached drum B have a weight 
of 20 Ib and a radius of gyration of kg = 0.6 ft. If pulley P 
“rolls” downward on the cord without slipping, determine 
the speed of the 20-Ib crate C at the instant s = 10 ft. 
Initially, the crate is released from rest when s = 5 ft. For 
the calculation, neglect the mass of pulley P and the cord. 


Prob. R2-22 


R2-23. By pressing down with the finger at B, a thin ring 
having a mass m is given an initial velocity v, and a 
backspin w, when the finger is released. If the coefficient of 
kinetic friction between the table and the ring is p, 
determine the distance the ring travels forward before the 
backspin stops. 


Prob. R2-23 
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*R2-24. The pavement roller is traveling down the incline 
at v, = 5 ft/s when the motor is disengaged. Determine the 
speed of the roller when it has traveled 20 ft down the 
plane. The body of the roller, excluding the rollers, has a 
weight of 8000 Ib and a center of gravity at G. Each of the 
two rear rollers weighs 400 Ib and has a radius of gyration of 
k4 = 3.3 ft. The front roller has a weight of 800 Ib and a 
radius of gyration of kg = 1.8 ft. The rollers do not slip as 
they turn. 


Prob. R2-24 


R2-25. The cylinder B rolls on the fixed cylinder A without 
slipping. If bar CD rotates with an angular velocity 
wcp = 5 rad/s, determine the angular velocity of cylinder B. 
Point C is a fixed point. 


Prob. R2-25 
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R2-26. The disk has a mass M and a radius R. If a block of 
mass m is attached to the cord, determine the angular 
acceleration of the disk when the block is released from 
rest. Also, what is the distance the block falls from rest in 
the time t? 


Prob. R2-26 


R2-27. The tub of the mixer has a weight of 70 lb and a 
radius of gyration kg = 1.3 ft about its center of gravity G. 
Ifa constant torque M = 60 lb: ft is applied to the dumping 
wheel, determine the angular velocity of the tub when it has 
rotated 0 = 90°. Originally the tub is at rest when 0 = 0°. 
Neglect the mass of the wheel. 


*R2-28. Solve Prob. R2-27 if the applied torque is 
M = (506) Ib - ft, where @ is in radians. 


Probs. R2-27/28 


R2-29. The spool has a weight of 30 Ib and a radius of 
gyration ko — 0.45 ft. A cord is wrapped around the spool's 
inner hub and its end subjected to a horizontal force 
P — 5]b. Determine the spool’s angular velocity in 4 s 
starting from rest. Assume the spool rolls without slipping. 


Prob. R2-29 


R2-30. The 75-kg man and 40-kg boy sit on the horizontal 
seesaw, which has negligible mass. At the instant the man 
lifts his feet from the ground, determine their accelerations 
if each sits upright, i.e., they do not rotate. The centers of 
mass of the man and boy are at G,, and G,, respectively. 


| 2m 1.5m | 


Prob. R2-30 


R2-31. A sphere and cylinder are released from rest on 
the ramp at t = 0. If each has a mass m and a radius r, 
determine their angular velocities at time ¢. Assume no 
slipping occurs. 


Prob. R2-31 
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*R2-32. At a given instant, link AB has an angular 
acceleration a4, = 12rad/s? and an angular velocity 
wag = 4 rad/s. Determine the angular velocity and angular 
acceleration of link CD at this instant. 


R2-33. At a given instant, link CD has an angular 
acceleration acp = Srad/s? and an angular velocity 
wcp = 2 rad/s. Determine the angular velocity and angular 
acceleration of link AB at this instant. 


9 9 
1.5 ft 
2.5 ft s / “en 
MA. i 
Probs. R2-32/33 


R2-34. The spool and the wire wrapped around its core 
have a mass of 50 kg and a centroidal radius of gyration of 
kg = 235 mm. If the coefficient of kinetic friction at the 
surface is 4, = 0.15, determine the angular acceleration of 
the spool after it is released from rest. 


Prob. R2-34 
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R2-35. The bar is confined to move along the vertical and 
inclined planes. If the velocity of the roller at A is 
v4 = 6ft/s when 0 = 45°, determine the bar's angular 
velocity and the velocity of B at this instant. 


*R2-36. The bar is confined to move along the vertical 
and inclined planes. If the roller at A has a constant velocity 
of v4 = 6 ft/s, determine the bar's angular acceleration and 
the acceleration of B when 0 = 45°. 


M: 
Probs. R2-35/36 


R2-37. The uniform girder AB has a mass of 8 Mg. 
Determine the internal axial force, shear, and bending 
moment at the center of the girder if a crane gives it an 
upward acceleration of 3 m/s?. 


Prob. R2-37 
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R2-38. Each gear has a mass of 2 kg and a radius of gyration 
about its pinned mass centers A and B of k, = 40 mm. 
Each link has a mass of 2 kg and a radius of gyration about 
its pinned ends A and B of k; = 50 mm. If originally the 
spring is unstretched when the couple moment 
M = 20N:m is applied to link AC, determine the angular 
velocities of the links at the instant link AC rotates 0 = 45°. 
Each gear and link is connected together and rotates in the 
horizontal plane about the fixed pins A and B. 


Prob. R2-38 


R2-39. The 5-lb rod AB supports the 3-Ib disk at its end A. 
If the disk is given an angular velocity wp = 8 rad/s while 
the rod is held stationary and then released, determine the 
angular velocity of the rod after the disk has stopped 
spinning relative to the rod due to frictional resistance at the 
bearing A. Motion is in the horizontal plane. Neglect friction 
at the fixed bearing B. 


Prob. R2-39 


*R2-40. A cord is wrapped around the rim of each 10-Ib 
disk. If disk B is released from rest, determine the angular 
velocity of disk A in 2 s. Neglect the mass of the cord. 


R2-41. A cord is wrapped around the rim of each 10-Ib 
disk. If disk B is released from rest, determine how much 
time ft is required before A attains an angular velocity 
w, = 5rad/s. 


Probs. R2-40/41 


R2-42. The 15-kg disk is pinned at O and is initially at rest. 
If a 10-g bullet is fired into the disk with a velocity of 
200 m/s, as shown, determine the maximum angle 0 to which 
the disk swings. The bullet becomes embedded in the disk. 


Prob. R2-42 
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R2-43. The disk rotates at a constant rate of 4 rad/s as it 
falls freely so that its center G has an acceleration of 
32.2 ft/s”. Determine the accelerations of points A and B on 
the rim of the disk at the instant shown. 


w=4 BA 


Prob. R2-43 


*R2-44. The operation of "reverse" for a three-speed 
automotive transmission is illustrated schematically in the 
figure. If the shaft G is turning with an angular velocity of 
wg = 60 rad/s, determine the angular velocity of the drive 
shaft H. Each of the gears rotates about a fixed axis. Note 
that gears A and B, C and D, E and F are in mesh. The 
radius of each of these gears is reported in the figure. 


Prob. R2-44 
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R2-45. Shown is the internal gearing of a “spinner” used 
for drilling wells. With constant angular acceleration, the 
motor M rotates the shaft S to 100 rev/min in t = 2s 
starting from rest. Determine the angular acceleration of 
the drill-pipe connection D and the number of revolutions 
it makes during the 2-s startup. 


R2-46. Gear A has a mass of 0.5 kg and a radius of 
gyration of k4 = 40 mm, and gear B has a mass of 0.8 kg 
and a radius of gyration of kg = 55 mm. The link is pinned 
at C and has a mass of 0.35 kg. If the link can be treated as a 
slender rod, determine the angular velocity of the link after 
the assembly is released from rest when 0 — 0? and falls to 
0 = 90°. 


Prob. R2-46 
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R2-47. The 15-kg cylinder rotates with an angular 
velocity of w = 40 rad/s. If a force F = 6N is applied to 
bar AB, as shown, determine the time needed to stop the 
rotation. The coefficient of kinetic friction between AB and 
the cylinder is up = 0.4. Neglect the thickness of the bar. 


R2-49. If the thin hoop has a weight W and radius r and is 
thrown onto a rough surface with a velocity vg parallel to 
the surface, determine the backspin, w, it must be given so 
that it stops spinning at the same instant that its forward 
velocity is zero. It is not necessary to know the coefficient of 
kinetic friction at A for the calculation. 


Prob. R2-47 


*R2-48. If link AB rotates at w4g = 6 rad/s, determine 
the angular velocities of links BC and CD at the instant 
shown. 


250 mm, A a 
wag = 6rad/s 


Prob. R2-48 


Prob. R2-49 


R2-50. The wheel has a mass of 50 kg and a radius of 
gyration kg = 0.4 m. If it rolls without slipping down the 
inclined plank, determine the horizontal and vertical 
components of reaction at A, and the normal reaction at the 
smooth support B at the instant the wheel is located at the 
midpoint of the plank. The plank has negligible thickness 
and has a mass of 20 kg. 


Prob. R2-50 


The three-dimensional motion of this industrial robot must be accurately specified. 


Three-Dimensional 


Kinematics of a 
Rigid Body 


CHAPTER OBJECTIVES 


* To analyze the kinematics of a body subjected to rotation about a 
fixed point and general plane motion. 


* To provide a relative-motion analysis of a rigid body using 
translating and rotating axes. 


20.1 Rotation About a Fixed Point 


When a rigid body rotates about a fixed point, the distance r from the 
point to a particle located on the body is the same for any position of the 
body. Thus, the path of motion for the particle lies on the surface of a 
sphere having a radius r and centered at the fixed point. Since motion 
along this path occurs only from a series of rotations made during a finite 
time interval, we will first develop a familiarity with some of the properties 
of rotational displacements. 


The boom can rotate up and down, and 
because it is hinged at a point on the 
vertical axis about which it turns, it is 
subjected to rotation about a fixed point. 
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Euler's Theorem.  Euler's theorem states that two “component” 
rotations about different axes passing through a point are equivalent to a 
single resultant rotation about an axis passing through the point. If more 
than two rotations are applied, they can be combined into pairs, and each 
pair can be further reduced and combined into one rotation. 


Finite Rotations. If component rotations used in Euler's theorem 
are finite, it is important that the order in which they are applied be 
maintained. To show this, consider the two finite rotations 0; + 0; 
applied to the block in Fig. 20-1a. Each rotation has a magnitude of 90° 
and a direction defined by the right-hand rule, as indicated by the arrow. 
The final position of the block is shown at the right. When these two 
rotations are applied in the order 05 + 01, as shown in Fig. 20-15, the 
final position of the block is not the same as it is in Fig. 20-1a. Because 
finite rotations do not obey the commutative law of addition 
(0, + 05 4 0; + 01), they cannot be classified as vectors. If smaller, yet 
finite, rotations had been used to illustrate this point, e.g., 10? instead of 
90*, the final position of the block after each combination of rotations 
would also be different; however, in this case, the difference is only a 
small amount. 


20.1 ROTATION ABOUT A FIXED POINT 551 


Infinitesimal Rotations. When defining the angular motions of a 
body subjected to three-dimensional motion, only rotations which are 
infinitesimally small will be considered. Such rotations can be classified as 
vectors, since they can be added vectorially in any manner. To show this, for 
purposes of simplicity let us consider the rigid body itself to be a sphere 
which is allowed to rotate about its central fixed point O, Fig. 20-2a. If we 
impose two infinitesimal rotations d0, + d0, on the body, it is seen that 
point P moves along the path d0, X r + d0, X rand ends up at P'. Had 
the two successive rotations occurred in the order d0, + d0,, then the 
resultant displacements of P would have been d0, X r + d@, X r. Since 
the vector cross product obeys the distributive law, by comparison 
(d0, + d0,) X r = (d0, + d0,) X x. Here infinitesimal rotations dé 
are vectors, since these quantities have both a magnitude and direction 
for which the order of (vector) addition is not important, i.e., 
d0, + d0, = d0, + d0,. As a result, as shown in Fig. 20-2a, the two 
“component” rotations d0, and d0, are equivalent to a single resultant 
rotation d0 = d0, + d0, a consequence of Euler's theorem. 


Angular Velocity. If the body is subjected to an angular rotation 
d0 about a fixed point, the angular velocity of the body is defined by the 
time derivative, 


e -60 (20-1) 


The line specifying the direction of œ, which is collinear with 40, is 
referred to as the instantaneous axis of rotation, Fig. 20—2b. In general, 
this axis changes direction during each instant of time. Since d@ is a 
vector quantity, so too is œ, and it follows from vector addition that if the 
body is subjected to two component angular motions, w, = 6, and 
€) = 65, the resultant angular velocity is œ = w, + €». 


Angular Acceleration. The body's angular acceleration is 
determined from the time derivative of its angular velocity, i.e., 


(20-2) 


For motion about a fixed point, a must account for a change in both the 
magnitude and direction of œ, so that, in general, æ is not directed along 
the instantaneous axis of rotation, Fig. 20-3. 

As the direction of the instantaneous axis of rotation (or the line of 
action of œ) changes in space, the locus of the axis generates a fixed space 
cone, Fig. 20-4. If the change in the direction of this axis is viewed with 
respect to the rotating body, the locus of the axis generates a body cone. 


Instantaneous axis 


V rotation 
Oy 


(b) 
Fig. 20-2 


Instantaneous axis 
of rotation 


Fig. 20-3 
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Instantaneous At any given instant, these cones meet along the instantaneous axis of 
axis of rotation rotation, and when the body is in motion, the body cone appears to roll 
either on the inside or the outside surface of the fixed space cone. 
Provided the paths defined by the open ends of the cones are described 
by the head of the w vector, then œ must act tangent to these paths at any 
given instant, since the time rate of change of w is equal to a. Fig. 20-4. 

To illustrate this concept, consider the disk in Fig. 20—5a that spins about 
the rod at w,, while the rod and disk precess about the vertical axis at «;,. 
The resultant angular velocity of the disk is therefore w = w, + @,. 
Space cone Since both point O and the contact point P have zero velocity, then both œ 
and the instantaneous axis of rotation are along OP. Therefore, as the disk 
rotates, this axis appears to move along the surface of the fixed space cone 
shown in Fig. 20—5b. If the axis is observed from the rotating disk, the axis 
then appears to move on the surface of the body cone. At any instant, 
though, these two cones meet each other along the axis OP. If w has a 
constant magnitude, then « indicates only the change in the direction of œ, 
which is tangent to the cones at the tip of œ as shown in Fig. 20-55. 


Velocity. Once w is specified, the velocity of any point on a body 
rotating about a fixed point can be determined using the same methods 
as for a body rotating about a fixed axis. Hence, by the cross product, 


v=oxXr (20-3) 
Here r defines the position of the point measured from the fixed point O, 
Fig. 20-3. 
— Acceleration. If œ and a are known at a given instant, the 
Meer A acceleration of a point can be obtained from the time derivative of 
rotation Eq. 20-3, which yields 
(a) a=axr+ ox (w Xr) (20-4) 


*20.2 The Time Derivative of a Vector 
Measured from Either a Fixed or 
Translating-Rotating System 


Instantaneous 
axis of rotation 
(b) In many types of problems involving the motion of a body about a fixed 


point, the angular velocity w is specified in terms of its components. Then, 
if the angular acceleration a of such a body is to be determined, it is often 
easier to compute the time derivative of w using a coordinate system that 
has a rotation defined by one or more of the components of œ. For 
example, in the case of the disk in Fig. 20-5a, where w = w, + «c, the x, 
y, z axes can be given an angular velocity of w,,. For this reason, and for 
other uses later, an equation will now be derived, which relates the time 
derivative of any vector A defined from a translating-rotating reference to its 
time derivative defined from a fixed reference. 
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Consider the x, y, z axes of the moving frame of reference to be 
rotating with an angular velocity ©, which is measured from the fixed X, 
Y, Z axes, Fig. 20—6a. In the following discussion, it will be convenient to 
express vector A in terms of its i, j, k components, which define the 
directions of the moving axes. Hence, 


A = Aj * Ayj+ A;k 


In general, the time derivative of A must account for the change in 
both its magnitude and direction. However, if this derivative is taken 
with respect to the moving frame of reference, only the change in the 
magnitudes of the components of A must be accounted for, since the 
directions of the components do not change with respect to the moving 
reference. Hence, 


(A) 
When the time derivative of A is taken with respect to the fixed frame 


of reference, the directions of i, j, and k change only on account of the 
rotation © of the axes and not their translation. Hence, in general, 


= Ai + Ayj + A;k (20-5) 


xyz 


A= Ad t Ajj + A + A,it+ A,j + Ak 


The time derivatives of the unit vectors will now be considered. For 
example, i = di/dt represents only the change in the direction of i with 
respect to time, since i always has a magnitude of 1 unit. As shown in 
Fig. 20-6b, the change, di, is tangent to the path described by the 
arrowhead of i as i swings due to the rotation Q. Accounting for both the 
magnitude and direction of di, we can therefore define i using the cross 
product,i = Q X i. In general, then 


i-Qxi j=Qxj k-2Qxk 


These formulations were also developed in Sec. 16.8, regarding planar 
motion of the axes. Substituting these results into the above equation 
and using Eq. 20—5 yields 


À = (Å) -OXA (20-6) 


This result is important, and will be used throughout Sec. 20.4 and 
Chapter 21. It states that the time derivative of any vector A as observed 
from the fixed X, Y, Z frame of reference is equal to the time rate of 
change of A as observed from the x, y, z translating-rotating frame of 
reference, Eq. 20-5, plus Q X A, the change of A caused by the rotation 
of the x, y, z frame. As a result, Eq. 20-6 should always be used whenever 
Q produces a change in the direction of A as seen from the X, Y, Z 
reference. If this change does not occur, i.e., Q = 0, then A = (A), 
and so the time rate of change of A as observed from both coordinate 
systems will be the same. 


(a) 


x 
Ne iat time t + dt 
SS 


iattimet x 
(b) 


Fig. 20-6 
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EXAMPLE [20.1 


The disk shown in Fig. 20-7 spins about its axle with a constant 
angular velocity w, = 3 rad/s, while the horizontal platform on which 
the disk is mounted rotates about the vertical axis at a constant rate 
wp = 1 rad/s. Determine the angular acceleration of the disk and the 
velocity and acceleration of point A on the disk when it is in the 
position shown. 


w; = 3 rad/s 


= 
22537 
a 1 rad/s 


Op 


SOLUTION 

Point O represents a fixed point of rotation for the disk if one 
considers a hypothetical extension of the disk to this point. To 
determine the velocity and acceleration of point A, it is first necessary 
to determine the angular velocity w and angular acceleration a of the 
disk, since these vectors are used in Eqs. 20-3 and 20-4. 


Angular Velocity. The angular velocity, which is measured from X, 
Y, Z, is simply the vector addition of its two component motions. Thus, 


w = 0, + w, = {3j — 1k} rad/s 


20.2 THE TIME DERIVATIVE OF A VECTOR MEASURED FROM EITHER A FIXED OR TRANSLATING-ROTATING SYSTEM 


Angular Acceleration. Since the magnitude of œ is constant, only 
a change in its direction, as seen from the fixed reference, creates the 
angular acceleration a of the disk. One way to obtain « is to compute 
the time derivative of each of the two components of w using Eq. 20-6. 
At the instant shown in Fig. 20-7, imagine the fixed X, Y, Z and a 
rotating x, y, z frame to be coincident. If the rotating x, y, z frame is 
chosen to have an angular velocity of Q = w, = {—1k} rad/s, then 
w, will always be directed along the y (not Y) axis, and the time rate 
of change of w, as seen from x, y, z is zero; i.e, (@s)xyz = 0 (the 
magnitude and direction of w, is constant). Thus, 


(6,),,, + €, X e, = 0 + (—1k) x (3j) = (3i) rad/s? 


By the same choice of axes rotation, Q = w,, or even with Q = 0, 
the time derivative (@,),,- = 0, since w, has a constant magnitude 
and direction with respect to x, y, z. Hence, 


Gy = (à), + e,X @, =0+0=0 


The angular acceleration of the disk is therefore 


a= à = 6, + à, = (3i) rad/s? 


Velocity and Acceleration. Since w and «e have now been 
determined, the velocity and acceleration of point A can be found 
using Eqs. 20-3 and 20-4. Realizing that r4 = {1j + 0.25k} m, 
Fig. 20-7, we have 


= w X r4 = (3j — 1k) X (1j + 025k) = {1.75i} m/s Ans. 
=a Xry4+o X (wX ry) 

(3i) x (1j + 0.25k) + (3j — 1k) x [(3j — 1k) X (1j + 0.25k)] 
= (-2.50j — 2.25k} m/s? Ans. 


555 
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EXAMPLE |20.2 


At the instant 0 = 60°, the gyrotop in Fig. 20-8 has three components 
of angular motion directed as shown and having magnitudes defined as: 


Spin: w, = 10 rad/s, increasing at the rate of 6 rad/s” 


Nutation: c, = 3 rad/s, increasing at the rate of 2 rad/s” 


Precession: w, = 5 rad/s, increasing at the rate of 4 rad/s? 


Determine the angular velocity and angular acceleration of the top. 


SOLUTION 

Angular Velocity. The top rotates about the fixed point O. If the 
fixed and rotating frames are coincident at the instant shown, then the 
angular velocity can be expressed in terms of i, j, k components, with 
reference to the x, y, z frame; ie. 


w = —o,i + a, sin Oj (wp + ocos 0)k 
c, = 10 rad/s = —3i + 10sin 60°j + (5 + 10 cos 60°)k 
Lo = (—3i + 8.66 + 10k) rad/s Ans. 


oy” 
Angular Acceleration. As in the solution of Example 20.1, the 
@,=Srad/fs 4 


WEE IE angular acceleration e will be determined by investigating separately 

—A4rad/s^ Cl, E B 

ie ie the time rate of change of each of the angular velocity components as 
ways ın . . 

Z Sura 9 Y, y observed from the fixed X, Y, Z reference. We will choose an Q for the 


ee 3 rad/s X, y, z reference so that the component of œ being considered is 
c 
X X 


ån = 2 rad/s? viewed as having a constant direction when observed from x, y, z. 
Always in x-y plane Careful examination of the motion of the top reveals that w, 
has a constant direction relative to x, y, z if these axes rotate at 
Fig. 20-8 Q = c, + w,. Thus, 
0, = (65). t (0, + wp) X w, 
= (6 sin 60°j + 6 cos 60?k) + (—3i + 5k) X (10 sin 60°j + 10 cos 60°k) 
= (—43.30i + 20.20j — 22.98k} rad/s” 


Since w, always lies in the fixed X—Y plane, this vector has a constant 
direction if the motion is viewed from axes x, y, z having a rotation of 
Q = c, (not Q = c, + wp). Thus, 

On = (@p) xyz t €), X @, = —2i * (5k) X (—3i) = {-2i — 15j} rad/s” 
Finally, the component «c, is always directed along the Z axis so that 
here it is not necessary to think of x, y, z as rotating, i.e., Q = 0. 
Expressing the data in terms of the i,j, k components, we therefore have 

Op = (@p) xyz + 0 X w, = {4k} rad/s” 
Thus, the angular acceleration of the top is 
æ = ð, + @, + @, = (-453i + 520j — 19.0k} rad/s? Ans. 
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20.3 General Motion 


Shown in Fig. 20-9 is a rigid body subjected to general motion in three 
dimensions for which the angular velocity is w and the angular 
acceleration is a. If point A has a known motion of v4 and a4, the motion 
of any other point B can be determined by using a relative-motion analysis. 
In this section a translating coordinate system will be used to define the 
relative motion, and in the next section a reference that is both rotating 
and translating will be considered. 

If the origin of the translating coordinate system x, y, z (Q = 0) is 
located at the “base point" A, then, at the instant shown, the motion of 
the body can be regarded as the sum of an instantaneous translation of 
the body having a motion of v4, and a 4, and a rotation of the body about 


an instantaneous axis passing through point A. Since the body is rigid, Instantaneous 
the motion of point B measured by an observer located at A is therefore axis of rotation > 
the same as the rotation of the body about a fixed point. This relative N 
motion occurs about the instantaneous axis of rotation and is defined by = 
VB/A = € X rgja, Eq. 20-3, and agja = @ X rg;j4 + € X (@ X rgj4), Xe 


Eq. 20-4. For translating axes, the relative motions are related to 
absolute motions by vg = v4 + vpg;4 and ag = a4 + agja, Eqs. 16-15 
and 16-17, so that the absolute velocity and acceleration of point B can 
be determined from the equations 


VA 


x/ aj 
Wa = MA tox TBIA (20-7) O Y 
X 
Fig. 20-9 
and 
ag =a; ta X rgi4 t+ w X (w X rgj4) (20-8) 


These two equations are identical to those describing the general plane 
motion of a rigid body, Eqs. 16-16 and 16-18. However, difficulty 
in application arises for three-dimensional motion, because œ now 
measures the change in both the magnitude and direction of œ. 
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EXAMPLE | 20.3 


If the collar at C in Fig. 20-10a moves towards B with a speed of 3 m/s, 
determine the velocity of the collar at D and the angular velocity of 
the bar at the instant shown. The bar is connected to the collars at its 
end points by ball-and-socket joints. 


SOLUTION 
Bar CD is subjected to general motion. Why? The velocity of point D 
on the bar can be related to the velocity of point C by the equation 


YD- Yo @ @) TE 


The fixed and translating frames of reference are assumed to coincide 
at the instant considered, Fig. 20-105. We have 


Vp = —Upk vc = (3j) m/s 


rpc = (li + 2j — 0.5k} m w = o, + wj + ok 


Substituting into the above equation we get 
i j k 
—upk = a 1]. 09,  @; 
i S 
Expanding and equating the respective i, j, k components yields 
US 20, — 0 (1) 
0.50, + lwo, +3 =0 (2) 
20, — lo, rip — 0 (3) 
These equations contain four unknowns.* A fourth equation can be 
written if the direction of @ is specified. In particular, any component 
of c acting along the bar's axis has no effect on moving the collars. 
This is because the bar is free to rotate about its axis. Therefore, if w is 
specified as acting perpendicular to the axis of the bar, then w must 
have a unique magnitude to satisfy the above equations. 
Perpendicularity is guaranteed provided the dot product of œw and rpjc 
is zero (see Eq. C-14 of Appendix C). Hence, 
@ Ipc = (ei + @yj + ok) (li + 2j — 05k) = 0 
loc 20, Oo — 0 (4) 
Solving Eqs. 1 through 4 simultaneously yields 
w, = —4.86 rad/s w, = 2.29 rad/s œ, = —0.571rad/s Ans. 


& 
Op = 12:0mis J Ans. 


*Although this is the case, the magnitude of vp can be obtained. For example, solve 
Eqs. 1 and 2 for w, and c, in terms of œw, and substitute into Eq. 3. It will be noted that 
w, will cancel out, which will allow a solution for up. 


20.3 GENERAL MOTION 559 


PT PROBLEMS 


*20-1. The anemometer located on the ship at A spins 
about its own axis at a rate w,, while the ship rolls about the x 
axis at the rate w, and about the y axis at the rate a). 
Determine the angular velocity and angular acceleration of 
the anemometer at the instant the ship is level as shown. 
Assume that the magnitudes of all components of angular 
velocity are constant and that the rolling motion caused by 
the sea is independent in the x and y directions. 


Prob. 20-1 


20-2. The motion of the top is such that at the instant 
shown it rotates about the z axis at o, = 0.6 rad/s, while it 
spins at w = 8 rad/s. Determine the angular velocity and 
angular acceleration of the top at this instant. Express the 
result as a Cartesian vector. 


Prob. 20-2 


20-3. Ata given instant, the satellite dish has an angular 
motion w; = 6 rad/s and @ = 3 rad/s? about the z axis. At 
this same instant 0 = 25°, the angular motion about the x 
axis is œ = 2 rad/s, and o» = 1.5 rad/s?. Determine the 
velocity and acceleration of the signal horn A at this instant. 


Prob. 20-3 


*20-4. The fan is mounted on a swivel support such that 
at the instant shown it is rotating about the z axis at 
w, = 0.8 rad/s, which is increasing at 12 rad/s*. The blade is 
spinning at œ = 16 rad/s, which is decreasing at 2 rad/s”. 
Determine the angular velocity and angular acceleration of 
the blade at this instant. 


N 


€, 
P 


Prob. 20-4 
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*20-5. Gears A and B are fixed, while gears C and D are 20-7. If the top gear B rotates at a constant rate of œ, 
free to rotate about the shaft S. If the shaft turns about the z determine the angular velocity of gear A, which is free to 
axis at a constant rate of w, = 4 rad/s, determine the rotate about the shaft and rolls on the bottom fixed gear C. 


angular velocity and angular acceleration of gear C. 


Prob. 20-5 
Prob. 20-7 
*20-8. The telescope is mounted on the frame F that 
allows it to be directed to any point in the sky. At the instant 
. . 0 = 30°, the frame has an angular acceleration of 
20-6. The disk rotates about the z axis w, = 0.5 rad/s ay = 02 rad/s” and an angular velocity of wy = 0.3 rad/s 
without slipping on the horizontal plane. If at this same about the y' axis, and 0 = 0.5 rad /s? while ô= 0åtad /s 


instant œ, is increasing at ù, = 0.3 rad/s’, determine the 


: ; : . Determine the velocity and acceleration of the observin 
velocity and acceleration of point A on the disk. T d 


capsule at C at this instant. 


wy = 0.3 rad/s 
w, = 0.5 rad/s ls òy = 0.2 rad/s? 


| 150 mm ( 


ps 
x^ 6 


= 0.4 rad/s 


y 6 = 0.5 rad/s? 
300 mm — à 


x 


XA 


Prob. 20-6 Prob. 20-8 


*20-9. At the instant when 0 = 90°, the satellite's body is 
rotating with an angular velocity of œw; = 15 rad/s and 
angular acceleration of @, = 3 rad/s’. Simultaneously, the 
solar panels rotate with an angular velocity of w) = 6 rad/s 
and angular acceleration of @ = 1.5 rad/s”. Determine the 
velocity and acceleration of point B on the solar panel at 
this instant. 


20-10. At the instant when 0 = 90°, the satellite’s body 
travels in the x direction with a velocity of vp = {500i} m/s 
and acceleration of ag = {50i} m/s’. Simultaneously, the 
body also rotates with an angular velocity of w = 15 rad/s 
and angular acceleration of & = 3 rad/s’. At the same 
time, the solar panels rotate with an angular velocity of 
œ = 6rad/s and angular acceleration of & = 1.5 rad/s? 
Determine the velocity and acceleration of point B on the 
solar panel. z 


Probs. 20—9/10 


20-11. The cone rolls in a circle and rotates about the z 
axis at a constant rate w, = 8 rad/s. Determine the angular 
velocity and angular acceleration of the cone if it rolls 
without slipping. Also, what are the velocity and acceleration 


of point A? z 


dp 8 rad/s 
^ 


80mm 


Prob. 20-11 
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*20-12. Atthe instant shown, the motor rotates about the 
z axis with an angular velocity of œw = 3 rad/s and angular 
acceleration of ù = 1.5 rad/s’. Simultaneously, shaft OA 
rotates with an angular velocity of œ = 6 rad/s and angular 
acceleration of & = 3 rad/s’, and collar C slides along rod 
AB with a velocity and acceleration of 6 m/s and 3 m/s’. 
Determine the velocity and acceleration of collar C at this 
instant. 


Prob. 20-12 


20-13. At the instant shown, the tower crane rotates 
about the z axis with an angular velocity œw = 0.25 rad/s, 
which is increasing at 0.6 rad/s’. The boom OA rotates 
downward with an angular velocity w, = 0.4 rad/s, which is 
increasing at O.8rad/s) Determine the velocity and 
acceleration of point A located at the end of the boom at 
this instant. 


Prob. 20-13 
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20-14. Gear C is driven by shaft DE, while gear B spins 
freely about its axle GF, which precesses freely about shaft 
DE. If gear A is held fixed (w4 = 0), and shaft DE rotates 
with a constant angular velocity of «pg = 10 rad/s, 
determine the angular velocity of gear B. 


Zz 


Wa 


Prob. 20-14 


20-15. Gear C is driven by shaft DE, while gear B spins 
freely about its axle GF, which precesses freely about shaft 
DE. If gear A is driven with a constant angular velocity of 
w4 = Srad/s and shaft DE rotates with a constant angular 
velocity of wpg = 10 rad/s, determine the angular velocity 


of gear B. z 


WWW 7 A 


TN 


Prob. 20-15 
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*20-16. At the instant 0 = 0°, the satellite’s body is rotating 
with an angular velocity of œw = 20 rad/s, and it has an 
angular acceleration of o, = 5 rad/s’. Simultaneously, the 
solar panels rotate with an angular velocity of w = 5 rad/s 
and angular acceleration of & = 3 rad/s’. Determine the 
velocity and acceleration of point B located at the end of one 
of the solar panels at this instant. 
z 


Prob. 20-16 y 

*20-17. At the instant 0 = 30°, the satellite’s body is 
rotating with an angular velocity of wœ = 20 rad/s, and it has 
an angular acceleration of o, = 5 rad/s”. Simultaneously, the 
solar panels rotate with a constant angular velocity of 
œ = 5rad/s. Determine the velocity and acceleration of 
point B located at the end of one of the solar panels at this 
instant. 


20-18. At the instant 0 = 30°, the satellite’s body is 
rotating with an angular velocity of v = 20 rad/s, and it 
has an angular acceleration of o, = 5 rad/s’. At the same 
instant, the satellite travels in the x direction with a velocity 
of vo = {5000i} m/s, and it has an acceleration of 
ag = {500i} m/s”. Simultaneously, the solar panels rotate 
with a constant angular speed of œw = 5 rad/s. Determine 
the velocity and acceleration of point B located at the end 
of one of the solar panels at this instant. 
Z 


Probs. 20-17/18 


20-19. The crane boom OA rotates about the z axis with a 
constant angular velocity of œ = 0.15 rad/s, while it is 
rotating downward with a constant angular velocity of 
œ = 0.2 rad/s. Determine the velocity and acceleration of 
point A located at the end of the boom at the instant shown. 


Prob. 20-19 


*20-20. If the frame rotates with a constant angular 
velocity of w, = {—10k} rad/s and the horizontal gear B 
rotates with a constant angular velocity of wg = {5k} rad/s, 
determine the angular velocity and angular acceleration of 
the bevel gear A. 


Prob. 20-20 
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e20-21. Rod AB is attached to collars at its ends by ball- 
and-socket joints. If the collar A has a velocity of v4 = 3 ft/s, 
determine the angular velocity of the rod and the velocity of 
collar B at the instant shown. Assume the angular velocity of 
the rod is directed perpendicular to the rod. 


20-22. The rod AB is attached to collars at its ends by ball- 
and-socket joints. If collar A has an acceleration of 
a4 = {8i} ft/s? and a velocity v4 = {3i} ft/s, determine the 
angular acceleration of the rod and the acceleration of collar B 
at the instant shown. Assume the angular acceleration of the 
rod is directed perpendicular to the rod. 


3 ft/s 


Y Probs. 20-21/22 
20-23. Rod AB is attached to collars at its ends by ball-and- 
socket joints. If collar A moves upward with a velocity of 
v4 = {8k}ft/s, determine the angular velocity of the rod and 
the speed of collar B at the instant shown. Assume that the 
rod's angular velocity is directed perpendicular to the rod. 


*20-24. Rod AB is attached to collars at its ends by ball-and- 
socket joints. If collar A moves upward with an acceleration of 
a4 = {4k}ft/s’, determine the angular acceleration of rod AB 
and the magnitude of acceleration of collar B. Assume that the 
rod's angular acceleration is directed perpendicular to the rod. 


Probs. 20—23/24 
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*20-25. If collar A moves with a constant velocity of 
va = {10i} ft/s, determine the velocity of collar B when 
rod AB is in the position shown. Assume the angular 
velocity of AB is perpendicular to the rod. 


20-26. When rod AB is in the position shown, collar A 
moves with a velocity of v4 = {10i} ft/s and acceleration of 
a4 = (2i) ft/s’. Determine the acceleration of collar B at 
this instant. Assume the angular velocity and angular 
acceleration of AB are perpendicular to the rod. 


N 


Probs. 20-25/26 


20-27. If collar A moves with a constant velocity of 
vA = {3i} m/s, determine the velocity of collar B when rod 
AB is in the position shown. Assume the angular velocity of 
AB is perpendicular to the rod. 


*20-28. When rod AB is in the position shown, collar A 
moves with a velocity of v4 = {3i} m/s and acceleration of 
a, = {0.5i} m/s’. Determine the acceleration of collar B at 
this instant. Assume the angular velocity and angular 
acceleration of AB are perpendicular to the rod. 


Z 
A mm 
yoga 


A 


300 mm 


x 600 mm 


y 
Probs. 20-27/28 
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*20-29. If crank BC rotates with a constant angular 
velocity of «pc = 6 rad/s, determine the velocity of the 
collar at A. Assume the angular velocity of AB is 
perpendicular to the rod. 


20-30. If crank BC is rotating with an angular velocity 
Of @gc = 6rad/s and an angular acceleration of 
@gc = 1.5 rad/s’, determine the acceleration of collar A at 
this instant. Assume the angular velocity and angular 
acceleration of AB are perpendicular to the rod. 


z 300 mm 


Probs. 20-29/30 


20-31. Rod AB is attached to collars at its ends by ball- 
and-socket joints. If collar A has a velocity v4 = 15 ft/s at 
the instant shown, determine the velocity of collar B. 
Assume the angular velocity is perpendicular to the rod. 


*20-32. Rod AB is attached to collars at its ends by ball- 
and-socket joints. If collar A has a velocity of 
v4 = {15i} ft/s and an acceleration of a4 = {2i} ft/s? at 
the instant shown, determine the acceleration of collar B. 
Assume the angular velocity and angular acceleration are 
perpendicular to the rod. 


N 


20-31/32 


*20-33. Rod AB is attached to collars at its ends by ball- 
and-socket joints. If collar A has a speed v4 = 3 m/s, 
determine the speed of collar B at the instant shown. 
Assume the angular velocity is perpendicular to the rod. 


20-34. Ifthe collar at A in Prob 20-33 has an acceleration 
of a, = [—2k) m/s? at the instant its velocity is 
vA = (—3k] m/s, determine the magnitude of the 
acceleration of the collar at B at this instant. Assume the 
angular velocity and angular acceleration are perpendicular 
to the rod. 


Probs. 20—33/34 
20-35. The triangular plate ABC is supported at A by a 
ball-and-socket joint and at C by the x—z plane. The side AB 
lies in the x—y plane. At the instant 0 = 60°, 0 = 2 rad/s 
and point C has the coordinates shown. Determine the 
angular velocity of the plate and the velocity of point C at 
this instant. 


*20-36. The triangular plate ABC is supported at A by a 
ball-and-socket joint and at C by the x—z plane. The side 
AB lies in the x—y plane. At the instant 0 = 60°, 
0 = 2 rad/s, 0 = 3 rad/s? and point C has the coordinates 
shown. Determine the angular acceleration of the plate and 
the acceleration of point C at this instant. 


3 ft 


Probs. 20-35/36 
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*20-37. Disk A rotates at a constant angular velocity of 
10 rad/s. If rod BC is joined to the disk and a collar by ball- 
and-socket joints, determine the velocity of collar B at the 
instant shown. Also, what is the rod’s angular velocity wc 
if it is directed perpendicular to the axis of the rod? 


Zz 
D B 
E 
300 mm 
y 
200 nim 
C w = 10 rad/s 
AA 
500 mm 
100 mm 
x 
Prob. 20-37 


20-38. Solve Prob. 20-37 if the connection at B consists 
of a pin as shown in the figure below, rather than a ball- 
and-socket joint. Hint: The constraint allows rotation of the 
rod both about bar DE (j direction) and about the axis of 
the pin (n direction). Since there is no rotational 
component in the u direction, i.e., perpendicular to n and j 
whereu — j X n,an additional equation for solution can 
be obtained from w-u = 0. The vector n is in the same 
direction as rjc X Ipc. 


Prob. 20—38 
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*20.4  Relative-Motion Analysis Using 
Translating and Rotating Axes 


The most general way to analyze the three-dimensional motion of a rigid 
body requires the use of x, y, z axes that both translate and rotate relative 
to a second frame X, Y, Z. This analysis also provides a means to determine 
the motions of two points A and B located on separate members of a 
mechanism, and the relative motion of one particle with respect to another 
when one or both particles are moving along curved paths. 

As shown in Fig. 20-11, the locations of points A and B are specified 
relative to the X, Y, Z frame of reference by position vectors r4 and rg. 
The base point A represents the origin of the x, y, z coordinate system, 
which is translating and rotating with respect to X, Y, Z. At the instant 
considered, the velocity and acceleration of point A are v4 and a4, and 
the angular velocity and angular acceleration of the x, y, z axes are Q and 
Q = dQ,/dt. All these vectors are measured with respect to the X, Y, Z 
frame of reference, although they can be expressed in Cartesian 
component form along either set of axes. 


Fig. 20-11 
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Position. If the position of *B with respect to A” is specified by the 
relative-position vector rg, 4, Fig. 20-11, then, by vector addition, 


where 
Yp = 
YA = 


Yg/A — 


Ig — YA + YBa (20-9) 


position of B 
position of the origin A 


position of “B with respect to A” 


Velocity. The velocity of point B measured from X, Y, Z can be 
determined by taking the time derivative of Eq. 20-9, 


rg — YA + BJA 


The first two terms represent vg and v4. The last term must be evaluated 
by applying Eq. 20-6, since rg;4 is measured with respect to a rotating 
reference. Hence, 


Ypg/A = 
Therefore, 
where 
YE = 
VA = 
(VB/A) xyz z 
Q= 


Ypg/A — 


(FpjA)xy; + Q X rga = (VBA) xyz + Q X rgj4 (20-10) 


Vp — VA + 0 xX Yp/A IF (VB/A) xyz (20-11) 


= velocity of B 


velocity of the origin A of the x, y, z frame of reference 


velocity of *B with respect to A” as measured by an 
observer attached to the rotating x, y, z frame of 
reference 


angular velocity of the x, y, z frame of reference 


position of “B with respect to A” 
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Acceleration. The acceleration of point B measured from_X, Y, Z is 
determined by taking the time derivative of Eq. 20-11. 


; . ^ : d 
Vg 7 VA- QX A +Q x TB/A F qi VBA xyz 


The time derivatives defined in the first and second terms represent ag 
and a4, respectively. The fourth term can be evaluated using Eq. 20-10, 
and the last term is evaluated by applying Eq. 20-6, which yields 


d 
q 81A y = (Vaya) xyz + QO X (VnjA) xyz = (ag/A)xyz +Q X (YB/A)xyz 


Here (ag/,) xyz is the acceleration of B with respect to A measured from 
x, y, z. Substituting this result and Eq. 20-10 into the above equation and 
simplifying, we have 


ag = 84 + Ô X rgj4 + O X (Q X rga) +20 X (Ysja)xyz + (A/a) xyz 
(20-12) 


where 


ag = acceleration of B 


a, = acceleration of the origin A of the x, y, z frame 
of reference 


(ag/A)xyz» (YB/A)xyz = acceleration and relative velocity of “B with 
respect to A” as measured by an observer 
attached to the rotating x, y, z frame of 
reference 


0,0 = angular acceleration and angular velocity of the 
x, y, z frame of reference 


rg;4 = position of “B with respect to A” 


Equations 20-11 and 20-12 are identical to those used in Sec. 16.8 for 
analyzing relative plane motion.* In that case, however, application is 
Complicated spatial motion of the simplified since Q and Q have a constant direction which is always 
concrete bucket B occurs due to the perpendicular to the plane of motion. For three-dimensional motion, 
fötation öf the Boo about the Z axis, Q must be computed by using Eq. 20-6, since Q depends on the change 


motion of the carriage A along the 
boom, and extension and swinging of the in both the magnitude and direction of Q. 


cable AB. A translating-rotating x, y, z 
coordinate system can be established on 
the carriage, and a relative-motion 
analysis can then be applied to study 
this motion. *Refer to Sec. 16.8 for an interpretation of the terms. 
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Procedure for Analysis 


Three-dimensional motion of particles or rigid bodies can be 
analyzed with Eqs. 20-11 and 20-12 by using the following 
procedure. 


Coordinate Axes. 


e Select the location and orientation of the X, Y, Z and x, y, z 
coordinate axes. Most often solutions can be easily obtained if at 
the instant considered: 


(1) the origins are coincident 
(2) the axes are collinear 
(3) the axes are parallel 


e If several components of angular velocity are involved in a 
problem, the calculations will be reduced if the x, y, z axes are 
selected such that only one component of angular velocity is 
observed with respect to this frame (Q z) and the frame rotates 
with Q defined by the other components of angular velocity. 


Kinematic Equations. 


e After the origin of the moving reference, A, is defined and the 
moving point B is specified, Eqs. 20-11 and 20-12 should then be 
written in symbolic form as 


Vig = Wa ar a X rga t (YB/A)xyz 
ag =a4 +Q Xrgja tO X (Q X rgj4) + 20 X (Wea) xyz + (ABA) xyz 


e Ifr, and Q appear to change direction when observed from the 
fixed X, Y, Z reference then use a set of primed reference axes, x’, y', 
z' having a rotation Q' = Q. Equation 20-6 is then used to 
determine Q and the motion v4 and a, of the origin of the moving 
X, y, Z axes. 


If (rg 4). and Q yy: appear to change direction as observed from 
x, y, z, then use a set of double primed reference axes x", y", z" 
having Q” = Q,,, and apply Eq. 20-6 to determine Q „and the 
relative motion (Vg/4) xyz and (ag/A)xyz 


xyz 


After the final forms of Ô, v4, 2 Ory (Vp/a)xyz and (a5/A)xyz 
are obtained, numerical problem data can be substituted and the 
kinematic terms evaluated. The components of all these vectors 
can be selected either along the X, Y, Z or along the x, y, z axes. 
The choice is arbitrary, provided a consistent set of unit vectors 
is used. 
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EXAMPLE |20.4 


A motor and attached rod AB have the angular motions shown in 
Fig. 20-12. A collar C on the rod is located 0.25 m from A and is 
moving downward along the rod with a velocity of 3m/s and an 
acceleration of 2 m/s. Determine the velocity and acceleration of C 
at this instant. 


SOLUTION 


Coordinate Axes. 

The origin of the fixed X, Y, Z reference is chosen at the center of 
the platform, and the origin of the moving x, y, z frame at point A, 
Fig. 20-12. Since the collar is subjected to two components of 
angular motion, œ, and œ y, it will be viewed as having an angular 
velocity of 0,,, = «y in x, y, z. Therefore, the x, y, z axes will be 


attached to the platform so that Q = «,. 


! w, = 5 rad/s 


| à, = 2 rad/s” 


XC a! 
—_ 
wy = 3 rad/s 
@y = 1 rad/s? 
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Kinematic Equations. Equations 20-11 and 20-12, applied to 
points C and A, become 


Ve = VA ar Q x Ic/A ar Gaa 
ac = a4 + Q X rcj4 t+ Q X (Q X rca) +20 X (Vcja)xyz + (Ac/a) xyz 


Motion of A. Here r4 changes direction relative to X, Y, Z. To find 
the time derivatives of r we will use a set of x’, y', z' axes coincident 
with the X, Y, Z axes that rotate at Q’ = w,. Thus, 


= «y = {5k} rad/s (Q does not change direction relative to X, Y, Z.) 
o, = {2k} rad/s? 

= {2i}m 

= E47 (f4)vyz + €, X r4 = 0 + 5k X 2i = (10j) m/s 

=¥4 = [(Ea)eyz + @p X (£A)eyz] + @p X rA + Wy X tA 
[0 + 0] + 2k x 2i + 5k x 10j = (—50i + 4j) m/s? 


Motion of C with Respect to A. Here (rc/A)xyz changes direction 
relative to x, y, z. To find the time derivatives of (rc/4)xyz use a set of 
x", y", z" axes that rotate at Q” = Q,,, = œm. Thus, 


wm = {3i} rad/s (Qy; does not change direction relative to x, y, z.) 
ey = {li} rad/s? 
(-025k] m 


my 


Q 
0, 


Xy, 


= (Ec/A)xy; = (Ecya)styz + @m X (TcjA)xyz 
—3k + [3i X (—0.25k)] = (0.75j — 3k} m/s 
(acjA)xy: = (Feja)xyz = [(Ecya)s yz + om X (cia) yz] + 9 X (tcja)syz + Om X (Ecya)xy 
= [-2k + 3i x (—3k)] + (1i) x (—0.25k) + (3i) x (0.75j — 3k) 
= {18.25j + 0.25k} m/s 
Motion of C. 
Vo = VA + © X rej + (Veja) xyz 
= 10j + [5k x (—025k)] + (0.75j — 3k) 
(10.75j — 3k] m/s Ans. 
— a4 * Q X rgj4 + Q X (Q0 X rgj4) + 20 X (veja)uyz + (acja)uy: 
(—50i + 4j) + [2k X (—0.25k)] + 5k x [5k x (—0.25k)] 
+ 2[Sk x (0.75j — 3k)] + (1825j + 0.25k) 
= (—57.5i + 2225j + 0.25k} m/s 
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EXAMPLE [20.5 


The pendulum shown in Fig. 20-13 consists of two rods; AB is pin 
supported at A and swings only in the Y—Z plane, whereas a bearing at 
ài — 1.5 rad/s [p B allows the attached rod BD to spin about rod AB. At a given 


AY instant, the rods have the angular motions shown. Also, a collar C, 
X x 9 = 4 rad/s located 0.2 m from B, has a velocity of 3 m/s and an acceleration of 
2 m/s? along the rod. Determine the velocity and acceleration of the 
collar at this instant. 


SOLUTION | 


09 = 5 rad/s «la Coordinate Axes. The origin of the fixed X, Y, Z frame will be 
placed at A. Motion of the collar is conveniently observed from B, so 
the origin of the x, y, z frame is located at this point. We will choose 
Q = €01 and Q,. = >. 


Kinematic Equations. 


Vg Vir mr Q X Ycjg + (YcjB)xyz 
ac = agt Q Xrcog +t AX (OX reg) + 20 X (Ve/g) xyz + (Ac/B) xyz 


Motion of B. To find the time derivatives of rp let the x’, y', z' axes rotate with Q’ = «. Then 
QO! = e, = {4i} rad/s  Q' = &, = {1.5i} rad/s? 
rg = {—0.5k} m 
Vg = Eg = (řtg)yyz + € X rg = 0 + 4i X (-0.5k) = {2j} m/s 
ag = Eg = [(Yg)eyz + @1 X (tg)eyz7] + 91 X rg + e X tg 
= [0 + 0] + 1.5i x (—0.5k) + 4i x 2j = (0.75j + 8k} m/s? 

Motion of C with Respect to B. To find the time derivatives of (tc; eee let the x", y", z" axes rotate 
with Q,,. = «». Then 
Oxy, = @ = (Sk) rad/s — Qyy, = & = (—6k) rad/s? 
G@amn)o2 = 102] om 
(Vojp)xyz = (EcjB)xys = (tcp) xyz" + @2 X (Kejs)xyz = 3j + 5k x 02j = (—1i + 3j} m/s 
(ac/B) xyz = [(Ec;g)e yz + @2 X (Keys) xty'z"] + @2 X (Keys) xyz + @2 X (Koja) xyz 
= (2j + 5k X 3j) + (—6k x 02j) + [5k x (li + 3j)] 

{—28.8i — 3j) m/s 


(Tos) xyz 


Motion of C. 
Vc = Vg t+ Q X rog + (Voyp) xyz = 2j + 4i X 0.25 + (—1i + 3j) 
{-li + 5j + 0.8k} m/s Ans. 
ac = ag + Ô X rcg + Q X (Q X rcg) + 20 X (Veyp) xyz + (AC/B) xyz 
= (0.75j + 8k) + (1.5i x 0.2j) + [4i x (4i x 02j)] 
+ 2[4i x (—1i  3j)] + (-288i — 3j) 
= (—28.8i — 5.45j + 32.3k} m/s? 


20.4  RELATIVE-MOTION ANALYSIS USING TRANSLATING AND ROTATING AXES 


SOLUTION Il 

Coordinate Axes. Here we will let the x, y, z axes rotate at 

Q = c + w, = (4i + 5k} rad/s 

Then 0,,, = 0. 

Motion of B. From the constraints of the problem œ does not 
change direction relative to X, Y Z; however, the direction of œ, is 
changed by @,. Thus, to obtain © consider x’, y', z' axes coincident 


with the X, Y, Z axes at A, so that Q’ = w,. Then taking the 
derivative of the components of Q, 


Q = w +t o= [(@1) ez t w X wı] us [(@2) ez + w X w2] 


= [1.5i + 0] + [-6k + 4i x 5k] = {1.5i — 20j — 6k} rad/s? 


Also, «, changes the direction of rg so that the time derivatives of rg 
can be found using the primed axes defined above. Hence, 


Vg — Pa — (En) ye oom X v5 

= 0+ 4i X (—0.5k) = (2j) m/s 

ap = fg = [(TB) xyz" t w X (Ep). yz] + o0, X rg + 04 X tg 
= [0 + 0] + 1.5i x (—0.5k) + 4i x 2j = (0.75j + 8k} m/s? 


Motion of C with Respect to B. 
Qy =0 
D= 
= {0.2j} m 
= {3j} m/s 
= {2j} m/s 
Motion of C. 
Vc = Vg + Q X rcg + (Vea) xyz 
2j + [(4i + 5k) x (0.2j)] + 3j 
(—1i + 5j + 0.8k} m/s Ans. 
= ag+ Q X rcjg* Q X (OX rcg) + 20. X (Vo/B) eye + (AC/B) xyz 
(0.75j + 8k) + [(1.5i — 20j — 6k) x (0.2j)] 
+ (4i + 5k) x [(4i + 5k) x 0.2j]  2[(4i + 5k) x 3j] + 2j 
= (—28.8i — 5.45j + 32.3k} m/s? Ans. 
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ET PROBLEMS 


20-39. Solve Example 20-5 such that the x, y, z axes move 
with curvilinear translation, Q = 0 in which case the collar 
appears to have both an angular velocity Q,,. = « + «» 
and radial motion. 


*20—40. Solve Example 20-5 by fixing x, y, z axes to rod 
BD so that Q = c + «c». In this case the collar appears 


only to move radially outward along BD; hence Q.,,. = 0. 


*20-41. At the instant shown, the shaft rotates with an 
angular velocity of w, = 6rad/s and has an angular 
acceleration of w, = 3 rad/ s?. At the same instant, the disk 
spins about its axle with an angular velocity of w, = 12 rad/s, 
increasing at a constant rate of o, — 6 rad/s?. Determine the 
velocity of point C located on the rim of the disk at this instant. 


20-42. At the instant shown, the shaft rotates with an 
angular velocity of w, = 6rad/s and has an angular 
acceleration of w, = 3 rad/ s’. At the same instant, the disk 
spins about its axle with an angular velocity of w, = 12 rad/s, 
increasing at a constant rate of c, = 6 rad/s’. Determine 
the acceleration of point C located on the rim of the disk at 
this instant. 


Probs. 20—41/42 


20-43. At the instant shown, the cab of the excavator 
rotates about the z axis with a constant angular velocity of 
w, = 0.3 rad/s. At the same instant 0 = 60°, and the boom 
OBC has an angular velocity of 0 — 0.6 rad/s, which is 
increasing at ð = 0.2 rad/s, both measured relative to the 
cab. Determine the velocity and acceleration of point C on 
the grapple at this instant. 


*20-44. At the instant shown, the frame of the excavator 
travels forward in the y direction with a velocity of 2 m/s 
and an acceleration of 1 m/s”, while the cab rotates about 
the z axis with an angular velocity of w, = 0.3 rad/s, 
which is increasing at a, = 0.4 rad/s”. At the same instant 
0 = 60°, and the boom OBC has an angular velocity of 
0 — 0.6 rad/s, which is increasing at 0 — 0.2 rad/s?, both 
measured relative to the cab. Determine the velocity and 
acceleration of point C on the grapple at this instant. 


5m 
@, = 0.3 rad/s 


Probs. 20—43/44 
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*20-45. The crane rotates about the z axis with a constant 
rate œw = 0.6 rad/s, while the boom rotates downward with 
a constant rate w = 0.2 rad/s. Determine the velocity and 
acceleration of point A located at the end of the boom at 
the instant shown. 


20-46. The crane rotates about the z axis with a rate of 
€ = 0.6 rad/s, which is increasing at œ = 0.6 rad/s?. Also, 
the boom rotates downward at œ, = 0.2 rad/s, which is 
increasing at @) = 0.3 rad/s”. Determine the velocity and 
acceleration of point A located at the end of the boom at 
the instant shown. 


Probs. 20—45/46 
20-47. The motor rotates about the z axis with a constant 
angular velocity of w = 3 rad/s. Simultaneously, shaft OA 
rotates with a constant angular velocity of w = 6 rad/s. 
Also, collar C slides along rod AB with a velocity and 
acceleration of 6 m/s and 3 m/s?. Determine the velocity 
and acceleration of collar C at the instant shown. 


Prob. 20—47 


*20-48. At the instant shown, the helicopter is moving 
upwards with a velocity vj = 4 ft/s and has an 
acceleration aj — 2 ft/ s?. At the same instant the frame H, 
not the horizontal blade, rotates about a vertical axis with a 
constant angular velocity wy = 0.9 rad/s. If the tail blade B 
rotates with a constant angular velocity wg; = 180 rad/s, 
measured relative to H, determine the velocity and 
acceleration of point P located on the end of the blade, at 
the instant the blade is in the vertical position. 


Zz 
| 20 ft 


Prob. 20-48 


*20-49. Ata given instant the boom AB of the tower crane 
rotates about the z axis with the motion shown. At this same 
instant, 0 = 60° and the boom is rotating downward such 
that 0 = 0.4rad/s and @ = 0.6 rad/s’. Determine the 
velocity and acceleration of the end of the boom A at this 
instant. The boom has a length of /45 = 40 m. 


A 


6 — 0.4 rad/s 


6 = 0.6 rad/s” ANE 


Prob. 20-49 


576 CHAPTER 20 


20-50. At the instant shown, the tube rotates about the z 
axis with a constant angular velocity v, = 2 rad/s, while at 
the same instant the tube rotates upward at a constant rate 
w = 5 rad/s. If the ball B is blown through the tube at a 
rate + = 7 m/s, which is increasing at 7 = 2 m/s”, determine 
the velocity and acceleration of the ball at the instant 
shown. Neglect the size of the ball. 


20-51. At the instant shown, the tube rotates about the z 
axis with a constant angular velocity w = 2 rad/s, while at 
the same instant the tube rotates upward at a constant rate 
œ = 5 rad/s. If the ball B is blown through the tube at a 
constant rate + — 7 m/s, determine the velocity and 
acceleration of the ball at the instant shown. Neglect the 
size of the ball. 


@, = 2 rad/s c ~ 


EE mo NE 
P d 


Probs. 20—50/51 
*20—52. Attheinstant 0 = 30?,the frame of the crane and 
the boom AB rotate with a constant angular velocity of 
€, = 1.5 rad/s and œw, = 0.5 rad/s, respectively. Determine 
the velocity and acceleration of point B at this instant. 


*20-53. At the instant 0 = 30^, the frame of the crane is 
rotating with an angular velocity of œw; = 1.5 rad/s and 
angular acceleration of œ = 0.5 rad/s’, while the boom AB 
rotates with an angular velocity of w = 0.5 rad/s and angular 
acceleration of w = 0.25 rad/s”. Determine the velocity and 
acceleration of point B at this instant. 


Probs. 20—52/53 
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20-54. At the instant shown, the base of the robotic arm 
rotates about the z axis with an angular velocity of 
€ = 4 rad/s, which is increasing at @; = 3 rad/s?. Also, the 
boom BC rotates at a constant rate of «pc = 8 rad/s. 
Determine the velocity and acceleration of the part C held 
in its grip at this instant. 


gc = 8rad/s 


Prob. 20-54 


20-55. At the instant shown, the base of the robotic arm 
rotates about the z axis with an angular velocity of 
w, = 4 rad/s, which is increasing at w, = 3 rad/s’. Also, 
the boom BC rotates at wgc = 8 rad/s, which is increasing 
at opc = 2 rad/s’. Determine the velocity and acceleration 
of the part C held in its grip at this instant. 


gc = 8 rad/s 
Apc = 2 rad/s” 


w = 4 rad/s | 
à = 3 rad/s” 


Prob. 20-55 
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Rotation About a Fixed Point 

When a body rotates about a fixed point O, 
then points on the body follow a path 
that lies on the surface of a sphere 
centered at O. 


Since the angular acceleration is a time 
rate of change in the angular velocity, then 
it is necessary to account for both the 
magnitude and directional changes of œ 
when finding its time derivative. To do 
this, the angular velocity is often specified 
in terms of its component motions, such 
that the direction of some of these 
components will remain constant relative 
to rotating x, y, z axes. If this is the case, 
then the time derivative relative to the 
fixed axis can be determined using 
A = (À),, + OX A. 

Once @ and @ are known, the velocity 
and acceleration of any point P in the 
body can then be determined. 


General Motion 

If the body undergoes general motion, 
then the motion of a point B on the body 
can be related to the motion of another 
point A using a relative motion analysis, 
with translating axes attached to A. 


Relative Motion Analysis Using 
Translating and Rotating Axes 

The motion of two points A and B ona 
body, a series of connected bodies, or 
each point located on two different 
paths, can be related using a relative 
motion analysis with rotating and 
translating axes at A. 


When applying the equations, to find vg 
and ag, it is important to account for 
both the magnitude and directional 
changes of r4, (Tga)xyz, Q, and O,,, 
when taking their time derivatives to find 
VA, 8A, (Vaya) xy» (apa) xyzs Q, and 
ae To do this properly, one must use 


Eq. 20-6. 
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Instantaneous axis 
of rotation 


v=oxr 


a=aXrt+o X (@ Xr) 


Vg = VA t @ X YgjA 


ag — 34 * @ X rg, + wX (w X Trga) 


Vp—7 vVA- OX Teja + (VB/A) xyz 


ag = a4 + Ô X rga + Q X (Q X rga) + 20 X (Vaya) aye + (Azza) aye 


The design of amusement-park rides requires a force analysis that depends upon their 
three-dimensional motion. 


Three-Dimensional 
Kinetics of a Rigid 21 
Body 


CHAPTER OBJECTIVES 


e To introduce the methods for finding the moments of inertia and 


products of inertia of a body about various axes. 


* To show how to apply the principles of work and energy and linear 
and angular momentum to a rigid body having three-dimensional 
motion. 


* To develop and apply the equations of motion in three dimensions. 


* To study gyroscopic and torque-free motion. 


*21.1 Moments and Products of Inertia 


When studying the planar kinetics of a body, it was necessary to introduce 
the moment of inertia Iç, which was computed about an axis 
perpendicular to the plane of motion and passing through the body’s mass 
center G. For the kinetic analysis of three-dimensional motion it will 
sometimes be necessary to calculate six inertial quantities. These terms, 
called the moments and products of inertia, describe in a particular way 
the distribution of mass for a body relative to a given coordinate system 
that has a specified orientation and point of origin. 
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Fig. 21-1 
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Moment of Inertia. Consider the rigid body shown in Fig. 21-1. 
The moment of inertia for a differential element dm of the body about 
any one of the three coordinate axes is defined as the product of the 
mass of the element and the square of the shortest distance from the axis 
to the element. For example, as noted in the figure, r, = V y? + z?, so 
that the mass moment of inertia of the element about the x axis is 


dla = r? dm = (y? + z^) dm 


The moment of inertia /,, for the body can be determined by integrating 
this expression over the entire mass of the body. Hence, for each of the 


axes, we can write 
[ram = n + zZ)dm 
m m 


Iy = | "ndm = i (x? + z))dm (21-1) 


I, = ] i = n + y)dm 


Here it is seen that the moment of inertia is always a positive quantity, 
since it is the summation of the product of the mass dm, which is always 
positive, and the distances squared. 


ta] 
z 
I 


Product of Inertia. The product of inertia for a differential 
element dm with respect to a set of two orthogonal planes is defined as 
the product of the mass of the element and the perpendicular (or 
shortest) distances from the planes to the element. For example, this 
distance is x to the y-z plane and it is y to the x-z plane, Fig. 21-1. The 
product of inertia d/,, for the element is therefore 


dl,, — xy dm 
Note also that dl,, = dI,,. By integrating over the entire mass, the 


products of inertia of the body with respect to each combination of 
planes can be expressed as 


lig = E fx dm (21-2) 
m 
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y 
(a) (b) 
Fig. 21-2 


Unlike the moment of inertia, which is always positive, the product of 
inertia may be positive, negative, or zero. The result depends on the 
algebraic signs of the two defining coordinates, which vary independently 
from one another. In particular, if either one or both of the orthogonal 
planes are planes of symmetry for the mass, the product of inertia with 
respect to these planes will be zero. In such cases, elements of mass will 
occur in pairs located on each side of the plane of symmetry. On one side 
of the plane the product of inertia for the element will be positive, while 
on the other side the product of inertia of the corresponding element will 
be negative, the sum therefore yielding zero. Examples of this are shown 
in Fig. 21-2. In the first case, Fig. 21-2a, the y-z plane is a plane of 
symmetry, and hence /,, = /,. = 0. Calculation of J,, will yield a 
positive result, since all elements of mass are located using only positive 
y and z coordinates. For the cylinder, with the coordinate axes located as 
shown in Fig. 212b, the x-z and y-z planes are both planes of symmetry. 
Thus, Zy = P = Lx = 0. 


yz 


Parallel-Axis and Parallel-Plane Theorems. The techniques 
of integration used to determine the moment of inertia of a body were 
described in Sec. 17.1. Also discussed were methods to determine the 
moment of inertia of a composite body, i.e., a body that is composed of 
simpler segments, as tabulated on the inside back cover. In both of these 
cases the parallel-axis theorem is often used for the calculations. This 
theorem, which was developed in Sec. 17.1, allows us to transfer the 
moment of inertia of a body from an axis passing through its mass center 
G to a parallel axis passing through some other point. If G has 
coordinates xg, yg, zg defined with respect to the x, y, z axes, Fig. 21-3, 
then the parallel-axis equations used to calculate the moments of inertia 
about the x, y, z axes are 


x (Lae ar m(yc; um ZG) 


go 2)c +m(xG ar yc) 


ZG 


XG 


um 
Ly, (Iyy)o + m(xz; + zd) (21-3) , 
it, 


YG 


Fig. 21-3 
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ZG 


XG 


YG 


Fig. 21-3 (repeated) 


The dynamics of the space shuttle 
while it orbits the earth can be 
predicted only if its moments and 
products of inertia are known 
relative to its mass center. 
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The products of inertia of a composite body are computed in the same 
manner as the body's moments of inertia. Here, however, the parallel- 
plane theorem is important. This theorem is used to transfer the products 
of inertia of the body with respect to a set of three orthogonal planes 
passing through the body's mass center to a corresponding set of three 
parallel planes passing through some other point O. Defining the 
perpendicular distances between the planes as xg, yg and zg, Fig. 21-3, 
the parallel-plane equations can be written as 


Ly y)g T nxays 
I x (JMyz)c + mygzg 
Ia = Vae T ize ee 


(21-4) 


The derivation of these formulas is similar to that given for the parallel- 
axis equation, Sec. 17.1. 


Inertia Tensor. The inertial properties of a body are therefore 
completely characterized by nine terms, six of which are independent of 
one another. This set of terms is defined using Eqs. 21-1 and 21-2 and 
can be written as 


P P Sly 
yy Dy Ly: 
m Tey Lz 


This array is called an inertia tensor.* It has a unique set of values for a 
body when it is determined for each location of the origin O and 
orientation of the coordinate axes. 

In general, for point O we can specify a unique axes inclination for 
which the products of inertia for the body are zero when computed with 
respect to these axes. When this is done, the inertia tensor is said to be 
“diagonalized” and may be written in the simplified form 


1 0 0 
0 1 0 
0 0 L 


Here I, = Ly, I, = Jy, and I, = L, are termed the principal moments 
of inertia for the body, which are computed with respect to the principal 
axes of inertia. Of these three principal moments of inertia, one will be a 


maximum and another a minimum of the body's moment of inertia. 


* The negative signs are here as a consequence of the development of angular momentum, 
Eqs. 21-10. 
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The mathematical determination of the directions of principal axes of 
inertia will not be discussed here (see Prob. 21-20). However, there are 
many cases in which the principal axes can be determined by inspection. 
From the previous discussion it was noted that if the coordinate axes are 
oriented such that two of the three orthogonal planes containing the axes 
are planes of symmetry for the body, then all the products of inertia for 
the body are zero with respect to these coordinate planes, and hence 
these coordinate axes are principal axes of inertia. For example, the x, y, 
z axes shown in Fig. 21—2b represent the principal axes of inertia for the 
cylinder at point O. 


Moment of Inertia About an Arbitrary Axis. Consider the 
body shown in Fig. 21-4, where the nine elements of the inertia tensor 
have been determined with respect to the x, y, z axes having an origin at 
O. Here we wish to determine the moment of inertia of the body about 
the Oa axis, which has a direction defined by the unit vector u,. By 
definition /o, = J b? dm, where b is the perpendicular distance from dm 
to Oa. If the position of dm is located using r, then b = r sin 0, which 
represents the magnitude of the cross product u, X r. Hence, the 
moment of inertia can be expressed as 


Ioa B c X r)|?dm = no x r) : (Uy x r)dm 


Provided u, = uxi + uyj + u;k and r = xi + yj + zk, then u, X r= 

u,z —u,yÀ + (ux — u,z)j + (u,y —u,x)k. After substituting and 
y zY. Zz x) xY y 2 

performing the dot-product operation, the moment of inertia is 


Toa = fiez = uy)? + (ux — uz)? + (usy — uyx)]dm 


= ao + z)dm + af c + x)dm + fo + y?) dm 
m m m 


— Duty | xy dm — due | yz dm — ua f zx dm 
i m m m 


Recognizing the integrals to be the moments and products of inertia of 
the body, Eqs. 21-1 and 21-2, we have 


A ee UM A (21-5) 


Thus, if the inertia tensor is specified for the x, y, z axes, the moment of 
inertia of the body about the inclined Oa axis can be found. For the 
calculation, the direction cosines u,,u,,u. of the axes must be 
determined. These terms specify the cosines of the coordinate direction 
angles a,8,y made between the positive Oa axis and the positive x, y, z 


axes, respectively (see Appendix C). 


dm 


d 
b-—rsin6 
0 
Fig. 21-4 
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4kg 
(—0.2, 0.2, 0.2) 


Determine the moment of inertia of the bent rod shown in Fig. 21—5a 
about the Aa axis. The mass of each of the three segments is given in 
the figure. 


SOLUTION 

Before applying Eq. 21-5, it is first necessary to determine the 
moments and products of inertia of the rod with respect to the x, y, z 
axes. This is done using the formula for the moment of inertia of a 
slender rod, J = zm, and the parallel-axis and parallel-plane 
theorems, Eqs. 21-3 and 21-4. Dividing the rod into three parts and 
locating the mass center of each segment, Fig. 21-55, we have 


Tey = [15(2)(02 + 2(01?] + [0 + 2(0:2)7] 
+ [5(4)(0.4)? + 4((0.2)? + (0.2)2)] = 0.480 kg m? 


1, = [H(2)(0.2)? + 2001] + [5(2)(0.2)? + 2((-0.1)? + (02^) 
+ [0 + 4((—0.2? + (0.2)7)] = 0.453 kg- m? 


= [0 + 0]  [5(2)(02)? + 2(-0.1)7] + [5(4)(0.4? + 
4((—0.2)? + (0.2))] = 0.400 kg- m? 


+ [0 + 0] + [0 + 4(—0.2)(0.2)] = —0.160 kg- m? 
+ [0 + 0] + [0 + 4(0.2)(0.2)] = 0.160 kg - m? 
+ [0 + 2(0.2)(-0.1)] + 
[0 + 4(0.2)(—0.2)] = —0.200 kg- m? 
The Aa axis is defined by the unit vector 


| -02i + 04j + 02k 
V/(—0.2Y + (0.4 + (0.2 


= —0.408i + 0.816j + 0.408k 


Thus, 
uy = —0.408 H = G u, = 0.408 
Substituting these results into Eq. 21-5 yields 
Ty u sk Tus POE E a — L — a — A 
= 0.480(—0.408)? + (0.453) (0.816)? + 0.400(0.408)? 
— 2(—0.160)(—0.408) (0.816) — 2(0.160) (0.816) (0.408) 
— 2(—0.200)(0.408)(—0.408) 
= 0.169 kg - m? Ans. 
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e21-1. Show that the sum of the moments of inertia of a 
body, Zx + Ly + Izz is independent of the orientation of 
the x, y, z axes and thus depends only on the location of its 
origin. 


21-2. Determine the moment of inertia of the cone with 
respect to a vertical y axis that passes through the cone's 
center of mass. What is the moment of inertia about a parallel 
axis y' that passes through the diameter of the base of the 
cone? The cone has a mass m. 


Prob. 21-2 


21-3. Determine the moments of inertia J, and J, of the 
paraboloid of revolution. The mass of the paraboloid is m. 


Prob. 21-3 


*21-4. Determine by direct integration the product of 
inertia /,. for the homogeneous prism. The density of the 
materialis p. Express the result in terms of the total mass m 
of the prism. 


e21-5. Determine by direct integration the product of 
inertia /,, for the homogeneous prism. The density of the 
material is p. Express the result in terms of the total mass m 
of the prism. 


Probs. 21-4/5 


21-6. Determine the product of inertia J,, for the 
homogeneous tetrahedron. The density of the material is p. 
Express the result in terms of the total mass m of the solid. 
Suggestion: Use a triangular element of thickness dz and 
then express dl,, in terms of the size and mass of the 
element using the result of Prob. 21-5. 


Prob. 21-6 
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21-7. Determine the moments of inertia for the 
homogeneous cylinder of mass m about the x’, y', z' axes. 


Prob. 21-7 


*21-8. Determine the product of inertia /,, of the 
homogeneous triangular block. The material has a density 
of p. Express the result in terms of the total mass m of the 
block. 


Prob. 21-8 
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e21-9. The slender rod has a mass per unit length of 
6 kg/m. Determine its moments and products of inertia 
with respect to the x, y, z axes. 


2m O 
y 
di. í 
2m 
Prob. 21-9 


21-10. Determine the products of inertia /,,, /,,, and Iz 
of the homogeneous solid. The material has a density of 
7.85 Mg/m?. 


200 is 
200 "an 


md 
100 mm B 
X^ 200 mm 3 
200 mm 


Prob. 21-10 
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21-11. The assembly consists of two thin plates A and B *21-13. The bent rod has a weight of 1.5 lb/ft. Locate the 


which have a mass of 3 kg each and a thin plate C which has center of gravity G(x, y) and determine the principal 
a mass of 4.5 kg. Determine the moments of inertia J,, I, moments of inertia Iy, Iy, and Iy of the rod with respect to 
and J,. the x’, y', z' axes. 


Prob. 21-11 Prob. 21-13 


21-14. The assembly consists of a 10-Ib slender rod and a 
30-Ib thin circular disk. Determine its moment of inertia 
about the y' axis. 


*21-12. Determine the products of inertia Z xy: I, and 
I... of the thin plate. The material has a density per unit 
area of 50 kg/m?. 


Prob. 21-12 Prob. 21-14 
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21-15. The top consists of a cone having a mass of 0.7 kg 
and a hemisphere of mass 0.2 kg. Determine the moment of 
inertia 7, when the top is in the position shown. 


Prob. 21-15 


*21-16. Determine the products of inertia Ly, I, and 
I. of the thin plate. The material has a mass per unit area 
of 50 kg/m”. 


Prob. 21-16 
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*21-17. Determine the product of inertia /,, for the bent 
rod. The rod has a mass per unit length of 2 kg/m. 


21-18. Determine the moments of inertia /,,, J,,, Iz; for 
the bent rod. The rod has a mass per unit length of 2 kg/m. 


500 mm — 
Probs. 21-17/18 
21-19. Determine the moment of inertia of the rod-and- 


thin-ring assembly about the z axis. The rods and ring have 
a mass per unit length of 2 kg/m. 


Prob. 21-19 


21.2 Angular Momentum 


In this section we will develop the necessary equations used to determine 
the angular momentum of a rigid body about an arbitrary point. These 
equations will provide a means for developing both the principle of impulse 
and momentum and the equations of rotational motion for a rigid body. 

Consider the rigid body in Fig. 21-6, which has a mass m and center of 
mass at G. The X, Y, Z coordinate system represents an inertial frame of 
reference, and hence, its axes are fixed or translate with a constant 
velocity. The angular momentum as measured from this reference will be 
determined relative to the arbitrary point A. The position vectors r4 and 
p A are drawn from the origin of coordinates to point A and from A to 
the ith particle of the body. If the particle's mass is m;, the angular 
momentum about point A is 


(H4); = Pa X mivi 


where v; represents the particle's velocity measured from the X, Y, Z 
coordinate system. If the body has an angular velocity w at the instant 
considered, v; may be related to the velocity of A by applying Eq. 20-7, i.e., 


Vi=Vat WX pA 
Thus, 
(H4)i = pa X m(v4 + œ X pa) 
= (pami) X v4 + pa X (e X p4)m; 


Summing the moments of all the particles of the body requires an 
integration. Since m; — dm, we have 


Ha=(fpsdm)xvat f pax (wx oam (21-6) 


i L i 


Inertial coordinate system 


Fig. 21-6 
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Z 
Z 
z 
: / 
: G 
o 
p 
y x7 s ML 
po — i y 
* Fixed Point x Center of Mass 
(a) (b) 


Fig. 21-7 


Fixed Point O. If A becomes a fixed point O in the body, Fig. 21—7a, 
then v4 — 0 and Eq.21-6 reduces to 


Ho- | pox (» X po) dm (21-7) 


Center of Mass G. If A is located at the center of mass G of the 
body, Fig. 21-75, then n dm = 0 and 


Ho = [ pox (w X po) dm (21-8) 


Arbitrary Point A. In general, A can be a point other than O or G, 
Fig. 21-7c, in which case Eq. 21-6 may nevertheless be simplified to the 
following form (see Prob. 21—21). 


H; = PG/A x mwg AF Hg (21-9) 


Here the angular momentum consists of two parts —the moment of the 
linear momentum myg of the body about point A added (vectorially) to 
the angular momentum Hg. Equation 21-9 can also be used to 
determine the angular momentum of the body about a fixed point O. 
The results, of course, will be the same as those found using the more 
convenient Eq. 21-7. 


Rectangular Components of H. To make practical use of 
Eqs. 21-7 through 21-9, the angular momentum must be expressed in 
terms of its scalar components. For this purpose, it is convenient to 


choose a second set of x, y, z axes having an arbitrary orientation 
relative to the X, Y, Z axes, Fig. 21-7, and for a general formulation, 
note that Eqs. 21-7 and 21-8 are both of the form 


H= | px (wx pdm 
m 
Expressing H, p, and in terms of x, y, z components, we have 


Had H,j + H,k = foi + yj + zk) X [(@,i + wj + ek) 
m 


X (xi + yj + zk)]dm 


Expanding the cross products and combining terms yields 
H,i + Hyj + Hk = efo + z?)dm — o [ o dm — o [ xz an 
m m m 


+ [~os f xy am + o, fox + z)dm — o. [ ycam} 
+ EXE 7 o, | va dm + o. [ + v)dm 


Equating the respective i, j, k components and recognizing that the 
integrals represent the moments and products of inertia, we obtain 


A, = Io, — 1,0 EE I9; 
EL a = Thay (21-10) 
H, Hos = I0, Tu. 


These equations can be simplified further if the x, y, z coordinate axes 
are oriented such that they become principal axes of inertia for the body 
at the point. When these axes are used, the products of inertia 
I, = I, = Lx = 0, and if the principal moments of inertia about the x, 
and 7, = I,,, the three 


y= 


y z axes are represented as J, = I,,, I, = Lyy, 


components of angular momentum become 
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The motion of the astronaut is 


controlled by use of small directional jets 
attached to his or her space suit. The 
impulses these jets provide must be 
carefully specified in order to prevent 
tumbling and loss of orientation. 


Inertial coordinate system 


Fig. 21-8 
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Principle of Impulse and Momentum. Now that the 
formulation of the angular momentum for a body has been developed, 
the principle of impulse and momentum, as discussed in Sec. 19.2, can be 
used to solve kinetic problems which involve force, velocity, and time. For 
this case, the following two vector equations are available: 


t 
m(vG)i F a| ae = m(vg)a (21-12) 
ti 


(Ho): + X | Modr = (Ho) (21-13) 


In three dimensions each vector term can be represented by three scalar 
components, and therefore a total of six scalar equations can be written. 
Three equations relate the linear impulse and momentum in the x, y, z 
directions, and the other three equations relate the body’s angular 
impulse and momentum about the x, y, z axes. Before applying Eqs. 21-12 
and 21-13 to the solution of problems, the material in Secs. 19.2 and 19.3 
should be reviewed. 


21.3 Kinetic Energy 


In order to apply the principle of work and energy to solve problems 
involving general rigid body motion, it is first necessary to formulate 
expressions for the kinetic energy of the body. To do this, consider the 
rigid body shown in Fig. 21-8, which has a mass m and center of mass at 
G. The kinetic energy of the ith particle of the body having a mass m; 
and velocity v;, measured relative to the inertial X, Y, Z frame of 
reference, is 


cda c. d 

T; = 45mpj = 5m((vi* vi) 
Provided the velocity of an arbitrary point A in the body is known, v; can 
be related to v4 by the equation v; = v4 + w X py, where w is the 
angular velocity of the body, measured from the X, Y, Z coordinate 


system, and p, is a position vector extending from A to i. Using this 
expression, the kinetic energy for the particle can be written as 


T; = im((v4 + œ X pa): (va + œ X pa) 
= X(va* vA)m; + vat(o X p4)m; + iÉ X pa): (@ X pa)mi 


The kinetic energy for the entire body is obtained by summing the 
kinetic energies of all the particles of the body. This requires an 
integration. Since m; — dm, we get 


T= 3m(va* vA) t veo x f padm] + T X p) * (o X pa)dm 


The last term on the right can be rewritten using the vector identity 
aX b-c=a-b Xc, where a= o, b= py, and c= o X py. The 
final result is 


T= tm(va* va) + valo x ] padm) 


tie: n X (€ X py)dm (21-14) 
m 


This equation is rarely used because of the computations involving the 
integrals. Simplification occurs, however, if the reference point A is 
either a fixed point or the center of mass. 


Fixed Point O. If A is a fixed point O in the body, Fig. 21—7a, then 
v4 = 0, and using Eq. 21-7, we can express Eq. 21-14 as 


T =4@-Ho 


If the x, y, z axes represent the principal axes of inertia for the body, then 
w = wi + wj + œk and Ho = Lowi + Iyo,j + I.o.k. Substituting 
into the above equation and performing the dot-product operations yields 


noc cM F (21-15) 


Center of Mass G. If A is located at the center of mass G of the 
body, Fig. 21-7b, then f p4 dm = 0 and, using Eq. 21-8, we can write 
Eq. 21-14 as 


T= tmo% + lo-Hg 


In a manner similar to that for a fixed point, the last term on the right 
side may be represented in scalar form, in which case 


T= indy + ak + heh sit] —— Quae 


Here it is seen that the kinetic energy consists of two parts; namely, the 
translational kinetic energy of the mass center, ime, and the body's 
rotational kinetic energy. 


Principle of Work and Energy. Having formulated the kinetic 
energy for a body, the principle of work and energy can be applied to 
solve kinetics problems which involve force, velocity, and displacement. 
For this case only one scalar equation can be written for each body, 
namely, 


Tox XU = Th (21-17) 


Before applying this equation, the material in Chapter 18 should be 
reviewed. 
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EXAMPLE |21.2 


The rod in Fig. 21-9a has a weight per unit length of 1.5 lb/ft. 
Determine its angular velocity just after the end A falls onto the hook 
at E. The hook provides a permanent connection for the rod due to 
the spring-lock mechanism S. Just before striking the hook the rod is 
falling downward with a speed (vg); = 10 ft/s. 


SOLUTION 

The principle of impulse and momentum will be used since impact 
occurs. 

Impulse and Momentum Diagrams. Fig. 21-9b. During the short 
time At, the impulsive force F acting at A changes the momentum of 
the rod. (The impulse created by the rod's weight W during this time 
is small compared to J F dt, so that it can be neglected, i.e., the weight 
is a nonimpulsive force.) Hence, the angular momentum of the rod is 
conserved about point A since the moment of / F dt about A is zero. 
Conservation of Angular Momentum. Equation 21-9 must be 
used to find the angular momentum of the rod, since A does not 
become a fixed point until after the impulsive interaction with the 
hook. Thus, with reference to Fig. 21-95, (H 4); = (H 4)2, or 


rg;A X m(vg) = tgj4 X m(va); + (Ho); (1) 
From Fig. 21-94, rg,4 = (—0.667i + 0.5j} ft. Furthermore, the 


primed axes are principal axes of inertia for the rod because I, = 
Ig, — 1,0. Hence, trom Eqs 21-15 (Ho) — food 


Iyc,j + Lo.k. The principal moments of inertia are [= 
0.0272 slug - f", Iy = 0.0155 slug: ft’, Iy = 0.0427 slug ft? (see Prob. 
21-13). Substituting into Eq. 1, we have 


4.5 4.5 
—0.667i + 0.5j) x || =] = (-0.667i + 0.55) x || === ](- 
(70.667i + 0.5j) (S5 10k) (—0.667i + 0.5j) (S) ook) 
+ 0.0272,i + 0.0155@,j + 0.04270,k 
Expanding and equating the respective i, j,k components yields 
—0.699 = —0.0699(ug)2 + 0.02720, (2) 
—0.932 = —0.0932(vg)2 + 0.015505 (3) 
0 = 0.0427, (4) 
Kinematics. There are four unknowns in the above equations; 
however, another equation may be obtained by relating w to (vc); 
using kinematics. Since w, = 0 (Eq.4) and after impact the rod rotates 
about the fixed point A, Eq. 20-3 can be applied, in which case 
(Vc); = € X ¥Gja, OF 
—(vg)2k = (wi sk wyj) x (—0.667i = 0.5j) 
—(vG)2 = 0.50, + 0.667, (5) 
Solving Eqs. 2,3 and 5 simultaneously yields 
(vG)2 = {-8.41k} ft/s @ = (—4.00i — 9.55j} rad/s Ans. 


EXAMPLE [21.3 


A 5-N:m torque is applied to the vertical shaft CD shown in 
Fig. 21-10a, which allows the 10-kg gear A to turn freely about CE. 
Assuming that gear A starts from rest, determine the angular 
velocity of CD after it has turned two revolutions. Neglect the mass 
of shaft CD and axle CE and assume that gear A can be 
approximated by a thin disk. Gear B is fixed. 


SOLUTION 
The principle of work and energy may be used for the solution. Why? 


Work. If shaft CD, the axle CE, and gear A are considered as a system 
of connected bodies, only the applied torque M does work. For two 
revolutions of CD, this work is ZU; = (5 N-m)(47 rad) = 62.83 J. 


Kinetic Energy. Since the gear is initially at rest, its initial kinetic 
energy is Zero. A kinematic diagram for the gear is shown in Fig. 21-10b. 
If the angular velocity of CD is taken as ep, then the angular velocity 
of gear Ais w4 = wcp + ccr. The gear may be imagined as a portion 
of a massless extended body which is rotating about the fixed point C. 
The instantaneous axis of rotation for this body is along line CH, 
because both points C and H on the body (gear) have zero velocity and 
must therefore lie on this axis. This requires that the components wep 
and «cg be related by the equation «ocp5/0.1 m = w¢,/0.3m or 
OCE — 3ocp. Thus, 


oO, — —ocri + ocpk = —3ocpi F wcpk (1) 


The x, y, z axes in Fig. 21-10a represent principal axes of inertia at C 
for the gear. Since point C is a fixed point of rotation, Eq. 21-15 may 
be applied to determine the kinetic energy, i.e., 


f= {lo + lo + lo (2) 


Using the parallel-axis theorem, the moments of inertia of the gear 
about point C are as follows: 


I, = 4(10 kg)(0.1 m)? = 0.05 kg: m? 
IL, = 1, = į(10 kg)(0.1 m)? + 10 kg(0.3 m)? = 0.925 kg: m? 
Since o, = —3ocp, Wy = 0, w; = wcp, Eq. 2 becomes 
T4 = 3(0.05)(—3acp)? + 0 + 1(0.925)(ocp)? = 0.6875a2ep 


Principle of Work and Energy. Applying the principle of work and 
energy, we obtain 


Ti F ZU, -2 = T 
0 + 62.83 = 0.6875w2p 
wcp = 9.56 rad/s 
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*21-20. If a body contains no planes of symmetry, the 
principal moments of inertia can be determined 
mathematically. To show how this is done, consider the rigid 
body which is spinning with an angular velocity w, directed 
along one of its principal axes of inertia. If the principal 
moment of inertia about this axis is Z, the angular momentum 
can be expressed as H = Iw = Ici + Iwj + Iw,k. The 
components of H may also be expressed by Eqs. 21-10, 
where the inertia tensor is assumed to be known. Equate the 
i, j, and k components of both expressions for H and consider 
€, @y, and w, to be unknown. The solution of these three 
equations is obtained provided the determinant of the 
coefficients is zero. Show that this determinant, when 
expanded, yields the cubic equation 


P eU ly gor 


T xxl yy H Iy:. Ida I b. II 
~~ yl. ~ Qyylyzlex = Ial: 


Lys Lg) -0 


The three positive roots of /, obtained from the solution of 
this equation, represent the principal moments of inertia 
I, Ty, and L 


Prob. 21-20 


e21-21. Show that if the angular momentum of a body is 
determined with respect to an arbitrary point A, then H4 
can be expressed by Eq. 21-9. This requires substituting 
DPA = PG + Pca into Eq. 21-6 and expanding, noting 
that /'pg dm = 0 by definition of the mass center and 
VG — VA t w X pg. 


Prob. 21-21 


21-22. The 4-Ib rod AB is attached to the disk and collar 
using ball-and-socket joints. If the disk has a constant 
angular velocity of 2 rad/s, determine the kinetic energy of 
the rod when it is in the position shown. Assume the angular 
velocity of the rod is directed perpendicular to the axis of 
the rod. 


21-23. Determine the angular momentum of rod AB in 
Prob. 21-22 about its mass center at the instant shown. 
Assume the angular velocity of the rod is directed 
perpendicular to the axis of the rod. 


Probs. 21-22/23 


*21-24. The uniform thin plate has a mass of 15 kg. Just 
before its corner A strikes the hook, it is falling with a 
velocity of vg = {—5k} m/s with no rotational motion. 
Determine its angular velocity immediately after corner A 
strikes the hook without rebounding. 
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21-27. The space capsule has a mass of 5 Mg and the 
radii of gyration are k, = k, = 1.30 m and k, = 0.45 m. 
If it travels with a velocity vg = (400j + 200k} m/s, 
compute its angular velocity just after it is struck by a 
meteoroid having a mass of 0.80 kg and a velocity 
Vn = {—300i + 200j — 150k} m/s. Assume that the 
meteoroid embeds itself into the capsule at point A and 
that the capsule initially has no angular velocity. 


Prob. 21-24 


e21-25. The 5-kg disk is connected to the 3-kg slender 
rod. If the assembly is attached to a ball-and-socket joint at 
A and the 5-N - m couple moment is applied, determine the 
angular velocity of the rod about the z axis after the 
assembly has made two revolutions about the z axis starting 
from rest. The disk rolls without slipping. 


21-26. The 5-kg disk is connected to the 3-kg slender rod. 
If the assembly is attached to a ball-and-socket joint at A 
and the 5-N : m couple moment gives it an angular velocity 
about the z axis of w, = 2 rad/s, determine the magnitude 
of the angular momentum of the assembly about A. 


Probs. 21-25/26 


Prob. 21—27 


*21-28. Each of the two disks has a weight of 10 Ib. The 
axle AB weighs 3 Ib. If the assembly rotates about the z axis 
at w, = 6 rad/s, determine its angular momentum about 
the z axis and its kinetic energy. The disks roll without 


slipping. 


w, = 6 rad/s 


Prob. 21-28 
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*21-29. The 10-kg circular disk spins about its axle with a 
constant angular velocity of w = 15 rad/s. Simultaneously, 
arm OB and shaft OA rotate about their axes with constant 
angular velocities of œ = 0 and w3 = 6 rad/s, respectively. 
Determine the angular momentum of the disk about point O, 
and its kinetic energy. 


21-30. The 10-kg circular disk spins about its axle with a 
constant angular velocity of œw = 15 rad/s. Simultaneously, 
arm OB and shaft OA rotate about their axes with constant 
angular velocities of œ= lOrad/s and «o, = 6rad/s, 
respectively. Determine the angular momentum of the disk 
about point O, and its kinetic energy. 

£ 


Probs. 21-29/30 


21-31. The 200-kg satellite has its center of ma at point 
G. Its radii of gyration about the z’, x’, y' axes are 
ky = 300mm, ky = ky = 500mm, respectively. At the 
instant shown, the satellite rotates about the x’, y', and z’ 
axes with the angular velocity shown, and its center of mass 
G has a velocity of v5; = {—250i + 200j + 120k} m/s. 
Determine the angular momentum of the satellite about 
point A at this instant. 


*21-32. The 200-kg satellite has its center of mass at point G. 
Its radii of gyration about the z’, x’, y' axes are ky = 300 mm, 
ky = ky = 500 mm, respectively. At the instant shown, the 
satellite rotates about the x’, y', and z' axes with the angular 
velocity shown, and its center of mass G has a velocity of 
Vg = (—250i + 200j + 120k} m/s. Determine the kinetic 
energy of the satellite at this instant. 
ZZ 
€; = 1250 rad/s~ 


w, = 300 rad/s 
My! 
Probs. 21-31/32 


" 
@,' = 600 rad/s 5 
, 800 mm 
x 
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e21-33. The 25-lb thin plate is suspended from a ball-and- 
socket joint at O. A 0.2-lb projectile is fired with a velocity 
of v = (—300i — 250j + 300k} ft/s into the plate and 
becomes embedded in the plate at point A. Determine the 
angular velocity of the plate just after impact and the axis 
about which it begins to rotate. Neglect the mass of the 
projectile after it embeds into the plate. 


21-34. Solve Prob. 21-33 if the projectile emerges from 
the plate with a velocity of 275 ft/s in the same direction. 


Probs. 21—33/34 


21-35. A thin plate, having a mass of 4 kg, is suspended 
from one of its corners by a ball-and-socket joint O. If a 
stone strikes the plate perpendicular to its surface at an 
adjacent corner A with an impulse of I, = {—60i} N:s, 
determine the instantaneous axis of rotation for the plate 
and the impulse created at O. 


Z 
OA a mm 
1:57 y 
A 
I, = (—60i] N-s » 
7 mm 


Prob. 21-35 


*21-36. The 15-Ib plate is subjected to a force F = 8 lb 
which is always directed perpendicular to the face of the 
plate. If the plate is originally at rest, determine its angular 
velocity after it has rotated one revolution (360°). The plate 
is supported by ball-and-socket joints at A and B. 


Prob. 21-36 


*21-37. The plate has a mass of 10 kg and is suspended 
from parallel cords. If the plate has an angular velocity of 
1.5 rad/s about the z axis at the instant shown, determine 
how high the center of the plate rises at the instant the plate 
momentarily stops swinging. 


AAs rad/s 


Prob. 21-37 
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21-38. The satellite has a mass of 200 kg and radii of 
gyration of k, = k, = 400 mm and k, = 250 mm. When it 
is not rotating, the two small jets A and B are ignited 
simultaneously, and each jet provides an impulse of 
I = 1000 N:s on the satellite. Determine the satellite's 
angular velocity immediately after the ignition. 


Prob. 21-38 


21-39. The bent rod has a mass per unit length of 6 kg/m, 
and its moments and products of inertia have been 
calculated in Prob. 21—9. If shaft AB rotates with a constant 
angular velocity of w, = 6 rad/s, determine the angular 
momentum of the rod about point O, and the kinetic energy 
of the rod. 


Prob. 21-39 
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Inertial coordinate system 


Fig. 21-11 


*21.4 Equations of Motion 


Having become familiar with the techniques used to describe both the 
inertial properties and the angular momentum of a body, we can now 
write the equations which describe the motion of the body in their most 
useful forms. 


Equations of Translational Motion. The translational motion 
of a body is defined in terms of the acceleration of the body’s mass 
center, which is measured from an inertial X, Y, Z reference. The 
equation of translational motion for the body can be written in vector 
form as 


SF = mag (21-18) 


or by the three scalar equations 


(21-19) 


Here, EF = 2F,i+ 2F,j + 2F,k represents the sum of all the 
external forces acting on the body. 


Equations of Rotational Motion. In Sec. 15.6, we developed 
Eq. 15-17, namely, 


XM, = Ho (21-20) 


which states that the sum of the moments of all the external forces acting 
on a system of particles (contained in a rigid body) about a fixed point O 
is equal to the time rate of change of the total angular momentum of the 
body about point O. When moments of the external forces acting on the 
particles are summed about the system's mass center G, one again 
obtains the same simple form of Eq. 21-20, relating the moment 
summation ZM;g to the angular momentum Hg. To show this, consider 
the system of particles in Fig. 21-11, where X, Y, Z represents an inertial 
frame of reference and the x, y, z axes, with origin at G, translate with 
respect to this frame. In general, G is accelerating, so by definition the 
translating frame is not an inertial reference. The angular momentum of 
the ith particle with respect to this frame is, however, 


(Hj)g = rig X MiVijc 


where rjc and vj; represent the position and velocity of the ith particle 
with respect to G. Taking the time derivative we have 


(Hj)g = tijg X mijvig + tijg X miVig 


By definition, vj; = tc. Thus, the first term on the right side is zero 
since the cross product of the same vectors is zero. Also, aig = Vig, so that 


(Hic = (tig X mac) 


Similar expressions can be written for the other particles of the body. 
When the results are summed, we get 


Hg = X(tyg X m;ajc) 


Here H is the time rate of change of the total angular momentum of the 
body computed about point G. 

The relative acceleration for the ith particle is defined by the equation 
ajg = a; — ag, where a; and ag represent, respectively, the accelerations 
of the ith particle and point G measured with respect to the inertial 
frame of reference. Substituting and expanding, using the distributive 
property of the vector cross product, yields 


Hg = X(ryc X maj) — (Emiryc) X ag 


By definition of the mass center, the sum (2mjryg) = (Zmj)r is equal 
to zero, since the position vector r relative to G is zero. Hence, the last 
term in the above equation is zero. Using the equation of motion, the 
product m;a; can be replaced by the resultant external force F; acting on 
the ith particle. Denoting Mg = È (r; X F;), the final result can be 
written as 


XMg = Hg (21-21) 


The rotational equation of motion for the body will now be developed 
from either Eq. 21-20 or 21-21. In this regard, the scalar components of 
the angular momentum Hg or Hg are defined by Eqs. 21-10 or, if 
principal axes of inertia are used either at point O or G, by Eqs. 21-11. If 
these components are computed about x, y, z axes that are rotating with 
an angular velocity Q that is different from the body’s angular velocity 
w, then the time derivative H = dH/dt, as used in Eqs. 21-20 and 21-21, 
must account for the rotation of the x, y, z axes as measured from the 
inertial X, Y, Z axes. This requires application of Eq. 20-6, in which case 
Eqs. 21-20 and 21-21 become 


=Mo =R (Ho) xyz + Q, X Ho 
(21-22) 
ZMg = (Ha) + Q x Hg 


xyz 


Here (H),,. is the time rate of change of H measured from the x, y, z 
reference. - 

There are three ways in which one can define the motion of the x, y, z 
axes. Obviously, motion of this reference should be chosen so that it will 
yield the simplest set of moment equations for the solution of a 
particular problem. 
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x, y, z Axes Having Motion Q = 0. If the body has general 
motion, the x, y, z axes can be chosen with origin at G, such that the axes 
only translate relative to the inertial X, Y, Z frame of reference. Doing 
this simplifies Eq. 21-22, since = 0. However, the body may have a 
rotation œw about these axes, and therefore the moments and products of 
inertia of the body would have to be expressed as functions of time. In 
most cases this would be a difficult task, so that such a choice of axes has 
restricted application. 


x, y, z Axes Having Motion Q = w. The x, y, z axes can be 
chosen such that they are fixed in and move with the body. The moments 
and products of inertia of the body relative to these axes will then be 
constant during the motion. Since Q = w, Eqs.21-22 become 


XM, = (Ho) xyz + æ X Ho 
(21-23) 
EMg = (He) xyz Tox Hg 


We can express each of these vector equations as three scalar equations 
using Eqs. 21-10. Neglecting the subscripts O and G yields 


ZM,-l;0,-—(lL,-—l.oo0,- l,(my — wwx) 


E I0 m CA) > Lgl di; + Wy) 


2M; = Iyoy (Lz Tx) OW, = 


yz 


(o: = Q0) 
(21-24) 
=i 


Zx 


=M, m I. ©; (oy Tyy)@x@y z Tx (@x > Wy) 


(od m o) ES Ey(@z + Q0.) 


ex 


mE = w?) = Ty * 00,0,) 


If the x, y, z axes are chosen as principal axes of inertia, the products of 
inertia are zero, /,, = L, etc., and the above equations become 


2M, = Lo, — (iy z L) aw; 
2M IM o = Wie = INO (21-25) 
ZU = J = (i = Iy) at, 


This set of equations is known historically as the Euler equations of 
motion, named after the Swiss mathematician Leonhard Euler, who first 
developed them. They apply only for moments summed about either 
point O or G. 


When applying these equations it should be realized that wy, oy, c. 
represent the time derivatives of the magnitudes of the x, y, z 
components of œ as observed from x, y, z. To determine these 
components, it is first necessary to find wy, w,, @, when the x, y, z axes 
are oriented in a general position and then take the time derivative of the 
magnitude of these components, i.e., («),,.. However, since the x, y, z 
axes are rotating at Q = «, then from Eq. 20-6, it should be noted that 
w = (0),,, + € X w. Since w X w — 0, then w = (æ), This 
important result indicates that the time derivative of w with respect 
to the fixed X,Y, Z axes, that is w, can also be used to obtain 
(c)... Generally this is the easiest way to determine the result. See 
Example 21.5. 


x, y z Axes Having Motion Q # œw. To simplify the 
calculations for the time derivative of œ, it is often convenient to choose 
the x, y, z axes having an angular velocity Q which is different from the 
angular velocity w of the body. This is particularly suitable for the 
analysis of spinning tops and gyroscopes which are symmetrical about 
their spinning axes.* When this is the case, the moments and products of 
inertia remain constant about the axis of spin. 

Equations 21-22 are applicable for such a set of axes. Each of these 
two vector equations can be reduced to a set of three scalar equations 
which are derived in a manner similar to Eqs. 21-25,f i.e., 


DUM To, = Ob prm 


UP Uo ME aene c opere (21-26) 
CM Le] LO o noe 


Here 0,, Q,, Q, represent the x, y, z components of Q, measured from 
the inertial frame of reference, and œx, wy, w, must be determined 
relative to the x, y, z axes that have the rotation Q. See Example 21.6. 
Any one of these sets of moment equations, Eqs. 21-24, 21-25, or 
21—26, represents a series of three first-order nonlinear differential 
equations. These equations are “coupled,” since the angular-velocity 
components are present in all the terms. Success in determining the 
solution for a particular problem therefore depends upon what is 
unknown in these equations. Difficulty. certainly arises when one 
attempts to solve for the unknown components of w when the external 
moments are functions of time. Further complications can arise if the 
moment equations are coupled to the three scalar equations of 
translational motion, Eqs. 21-19. This can happen because of the 
existence of kinematic constraints which relate the rotation of the body 
to the translation of its mass center, as in the case of a hoop which rolls 


* A detailed discussion of such devices is given in Sec. 21.5. 
TSee Prob. 21-42. 
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without slipping. Problems that require the simultaneous solution of 
differential equations are generally solved using numerical methods with 
the aid of a computer. In many engineering problems, however, we are 
given information about the motion of the body and are required to 
determine the applied moments acting on the body. Most of these 
problems have direct solutions, so that there is no need to resort to 
computer techniques. 


Procedure for Analysis 


Problems involving the three-dimensional motion of a rigid body 
can be solved using the following procedure. 


Free-Body Diagram. 

e Draw a free-body diagram of the body at the instant considered 
and specify the x, y, z coordinate system. The origin of this 
reference must be located either at the body’s mass center G, or 
at point O, considered fixed in an inertial reference frame and 
located either in the body or on a massless extension of the body. 

e Unknown reactive force components can be shown having a 
positive sense of direction. 

e Depending on the nature of the problem, decide what type of 
rotational motion © the x, y, z coordinate system should have, 
ie., Q = 0, Q = o, or Q # c. When choosing, keep in mind 
that the moment equations are simplified when the axes move in 
such a manner that they represent principal axes of inertia for the 
body at all times. 

e Compute the necessary moments and products of inertia for the 
body relative to the x, y, z axes. 


Kinematics. 

e Determine the x, y, z components of the body’s angular velocity 
and find the time derivatives of w. 

* Note that if Q = c, then œ = (@),,,. Therefore we can either 
find the time derivative of w with respect to the X, Y, Z axes, w, 
and then determine its components @,, @y, @,, or we can find the 
components of œw along the x, y, z axes, when the axes are 
oriented in a general position, and then take the time derivative 
of the magnitudes of these components, ( «),,.. 


Equations of Motion. 

e Apply either the two vector equations 21-18 and 21-22 or the six 
scalar component equations appropriate for the x, y, z coordinate 
axes chosen for the problem. 


EXAMPLE |21.4 


The gear shown in Fig. 21-12a has a mass of 10 kg and is mounted at 
an angle of 10° with the rotating shaft having negligible mass. If 
Ol keom le — To 0.05 kee m? and the shaft is rotating with a 
constant angular velocity of œ = 30 rad/s, determine the components 
of reaction that the thrust bearing A and journal bearing B exert on the 
shaft at the instant shown. 
SOLUTION 
Free-Body Diagram. Fig. 21-12b. The origin of the x, y, z 
coordinate system is located at the gear's center of mass G, which is 
also a fixed point. The axes are fixed in and rotate with the gear so 
that these axes will then always represent the principal axes of inertia 
for the gear. Hence Q = øw. 
Kinematics. As shown in Fig. 21-12c, the angular velocity w of the 
gear is constant in magnitude and is always directed along the axis of 
the shaft AB. Since this vector is measured from the X, Y, Z inertial 
frame of reference, for any position of the x, y, z axes, 
wo, = 0 o, = —30 sin 10° €. = 30 cos 10° 

These components remain constant for any general orientation of 
the x, y, z axes, and so o, = wy = œ; = 0. Also note that since Q = w, 
then c = (@),,,. Therefore, we can find these time derivatives 
relative to the X, Y, Z axes. In this regard w has a constant magnitude 
and direction (+Z) since œ — 0, and so @, = oy, =o, = 0. 
Furthermore, since G is a fixed point, (ag), = (a5)y = (ag); = 0. 


Equations of Motion. Applying Eqs. 21-25 (Q — «) yields 
EM, = Løs- (I; — E)oyo; 
—(Ay)(0.2) + (By)(0.25) = 0 — (0.05 — 0.1)(—30 sin 10?)(30 cos 10°) 
—0.2Ay + 0.25By = —1.70 (1) 
XM =a (l=, quum 
Ax(0.2) cos 10° — By(0.25) cos 10° = 0 — 0 
Ay = 125Bxy (2) 
BN ee = T cum 
A y(0.2) sin 10° — By(0.25) sin 10° = 0 — 0 
Ay = 1.25By (check) 
Applying Eqs. 21-19, we have 
ZXFx = m(ag)x; Ay + By = 0) 
XFy = m(ag)y; Ay + By — 98.1 =0 
2Fz = m(ag)z; Agi) 
Solving Eqs. 1 through Eqs. 4 simultaneously gives 
Ay = By =0 Ay = 71.6N By = 26.5 N 
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EXAMPLE 


The airplane shown in Fig. 21-13a is in the process of making a 
steady horizontal turn at the rate of w,. During this motion, the 
propeller is spinning at the rate of w,. If the propeller has two 
blades, determine the moments which the propeller shaft exerts on 
the propeller at the instant the blades are in the vertical position. 
For simplicity, assume the blades to be a uniform slender bar having 
a moment of inertia J about an axis perpendicular to the blades 
passing through the center of the bar, and having zero moment of 
inertia about a longitudinal axis. 


SOLUTION 


Free-Body Diagram. Fig. 21-13b. The reactions of the connecting 
shaft on the propeller are indicated by the resultants Fr and Mr. (The 
propeller's weight is assumed to be negligible.) The x, y, z axes will be 
taken fixed to the propeller, since these axes always represent the 
principal axes of inertia for the propeller. Thus, Q = œ. The moments 
of inertia 7, and J, are equal (J, = J, = I) and I, = 0. 


Kinematics. The angular velocity of the propeller observed from 
the X, Y, Z axes, coincident with the x, y, z axes, Fig. 21-13c, is 
w = 0, + w, = wi + w,k, so that the x, y, z components of w are 


Wy, = Ws 


ae o Since Q = w, then æ = (@),,,. To find æ, which is the time 
w, derivative with respect to the fixed X, Y, Z axes, we can use Eq. 20-6 
since w changes direction relative to X, Y, Z. The time rate of change of 
each of these components « = w, + «c, relative to the X, Y, Z axes can 
(c) .y,y be obtained by introducing a third coordinate system x’, y', z', which 
has an angular velocity Q’ = @, and is coincident with the X, Y, Z axes 
Fig. 21-13 at the instant shown. Thus 
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e = (®) eye" ap o0, X w 


zx (9;)vyz ar (ev yz ap Op x (@, ats wp) 
=0+0+w,X 1): +t o,X w, 
=0 +0 + o,k X w i+ 0 = 0,0,j 


Since the X, Y, Z axes are coincident with the x, y, z axes at the instant 
shown, the components of w along x, y, z are therefore 


w, =0 Wy = WpWs 


These same results can also be determined by direct calculation of 
(@) xyz; however, this will involve a bit more work. To do this, it will be 
necessary to view the propeller (or the x, y, z axes) in some general 
position such as shown in Fig. 21-13d. Here the plane has turned 
through an angle ¢ (phi) and the propeller has turned through an 
angle y (psi) relative to the plane. Notice that œw, is always directed 
along the fixed Z axis and w, follows the x axis. Thus the general 
components of c are 


Ox = Wy wy, = cy sin y @, = wp COS Y 


Since w, and w, are constant, the time derivatives of these components 
become 


@, =0 w, = wp COS Y Y w, = —o,sin y y 


But ¢ = y = 0° and M = æ; at the instant considered. Thus, 


Wy = Ws a, — 0 
o, =0 Wy = Wps 
which are the same results as those obtained previously. 


Equations of Motion. Using Eqs. 21-25, we have 


2M, = La, = Gy = I.)oy0. =O) s 0)(0)o, 
M =0 Ans. 
= l)e, = I(@,0s) zi I)oyo; 
M, = 21m; Ans. 
)e,0, = 0(0) — (4 — I)es(0) 
M,=0 Ans. 


IM, = Iw, — (I 


z 


XM, = Lo, — (1, — I, 
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EXAMPLE |21.6 


The 10-kg flywheel (or thin disk) shown in Fig. 21-14a rotates (spins) 
about the shaft at a constant angular velocity of w, = 6 rad/s. At the 
same time, the shaft rotates (precessing) about the bearing at A with 
an angular velocity of w, = 3 rad/s. If A is a thrust bearing and B isa 
journal bearing, determine the components of force reaction at each 
of these supports due to the motion. 


= 3 rad/s 
SOLUTION | 
Free-Body Diagram. Fig. 21-14). The origin of the x, y, z coordinate 
system is located at the center of mass G of the flywheel. Here we will let 
these coordinates have an angular velocity of Q = w, = {3k} rad/s. 
Although the wheel spins relative to these axes, the moments of inertia 
remain constant,* i.e., 


I, = I, = l(10kg)(02 m)? = 0.1kg- m? 
I, = 3(10 kg)(0.2 m)? = 02kg:m? 


Kinematics. From the coincident inertial X, Y, Z frame of 
reference, Fig. 21-14c, the flywheel has an angular velocity of 
w = (6j + 3k} rad/s, so that 


o,=0 w,=6rad/s wo, = 3rad/s 


The time derivative of w must be determined relative to the x, y, z 
axes. In this case both w, and w, do not change their magnitude or 
direction, and so 


Equations of Motion. Applying Eqs. 21-26 (Q # w) yields 


2M, Lor — LO, + Lo, 
—A,(0.5) + B,(0.5) = 0 — (0.2)(3)(6) + 0 = -3.6 
EM = Le, — 100, + 10,0, 
0=0-0+0 
EM, = Ló, — [,Qyo, + IO, 
A,(0.5) - B.(05 =0-0+0 


* This would not be true for the propeller in Example 21.5. 


Applying Eqs. 21-19, we have 
DF x = m(ag)x:; i as B, z20 


EF, = m(ag)y; AT —10(0.5)(3)? 
XFz = m(ag)z; A, + B, — 10(9.81) = 0 
Solving these equations, we obtain 


pA dL SON A Cop Ans. 
B,=0 B, =454N Ans. 


NOTE: If the precession w, had not occurred, the z component of 
force at A and B would be equal to 49.05 N. In this case, however, the 
difference in these components is caused by the “gyroscopic moment” 
created whenever a spinning body precesses about another axis. We 
will study this effect in detail in the next section. 


SOLUTION II 

This example can also be solved using Euler’s equations of motion, 
Eqs. 21-25. In this case € = w = {6j + 3k} rad/s, and the time 
derivative (@),,, can be conveniently obtained with reference to the 
fixed X, Y, Z axes since @ = (@),,,. This calculation can be 
performed by choosing x’, y’, z’ axes to have an angular velocity of 
Q' = wp, Fig. 21-14c, so that 


@ = (G)vyz + @p X c = 0 + 3k X (6j + 3k) = {—18i} rad/s? 
@, = —18rad/s 40, — 0 ao, — 0 


The moment equations then become 


EM, = Ló,- (I, - L)oyo; 
—A,(0.5) + B,(0.5) = 0.1(—18) — (0.2 — 0.1)(6)(3) 
XML mu Uc uar 
020-0 
Xu p eun 
A,(0.5) — B,(05) 20-0 


The solution then proceeds as before. 


21.4 EQUATIONS OF MOTION 


N 


€, = 6 rad/s 


(c) 


609 


610 CHAPTER 21 


THREE-DIMENSIONAL KINETICS OF A RIGID BODY 


PT PROBLEMS 


*21-40. Derive the scalar form of the rotational equation 
of motion about the x axis if Q # w and the moments and 
products of inertia of the body are not constant with respect 
to time. 


e21-41. Derive the scalar form of the rotational 
equation of motion about the x axis if Q # œ and the 
moments and products of inertia of the body are constant 
with respect to time. 


21-42. Derive the Euler equations of motion for Q 7 a, 
Le., Eqs. 21-26. 


21-43. The uniform rectangular plate has a mass of 
m = 2 kg and is given a rotation of w = 4 rad/s about its 
bearings at A and B. If a = 0.2 m and c = 0.3 m, determine 
the vertical reactions at A and B at the instant the plate 
is vertical as shown. Use the x, y, z axes shown and note that 


i GJE — 5) 
M 12. Cte 


x 


Prob. 21-43 


*21-44. The disk, having a mass of 3kg, is mounted 
eccentrically on shaft AB. If the shaft is rotating at a constant 
rate of 9 rad/s, determine the reactions at the journal bearing 
supports when the disk is in the position shown. 


1m 


1.25 m 


w = 9 rad/s 


50 mm É 
75mm V B 


Prob. 21-44 


021-45. The slender rod AB has a mass m and it is 
connected to the bracket by a smooth pin at A. The bracket 
is rigidly attached to the shaft. Determine the required 
constant angular velocity of w of the shaft, in order for the 
rod to make an angle of 6 with the vertical. 


B 


Prob. 21-45 


21-46. The 5-kg rod AB is supported by a rotating arm. The 
support at A is a journal bearing, which develops reactions 
normal to the rod. The support at B is a thrust bearing, which 
develops reactions both normal to the rod and along the axis 
of the rod. Neglecting friction, determine the x, y, z 
components of reaction at these supports when the frame 
rotates with a constant angular velocity of œ = 10 rad/s. 


5 lJ @ = 10 rad/s 


Prob. 21-46 


21-47. The car travels around the curved road of radius p 
such that its mass center has a constant speed vg. Write the 
equations of rotational motion with respect to the x, y, z 
axes. Assume that the car's six moments and products of 
inertia with respect to these axes are known. 


Prob. 21-47 

*21-48. The shaft is constructed from a rod which has a 
mass per unit length of 2 kg/m. Determine the x, y, z 
components of reaction at the bearings A and B if at the 
instant shown the shaft spins freely and has an angular 
velocity of w = 30 rad/s. What is the angular acceleration of 
the shaft at this instant? Bearing A can support a component 
of force in the y direction, whereas bearing B cannot. 


Prob. 21-48 


*21-49. Four spheres are connected to shaft AB. If 
mc = 1kg and mg = 2 kg, determine the mass of spheres 
D and F and the angles of the rods, 6p and 0p, so that the 
shaft is dynamically balanced, that is, so that the bearings at 
A and B exert only vertical reactions on the shaft as it 
rotates. Neglect the mass of the rods. 


Prob. 21-49 
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21-50. A man stands on a turntable that rotates about a 
vertical axis with a constant angular velocity of 
wp = 10 rad/s. If the wheel that he holds spins with a 
constant angular speed of œw, = 30 rad/s, determine the 
magnitude of moment that he must exert on the wheel to 
hold it in the position shown. Consider the wheel as a thin 
circular hoop (ring) having a mass of 3 kg and a mean radius 
of 300 mm. 


c = 10 rad/s 


Prob. 21-50 


21-51. The 50-Ib disk spins with a constant angular rate of 
œ = 50rad/s about its axle. Simultaneously, the shaft 
rotates with a constant angular rate of œ = 10 rad/s. 
Determine the x, y, z components of the moment developed 
in the arm at A at the instant shown. Neglect the weight of 
arm AB. 


Ue 10 rad/s NE 


Prob. 21-51 
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*21-52. The man stands on a turntable that rotates about a 
vertical axis with a constant angular velocity of w, = 6 rad/s. 
If he tilts his head forward at a constant angular velocity of 
œ = 1.5 rad/s about point O, determine the magnitude of 
the moment that must be resisted by his neck at O at the 
instant 0 = 30°. Assume that his head can be considered as 
a uniform 10-Ib sphere, having a radius of 4.5 in. and center 
of gravity located at G, and point O is on the surface of the 
sphere. 


œ = 1.5 rad/s 


@, = 6 rad/s 


bj 


Prob. 21-52 


*21-53. The blades of a wind turbine spin about the shaft S 
with a constant angular speed of w,, while the frame 
precesses about the vertical axis with a constant angular 
speed of w,. Determine the x, y, and z components of 
moment that the shaft exerts on the blades as a function of 
0. Consider each blade as a slender rod of mass m and 
length /. 


Prob. 21-53 
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21-54. Rod CD of mass m and length L is rotating with a 
constant angular rate of w, about axle AB, while shaft EF 
rotates with a constant angular rate of w. Determine the X, 
Y, and Z components of reaction at thrust bearing E and 
journal bearing F at the instant shown. Neglect the mass of 
the other members. 


Prob. 21-54 


21-55. Ifshaft AB is driven by the motor with an angular 
velocity of œ = 50rad/s and angular acceleration of 
@, = 20 rad/s at the instant shown, and the 10-kg wheel 
rolls without slipping, determine the frictional force and the 
normal reaction on the wheel, and the moment M that must 
be supplied by the motor at this instant. Assume that the 
wheel is a uniform circular disk. 


Prob. 21-55 


*21-56. A stone crusher consists of a large thin disk which 
is pin connected to a horizontal axle. If the axle rotates at a 
constant rate of 8 rad/s, determine the normal force which 
the disk exerts on the stones. Assume that the disk rolls 
without slipping and has a mass of 25 kg. Neglect the mass 
of the axle. 


Prob. 21-56 


021-57. The 25-Ib disk is fixed to rod BCD, which has 
negligible mass. Determine the torque T which must be 
applied to the vertical shaft so that the shaft has an angular 
acceleration of a = 6 rad/s”. The shaft is free to turn in its 
bearings. 


21-58. Solve Prob. 21-57, assuming rod BCD has a weight 
per unit length of 2 lb/ft. 


Probs. 21-57/58 
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21-59. Ifshaft AB rotates with a constant angular velocity 
of w = 50 rad/s, determine the X, Y, Z components of 
reaction at journal bearing A and thrust bearing B at the 
instant shown. The thin plate has a mass of 10 kg. Neglect 
the mass of shaft AB. 


Prob. 21-59 


*21-60. A thin uniform plate having a mass of 0.4 kg spins 
with a constant angular velocity w about its diagonal AB. If 
the person holding the corner of the plate at B releases his 
finger, the plate will fall downward on its side AC. 
Determine the necessary couple moment M which if 
applied to the plate would prevent this from happening. 


Prob. 21-60 
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Precession $ 


(b) 


*21.5  Gyroscopic Motion 


In this section we will develop the equations defining the motion of a body 
(top) which is symmetrical with respect to an axis and rotating about a 
fixed point. These equations also apply to the motion of a particularly 
interesting device, the gyroscope. 

The body's motion will be analyzed using Euler angles p, 0, y (phi, 
theta, psi). To illustrate how they define the position of a body, consider 
the top shown in Fig. 21-15a. To define its final position, Fig. 21-15d, a 
second set of x, y, z axes is fixed in the top. Starting with the X, Y, Z and 
x, y, z axes in coincidence, Fig. 21-154, the final position of the top can be 
determined using the following three steps: 


1. Rotate the top about the Z (or z) axis through an angle 
$ (0 = $ < 2m), Fig. 21-15b. 

2. Rotate the top about the x axis through an angle 0 (0 = 6 = m), 
Fig. 21-15c. 


3. Rotate the top about the z axis through an angle y (0 = y < 2T) 
to obtain the final position, Fig. 20-154. 


The sequence of these three angles, $, 0, then y, must be maintained, 
since finite rotations are not vectors (see Fig. 20-1). Although this is the 
case, the differential rotations de», d0, and da are vectors, and thus the 
angular velocity «» of the top can be expressed in terms of the time 
derivatives of the Euler angles. The angular-velocity components 4, 0, 
and y are known as the precession, nutation, and spin, respectively. 


* Nutation 6 Spin n 
(c) (d) 
Fig. 21-15 


Their positive directions are shown in Fig. 21-16. It is seen that these 
vectors are not all perpendicular to one another; however, œ of the top 
can still be expressed in terms of these three components. 

Since the body (top) is symmetric with respect to the z or spin axis, 
there is no need to attach the x, y, z axes to the top since the inertial 
properties of the top will remain constant with respect to this frame 
during the motion. Therefore Q = w, + «,, Fig. 21-16. Hence, the 
angular velocity of the body is 


w = ol + wj + wk 
= ĝi + (ġ sin 0)j + ($ cos 0 + J)k (21-27) 
And the angular velocity of the axes is 
Q = Qi + O,j + Ok 
= ĝi + (sin 0)j + (bcos 0)k (21-28) 


Have the x, y, z axes represent principal axes of inertia for the top, and so 
the moments of inertia will be represented as 7,, = Jy, = Z and I,, = L. 
Since Q # w, Eqs. 21-26 are used to establish the rotational equations of 
motion. Substituting into these equations the respective angular-velocity 
components defined by Eqs. 21-27 and 21-28, their corresponding time 
derivatives, and the moment of inertia components, yields 


EM, = I(0 — d? sin6cos0) + I, sin 6($ cos 0 + y) 
2M, = I(f sin 0 + 200 cos 0) — ne cos 0 + y) (21-29) 


EM, = L(b + bcos 6 — $6 sin 0) 


Each moment summation applies only at the fixed point O or the center 
of mass G of the body. Since the equations represent a coupled set of 
nonlinear second-order differential equations, in general a closed-form 
solution may not be obtained. Instead, the Euler angles ¢, 0, and y may 
be obtained graphically as functions of time using numerical analysis and 
computer techniques. 

A special case, however, does exist for which simplification of Eqs. 21-29 
is possible. Commonly referred to as steady precession, it occurs when 
the nutation angle 0, precession ¢, and spin y all remain constant. 
Equations 21-29 then reduce to the form 


EM, = —Id? sin 0 cos 6 + Lẹ sin 0(b cos 6 + ) | (21-30) 


=M, =0 
=M, = 0 
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z 
\ 


o, = th 


$ 
T -6 
/ 
x 
Fig. 21-16 
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Equation 21-30 can be further simplified by noting that, from 
Eq. 21-27, v, = $ cos 0 + y, so that 


EM, = —Id? sin 6 cos 0 + I, (sin 0)o, 


or 


EM, = $sin 6(1,w, — I$ cos 0) (21-31) 


It is interesting to note what effects the spin is has on the moment 
about the x axis. To show this, consider the spinning rotor in Fig. 21-17. 
Here 0 = 90°, in which case Eq. 21-30 reduces to the form 


XM, = Loy 


or 


Si = MO (21-32) 


Fig. 21-17 


From the figure it can be seen that Q, and œ, act along their 
respective positive axes and therefore are mutually perpendicular. 
Instinctively, one would expect the rotor to fall down under the influence 
of gravity! However, this is not the case at all, provided the product 
[,Q.,@, is correctly chosen to counterbalance the moment EM, = Wrg 
of the rotor’s weight about O. This unusual phenomenon of rigid-body 
motion is often referred to as the gyroscopic effect. 
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Perhaps a more intriguing demonstration of the gyroscopic effect 
comes from studying the action of a gyroscope, frequently referred to as 
a gyro. A gyro is a rotor which spins at a very high rate about its axis of 
symmetry. This rate of spin is considerably greater than its precessional 
rate of rotation about the vertical axis. Hence, for all practical purposes, 


the angular momentum of the gyro can be assumed directed along its ue 
axis of spin. Thus, for the gyro rotor shown in Fig. 21-18, œ, => Q,, and | 
the magnitude of the angular momentum about point O, as determined o $ XM, 2* 
from Eqs. 21-11, reduces to the form Hg = I,w,. Since both the a Z 
magnitude and direction of Hg are constant as observed from x, y, z, (o - Q^ = — Y 
direct application of Eq. 21-22 yields Ho 
X 
EM, = Q, x Ho (21-33) Fig. 21-18 


Using the right-hand rule applied to the cross product, it can be seen 
that Q, always swings Ho (or œ, ) toward the sense of =M,. In effect, 
the change in direction of the gyro’s angular momentum, dHo, is 
equivalent to the angular impulse caused by the gyro’s weight about O, 
i.e., dHo = XM, dt, Eq. 21-20. Also, since Hp = 1w, and 2M,, Q,, and 
Ho are mutually perpendicular, Eq. 21-33 reduces to Eq. 21-32. 

When a gyro is mounted in gimbal rings, Fig. 21-19, it becomes free of 
external moments applied to its base. Thus, in theory, its angular 
momentum H will never precess but, instead, maintain its same fixed 
orientation along the axis of spin when the base is rotated. This type of 
gyroscope is called a free gyro and is useful as a gyrocompass when the 
spin axis of the gyro is directed north. In reality, the gimbal mechanism is 
never completely free of friction, so such a device is useful only for the 
local navigation of ships and aircraft. The gyroscopic effect is also useful 
as a means of stabilizing both the rolling motion of ships at sea and the 
trajectories of missiles and projectiles. Furthermore, this effect is of 
significant importance in the design of shafts and bearings for rotors 
which are subjected to forced precessions. 


The spinning of the gyro within the frame 
of this toy gyroscope produces angular 
momentum Ho, which is changing 
direction as the frame precesses w, 
about the vertical axis. The gyroscope 
will not fall down since the moment of its 
weight W about the support is balanced 
Fig. 21-19 by the change in the direction of Ho. 
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EXAMPLE |21.7 


c = 100 rad/s The top shown in Fig. 21—20a has a mass of 0.5 kg and is precessing about 

the vertical axis at a constant angle of 0 = 60°. If it spins with an angular 

i velocity w, = 100 rad/s, determine the precession w,. Assume that 

the axial and transverse moments of inertia of the top are 

0.45(10 7) kg- m? and 1.20(10 ?) kg - m?, respectively, measured with 
respect to the fixed point O. 


SOLUTION 

Equation 21-30 will be used for the solution since the motion is steady 
precession. As shown on the free-body diagram, Fig. 21-20b, the 
coordinate axes are established in the usual manner, that is, with the 
positive z axis in the direction of spin, the positive Z axis in the direction 
of precession, and the positive x axis in the direction of the moment 
£M, (refer to Fig. 21-16). Thus, 


2M, = Tio sin 0 cos 0 + Lo sin olo cos 0 + y) 
4.905 N(0.05 m) sin 60° = —[1.20(10?) kg - m? 7] sin 60° cos 60° 
+ [0.45(105) kg - m?]ó sin 60°(¢ cos 60° + 100 rad/s) 


à? — 120.06 + 654.0 = 0 (1) 


Solving this quadratic equation for the precession gives 


p = 114 rad/s (high precession) Ans. 


and 


$ = 5.72 rad/s (low precession) Ans. 


NOTE: In reality, low precession of the top would generally be 
observed, since high precession would require a larger kinetic energy. 
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EXAMPLE [21.8 


The 1-kg disk shown in Fig. 21-21a spins about its axis with a constant 
angular velocity wp = 70 rad/s. The block at B has a mass of 2 kg, and 
by adjusting its position s one can change the precession of the disk 
about its supporting pivot at O while the shaft remains horizontal. 
Determine the position s that will enable the disk to have a constant 
precession w, = 0.5 rad/s about the pivot. Neglect the weight of the 
shaft. 


Fig. 21-21 


SOLUTION 

The free-body diagram of the assembly is shown in Fig. 211b. The 
origin for both the x, y, z and X, Y, Z coordinate systems is located at 
the fixed point O. In the conventional sense, the Z axis is chosen along 
the axis of precession, and the z axis is along the axis of spin, so that 
0 = 90°. Since the precession is steady, Eq. 21-32 can be used for the 
solution. 


2M, — 10) a, 


Substituting the required data gives 


(98.1 N) (0.2 m) — (19.62 N)s = [3(1 kg) (0.05 m)?]0.5 rad/s(—70 rad/s) 
s = 0.102m = 102mm Ans. 
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21.6 Torque-Free Motion 


When the only external force acting on a body is caused by gravity, the 
general motion of the body is referred to as torque-free motion. This type 
of motion is characteristic of planets, artificial satellites, and projectiles — 
provided air friction is neglected. 

In order to describe the characteristics of this motion, the distribution 
of the body’s mass will be assumed axisymmetric. The satellite shown in 
Fig. 2122 is an example of such a body, where the z axis represents an 
axis of symmetry. The origin of the x, y, z coordinates is located at the 
mass center G, such that /.. = I, and Iy = Iy = I. Since gravity is the 
only external force present, the summation of moments about the mass 
center is zero. From Eq. 21-21, this requires the angular momentum of 
the body to be constant, i.e., 


Hg = constant 


At the instant considered, it will be assumed that the inertial frame of 
reference is oriented so that the positive Z axis is directed along Hg and 
the y axis lies in the plane formed by the z and Z axes, Fig. 21-22. The 
Euler angle formed between Z and z is 0, and therefore, with this choice 
of axes the angular momentum can be expressed as 


Hg; = Hg; sin0j + Hg cos 0k 
Furthermore, using Eqs. 21-11, we have 
Hg = Io,i + Iwj + Lok 


Equating the respective i, j, and k components of the above two 
equations yields 


Fig. 21-22 
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Hg sin 0 Hg cos 0 
o,=0 o = =  g,--—€— (21-34) 
] I L; 
or 
Hgsin@, | H5 cos0 
w = eas k (21-35) 
I T; 


In a similar manner, equating the respective i, j, k components of 
Eq. 21-27 to those of Eq. 21-34, we obtain 


6=0 
- gg eme 
ġ sin zi 2 
: . H 0 
$ cos 0 + y = T 


Solving, we get 


0 — constant 
_ Hc 
ES (21-36) 
P Z 
y= I. Hg cos 0 


Thus, for torque-free motion of an axisymmetrical body, the angle 0 
formed between the angular-momentum vector and the spin of the body 
remains constant. Furthermore, the angular momentum Hg, precession 
$, and spin y for the body remain constant at all times during the 
motion. 

Eliminating Hg from the second and third of Eqs. 21-36 yields the 
following relation between the spin and precession: 


y= $ cos 0 (21-37) 
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These two components of angular motion can be studied by using the 
body and space cone models introduced in Sec. 20.1. The space cone 
defining the precession is fixed from rotating, since the precession has a 
fixed direction, while the outer surface of the body cone rolls on the 
space cone's outer surface. Try to imagine this motion in Fig. 21-23a. 
The interior angle of each cone is chosen such that the resultant 
angular velocity of the body is directed along the line of contact of the 
two cones. This line of contact represents the instantaneous axis of 
rotation for the body cone, and hence the angular velocity of both the 
body cone and the body must be directed along this line. Since the spin 
is a function of the moments of inertia J and J, of the body, Eq. 21-36, 
the cone model in Fig. 21—23a is satisfactory for describing the motion, 
provided J > I,. Torque-free motion which meets these requirements 
is called regular precession. If I < I,, the spin is negative and the 
precession positive. This motion is represented by the satellite motion 
shown in Fig. 21-23b (I < 1). The cone model can again be used to 
represent the motion; however, to preserve the correct vector addition 
of spin and precession to obtain the angular velocity œ, the inside 
surface of the body cone must roll on the outside surface of the (fixed) 
space cone. This motion is referred to as retrograde precession. 


Satellites are often given a spin before they are launched. If their angular momentum 
is not collinear with the axis of spin, they will exhibit precession. In the photo on the 
left, regular precession will occur since J > J,, and in the photo on the right, retrograde 
precession will occur since I < I,. 
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EXAMPLE |21.9 


The motion of a football is observed using a slow-motion projector. 
From the film, the spin of the football is seen to be directed 30° 
from the horizontal, as shown in Fig. 21—24a. Also, the football is 
precessing about the vertical axis at a rate $ = 3 rad/s. If the 
ratio of the axial to transverse moments of inertia of the football 
is L measured with respect to the center of mass, determine the 
magnitude of the football’s spin and its angular velocity. Neglect the 
effect of air resistance. 


$ = 3 rad/s 
d 


Fig. 21-24 


SOLUTION 
Since the weight of the football is the only force acting, the motion is 
torque-free. In the conventional sense, if the z axis is established along 
the axis of spin and the Z axis along the precession axis, as shown in 
Fig. 214b, then the angle 6 = 60°. Applying Eq. 21-37, the spin is 
I-41 
(3) cos 60° 


= 3 rad/s 
Using Eqs. 21-34, where Hg = $1 (Eq. 21-36), we have 
wo, = 0 
Hgsiné 3I sin 60° 
y I I 
_ Hgcos0 3I cos 60° 


x L il 


— 2.60 rad/s 


w 


= 4.50 rad/s 


w 


o = V (o) + (oy) + (e; 
= V (0) + (2.60)? + (4.50) 
= 5.20 rad/s 
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PTPROSLEMS 


21-61. Show that the angular velocity of a body, in 
terms of Euler angles $, 0, and y, can be expressed as 
w =( sin 0 sin y +ô cos p)i + ($ sin 0 cos y — Ô sin y)j + 
($ cos 0 + Wk, where i, j, and k are directed along the x, y, 
z axes as shown in Fig. 21-15d. 


21-62. A thin rod is initially coincident with the Z axis 
when it is given three rotations defined by the Euler angles 
$ = 30?,0 = 45°, and y = 60°. If these rotations are given 
in the order stated, determine the coordinate direction 
angles a, B, y of the axis of the rod with respect to the X, Y, 
and Z axes. Are these directions the same for any order of 
the rotations? Why? 


21-63. The 30-Ib wheel rolls without slipping. If it has a 
radius of gyration k4g = 1.2 ft about its axle AB, and the 
vertical drive shaft is turning at 8 rad/s, determine the 
normal reaction the wheel exerts on the ground at C. 
Neglect the mass of the axle. 


*21-64. The 30-lb wheel rolls without slipping. If it has a 
radius of gyration kyg = 1.2 ft about its axle AB, 
determine its angular velocity w so that the normal reaction 
at C becomes 60 Ib. Neglect the mass of the axle. 


| 
L. 


Probs. 21-63/64 


*21-65. The motor weighs 50 Ib and has a radius of 
gyration of 0.2 ft about the z axis. The shaft of the motor is 
supported by bearings at A and B, and spins at a constant 
rate of w, = {100k} rad/s, while the frame has an angular 
velocity of w, = {2j} rad/s. Determine the moment which 
the bearing forces at A and B exert on the shaft due to this 
motion. 


Prob. 21-65 


21-66. The car travels at a constant speed of 
vc — 100 km/h around the horizontal curve having a radius 
of 80 m. If each wheel has a mass of 16 kg, a radius of 
gyration kg = 300 mm about its spinning axis, and a radius 
of 400 mm, determine the difference between the normal 
forces of the rear wheels, caused by the gyroscopic effect. 
The distance between the wheels is 1.30 m. 


NN = 100 km/h 


80 m 


Prob. 21-66 


21-67. The top has a mass of 90 g, a center of mass at G, 
and a radius of gyration k = 18mm about its axis of 
symmetry. About any transverse axis acting through point O 
the radius of gyration is k, = 35 mm. If the top is connected 
to a ball-and-socket joint at O and the precession is 
wp = 0.5 rad/s, determine the spin ws. 


be, gT 


Qs 


60 mm 


Prob. 21-67 


*21-68. The top has a weight of 3 lb and can be considered 
as a solid cone. If it is observed to precess about the vertical 
axis at a constant rate of 5 rad/s, determine its spin. 


Prob. 21-68 


*21-69. The empty aluminum beer keg has a mass of m, 
center of mass at G, and radii of gyration about the x and 
y axes of k, = k, = ir and about the z axis of k, = ir, 
respectively. If the keg rolls without slipping with a constant 
angular velocity, determine its largest value without having 


the rim A leave the floor. 


Z y 


Prob. 21-69 
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21-70. The 10-kg cone spins at a constant rate of 
w, = 150 rad/s. Determine the constant rate w, at which it 
precesses if 6 = 90°. 


21-71. The 10-kg cone is spinning at a constant rate of 
ws = 150 rad/s. Determine the constant rate w, at which it 
precesses if p = 30°. 


300 mm 


0; 


100 mm — 


Probs. 21-70/71 


*21—72. The 1-lb top has a center of gravity at point G. If it 
spins about its axis of symmetry and precesses about the 
vertical axis at constant rates of «o, = 60rad/s and 
wp = 10 rad/s, respectively, determine the steady state 
angle 0. The radius of gyration of the top about the z axis is 
k, = 1in., and about the x and y axes it is k, = ky = 4 in. 


L 78 
w= 10 rad/s e 


Prob. 21-72 
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e21-73. At the moment of take off, the landing gear of an 
airplane is retracted with a constant angular velocity of 
w, = 2 rad/s, while the wheel continues to spin. If the plane 
takes off with a speed of v = 320 km/h, determine the 
torque at A due to the gyroscopic effect. The wheel has a 
mass of 50 kg, and the radius of gyration about its spinning 
axis is k = 300 mm. 


VI e. 


Pp 
N 
-L-- 
B es m 


Prob. 21-73 


21-74. The projectile shown is subjected to torque-free 
motion. The transverse and axial moments of inertia are 7 
and Z, respectively. If 0 represents the angle between the 
precessional axis Z and the axis of symmetry z, and B 
is the angle between the angular velocity w and the z 
axis, show that 6 and 0 are related by the equation 
tan 0 = (I/I) tan p. 


Prob. 21-74 


THREE-DIMENSIONAL KINETICS OF A RiGID BODY 


21-75. The space capsule has a mass of 3.2 Mg, and about 
axes passing through the mass center G the axial and 
transverse radii of gyration are k, — 0.90 m and k, — 1.85 m, 
respectively. If it spins at w, = 0.8 rev/s, determine its 
angular momentum. Precession occurs about the Z axis. 


Prob. 21-75 


*21—76. The radius of gyration about an axis passing through 
the axis of symmetry of the 2.5-Mg satellite is k, = 2.3 m, 
and about any transverse axis passing through the center of 
mass G, k, — 3.4 m. If the satellite has a steady-state 
precession of two revolutions per hour about the Z axis, 
determine the rate of spin about the z axis. 


Prob. 21-76 
*21-77. The 4-kg disk is thrown with a spin w, = 6 rad/s. 
If the angle 0 is measured as 160°, determine the precession 
about the Z axis. 


Prob. 21-77 


21-78. The projectile precesses about the Z axis at a 
constant rate of $ = 15 rad/s when it leaves the barrel of a 
gun. Determine its spin y and the magnitude of its angular 
momentum Hgo. The projectile has a mass of 1.5 kg and radii 
of gyration about its axis of symmetry (z axis) and about 
its transverse axes (x and y axes) of k, = 65 mm and 
k, — k, — 125 mm, respectively. 


X $ = 15 rad/s 


Prob. 21-78 


21-79. The satellite has a mass of 100 kg and radii of 
gyration about its axis of symmetry (z axis) and its transverse 
axes (x or y axis) of k, = 300 mm and k, = k, = 900 mm, 
respectively. If the satellite spins about the z axis at a constant 
rate of y = 200 rad/s, and precesses about the Z axis, 
determine the precession @ and the magnitude of its angular 
momentum Ho. 


(LZ 


ZZ 
pz 
GE 
C ALLTA 


Prob. 21-79 
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*21-80. The football has a mass of 450 g and radii of 
gyration about its axis of symmetry (z axis) and its transverse 
axes (x or y axis) of k, = 30mm and k, = k, = 50mm, 
respectively. If the football has an angular momentum of 
Hg = 0.02 kg - m?/s, determine its precession ¢ and spin y. 
Also, find the angle 8 that the angular velocity vector 
makes with the z axis. 


Hg = 0.02 kg - m2/s 
z 


dg 


45° E 


Prob. 21-80 


*21-81. The space capsule has a mass of 2 Mg, center of 
mass at G, and radii of gyration about its axis of 
symmetry (z axis) and its transverse axes (x or y axis) 
of k, = 2.75 m and k, = k, = 5.5 m, respectively. If the 
capsule has the angular velocity shown, determine its 
precession ¢ and spin y. Indicate whether the precession 
is regular or retrograde. Also, draw the space cone and 
body cone for the motion. 


Prob. 21-81 
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CHAPTER REVIEW 


Moments and Products of Inertia 

A body has six components of inertia for 
any specified x,y, z axes. Three of these 
are moments of inertia about each of the 
axes, I zx, Jy, Iez, and three are products 
of inertia, each defined from two 
orthogonal planes, /,,, Iyz, Ixz. If either 
one or both of these planes are planes of 
symmetry, then the product of inertia 


with respect to these planes will be zero. 


The moments and products of inertia can 
be determined by direct integration or by 
using tabulated values. If these quantities 
are to be determined with respect to axes 
or planes that do not pass through the 
mass center, then parallel-axis and 
parallel-plane theorems must be used. 


Provided the six components of inertia 
are known, then the moment of inertia 
about any axis can be determined using 
the inertia transformation equation. 


DI Uu UP Wwe Iure 


Principal Moments of Inertia 

At any point on or off the body, the x, y, z 
axes can be oriented so that the products 
of inertia will be zero. The resulting 
moments of inertia are called the 
principal moments of inertia, one of 
which will be a maximum and the other a 
minimum. 


Principle of Impulse and Momentum h D 
The angular momentum for a body can be m(vc)i + a F dt = m(vc); (Ho); + a Mo dt = (Ho); 
determined about any arbitrary point A. s H 


Once the linear and angular momentum Ho = j! Po X (w X po) dm 
for the body have been formulated, then reed Pano 

the principle of impulse and momentum 

can be used to solve problems that Hg = f Pc X (w X pg) dm H, = -lpo — lywy + Luo; 
involve force, velocity, and time. m 


where 


H, T OT 17,0 Ty; 


= i 
Ay Ji. ar Heins = Moy 


Center of Mass 
Hy = pg;4 X myg + Hc 


Arbitrary Point 
Principle of Work and Energy 


The kinetic energy for a body is usually 2 + 510% T= 1 mug 4 1 Lor 4 5 Los 


à à : : y?y i | 
determined! relative to a fixed point or Fixed Point C N 
the body’s mass center. 


These formulations can be used with the 
principle of work and energy to solve 
problems that involve force, velocity, and 
displacement. 


Equations of Motion 

There are three scalar equations of 
translational motion for a rigid body that 
moves in three dimensions. 


The three scalar equations of rotational 
motion depend upon the motion of the x, 
y, z reference. Most often, these axes are 
oriented so that they are principal axes 
of inertia. If the axes are fixed in and 
move with the body so that 0 = c, then 
the equations are referred to as the Euler 
equations of motion. 


A free-body diagram should always 
accompany the application of the 
equations of motion. 


Gyroscopic Motion 

The angular motion of a gyroscope is 
best described using the three Euler 
angles $, 0, and y. The angular velocity 
components are called the precession d, 
the nutation 6, and the spin y. 


If@ = O0 and $ and y are constant, then the 
motion is referred to as steady precession. 


It is the spin of a gyro rotor that is 
responsible for holding a rotor from 
falling downward, and instead causing it 
to precess about a vertical axis. This 
phenomenon is called the gyroscopic effect. 


Torque-Free Motion 

A body that is only subjected to a 
gravitational force will have no moments 
on it about its mass center, and so the 
motion is described as torque-free 
motion. The angular momentum for the 
body about its mass center will remain 
constant. This causes the body to have 
both a spin and a precession. The motion 
depends upon the magnitude of the 
moment of inertia of a symmetric body 
about the spin axis, J,, versus that about a 
perpendicular axis, J. 


=M, 
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=M, = Ox BE 
XM = liy = Uh = 
2M, = Lo, = (I = 


Q= w 


Ly = Ey, F 
= Iho, Low, 5 
Lo, — Lo, 4 


—Id? sin 0 cos 0 + Lo sin olo cos 0 + y) 


0, ZM, =0 


constant 


629 


Spring suspensions can induce vibrations in moving vehicles, such as this railroad car. 
In order to predict the behavior we must use a vibrational analysis. 


Vibrations 


CHAPTER OBJECTIVES 


* To discuss undamped one-degree-of-freedom vibration of a rigid 
body using the equation of motion and energy methods. 


* To study the analysis of undamped forced vibration and viscous 
damped forced vibration. 


*22.1 Undamped Free Vibration 


A vibration is the periodic motion of a body or system of connected bodies 
displaced from a position of equilibrium. In general, there are two types 
of vibration, free and forced. Free vibration occurs when the motion is 
maintained by gravitational or elastic restoring forces, such as the swinging 
motion of a pendulum or the vibration of an elastic rod. Forced vibration 
is caused by an external periodic or intermittent force applied to the 
system. Both of these types of vibration can either be damped or 
undamped. Undamped vibrations can continue indefinitely because 
frictional effects are neglected in the analysis. Since in reality both internal 
and external frictional forces are present, the motion of all vibrating bodies 
is actually damped. 
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Equilibrium 
position 


Equilibrium 


position 
Hn 


(a) 


F=W + ky 


The simplest type of vibrating motion is undamped free vibration, 
represented by the block and spring model shown in Fig. 22-1a. 
Vibrating motion occurs when the block is released from a displaced 
position x so that the spring pulls on the block. The block will attain a 
velocity such that it will proceed to move out of equilibrium when x = 0, 
and provided the supporting surface is smooth, the block will oscillate 
back and forth. 

The time-dependent path of motion of the block can be determined by 
applying the equation of motion to the block when it is in the displaced 
position x. The free-body diagram is shown in Fig. 22-1b. The elastic 
restoring force F = kx is always directed toward the equilibrium 
position, whereas the acceleration a is assumed to act in the direction of 
positive displacement. Since a = d?x/dt? = X, we have 


5 LF, = ma,; —kx = mx 


Note that the acceleration is proportional to the block’s displacement. 
Motion described in this manner is called simple harmonic motion. 
Rearranging the terms into a “standard form” gives 


X + wx =0 (22-1) 


The constant o, is called the natural frequency, and in this case 


(22-2) 


Equation 22-1 can also be obtained by considering the block to be 
suspended so that the displacement y is measured from the block’s 
equilibrium position, Fig. 22-2a. When the block is in equilibrium, the 
spring exerts an upward force of F — W — mg on the block. Hence, 
when the block is displaced a distance y downward from this position, 
the magnitude of the spring force is F = W + ky, Fig. 222b. Applying 
the equation of motion gives 


+L EF, = may; -W —- ky - W = my 
or 
Y+ ory =0 


which is the same form as Eq. 22-1 and o, is defined by Eq. 22-2. 


22.1 


Equation 22-1 is a homogeneous, second-order, linear, differential 
equation with constant coefficients. It can be shown, using the methods 
of differential equations, that the general solution is 


x = Asinw,t + B cos o, (22-3) 


Here A and B represent two constants of integration. The block’s 
velocity and acceleration are determined by taking successive time 
derivatives, which yields 


v = X = Aw, COs wt — Bao, sin ot (22-4) 


a = X = —Ao?sin o,t — Bo? cos ot (22-5) 


When Eqs. 22-3 and 22-5 are substituted into Eq. 22-1, the differential 
equation will be satisfied, showing that Eq. 22-3 is indeed the solution 
to Eq. 22-1. 

The integration constants in Eq. 22-3 are generally determined from 
the initial conditions of the problem. For example, suppose that the block 
in Fig. 22-1a has been displaced a distance x, to the right from its 
equilibrium position and given an initial (positive) velocity v, directed to 
the right. Substituting x = x, when t = 0 into Eq. 22-3 yields B = x4. 
And since v = v when t = 0, using Eq. 22-4 we obtain A = vi/o,. If 
these values are substituted into Eq. 223, the equation describing the 
motion becomes 


Up. 
x = — sin wnt X, COS w,t (22-6) 
Op 


Equation 22-3 may also be expressed in terms of simple sinusoidal 
motion. To show this, let 


A=Ccos¢ (22-7) 
and 
B=Csing (22-8) 


where C and ¢ are new constants to be determined in place of A and B. 
Substituting into Eq. 22-3 yields 


x = Ccos¢sinw,t + C sin $ cos ot 


And since sin(0 + $) = sin 0 cos $ + cos 0 sin $, then 


x = Csin(o,t + $) (22-9) 


If this equation is plotted on an x versus w,f axis, the graph shown in 
Fig. 22-3 is obtained. The maximum displacement of the block from its 


UNDAMPED FREE VIBRATION 
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equilibrium position is defined as the amplitude of vibration. From either 
the figure or Eq. 22-9 the amplitude is C. The angle ¢ is called the phase 
angle since it represents the amount by which the curve is displaced from 
the origin when ¢ = 0. We can relate these two constants to A and B 
using Eqs. 22-7 and 22-8. Squaring and adding these two equations, the 


amplitude becomes 
C=VA+B (22-10) 
If Eq. 22-8 is divided by Eq. 22-7, the phase angle is then 


B 
= tan ! — 22-11 
$ = tan F ( ) 


Note that the sine curve, Eq. 22-9, completes one cycle in time 
t = 7 (tau) when w,7 = 277, or 


o. | 1 cycle 27 = w,T | 
1 E Period of time (7) = 27 

x = Csin (ot + Q) 23 ipe "T. (22-12) 
C " n 

H 
Ez This time interval is called a period, Fig. 22-3. Using Eq. 22-2, the period 
can also be represented as 
C 
|m 

| T — Jm p? (22-13) 


Fig. 22-3 Finally, the frequency f is defined as the number of cycles completed per 
unit of time, which is the reciprocal of the period; that is, 


f- : = (22-14) 


1 [Kk 
f- ijt (22-15) 


The frequency is expressed in cycles/s. This ratio of units is called a hertz 
(Hz), where 1 Hz = 1 cycle/s = 27 rad/s. 

When a body or system of connected bodies is given an initial 
displacement from its equilibrium position and released, it will vibrate 
with the natural frequency, w,. Provided the system has a single degree 
of freedom, that is, it requires only one coordinate to specify completely 
the position of the system at any time, then the vibrating motion will 
have the same characteristics as the simple harmonic motion of the block 
and spring just presented. Consequently, the motion is described by a 
differential equation of the same “standard form” as Eq. 22-1, i.e., 


or 


X + w2x =0 (22-16) 


Hence, if the natural frequency o, is known, the period of vibration 7, 
natural frequency f, and other vibrating characteristics can be 
established using Eqs. 22-3 through 22-15. 
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Important Points 


Free vibration occurs when the motion is maintained by 
gravitational or elastic restoring forces. 


The amplitude is the maximum displacement of the body. 
The period is the time required to complete one cycle. 


The frequency is the number of cycles completed per unit of time, 
where 1 Hz — 1 cycle/s. 


Only one position coordinate is needed to describe the location 
of a one-degree-of-freedom system. 


Procedure for Analysis 


As in the case of the block and spring, the natural frequency o, of a 
body or system of connected bodies having a single degree of 
freedom can be determined using the following procedure: 


Free-Body Diagram. 


* Draw the free-body diagram of the body when the body is 
displaced a small amount from its equilibrium position. 


Locate the body with respect to its equilibrium position by using 
an appropriate inertial coordinate q. The acceleration of the 
body's mass center ag or the body's angular acceleration « 
should have an assumed sense of direction which is in the positive 
direction of the position coordinate. 


If the rotational equation of motion E Mp = X(/L;)p is to be 
used, then it may be beneficial to also draw the kinetic diagram 
since it graphically accounts for the components m(ag),, (aq) y, 
and /cG«, and thereby makes it convenient for visualizing the 
terms needed in the moment sum Z(.4) p. 


Equation of Motion. 


* Apply the equation of motion to relate the elastic or 
gravitational restoring forces and couple moments acting on the 
body to the body's accelerated motion. 


Kinematics. 


* Using kinematics, express the body's accelerated motion in terms 
of the second time derivative of the position coordinate, q. 


e Substitute the result into the equation of motion and determine 
w, by rearranging the terms so that the resulting equation is in 
the “standard form,” 4 + vq = 0. 


636 CHAPTER 22 


EXAMPLE |22.1 


VIBRATIONS 


Determine the period of oscillation for the simple pendulum shown in 
Fig. 22-4a. The bob has a mass m and is attached to a cord of length /. 
Neglect the size of the bob. 


SOLUTION 


Free-Body Diagram. Motion of the system will be related to the 
position coordinate (q =) 0, Fig. 22-4b. When the bob is displaced by 
a small angle 0, the restoring force acting on the bob is created by the 
tangential component of its weight, mg sin 0. Furthermore, a, acts in 
the direction of increasing s (or 0). 


Equation of Motion. Applying the equation of motion in the 
tangential direction, since it involves the restoring force, yields 
+/7XF, = oma; -mg sin 0 = ma, (1) 


Kinematics. a, = d?s/ dt? = s. Furthermore, s can be related to 0 by 
the equation s = /0, so that a, = 10. Hence, Eq. 1 reduces to 


6+ sing =0 (2) 


l 


The solution of this equation involves the use of an elliptic integral. 
For small displacements, however, sin 0 ~ 0, in which case 


6+ taco (3) 


Comparing this equation with Eq. 22-16 (X + «zx = 0), it is seen 


that w, = V g/l. From Eq. 22-12, the period of time required for the 
bob to make one complete swing is therefore 


2 
T= a= AH Ans. 
m E 


This interesting result, originally discovered by Galileo Galilei 
through experiment, indicates that the period depends only on the 
length of the cord and not on the mass of the pendulum bob or the 
angle 0. 


NOTE: The solution of Eq. 3 is given by Eq. 22-3, where o, = V g/l 
and 0 is substituted for x. Like the block and spring, the constants A 
and B in this problem can be determined if, for example, one knows 
the displacement and velocity of the bob at a given instant. 


22.1 


EXAMPLE |22.2 


The 10-kg rectangular plate shown in Fig. 22—5a is suspended at its 
center from a rod having a torsional stiffness k = 1.5 N* m/rad. 
Determine the natural period of vibration of the plate when it is given 
a small angular displacement 0 in the plane of the plate. 


SOLUTION 


Free-Body Diagram. Fig. 22—5b. Since the plate is displaced in its 
own plane, the torsional restoring moment created by the rod is 
M = kð. This moment acts in the direction opposite to the angular 
displacement 0. The angular acceleration 0 acts in the direction of 
positive 0. 


Equation of Motion. 
=Mo = Ioa; 


or 


Since this equation is in the “standard form,” the natural frequency is 
Mn 7 V k/ Ío. 

From the table on the inside back cover, the moment of inertia of 
the plate about an axis coincident with the rod is lọ = zm(a + p. 
Hence, 


1 
= 1,00 kg)[(0.2 m)? + (0.3 m)?] = 0.1083 kg: m? 


The natural period of vibration is therefore, 


mS oos [0.1083 _ 
T m 2T. k 2r. 15 1.69 s 


Io 
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EXAMPLE |22.3 


VIBRATIONS 


The bent rod shown in Fig. 22-6a has a negligible mass and supports a 
5-kg collar at its end. If the rod is in the equilibrium position shown, 
determine the natural period of vibration for the system. 


SOLUTION 


Free-Body and Kinetic Diagrams. Fig. 22-6b. Here the rod is 
displaced by a small angle 0 from the equilibrium position. Since the 
spring is subjected to an initial compression of x, for equilibrium, then 
when the displacement x > x, the spring exerts a force of 
F, = kx — kx, on the rod. To obtain the “standard form," Eq. 22-16, 5a, 
must act upward, which is in accordance with positive 0 displacement. 


Equation of Motion. Moments will be summed about point B to 
eliminate the unknown reaction at this point. Since 0 is small, 


Gr ZMs = (My); 
kx(0.1 m) — kx4(0.1 m) + 49.05 N(0.2 m) = —(5 kg)a,(0.2 m) 


The second term on the left side, —kx«(0.1 m), represents the 
moment created by the spring force which is necessary to hold the 
collar in equilibrium, i.e., at x = 0. Since this moment is equal and 
opposite to the moment 49.05 N(0.2 m) created by the weight of the 
collar, these two terms cancel in the above equation, so that 


kx(0.1) = —5a,(0.2) (1) 


Kinematics. The deformation of the spring and the position of the 
collar can be related to the angle 0. Fig. 22-6c. Since 0 is small, 
x = (0.1 m)6 and y = (0.2 m)0. Therefore, a, = y = 0.20. Substituting 
into Eq. 1 yields 


400(0.10) 0.1 = —5(0.20)0.2 


Rewriting this equation in the "standard form" gives 
6 + 200 — 0 
Compared with X + w2x = 0 (Eq. 22-16), we have 
on = @, = 447 rad/s 
The natural period of vibration is therefore 


2T 2m 
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22.1 


EXAMPLE |22.4 


A 10-Ib block is suspended from a cord that passes over a 15-Ib disk, 
as shown in Fig. 22-7a. The spring has a stiffness k = 200 lb/ft. 
Determine the natural period of vibration for the system. 


k — 200 Ib/ft 


101b 
SOLUTION 
Free-Body and Kinetic Diagrams. Fig. 22-7b. The system consists 
of the disk, which undergoes a rotation defined by the angle 0, and 
the block, which translates by an amount s. The vector Ig 6 acts in the 
direction of positive 0, and consequently mga, acts downward in the 
direction of positive s. 
Equation of Motion. Summing moments about point O to 
eliminate the reactions O, and O,, realizing that Jo = imr, yields 
G+2Mo = ZX(44)o; 


10 1b(0.75 ft) — F,(0.75 ft) 


CRI 
E „r 151b ;Jiss Ry da (hos ft) (1) 
32.2 ft/s? 32.2 ft/s 


Kinematics. As shown on the kinematic diagram in Fig. 22—7c, a 
small positive displacement 0 of the disk causes the block to lower by 
an amount s = 0.756; hence, a, = s = 0.750. When 6 = 0°, the spring 
force required for equilibrium of the disk is 10 Ib, acting to the right. 
For position 6, the spring force is F, = (200 lb/ft) (0.750 ft) + 10 1b. 
Substituting these results into Eq. 1 and simplifying yields 

0 + 3680 = 0 
Hence, 

ow; = 368 w, = 19.18 rad/s 
Therefore, the natural period of vibration is 
2 27 
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PT PROSLEMS — 


e22-1. A spring is stretched 175 mm by an 8-kg block. If the 
block is displaced 100 mm downward from its equilibrium 
position and given a downward velocity of 1.50 m/s, 
determine the differential equation which describes the 
motion. Assume that positive displacement is downward. 
Also, determine the position of the block when t = 0.22 s. 


22-2. When a 2-kg block is suspended from a spring, the 
spring is stretched a distance of 40mm. Determine the 
frequency and the period of vibration for a 0.5-kg block 
attached to the same spring. 


22-3. A block having a weight of 8 Ib is suspended from a 
spring having a stiffness k = 40 lb/ft. If the block is 
pushed y — 0.2 ft upward from its equilibrium position 
and then released from rest, determine the equation which 
describes the motion. What are the amplitude and the 
natural frequency of the vibration? Assume that positive 
displacement is downward. 


*22-4. A spring has a stiffness of 800 N/m. If a 2-kg block 
is attached to the spring, pushed 50mm above its 
equilibrium position, and released from rest, determine the 
equation that describes the block's motion. Assume that 
positive displacement is downward. 


022-5. A 2-kg block is suspended from a spring having a 
stiffness of 800 N/m. If the block is given an upward 
velocity of 2 m/s when it is displaced downward a distance 
of 150 mm from its equilibrium position, determine the 
equation which describes the motion. What is the amplitude 
of the motion? Assume that positive displacement is 
downward. 


22-6. Aspringis stretched 200 mm by a 15-kg block. If the 
block is displaced 100 mm downward from its equilibrium 
position and given a downward velocity of 0.75 m/s, 
determine the equation which describes the motion. What is 
the phase angle? Assume that positive displacement is 
downward. 


22-7. A 6-kg block is suspended from a spring having a 
stiffness of k — 200 N/m. If the block is given an upward 
velocity of 0.4 m/s when it is 75 mm above its equilibrium 
position, determine the equation which describes the 
motion and the maximum upward displacement of the 
block measured from the equilibrium position. Assume that 
positive displacement is downward. 


*22-8. A 3-kg block is suspended from a spring having a 
stiffness of k — 200 N/m. If the block is pushed 50 mm 
upward from its equilibrium position and then released 
from rest, determine the equation that describes the 
motion. What are the amplitude and the frequency of the 
vibration? Assume that positive displacement is downward. 


*22-9. A cable is used to suspend the 800-kg safe. If the safe 
is being lowered at 6 m/s when the motor controlling the 
cable suddenly jams (stops), determine the maximum tension 
in the cable and the frequency of vibration of the safe. 
Neglect the mass of the cable and assume it is elastic such 
that it stretches 20 mm when subjected to a tension of 4 kN. 


Prob. 22-9 


22-10. The body of arbitrary shape has a mass rn, mass 
center at G, and a radius of gyration about G of kg. If it is 
displaced a slight amount 0 from its equilibrium position 
and released, determine the natural period of vibration. 


Prob. 22-10 
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22-11. The circular disk has a mass m and is pinned at O. *22-13. The connecting rod is supported by a knife edge 
Determine the natural period of vibration if it is displaced a at A and the period of vibration is measured as 74 — 3.38 s. 
small amount and released. It is then removed and rotated 180? so that it is supported 


by the knife edge at B. In this case the perod of vibration is 
measured as Tg = 3.96 s. Determine the location d of the 
center of gravity G, and compute the radius of gyration kg. 


Prob. 22-11 Prob. 22-13 


*22-12. The square plate has a mass m and is suspended 22-14. The disk, having a weight of 15 Ib, is pinned at its 

at its corner from a pin O. Determine the natural period of center O and supports the block A that has a weight of 3 Ib. 

vibration if it is displaced a small amount and released. If the belt which passes over the disk does not slip at its 
contacting surface, determine the natural period of 
vibration of the system. 


k = 80 lb/ft 


Prob. 22-12 Prob. 22-14 
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22-15. The bell has a mass of 375 kg, a center of mass at 
G, and a radius of gyration about point D of kp = 0.4 m. 
The tongue consists of a slender rod attached to the inside 
of the bell at C. If an 8-kg mass is attached to the end of the 
rod, determine the length / of the rod so that the bell will 
“ring silent," i.e., so that the natural period of vibration of 
the tongue is the same as that of the bell. For the 
calculation, neglect the small distance between C and D and 
neglect the mass of the rod. 


Prob. 22-15 


*22-16. The platform AB when empty has a mass of 
400 kg, center of mass at G,, and natural period of 
oscillation 7; = 2.38 s. If a car, having a mass of 1.2 Mg 
and center of mass at Gp, is placed on the platform, the 
natural period of oscillation becomes m, = 3.16s. 
Determine the moment of inertia of the car about an axis 
passing through G;. 


Prob. 22-16 


*22-17. The 50-Ib wheel has a radius of gyration about its 
mass center G of kg = 0.7 ft. Determine the frequency of 
vibration if it is displaced slightly from the equilibrium 
position and released. Assume no slipping. 


Ib/ft 


Prob. 22-17 


22-18. The two identical gears each have a mass of m and 
a radius of gyration about their center of mass of ko. They 
are in mesh with the gear rack, which has a mass of M and is 
attached to a spring having a stiffness k. If the gear rack is 
displaced slightly horizontally, determine the natural period 
of oscillation. 


Prob. 22-18 


22-19. In the “lump mass theory”, a single-story building 
can be modeled in such a way that the whole mass of the 
building is lumped at the top of the building, which is 
supported by a cantilever column of negligible mass as 
shown. When a horizontal force P is applied to the model, 
the column deflects an amount of 8 = PL*/12EI, where L 
is the effective length of the column, E is Young's modulus 
of elasticity for the material, and J is the moment of inertia 
of the cross section of the column. If the lump mass is m, 
determine the frequency of vibration in terms of these 
parameters. 


_ PL 
un d 
pes 
P 
—M 
L 
Prob. 22-19 


*22-20. A flywheel of mass m, which has a radius of 
gyration about its center of mass of ko, is suspended from a 
circular shaft that has a torsional resistance of M = C9. If 
the flywheel is given a small angular displacement of 0 and 
released, determine the natural period of oscillation. 


Prob. 22-20 
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-22-2]. The cart has a mass of m and is attached to two 
springs, each having a stiffness of k, = k; = k, unstretched 
length of lọ, and a stretched length of / when the cart is in 
the equilibrium position. If the cart is displaced a distance 
of x = xo such that both springs remain in tension 
(xo < I — lo), determine the natural frequency of oscillation. 


22-22. The cart has a mass of m and is attached to two 
springs, each having a stiffness of kı and kz, respectively. If 
both springs are unstretched when the cart is in the 
equilibrium position shown, determine the natural frequency 
of oscillation. 


Probs. 22-21/22 


22-23. '[he 3-kg target slides freely along the smooth 
horizontal guides BC and DE, which are ‘nested’ in springs 
that each have a stiffness of k = 9 kN/m. If a 60-g bullet is 
fired with a velocity of 900 m/s and embeds into the target, 
determine the amplitude and frequency of oscillation of 
the target. 


Prob. 22-23 
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*22-24. If the spool undergoes a small angular 22-26. A wheel of mass m is suspended from two equal- 
displacement of 0 and is then released, determine the length cords as shown. When it is given a small angular 
frequency of oscillation. The spool has a mass of 50 kg and displacement of 0 about the z axis and released, it is 
a radius of gyration about its center of mass O of observed that the period of oscillation is 7. Determine the 
ko — 250 mm. The spool rolls without slipping. radius of gyration of the wheel about the z axis. 

z 


e. 


Prob. 22-24 Prob. 22-26 
*22-25. The slender bar of mass m is supported by two 22-27. A wheel of mass m is suspended from three equal- 
equal-length cords. If it is given a small angular length cords. When it is given a small angular displacement 
displacement of 6 about the vertical axis and released, of 0 about the z axis and released, it is observed that the 
determine the natural period of oscillation. period of oscillation is r. Determine the radius of gyration 


of the wheel about the z axis. 


Prob. 22-25 Prob. 22-27 


*22.2 Energy Methods 


The simple harmonic motion of a body, discussed in the previous 
section, is due only to gravitational and elastic restoring forces acting 
on the body. Since these forces are conservative, it is also possible to 
use the conservation of energy equation to obtain the body’s natural 
frequency or period of vibration. To show how to do this, consider again 
the block and spring model in Fig. 22-8. When the block is displaced x 
from the equilibrium position, the kinetic energy is T = imv? = imi 
and the potential energy is V — kx, Since energy is conserved, it is 
necessary that 


T + V = constant 


imi? + jkx? = constant (22-17) 


The differential equation describing the accelerated motion of the 
block can be obtained by differentiating this equation with respect to 
time; 1.e., 


mxx + kxx = 0 


x(mx + kx) =0 
Since the velocity x is not always zero in a vibrating system, 
Xt w2x =0 w, = Vk/m 


which is the same as Eq. 22-1. 

If the conservation of energy equation is written for a system of 
connected bodies, the natural frequency or the equation of motion can 
also be determined by time differentiation. It is not necessary to 
dismember the system to account for the internal forces because they do 
no work. 


Equilibrium 
position 
x 


k 


Fig. 22-8 
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The suspension of a railroad car consists of a set of 
springs which are mounted between the frame of 
the car and the wheel truck. This will give the car 
a natural frequency of vibration which can be 
determined. 


Procedure for Analysis 


The natural frequency w, of a body or system of connected bodies 
can be determined by applying the conservation of energy equation 
using the following procedure. 


Energy Equation. 


Draw the body when it is displaced by a small amount from its 
equilibrium position and define the location of the body from its 
equilibrium position by an appropriate position coordinate q. 
Formulate the conservation of energy for the body, T + V = 
constant, in terms of the position coordinate. 


In general, the kinetic energy must account for both the body’s 


translational and rotational motion, T = jm + 5 Ico”, 
Eq. 18-2. 

The potential energy is the sum of the gravitational and elastic 
potential energies of the body, V — V, + V., Eq. 18-17. In 
particular, V, should be measured from a datum for which q — 0 
(equilibrium position). 


Time Derivative. 


Take the time derivative of the energy equation using the chain 
rule of calculus and factor out the common terms. The resulting 
differential equation represents the equation of motion for the 
system. The natural frequency of o, is obtained after rearranging 
the terms in the “standard form," ġ + w2q = 0. 


22.2 ENERGY METHODS 


EXAMPLE |22.5 


The thin hoop shown in Fig. 22-9a is supported by the peg at O. 
Determine the natural period of oscillation for small amplitudes of 
swing. The hoop has a mass m. 


SOLUTION 


Energy Equation. A diagram of the hoop when it is displaced a small 
amount (q =) 0 from the equilibrium position is shown in Fig. 22-95. 
Using the table on the inside back cover and the parallel-axis theorem 
to determine /o, the kinetic energy is 


202 


T= 51 ow; = imr? + mr^]g — mr 


If a horizontal datum is placed through point O, then in the displaced 
position, the potential energy is 


V = —mg(r cos 0) 
The total energy in the system is 
T+V = m? — mgr cos 0 
Time Derivative. 
mr^(28)0 + mgr sin 00 = 0 
mr6(2r6 + g sin 0) = 0 
Since ô is not always equal to zero, from the terms in parentheses, 


6+ > sino = 0 


For small angle 6, sin 6 = 6. 


so that 
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EXAMPLE |22.6 


A 10-kg block is suspended from a cord wrapped around a 5-kg disk, 
k = 200 N/m as shown in Fig. 22-10a. If the spring has a stiffness k = 200 N/m, 
4 determine the natural period of vibration for the system. 


SOLUTION 


Energy Equation. A diagram of the block and disk when they are 
displaced by respective amounts s and 0 from the equilibrium position 
is shown in Fig. 22-10b. Since s = (0.15 m)@, then vy ~ s = (0.15 m)6. 
Thus, the kinetic energy of the system is 


T = ima} + iloo) 
cedi ae ae 2l o2 
= 3(10 kg)[(0.15 m)8? + 3[3(5 kg)(0.15 m)? (0) 
= 0.1406(6)? 


Establishing the datum at the equilibrium position of the block and 
realizing that the spring stretches s, for equilibrium, the potential 
energy is 


V= Ik(ss -sy-Ws 
= 1(200 N/m)[s, + (0.15 m0]? — 98.1 N[(0.15 m)6] 
The total energy for the system is therefore, 


T + V = 0.1406(0)? + 100(s,, + 0.150)? — 14.7150 


Fig. 22-10 Time Derivative. 
0.28125(8)6 + 200(s,, + 0.1560)0.150 — 14.720 = 0 


Since s, = 98.1/200 = 0.4905 m, the above equation reduces to the 
*standard form" 


6+ 160 =0 


so that 


On = V16 = 4 rad/s 
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PT PROBLEMS 


*22-28. Solve Prob. 22-10 using energy methods. 
*22-29. Solve Prob. 22-11 using energy methods. 
22-30. Solve Prob. 22-12 using energy methods. 
22-31. Solve Prob. 22-14 using energy methods. 


*22-32. The machine has a mass m and is uniformly 
supported by four springs, each having a stiffness k. 
Determine the natural period of vertical vibration. 


Prob. 22-32 


*22-33. Determine the differential equation of motion of 
the 15-kg spool. Assume that it does not slip at the surface 
of contact as it oscillates. The radius of gyration of the spool 
about its center of mass is kg = 125 mm. The springs are 
originally unstretched. 


k = 200 N/m 


| k = 200 N/m 


Prob. 22-33 


22-34. Determine the natural period of vibration of the 
disk having a mass m and radius r. Assume the disk does not 
slip on the surface of contact as it oscillates. 

k 


Prob. 22-34 
22-35. If the wheel is given a small angular displacement 
of 0 and released from rest, it is observed that it oscillates 
with a natural period of 7. Determine the wheel’s radius of 
gyration about its center of mass G. The wheel has a mass of 
m and rolls on the rails without slipping. 


Prob. 22-35 
*22-36. Without an adjustable screw, A, the 1.5-lb 
pendulum has a center of gravity at G. If it is required that it 
oscillates with a period of 1 s, determine the distance a from 
pin O to the screw. The pendulum's radius of gyration about 
O is kg = 8.5 in. and the screw has a weight of 0.05 Ib. 


Prob. 22-36 
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*22-37. A torsional spring of stiffness k is attached to a 
wheel that has a mass of M. If the wheel is given a small 
angular displacement of 0 about the z axis determine the 
natural period of oscillation. The wheel has a radius of 
gyration about the z axis of K;. 


Prob. 22-37 


22-38. Determine the frequency of oscillation of the 
cylinder of mass m when it is pulled down slightly and 
released. Neglect the mass of the small pulley. 


Prob. 22-38 


22-39. Determine the frequency of oscillation of the 
cylinder of mass m when it is pulled down slightly and 
released. Neglect the mass of the small pulleys. 


Prob. 22-39 


*22-40. The gear of mass m has a radius of gyration about 
its center of mass O of kg. The springs have stiffnesses of k, 
and K;, respectively, and both springs are unstretched when 
the gear is in an equilibrium position. If the gear is given a 
small angular displacement of 0 and released, determine its 
natural period of oscillation. 


Prob. 22-40 


22-41. The bar has a mass of 8 kg and is suspended from 
two springs such that when it is in equilibrium, the springs 
make an angle of 45? with the horizontal as shown. 
Determine the natural period of vibration if the bar is 
pulled down a short distance and released. Each spring has 
a stiffness of k — 40 N/m. 


Prob. 22-41 
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*22.3 Undamped Forced Vibration 


Undamped forced vibration is considered to be one of the most important 
types of vibrating motion in engineering. Its principles can be used to 
describe the motion of many types of machines and structures. 

Periodic Force. The block and spring shown in Fig. 22-11a provide a 
convenient model which represents the vibrational characteristics of a 
system subjected to a periodic force F = Fo sin wot. This force has an 
amplitude of Fo and a forcing frequency «o. The free-body diagram for 
the block when it is displaced a distance x is shown in Fig. 22-11b. 
Applying the equation of motion, we have 


4 LF, = ma,; Fo sin wot — kx = mx 
or 
a k h. 
X ox = sin wot (22-18) 
m m 


This equation is a nonhomogeneous second-order differential equation. 
The general solution consists of a complementary solution, x., plus a 
particular solution, x,,. 

The complementary solution is determined by setting the term on the 
right side of Eq. 22-18 equal to zero and solving the resulting 
homogeneous equation. The solution is defined by Eq. 22-9, i.e., 


x, = Csin(w,t + Q) (22-19) 


where o, is the natural frequency, w, = V k/m, Eq. 22-2. 
Since the motion is periodic, the particular solution of Eq. 22-18 can be 
determined by assuming a solution of the form 


xy = X sin wot (22-20) 
where X is a constant. Taking the second time derivative and substituting 
into Eq. 22-18 yields 


. k . Fh. 
-Xo sin wot + — (X sin wot) = sin wot 
m m 


Factoring out sin wot and solving for X gives 


Fo/m Fo/k 


= = 22-21 
(k/m) — e& — 1 — (w/o) eon 
Substituting into Eq. 22-20, we obtain the particular solution 
I LN (22-22) 
Xp = —— — — Sin wot = 
"o1 (w/o) 


Equilibrium 
position x 


F = Fy sin wot 


kx F= FK sin wot 


Fig. 22-11 


Shaker tables provide forced vibration 
and are used to separate out granular 
materials. 
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The general solution is therefore the sum of two sine functions having 
different frequencies. 


o/ 


Fo/k 
X= Xe + xp = C sinlo,t + o) +> —— sm wot (22-23) 
1 — (@/on) 


The complementary solution x, defines the free vibration, which depends 
on the natural frequency w, = V k/m and the constants C and 4. The 
particular solution x, describes the forced vibration of the block caused 
by the applied force F = Hsin wpt. Since all vibrating systems are 
subject to friction, the free vibration, x,, will in time dampen out. For this 
reason the free vibration is referred to as transient, and the forced 
vibration is called steady-state, since it is the only vibration that remains. 

From Eq. 22-21 it is seen that the amplitude of forced or steady-state 
vibration depends on the frequency ratio wo/w,. If the magnification 
factor MF is defined as the ratio of the amplitude of steady-state 
vibration, X, to the static deflection, Fọ/k, which would be produced by 
the amplitude of the periodic force Fo, then, from Eq. 22-21, 


The soil compactor operates 
by forced vibration developed 
by an internal motor. It is 
important that the forcing 
frequency not be close to 
the natural frequency of 
vibration of the compactor, 
which can be determined 
when the motor is turned off; 
otherwise resonance will 
occur and the machine will 
become uncontrollable. 
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Er 4 1 
Fo/k — 1 — (ouf) 


MF (22-24) 


This equation is graphed in Fig. 22-12. Note that if the force or 
displacement is applied with a frequency close to the natural frequency 
of the system, i.e., wo/w, ~ 1, the amplitude of vibration of the block 
becomes extremely large. This occurs because the force F is applied to 
the block so that it always follows the motion of the block. This condition 
is called resonance, and in practice, resonating vibrations can cause 
tremendous stress and rapid failure of parts.* 


Periodic Support Displacement. Forced vibrations can also 
arise from the periodic excitation of the support of a system. The model 
shown in Fig. 22-13a represents the periodic vibration of a block which is 
caused by harmonic movement ô = ôo sin wot of the support. The free- 
body diagram for the block in this case is shown in Fig. 22-135. The 
displacement 6 of the support is measured from the point of zero 
displacement, i.e., when the radial line OA coincides with OB. Therefore, 
general deformation of the spring is (x — ôo sin wot). Applying the 
equation of motion yields 


5 F, = may; —k(x — 69 sin wot) = mx 
or 
so Kk kóg . 
¥ + —x = sin wot (22-25) 
m nn 


By comparison, this equation is identical to the form of Eq. 22-18, 
provided Fy is replaced by kóg. If this substitution is made into the 
solutions defined by Eqs. 22-21 to 22-23, the results are appropriate for 
describing the motion of the block when subjected to the support 
displacement ô = 69 sin wot. 


*A swing has a natural period of vibration, as determined in Example 22.1. If someone 
pushes on the swing only when it reaches its highest point, neglecting drag or wind 
resistance, resonance will occur since the natural and forcing frequencies are the same. 


MF 


653 


k(x — 89 sin wot) 


Fig. 22-12 


Equilibrium 
position 
x 


(b) 


Fig. 22-13 
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The instrument shown in Fig. 22-14 is rigidly attached to a platform P, 
which in turn is supported by four springs, each having a stiffness 
k = 800 N/m. If the floor is subjected to a vertical displacement 
ô = 10 sin(8t) mm, where t is in seconds, determine the amplitude of 
steady-state vibration. What is the frequency of the floor vibration 
required to cause resonance? The instrument and platform have a 
total mass of 20 kg. 


SOLUTION 


The natural frequency is 


k 4(800 N/m) 
On =. jen = 20kg ^^ 12.65 rad/s 


The amplitude of steady state vibration is found using Eq. 22-21, 
with kôo replacing Fo. 


P 5, 10 E 
~ 1 = (mo,  1- [(8rad/s)/(12.65 rad/s)P ang 


Resonance will occur when the amplitude of vibration X caused by 
the floor displacement approaches infinity. This requires 


Wy = w, = 12.6 rad/s 


22.4 Viscous DAMPED FREE VIBRATION 


*22.4 Viscous Damped Free Vibration 


The vibration analysis considered thus far has not included the effects of 
friction or damping in the system, and as a result, the solutions obtained 
are only in close agreement with the actual motion. Since all vibrations die 
out in time, the presence of damping forces should be included in the 
analysis. 

In many cases damping is attributed to the resistance created by the 
substance, such as water, oil, or air, in which the system vibrates. 
Provided the body moves slowly through this substance, the resistance to 
motion is directly proportional to the body’s speed. The type of force 
developed under these conditions is called a viscous damping force. The 
magnitude of this force is expressed by an equation of the form 


F = ci (22-26) 


where the constant c is called the coefficient of viscous damping and has 
units of N * s/m or lb : s/ft. 

The vibrating motion of a body or system having viscous damping can 
be characterized by the block and spring shown in Fig. 22-15a. The effect 
of damping is provided by the dashpot connected to the block on the 
right side. Damping occurs when the piston P moves to the right or left 
within the enclosed cylinder. The cylinder contains a fluid, and the 
motion of the piston is retarded since the fluid must flow around or 
through a small hole in the piston. The dashpot is assumed to have a 
coefficient of viscous damping c. 

If the block is displaced a distance x from its equilibrium position, the 
resulting free-body diagram is shown in Fig. 22-15b. Both the spring and 
damping force oppose the forward motion of the block, so that applying 
the equation of motion yields 


5 LF, = ma,; —kx — cx = mx 
or 
mx + cx + kx = 0 (22-27) 


This linear, second-order, homogeneous, differential equation has a 


solution of the form 
eae" 


where e is the base of the natural logarithm and A (lambda) is a constant. 
The value of A can be obtained by substituting this solution and its time 
derivatives into Eq. 22-27, which yields 


mde + che“ + ke = 0 
or 


e" (mA + cA + k) =0 


Equilibrium 
position " 


(a) 
W = mg 
N=W 


Fig. 22-15 
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Since e" can never be zero, a solution is possible provided 
mi +cA+k=0 


Hence, by the quadratic formula, the two values of A are 


(22-28) 


à € ( c y k 

i 2m 2m m 
The general solution of Eq. 22-27 is therefore a combination of 
exponentials which involves both of these roots. There are three possible 
combinations of A, and A; which must be considered. Before discussing 
these combinations, however, we will first define the critical damping 


coefficient c, as the value of c which makes the radical in Eqs. 22-28 
equal to zero; i.e., 


or 


|k 
c, = 2m cp HE 


Overdamped System. Whenc > c,, the roots A, and A; are both 
real. The general solution of Eq. 22-27 can then be written as 


(22-29) 


x = Ae! + Be! (22-30) 
Motion corresponding to this solution is nonvibrating. The effect of 
damping is so strong that when the block is displaced and released, it 
simply creeps back to its original position without oscillating. The system 
is said to be overdamped. 


Critically Damped System. If c=c,, then A, =A)  -c/2m =—ay,. 
This situation is known as critical damping, since it represents a 
condition where c has the smallest value necessary to cause the system to 
be nonvibrating. Using the methods of differential equations, it can be 
shown that the solution to Eq. 22-27 for critical damping is 


x= (A + Bre (22-31) 
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Underdamped System. Most often c < c., in which case the 
system is referred to as underdamped. In this case the roots A; and A, 
are complex numbers, and it can be shown that the general solution of 
Eq. 22-27 can be written as 


x = Die?" sin(wyt + $)] (22-32) 


where D and ¢ are constants generally determined from the initial 
conditions of the problem. The constant w, is called the damped natural 
frequency of the system. It has a value of 


(22-33) 


where the ratio c/c, is called the damping factor. 

The graph of Eq. 22-32 is shown in Fig. 22-16. The initial limit of 
motion, D, diminishes with each cycle of vibration, since motion is 
confined within the bounds of the exponential curve. Using the damped 
natural frequency w,, the period of damped vibration can be written as 


2 
m= (22-34) 


Oq 


Since wy < w,, Eq. 22-33, the period of damped vibration, 7,, will be 
greater than that of free vibration, 7 = 27/o,. 


mu 
De (Pn 
D 
i t 
D p 
x = D[e "sin (wat + $)] 
1 


Fig. 22-16 
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*22.5 Viscous Damped Forced Vibration 


The most general case of single-degree-of-freedom vibrating motion 
occurs when the system includes the effects of forced motion and induced 
damping. The analysis of this particular type of vibration is of practical 
value when applied to systems having significant damping characteristics. 

If a dashpot is attached to the block and spring shown in Fig. 22-11a, 
the differential equation which describes the motion becomes 


mx + cx + kx = Fo sin wot (22-35) 


A similar equation can be written for a block and spring having a 
periodic support displacement, Fig. 22-13a, which includes the effects of 
damping. In that case, however, Fo is replaced by kdp. Since Eq. 22-35 is 
nonhomogeneous, the general solution is the sum of a complementary 
solution, x,, and a particular solution, x;. The complementary solution 
is determined by setting the right side of Eq. 22-35 equal to zero and 
solving the homogeneous equation, which is equivalent to Eq. 22-27. 
The solution is therefore given by Eq. 22-30, 22-31, or 22-32, depending 
on the values of A; and A;. Because all systems are subjected to friction, 
then this solution will dampen out with time. Only the particular 
solution, which describes the steady-state vibration of the system, will 
remain. Since the applied forcing function is harmonic, the steady-state 
motion will also be harmonic. Consequently, the particular solution will 
be of the form 


Xp = X' sin(wot — $') (22-36) 


The constants X’ and $' are determined by taking the first and second 
time derivatives and substituting them into Eq. 22-35, which after 
simplification yields 


—X'moj sin(wot — $') + 
X'cog cos(wot — o') + X'ksin(ogt — $') = Fo sin wot 


Since this equation holds for all time, the constant coefficients can be 
obtained by setting wot — 6’ = 0 and wot — $' = 7/2, which causes the 
above equation to become 


X'cog = Fysin $' 
-X'ma + X'k = F cos d’ 
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The amplitude is obtained by squaring these equations, adding the 
resuts, and using the identity sin’@’ + cos?$' = 1, which gives 


Fo 
X'- (22-37) 
V/(k — mw)? + wp 
Dividing the first equation by the second gives 


$ = ta e (22-38) 
k- mop 
Since o, = V k/m and c, = 2mm,, then the above equations can also be 
written as 
= — g 
VIL = (woon) P + [2(¢/cc)(@o/@n)] 
(22-39) 
2(c/C.)(@o/@n 
" = tan" (¢/Ce)(@o/ 2 | 
1 = (ao/@n) 


The angle $' represents the phase difference between the applied force 
and the resulting steady-state vibration of the damped system. 

The magnification factor MF has been defined in Sec. 22.3 as the ratio 
of the amplitude of deflection caused by the forced vibration to the 
deflection caused by a static force Fo. Thus, 

X' 1 

Fk VII — (w/o) P + [2(€/¢c)(@o/@n)P 
The MF is plotted in Fig. 22-17 versus the frequency ratio wo/w, for 
various values of the damping factor c/c,. It can be seen from this graph 
that the magnification of the amplitude increases as the damping factor 
decreases. Resonance obviously occurs only when the damping factor is 


zero and the frequency ratio equals 1. 
MF 


MF (22-40) 


wo 
o, Fig. 22-17 
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The 30-kg electric motor shown in Fig. 22-18 is supported by four 
springs, each spring having a stiffness of 200 N/m. If the rotor is 
unbalanced such that its effect is equivalent to a 4-kg mass located 
60 mm from the axis of rotation, determine the amplitude of vibration 
when the rotor is turning at wọ = 10 rad/s. The damping factor is 
c/c, = 0.15. 


Fig. 22-18 


SOLUTION 
The periodic force which causes the motor to vibrate is the centrifugal 
force due to the unbalanced rotor. This force has a constant magnitude of 


Fy = ma, = mro = 4 kg(0.06 m)(10 rad/s)? = 24N 


Since F = Fo sin wot, where wọ = 10 rad/s, then 


F = 24 sin 10t 


The stiffness of the entire system of four springs is 
k = 4(200 N/m) = 800 N/m. Therefore, the natural frequency of 


vibration is 


k 800 N/m ea oe 
Ore ala, N 30 kg = 5.164 rad/s 


Since the damping factor is known, the steady-state amplitude can be 
determined from the first of Eqs. 22-39, i.e., 


Fo/k 
VIL — (w/o) + [2(€/ce)(@o/ on)? 
24/800 
V [1 — (10/5.164)?P + [2(0.15)(10/5.164) 
= 0.0107 m = 10.7 mm 


= 
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*22.6 Electrical Circuit Analogs 


The characteristics of a vibrating mechanical system can be represented 
by an electric circuit. Consider the circuit shown in Fig. 22-19a, which 
consists of an inductor L, a resistor R, and a capacitor C. When a voltage 
E(t) is applied, it causes a current of magnitude i to flow through the circuit. 
As the current flows past the inductor the voltage drop is L(di/dt), when 
it flows across the resistor the drop is Ri, and when it arrives at the capacitor 
the drop is (1/C) / i dt. Since current cannot flow past a capacitor, it is only 
possible to measure the charge q acting on the capacitor. The charge can, 
however, be related to the current by the equation i = dq/dt. Thus, the 
voltage drops which occur across the inductor, resistor, and capacitor 
becomes Ld?q/di?, R dq/dt, and q/C, respectively. According to 
Kirchhoff's voltage law,the applied voltage balances the sum of the voltage 
drops around the circuit. Therefore, 

q? dq 1 

22 +R T + 54 = Elt) (22-41) 

Consider now the model of a single-degree-of-freedom mechanical 
system, Fig. 22-19b, which is subjected to both a general forcing function 
F(t) and damping. The equation of motion for this system was 
established in the previous section and can be written as 

2 
mo + I + kx = F(t) (22-42) 
By comparison, it is seen that Eqs. 22-41 and 22-42 have the same form, 
and hence mathematically the procedure of analyzing an electric circuit 
is the same as that of analyzing a vibrating mechanical system. The 
analogs between the two equations are given in Table 22-1. 

This analogy has important application to experimental work, for it is 
much easier to simulate the vibration of a complex mechanical system 
using an electric circuit, which can be constructed on an analog computer, 
than to make an equivalent mechanical spring-and-dashpot model. 


L 


Table 22-1 

Electrical-Mechanical Analogs 

Electrical Mechanical 

Electric charge q Displacement EG 
Electric current i Velocity dx/dt 
Voltage E(t) Applied force F(t) 
Inductance L Mass m 
Resistance R Viscous damping coefficient c 


Reciprocal of capacitance 1/C Spring stiffness k 


R 
XY VN 


k 
(b) 


Fig. 22-19 
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22-42. If the block-and-spring model is subjected to the 
periodic force F = Fy cos et, show that the differential 
equation of motion is X + (k/m)x = (Fo/m) cos wt, where 
x is measured from the equilibrium position of the block. 
What is the general solution of this equation? 


Equilibrium 
position 


z 


F = Fy cos wt 


Prob. 22-42 


22-43. If the block is subjected to the periodic force 
F = Fy cos wt, show that the differential equation of 
motion is y + (k/m)y = (Fo/m) cos wt, where y is 
measured from the equilibrium position of the block. What 
is the general solution of this equation? 


F = Fy cos ot 


Prob. 22-43 


E *22-4A4. A block having a mass of 0.8 kg is suspended from 


a spring having a stiffness of 120 N/m. If a dashpot provides 
a damping force of 2.5 N when the speed of the block is 
0.2 m/s, determine the period of free vibration. 


*22-45. The spring shown stretches 6 in. when it is loaded 
with a 50-lb weight. Determine the equation which 
describes the position of the weight as a function of time if 
the weight is pulled 4 in. below its equilibrium position and 
released from rest at t = 0. The weight is subjected to the 
periodic force of F = (—7 sin 2t) Ib, where t is in seconds. 


F= —Tsin2t 


Prob. 22-45 


22-46. The 30-Ib block is attached to two springs having a 
stiffness of 10Ib/ft. A periodic force F = (8 cos 3t) Ib, 
where t is in seconds, is applied to the block. Determine the 
maximum speed of the block after frictional forces cause 
the free vibrations to dampen out. 


0 lb/ft 
IN NNN c= 
| F = 8cos 3t 


Prob. 22-46 


22-47. A 5-kg block is suspended from a spring having a 
stiffness of 300 N/m. If the block is acted upon by a vertical 
periodic force F = (7 sin 8t) N, where t is in seconds, 
determine the equation which describes the motion of the 
block when it is pulled down 100 mm from the equilibrium 
position and released from rest at t = 0. Consider positive 
displacement to be downward. 


k = 300 N/m 


F=7sin 8t 


Prob. 22-47 


*22-48. The electric motor has a mass of 50 kg and is 
supported by four springs, each spring having a stiffness of 
100 N/m. If the motor turns a disk D which is mounted 
eccentrically, 20 mm from the disk's center, determine the 
angular velocity w at which resonance occurs. Assume that 
the motor only vibrates in the vertical direction. 


m 100 N/m k = 100 Nines 


Prob. 22-48 
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*22-49. The fan has a mass of 25 kg and is fixed to the end 
of a horizontal beam that has a negligible mass. The fan 
blade is mounted eccentrically on the shaft such that it is 
equivalent to an unbalanced 3.5-kg mass located 100 mm 
from the axis of rotation. If the static deflection of the beam 
is 50 mm as a result of the weight of the fan, determine the 
angular velocity of the fan blade at which resonance will 
occur. Hint: See the first part of Example 22.8. 


22-50. The fan has a mass of 25 kg and is fixed to the end 
of a horizontal beam that has a negligible mass. The fan 
blade is mounted eccentrically on the shaft such that it is 
equivalent to an unbalanced 3.5-kg mass located 100 mm 
from the axis of rotation. If the static deflection of the beam 
is 50 mm as a result of the weight of the fan, determine the 
amplitude of steady-state vibration of the fan if the angular 
velocity of the fan blade is 10 rad/s. Hint: See the first part 
of Example 22.8. 


22-51. What will be the amplitude of steady-state vibration 
of the fan in Prob. 22-50 if the angular velocity of the fan 
blade is 18 rad/s? Hint: See the first part of Example 22.8. 


Probs. 22-49/50/51 


*22-52. A 7-lb block is suspended from a spring having a 
stiffness of k — 75 Ib/ft. The support to which the spring is 
attached is given simple harmonic motion which can be 
expressed as 6 = (0.15 sin 2t) ft, where t is in seconds. If the 
damping factor is c/c, = 0.8, determine the phase angle $ 
of forced vibration. 


*22-53. Determine the magnification factor of the block, 
spring, and dashpot combination in Prob. 22-52. 
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22-54. The uniform rod has a mass of m. If it is acted upon 
by a periodic force of F = Fọsin œt, determine the 
amplitude of the steady-state vibration. 


F= Fp sin ot 


Prob. 22-54 


22-55. '[he motion of an underdamped system can be 
described by the graph in Fig. 20-16. Show that the relation 
between two successive peaks of vibration is given by 
In(x,/x,441) = 2m(c/c;)/ V1—(c/c.), where c/c, is the 
damping factor and 1n(x,/x,,,) is called the logarithmic 
decrement. 


*22-56. Two successive amplitudes of a spring-block 
underdamped vibrating system are observed to be 100 mm 
and 75 mm. Determine the damping coefficient of the 
system. The block has a mass of 10 kg and the spring has a 
stiffness of k = 1000 N/m. Use the result of Prob. 22-55. 


*22-57. Two identical dashpots are arranged parallel to 
each other, as shown. Show that if the damping coefficient 
c « V mk, then the block of mass m will vibrate as an 
underdamped system. 


Prob. 22-57 


22-58. The spring system is connected to a crosshead that 
oscillates vertically when the wheel rotates with a constant 
angular velocity of w. If the amplitude of the steady-state 
vibration is observed to be 400 mm, and the springs each 
have a stiffness of k — 2500 N/m, determine the two 
possible values of w at which the wheel must rotate. The 
block has a mass of 50 kg. 


22-59. The spring system is connected to a crosshead that 
oscillates vertically when the wheel rotates with a constant 
angular velocity of œw = 5 rad/s. If the amplitude of the 
steady-state vibration is observed to be 400 mm, determine 
the two possible values of the stiffness k of the springs. The 
block has a mass of 50 kg. 


Probs. 22-58/59 


*22-60. Find the differential equation for small 
oscillations in terms of 6 for the uniform rod of mass m. 
Also show that if c < V mk/2, then the system remains 
underdamped. The rod is in a horizontal position when it is 
in equilibrium. 


Prob. 22-60 


*22-61. If the dashpot has a damping coefficient of 
c = 50N-s/m, and the spring has a stiffness of 
k — 600 N/m, show that the system is underdamped, and 
then find the pendulum's period of oscillation. The uniform 
rods have a mass per unit length of 10 kg/m. 


Prob. 22-61 


22-62. If the 30-kg block is subjected to a periodic force of 
P = (300 sin 5f) N, k = 1500 N/m, and c = 300 N:s/m, 
determine the equation that describes the steady-state 
vibration as a function of time. 


P = (300 sin 5 AN 


Prob. 22-62 
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22-63. The block, having a weight of 15 Ib, is immersed in 
a liquid such that the damping force acting on the block has 
a magnitude of F = (0.8|v|) Ib, where v is the velocity of 
the block in ft/s. If the block is pulled down 0.8 ft and 
released from rest, determine the position of the block as a 
function of time. The spring has a stiffness of k = 40 Ib/ft. 
Consider positive displacement to be downward. 


k = 40 lb/ft 


Prob. 22-63 


*22-64. The small block at A has a mass of 4 kg and is 
mounted on the bent rod having negligible mass. If the rotor 
at B causes a harmonic movement ôg = (0.1 cos 157) m, 
where f is in seconds, determine the steady-state amplitude 
of vibration of the block. 


|-——0.6 — 
Q 


vé 


tA 


1.2m 


k= 15 N/m 


Prob. 22-64 
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*22-65. '[he bar has a weight of 6 Ib. If the stiffness of the 
spring is k = 8lb/ft and the dashpot has a damping 
coefficient c = 60lb-s/ft, determine the differential 
equation which describes the motion in terms of the angle 0 of 
the bar's rotation. Also, what should be the damping 
coefficient of the dashpot if the bar is to be critically damped? 


A B C 
k c 
I 
= 2ft + 3 ft = 
Prob. 22-65 


22-66. A block having a mass of 7 kg is suspended from a 
spring that has a stiffness k = 600 N/m. If the block is given 
an upward velocity of 0.6 m/s from its equilibrium position 
at t = 0, determine its position as a function of time. 
Assume that positive displacement of the block is 
downward and that motion takes place in a medium which 
furnishes a damping force F = (50|v|) N, where v is the 
velocity of the block in m/s. 


22-67. A 4-]b weight is attached to a spring having a 
stiffness k = 101b/ft. The weight is drawn downward a 
distance of 4 in. and released from rest. If the support 
moves with a vertical displacement 6 = (0.5 sin 4t) in., 
where f is in seconds, determine the equation which 
describes the position of the weight as a function of time. 


*22-68. Determine the differential equation of motion 
for the damped vibratory system shown. What type of 
motion occurs? 


k = 100 N/m 
25kg 
c = 200 N : s/m c = 200 N : s/m 
ES AA 
Prob. 22—68 


*22-69. The 4-kg circular disk is attached to three springs, 
each spring having a stiffness k — 180 N/m. If the disk is 
immersed in a fluid and given a downward velocity of 
0.3 m/s at the equilibrium position, determine the equation 
which describes the motion. Consider positive displacement 
to be measured downward, and that fluid resistance acting 
on the disk furnishes a damping force having a magnitude 
F = (60|v|) N, where v is the velocity of the block in m/s. 


22-70. Using a block-and-spring model, like that shown in 
Fig. 22-13a, but suspended from a vertical position and 
subjected to a periodic support displacement of 
6 = 09 cos wot, determine the equation of motion for the 
system, and obtain its general solution. Define the 
displacement y measured from the static equilibrium 
position of the block when t — 0. 


22-71. The electric motor turns an eccentric flywheel 
which is equivalent to an unbalanced 0.25-Ib weight 
located 10 in. from the axis of rotation. If the static 
deflection of the beam is 1 in. due to the weight of the 
motor, determine the angular velocity of the flywheel at 
which resonance will occur. The motor weights 150 Ib. 
Neglect the mass of the beam. 


*22-72. What will be the amplitude of steady-state 
vibration of the motor in Prob. 22-71 if the angular velocity 
of the flywheel is 20 rad/s? 


*22-—73. Determine the angular velocity of the flywheel in 
Prob. 22-71 which will produce an amplitude of vibration of 
0.25 in. 


Probs. 22-71/72/73 


22-74. Draw the electrical circuit that is equivalent to the 
mechanical system shown. Determine the differential 
equation which describes the charge q in the circuit. 


F = Fy cos ot 


Prob. 22-74 


22-75. Determine the differential equation of motion for 
the damped vibratory system shown. What type of motion 
occurs? Take k = 100 N/m, c = 200 N:s/m,m = 25 kg. 


Prob. 22-75 
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*22—76. Draw the electrical circuit that is equivalent to 
the mechanical system shown. What is the differential 
equation which describes the charge q in the circuit? 


F = Fy cos wt 


Prob. 22-76 


e22-77. Draw the electrical circuit that is equivalent to 
the mechanical system shown. Determine the differential 
equation which describes the charge q in the circuit. 


Prob. 22-77 
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CHAPTER REVIEW 


Undamped Free Vibration 

A body has free vibration when 

gravitational or elastic restoring forces Equilibrium 
cause the motion. This motion is position 
undamped when friction forces are E 
neglected. The periodic motion of an k 
undamped, freely vibrating body can be JI 
studied by displacing the body from the n d , 
equilibrium position and then applying 

the equation of motion along the path. 

For a one-degree-of-freedom system, 

the resulting differential equation can 

be written in terms of its natural 

frequency wp. 


Energy Methods 

Provided the restoring forces acting on 
the body are gravitational and elastic, then 
conservation of energy can also be used to 
determine its simple harmonic motion. To 
do this, the body is displaced a small 
amount from its equilibrium position, and 
an expression for its kinetic and potential 
energy is written. The time derivative 
of this equation can then be rearranged 
in the standard form X + o x = 0. 


Undamped Forced Vibration 

When the equation of motion is applied to 

a body, which is subjected to a periodic 

force, or the support has a displacement Equilibrium 
with a frequency wo, then the solution of position 
the differential equation consists of a 

complementary solution and a particular ik 
solution. The complementary solution is 

caused by the free vibration and can be 

neglected. The particular solution is 

caused by the forced vibration. 


og 


F= Fo sin wot 


Resonance will occur if the natural 

frequency of vibration o, is equal to the 

forcing frequency wọ. This should be ae Fy/k TUE 
avoided, since the motion will tend to P o1- («x v)? 3 
become unbounded. 


Viscous Damped Free Vibration 

A viscous damping force is caused by 
fluid drag on the system as it vibrates. If 
the motion is slow, this drag force will be 
proportional to the velocity, that is, 
F = cx. Here c is the coefficient of 
viscous damping. By comparing its value 
to the critical damping coefficient 
c, = 2mw,, we can specify the type of 
vibration that occurs. If c > c,, it is an 
overdamped system; if c = c,, it is a 
critically damped system; if c < c,, it is 
an underdamped system. 


Viscous Damped Forced Vibration 

The most general type of vibration for a 
one-degree-of-freedom system occurs 
when the system is damped and 
subjected to periodic forced motion. The 
solution provides insight as to how the 
damping factor, c/c,, and the frequency 
ratio, w/w, influence the vibration. 


Resonance is avoided provided c/c, # 0 
and w/w, # 1. 


Electrical Circuit Analogs 

The vibrating motion of a complex 
mechanical system can be studied by 
modeling it as an electrical circuit. This is 
possible since the differential equations 
that govern the behavior of each system 
are the same. 


Equilibrium 
position - 


k 
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APPENDIX 


Quadratic Formula 


-b + Vb — 4 
If ax? + bx + c = 0, then x = ES 
2a 
Hyperbolic Functions 
e-—e* ewte~* sinh x 

inh x = ————.cosh x = —————.tanh x = 
sinh x 2 „cosh x 2 ^ an (ds 
Trigonometric Identities 

A C 
sin 0 = en? = a 

B C 
cos 0 = m> sec re C A 
ai= ene 
an@ = B cot 0 = A , 
sin? 0 + cos? 0 = 1 B 


sin(0 + p) = sin 0 cos o + cos0 sin $ 
sin 20 = 2 sin 0 cos 0 
cos(0 + $) = cos 0 cos o F sin 0 sin $ 


cos 20 = cos? 0 — sin? 0 


1+ cos20 . 1 — cos 20 
cos = + EC snp po 


sin 0 


tan 0 = 
cos 0 


1 + tan? 0 = sec? 0 1 + cot? 0 = csc? 0 


Power-Series Expansions 
3 


ae UNA UP hee ee as 
sinx =x — z sinh x = x +z 

y 2 

x x 
cosx= 1-574 coshx = 1+ opto 


Mathematical 
Expressions 


Derivatives 
d nN _ n-1 du 
dx (a J= ni dx 
du 
= + 
"xcu 
CMT 
4 (+) _ dx dx 
dx Nov v? 
PE (cot u) = —esc^u dx 


du 
—— (sec u) = tan u sec u—— 


dx dx 
(csc u) = —csc u cot pt 
dx eO dx 
nd esos 
a (sin u) = cosu dis 
(cos u) = —sin He 
dx ý “dx 
du 
= 2 =— 
dx (tan u) = sec^u ds 
— lt 
x sinh u) = coshu = 


d du 
—(cosh u) = sinh u— 
dx (cosh u) = sinh u Fm 
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Integrals 


y! 
feas yg;tOnr#*-1 
n 


dx 1 
= —In(a + bx) + 
JE + bx pinta bx) + C 


3 dx 1 n £ + xV-ab 
a+bx?  2N/—ba a — xV —ab 


x dx 1 
= —In(bx? + a) + 
J; + bx? 2b BE gre 


V ab 
a 


[e ab « 0 


aX 
tan! 


+ C,ab>0 


[iz x ü 
a+bx b  pWab 
lea 7 xn : d o 

[Ver br ax = ZV (e+ ba + C 
[mas 2(2a — 3bx) V (a + bx)? " 


15b? 
[ever jie 2(8a? — 12abx + 15b’x?)V(a + bx)? " 
105p? 


C 


1 
n — x dx = "E a -xr + a sin +C,a>0 
a 


1 
[Vee a - VCE +c 


4 


a? x 
«(s P= + asin >) PCa S0 
a 


nz + @ dx = [evt at a? In(x + xt a?) TC 


1 
[ve a ud ACE xo -c 


[?v9 322-5 
4 


= gmh + 


2 
a 
(x? + a? F a" + a’ 


x +a’) +C 
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J dx 2Va + bx 
Va + bx b 


xdx E 5 5 
age eT 


+C 


dx 1 5 
= In| Va + bx + cx 
Va + bx + cx? Ve 
b 
+ + |+ >0 
x Vc is C, € 


s ( J+ Gero 
, 
Vb? — 4ac 


] se —cosx +C 


f se = sin x + C 
1 X. 

J: cos(ax) dx = —cos(ax) + —sin(ax) + C 
a a 


2 
le cos(ax) dx = Z cos(ax) 
a 


a 


+ ET EC 


: 1 
e™ dx = —e™ + C 
a 


ax 
e 


xe™ dx = Fia -1)+C 


sinh x dx = coshx + C 


cosh x dx = sinh x + C 


< n LL 
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Vector Analysis 


The following discussion provides a brief review of vector analysis. A more 
detailed treatment of these topics is given in Engineering Mechanics: 
Statics. 


Vector. A vector, A, is a quantity which has magnitude and direction, 
and adds according to the parallelogram law. As shown in Fig. B-1, 
A = B + C, where A is the resultant vector and B and C are component 
vectors. 


Unit Vector. A unit vector, u4, has a magnitude of one “dimensionless” 
unit and acts in the same direction as A. It is determined by dividing A by its 
magnitude A, i.e, 


A 
UA — E (B-1) 


A=B+C 


Fig. B-1 


672 


APPENDIX B VECTOR ANALYSIS 673 


Cartesian Vector Notation. The directions of the positive x, y, z 
axes are defined by the Cartesian unit vectors i, j, k, respectively. 

As shown in Fig. B-2, vector A is formulated by the addition of its x, y, 
z components as 


A = Aj * A,j * A;k (B-2) 


The magnitude of A is determined from 


A=\/ AT AS E AT 


(B3) 


The direction of A is defined in terms of its coordinate direction angles, a, 
B, y, measured from the tail of A to the positive x, y, z axes, Fig. B-3. 
These angles are determined from the direction cosines which represent 
the i, j,k components of the unit vector u 4; i.e., from Eqs. B-1 and B2 


Aud Le B4 
UA = A 1 A J A ( ) 
so that the direction cosines are 
cos œ = nr cos B = — cos y = 2 (B-5) 
A A “= 


Hence, uy = cos ai + cos Bj + cos yk, and using Eq. B-3, it is 
seen that 


cos? a + cos? B + cos? y = 1 (B-6) 


The Cross Product. The cross product of two vectors A and B, 
which yields the resultant vector C, is written as 


C=AXB (B-7) 
and reads C equals A “cross” B. The magnitude of C is 
C = AB sin8 (B-8) 


where 0 is the angle made between the tails of A and B (0° = 0 = 180°). 
The direction of C is determined by the right-hand rule, whereby the 
fingers of the right hand are curled from A to B and the thumb points in 
the direction of C, Fig. B-4. This vector is perpendicular to the plane 
containing vectors A and B. 


Ad 
p dd 
x 
Fig. B-2 
z 
A 
a B " 
x 
Fig B-3 
[o 
B 
0 
A 
Fig. B-4 
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Fig. B-5 


The vector cross product is not commutative, i.e., A X B # B X A. 
Rather, 


AXB--B*XA (B-9) 
The distributive law is valid; i.e., 
AX(B-D)-AXB-AXxD (B-10) 
And the cross product may be multiplied by a scalar m in any manner; i.e., 
m(A X B) = (mA) X B = A x (mB) = (A x B)m (B-11) 


Equation B-7 can be used to find the cross product of any pair of 
Cartesian unit vectors. For example, to find i X j, the magnitude is 
(2)(j) sin 90° = (1)(1)(1) = 1, and its direction +k is determined from 
the right-hand rule, applied to i X j, Fig. B-2. A simple scheme shown in 
Fig. B-5 may be helpful in obtaining this and other results when the need 
arises. If the circle is constructed as shown, then “crossing” two of the 
unit vectors in a counterclockwise fashion around the circle yields a 
positive third unit vector, e.g., k X i = j. Moving clockwise, a negative 
unit vector is obtained, e.g.,i X k = —j. 

If A and B are expressed in Cartesian component form, then the cross 
product, Eq. B-7, may be evaluated by expanding the determinant 


(B-12) 


N 


E 
C-AXB- A, A, 
B B 


x 


N 


which yields 
C = (A,B; = AB — (A,B; — Af + (A,B, — A,B,)k 


Recall that the cross product is used in statics to define the moment of 
a force F about point O, in which case 


Mo-rxF (B-13) 


where r is a position vector directed from point O to any point on the line 
of action of F. 
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The Dot Product. The dot product of two vectors A and B, which 
yields a scalar, is defined as 


A-B = ABcos6 (B-14) 
and reads A “dot” B. The angle 6 is formed between the tails of A and B 


(0° = 8 = 180°). 


The dot product is commutative; i.e., 


A-B - B-:A (B-15) 


The distributive law is valid; i.e., 


A-(B * D) - A-B - A-D (B-16) 


And scalar multiplication can be performed in any manner, i.e., 


m(A-B) = (mA): B = A-(mB) = (A: B)m (B-17) 


Using Eq. B-14, the dot product between any two Cartesian 
vectors can be determined. For example, i-i = (1)(1) cos 0° = 1 and 
i-j = (1)(1) cos 90? = 0. 

If A and B are expressed in Cartesian component form, then the dot 
product, Eq. C-14, can be determined from 


A-B = A,B, + A,B, + A.B, (B-18) 


The dot product may be used to determine the angle 6 formed between 
two vectors. From Eq. B-14, 


A: B 
0 = os (473) (B-19) 
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A It is also possible to find the component of a vector in a given direction 
using the dot product. For example, the magnitude of the component (or 
projection) of vector A in the direction of B, Fig. B-6, is defined by 


| 0  Acos6 A cos 0. From Eq. B-14, this magnitude is 
X—— E 
—— 
B 
Fig. B-6 Acos0— A "a A*Upg (B-20) 


where uj represents a unit vector acting in the direction of B, Fig. B-6. 


Differentiation and Integration of Vector Functions. The 
rules for differentiation and integration of the sums and products of 
scalar functions also apply to vector functions. Consider, for example, the 
two vector functions A(s) and B(s). Provided these functions are smooth 
and continuous for all s, then 


d dA dB 
ds AUR B ds ds (B-21) 


(A - B)ds- [Ads |Bds (B-22) 
/ Jass] 


For the cross product, 


La x B) = (4 x B) + (^ x 23 (B-23) 


Similarly, for the dot product, 


EUN ey C (B-24) 


d 
qe zs 


The Chain Rule d 


The chain rule of calculus can be used to determine the time derivative of 
a composite function. For example, if y is a function of x and x is a function 
of t, then we can find the derivative of y with respect to t as follows 


. dy dydx 
V dt^ dx dt pow 

In other words, to find y we take the ordinary derivative (dy/dx) and 
multiply it by the time derivative (dx/dt). 

If several variables are functions of time and they are multiplied 
together, then the product rule d(uv) = du v + u dv must be used along 
with the chain rule when taking the time derivatives. Here are some 
examples. 


677 


678 APPENDIX C THE CHAIN RULE 


EXAMPLE |C-1 


EXAMPLE |C-2 


If y = x? and x = (^, find y, the second derivative of y with respect 
to time. 


SOLUTION. 
Using the chain rule, Eq. C-1, 
y= 31x 
To obtain the second time derivative we must use the product rule 


since x and x are both functions of time, and also, for 3x? the chain 
rule must be applied. Thus, with u = 3x? and v = x, we have 


y = [6éxx]x + 3x?[x] 
= 3x[23? + xx] 
Since x = t then x = 4? and X = 12£? so that 
y = 3(r9)[2(4Py. a 
= 1322" 


Note that this result can also be obtained by combining the functions, 
then taking the time derivatives, that is, 


y= x? = G = nz 


qon 


y 1327? 


If y = xe", find y. 


SOLUTION 
Since x and e* are both functions of time the product and chain rules 
must be applied. Have u = x and v = e". 


y = [x]e* + x[e*x] 
The second time derivative also requires application of the product 


and chain rules. Note that the product rule applies to three time 
variables in the last term, i.e., x, e*, and x. 


y = ([x]e* + x[e*x]} + {[x]e*x + x[e*x]x + xe*[x]} 
= e[x(1 + x) + x^Q + x)] 
If x = £ then x = 2t, X = 2 so that in terms in t, we have 
y =e [20 + 2) + 4?Q + 2 
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EXAMPLE |C-3 


If the path in radical coordinates is given as r — 50?, where 0 is a 
known function of time, find 7. 


SOLUTION 
First, using the chain rule then the chain and product rules where 
u = 100 and v = 0, we have 


r= 50? 

7 = 1000 

7 = 10[(6)8 + e(6)] 
= 106? + 1060 


EXAMPLE |C-4 


If r? = 66°, find F. 


SOLUTION 
Here the chain and product rules are applied as follows. 


r^ = 607 
2ri = 18070 
2[G)r + r] = 18[(200)6 + 67(6)] 
P + rë = 9(2067 + 676) 
To find 7 at a specified value of 0 which is a known function of time, 
we can first find 0 and 0. Then using these values, evaluate r from the 


first equation, r from the second equation and 7 using the last 
equation. 


Fundamental Problems 


Partial Solutions And Answers 


Chapter 12 


F12-1. 


F12-2. 


F12-3. 


F12-4. 


F12-5. 


F12-6. 


F12-7. 
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v= V9 t a 
10 = 35 + a,(15) 
a, = —1.67 m/s? = 1.67 m/s? — 
S = So + tet + lat? 
0 = 0 + 15t + 1 (—9.81)2” 
t = 3.06s 
ds = vdt 


n - fie — 3t^)dt 
0 0 


s= (2? - n) m 
s = 2(47) - 43 


= 2m = 32m<— 


a=% = 4 (0.56 — s) 

a= ise = 8) m/s? 

When t = 2s, 

a = 1.5(2?) - 8 = -2 m/s? = 2m/? — 


v= 5 = 4 (Qr? — 8t + 6) = (4t — 8) m/s 
v = 0 = (4t — 8) 

t=2s 

sh-o = 2(0) — 8(0) +6 = 6m 

sj; = 2(2) - 8(2) + 6 = -2m 

sl- = 2(32) - 8(3) +6=0m 


ELE J ads 

v AY 
1 vdv = Í (10 — 0.2s)ds 
5 m/s 0 


v = (20s — 025? + 25) m/s 


Ats = 10m, 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


v = V20(10) — 0.2(102) + 25 = 143 m/s Ans. 


v= [e?-»« 


v= FP-2+C 


F12-8. 


F12-9. 


F12-10. 


F12-11. 


F12-12. 


ZE[TEPEIDE 


s= at 4 Cit + Co 
t=0,s = 23d = -2 
t = 2,s = —20, C; = —9.67 


t = 4,s = 28.7 m 


a=v% 
= (20 — 0.05s?)(-0.15) 
Ats = 15m, 


a = —13.1 m/s’ = 13.1 m/? <— 
v = $ = 4 (0.56) = 1.59 
vj.g, = 1.5(6) = 54 m/s 

v = 4 = 4 (108) = 0 

ds = v dt 


s £ 
| ds = | (—4t + 80) dt 
0 0 


s = —217 + 80t 


Ans. 


Ans. 


Ans. 


s = —2(20) + 80(20) = 800 ft 

a= Œ = 4 (—4t + 80) = —4 ft/s? = Aft/s? — 
Also, 

a= R= m eg - 4 ft/s? 


ads = v dv 
a = v® = 0.25s4 (0.25s) = 0.0625s 
a|,—40 m = 0.0625(40 m) = 2.5 m/s? > 
O0Ost<5s, 
= Gt = & GP) = (60) m/s 

v|,-5, = 6(5) = 30 m/s 
5s«tx 10s, 

v = X = 4 (30t — 75) = 30 m/s 

v- = om sm = 30m/s 
0zt«s5s, 

a = Ẹ = $ (6t) = 6 m/°? 
5s«tx 10s, 

a=% = £ (30) = 0 
0=t<5s,a= Av/At = 6m/s 
5s<t=10s,a = Av/At = 0 


F12-13. 


F12-14. 


F12-15. 


F12-16. 


0zrt«sS5s, 


v t 
dv — adt [a= [oa 
0 0 


v = (20t) m/s 
v = 20(5) = 100 m/s 
SS< =, 


v t 
(4) dwv=adt | dv = [wa 
100 m/s 5s 


v = (150 — 10r) m/s, 


0 = 150 — 10r" 
t 2 15s 
Also, 


Av = 0 = Area under the a-t graph 
0 = (20 m/s?)(5 s) + [-(10 m/s)(t' — 5) s] 


t 2 15s 
0ztzsS5s, 
Ss t 
ds = vdt fas- [9 
0 0 
sj; = 158] 
s = (152) m 


s = 15(5°) = 375 m 
5s«tzx 15s, 


s t 
ds = v dt; | ds = | (—15t + 225)dt 
E 5s 


375m 
s = (—7.5?  225t — 562.5) m 
s = (—7.5)(15? + 225(15) — 562.5 m 
= 1125 m Ans. 
Also, 
As = Area under the v-t graph 
= 1 (150 m/s)(15 s) 
= 1125 m Ans. 
x t 
| dx = [9 dt 
0 0 
x — (162) m (1) 
y t 
f dy = 8 dt 
0 0 
-i Q) 
Substituting Eq. (2) into Eq. (1), 
y) = 4x Ans. 


y = 0.75(8t) = 6t 


ar = & (81) 


Vy = X 8 m/s > 


F12-17. 


F12-18. 


F12-19. 
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dy = j= q = a (61) = Om/s T 
The magnitude of the particle’s velocity is 


v= V + v; = V(8 m/s)? + (6 m/s 


= 10m/s Ans. 
y = (4°) m 
VW = X= z (4t*) = (160) m/s — 
Qy— y- 4 (4) = (8t) m/s Î 
When t = 0.55, 
v= Va v; = Ve m/s)? + (4 m/s)? 
= 4.47 m/s Ans. 
a, = à, = $ (16) = (48) m/s? 
ay =v = 4 (8r) = 8 m/s” 
When t = 0.55, 
a= Vaz + a = V (12 m/s’? + (8 m/s? 
= 14.4 m/s Ans. 
y = 0.5x 
y = 05x 
v=’ 
When t = 4s, 
v, = 32 m/s v, — 16 m/s 
v= Vh? vi — 35.8 m/s Ans. 
ay, = V, = 4t 
a, = ù, = 2t 
When t — 4s, 
a, = 16 m/s? a, = 8 m/s? 
a= VE + = VIG +8? —-179m/s Ans 
y=(4)m 
v, = x = (4t) m/s vy, — y- (4) m/s 
When t = 2s, 
v, = 8 m/s vy = 32 m/s 
v = Vv) + v) = 330 m/s Ans. 
d, = vy = 4m/s* 
ay =v, = (1217) m/s? 
When t = 2s, 
a, = 4m/s? a, — 48 m/s? 
a= Vaz + a = V4 + 48 = 482m/s Ans. 
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F12-20. 


F12-21. 


F12-22. 


F12-23. 


F12-24. 


F12-25. 


PARTIAL SOLUTIONS AND ANSWERS 


v= a= = [4 cos 2ti — 2 sin t j — 4tk] ft/s 
When t = 2s, 

= (-2.61i — 1.82j — 8k} ft/s 

a = © = (—8sin2ti — 2 cos tj — 4k} ft/s? 
When t = 2s, 


Ans. 


= [6.051 + 0.832j — 4k] ft/s? Ans. 
(vg); z (va); + 2ay(Yg — ya) 
0° = (5 m/s)” + 2(—9.81 m/s))(h — 0) 
h=1.27m Ans. 
Yo = Ya + (a)ytac +a y Ac 
0 = 0 + (5 m/s)tac + 5 (-9.81 m/s?)t c 
tac = 1.0194 s 
(vc), = (v4), + aytac 
(vc), = 5 m/s + (—9.81 m/s^)(1.0194 s) 
= —5 m/s = 5m/s | 
vc = V (vc); + (vc 
= V(8.660 m/s)? + (5 m/s? = 10 m/s Ans. 


R = x4 + (Va)xtac = 0 + (8.660 m/s)(1.0194 s) 
= 8.83 m Ans. 
S = So + tet 

10 = 0 + v4 cos 30° 

S = So + Vot + la 

3 = L5 + v,sin 30% + 1 (-9.81) 
t = 0.9334, v4 = 12.4 m/s Ans. 
S = So 


R(3) = 0 + 20(3)t 


+ Vot 


+ Vot F tad 


20($)r + 5 (-9.81)? 


S = So 
RG) = 0 4 
t — 5.10s 
R = 76.5 m 
Xg = x4 + (V4)xtap 
12 ft = 0 + (0.8660 vy)tap 
VAtAB = 13.856 (1) 
yp = ya + (Wa)ytap + 5 atab 
(8 — 3) ft = 0 + 0.5v4t4g + 5 (—32.2 ft/s*)tip 
Using Eq. (1), 
5 = 0.5(13.856) — 16.1 tp 
tAB = 0.3461 s 
va = 40.4 ft/s 


Ans. 


Ans. 


F12-26. 


F12-27. 


F12-28. 


a= Va? + as? = 


F12-29. 


Yg = Ya + (Wa)ytap + 5 4ytap 
—150 m = 0 + (90 m/s)t4g + 5(—9.81 m/s?)t 2g 
tag = 19.89 s 
Xp = XA + (VA)xtAB 
R = 0 + 120 m/s(19.89 s) = 2386.37 m 
= 2.39 km Ans. 


ll 


a, = ù = Ẹ = 4 (0.0625?) = (0.125) m/s? 1o 


= 125 m/s 
v? _ (0.062517)? PW 
tit Saag [97.656(10~°)1*] m/s?|,-10 
= 0.9766 m/s” 
a= Va? + a? = V(1.25 m/s)? + (0.9766 m/s? 
= 1.59 m/s? Ans. 
di ds 
Eo 
ies = = a s?| 
1 
3= 600 s? 
s = 42.43 m 


v= (4%) m/s = 7.071 m/s 
v? (7.071 m/s)? 


= 0.5 m/s? 
m= 100m me 
300\/ 300 
vi Em 2 
a= ote = EC) 
Ats = 43.43 m, 


a, = —1.179 m/s 


V(05 m/s”)? 


+ (71179 m/s”)? 


= 128 m/s Ans. 


ve = v + 2a((sc — sa) 
Si m/s)? = (25 m/s)? + 2a,(300 m — 0) 
= —0.6667 m/s? 

à = v4 + 2a,(sg — sa) 
và = (25 m/s)? + 2(—0.6667 m/s”)(250 m — 0) 
vg = 17.08 m/s 

E _ (17.08 m/s)? 
(as), = 300 m 
ag= V T * (ag); 
= V(—0.6667 m/s). + (0.9722 m/s? 
= 1.18 m/s? 


= 0.9722 m/s? 


Ans. 


F12-30. 


F12-31. 


F12-32. 


F12-33. 


dy d(1.2 
tan 0 = dx ` ux ) m 


= m 
6 = tan (5 x) 
x=10 ft 


Ans. 


= tan !(19) = 39.81? = 39.8* 
[1 + (dy/dxy P? [1 + ix 
pE = 
Id? y/dx?| Fl 
= 26.468 ft 
_ wv _ (20 ft/s) 
n= o 26.468 ft 
a= V(a,? + (a, = V(6 ft/s + (15.11 ft/s?) 
= 16.3 ft/s? Ans. 


x=10 ft 


= 15.11 ft/s? 


(ag), = —0.001s = (—0.001)(300 m)(2 rad) m/s? 
—0.4712 m/s? 
vdv = a, ds 


Up 1507 m 
| vdv = ET ds 
25 m/s 0 
Ug — 20.07 m/s 
vg? (20.07 m/s? 
|. 800m 
ag = V (ag)? + (ag)? 
= V(-0.4712 m/s? + (1.343 m/s?? 
= 1.42 m/s 


ll 


(ag), = = 1.343 m/s? 


Ans. 
a, ds = v dv 
a, = v2 = (0.2s)(0.2) = (0.045) m/s? 
a, = 0.04(50 m) = 2 m/s” 
v = 0.2 (50 m) = 10 m/s 

wv (10 m/s) 
7n 7p 500m 
a = Val a2 = V(2 m/s) + (0.2 m/s? 


= 02 m/s” 


= 2.01 m/s? Ans. 
vy, =r=0 

UV = rÅ = (4000) ft/s 

v= Vu + 

55 ft/s = V0? + [(4008) ft/s]? 

b = 0.1375 rad/s Ans. 


F12-34. 


F12-35. 
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r = 0.10) 155 = 03375 m 

+= 0.3¢7|,-15, = 0.675 m/s 

P = 0.6t|,-15, = 0.900 m/s? 

0 = APP| s. = 7.348 rad 

6 = 6|, s. = 7.348 rad/s 

6 = 3I 7|. 1s. = 2.449 rad/s? 

v, = Fr = 0.675 m/s 

Vp = rô = (0.3375 m)(7.348 rad/s) = 2.480 m/s 
a, = y — rọ? 


r 


= (0.900 m/s?) — (0.3375 m)(7.348 rad/s)? 
= —1725 m/s? 
dy = rË + 276 = (0.3375 m)(2.449 rad/s”) 
+ 2(0.675 m/s)(7.348 rad/s) = 10.747 m/s” 


= WV/(0.675 m/s)? + (2.480 m/s)” 


= 2.57 m/s Ans. 
= V(-17.325 m/s) + (10.747 m/s’)? 
= 204 m/s? Ans. 
r = 20 
į = 20 
ř= 20 
At 6 = 7/4 rad, 
r=2(8) <4 
r= 2(3 rad/s) = 6 ft/s 
7 = 2(1 rad/s) = 2 ft/s? 
a, = F— rọ = 2 ft/s? (3 ft)(3 rad/s)? 
= —12.4 ft/s? 
dy = rÜ + 270 
= (£ ft)(1 rad/s’) + 2(6 ft/s)(3 rad/s) 
= 37.57 ft/s? 
a= Va? + ag? 
= V(-12.14 ft/s?)? + (37.57 ft/s’) 
= 39.5 ft/s Ans. 
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F12-36. 


F12-37. 


F12-38. 


F12-39. 


F12-40. 


F12-41. 


F12-42. 


PARTIAL SOLUTIONS AND ANSWERS 


r= e 
r= 0 
r= e+ e^9? 
a, = P — r? = (e+ 067) — (e*9? — e7/4(4) 
= 8.77 m/s Ans. 
ag = 10+ 276 = (e) + (2(e*0)0) = e*(0 + 267) 
= e7/4(4 + 2(2)°) 
= 26.3 m/s? Ans. 


r = [0.2(1 + cos 0)] m|j-a» = 0.3732 m 
r= [-02 (sin ojò] m/sl-30 


= —0.2 sin 30°(3 rad/s) 

= —0.3 m/s 

v, = r — —0.3 m/s 

v = rð = (0.3732 m)(3 rad/s) = 1.120 m/s 


v = Vv? + oF = V(-03 m/s)” + (1.120 m/s 
= 1.16m Ans. 
30m = rsin0 


r= (25) = (30 csc 0) m 


sin 0 


r = (30 csc 6)|p—4s° = 42.426 m 

r= —30 csc 0 ctn 0 Blonase = — (42.4260) m/s 
v, = + = —(42.4260) m/s 

vg = r0 = (42.4260) m/s 


v= V v? + vg 
2 = V (42.4266)? + (42.4266) 
0 = 0.0333 rad/s Ans. 


lr = 3sp + S4 

0 = 3vp + v4 

0 = 3vp + 3 m/s 
vp = —1 m/s = 1 m/s Ans. 
Spt+2s,+ 2h — I 

vg -204 = 0 
6+ 2v, = 0 


va = —3 ft/s = 3 ft/s? — Ans 
3s, + sp=l 
304 + v4 = 0 
3wa +1.5=0 v4 = —0.5 m/s = 0.5 m/s Î Ans. 


lr = 4s4 + Sp 


0= 4v,4 T UF 
0 = 4v4 + 3m/s 
va = —0.75 m/s = 0.75 m/s] Ans. 


F12-43. s4 + 2(s4 — a) + (sa— sp) =l 
4s4 — sp =l * 2a 
4v4 — vp = 0 
404—4-0 va = 1 m/s 


F12-44. $c t Sg — lcEp 


(sa — sc) + (sg — sc) + sp = lacpr 


28g — 28¢ = lacpr 


Uc + vg = 0 

va + 20g — 200 = 0 
Eliminating vc, 

va + 40g = 0 

Thus, 

4 ft/s + 4vg = 0 

vg = —1 ft/s = 1 ft/s Î 


F12-45. vg = v4 + Vey, 


100i = 80j + vaya 
Vga = 100i — 80j 


VBJ/A — V (veya)? * (?5A)y 
= V/(100 km/h)? + (—80 km/h)? 
= 128 km/h 


(?pjA)y 80 km/h 
0- zl pe tan ! / = 38.7°% 


(Vg; A) 100 km/h 


F12-46. VB — VA F VB/A 


(—400i — 692.82) = (650i) + Vays 
vsa = [-1050i — 692.82j] km/h 
VBJA 7 V (vsa)? F (vpya)y 


= V/(1050 km/h)? + (692.82 km/h)? 
= 1258 km/h 


(Upja)x 1050 km/h 


F12-47. vg = V4 + Vaya 


(5i + 8.660j) = (12.991 + 7.5j) + vaya 

Veja = [—7.990i + 1.160j] m/s 

vps = V(—7.990 m/s) + (1.160 m/s)? 
= 8.074 m/s 

dap = Vpjat = (8.074 m/s)(4 s) = 32.3 m 


Ans. 
(1) 


(2) 


Ans. 


Ans. 


Ans. 


Ans. 


_,| @xya)y _, ( 692.82 km/h 
0 = tan — tan = 33. 77 


Ans. 


Ans. 
Ans. 


F12-48. 


VA — Vp t VA/B 

—20 cos 45*i + 20 sin 45°j = 65i + vag 

Vag = —79.14i + 14.14j 

vag = V (77914). + (14.14)? 
= 80.4km/h 

a4 = ag +t aj 


(20) QU. c ‘ 
0d cos 45°i + 1 sin 45°j = 1200i + a4; 


aj = 1628i + 2828j 
aaj = V (1628)? + (2828)? 


= 3.26(10°) km/h? 


Ans. 


Ans. 


Chapter 13 


F13-1. 


F13-2. 


F13-3. 


T = 176N 


S = So t Ug + la 
6m=0+0+4a(3s) 
a = 1.333 m/s” 


=F, = may; 


s — Na — 20(9.81) N cos 30° = 0 


Na = 169.91 N 
LF, = may; T — 20(9.81) N sin 30° 
— 0.3(169.91 N) = (20 kg)(1.333 m/s?) 
Ans. 
(Fp)max = MsN4 = 0.3(245.25 N) = 73.575 N. 
Since F = 100 N > (F¢)max when t = 0, the crate 
will start to move immediately after F is applied. 
+T3F, = ma; N4 — 25(9.81)N = 0 
Na = 245.25N 
LER, = may; 
1017 + 100 — 0.25(245.25 N) = (25 kg)a 
a = (0.4? + 1.5475) m/s? 
dv = adt 


4s 
[a-f 04 ? + 1.5475)dt 


v = 14.7 m/s > Ans. 


SEE, = may; 
($)500 N — (500s)N = (10 kg)a 


a = (40 — 50s) m/s? 
v dv = ads 


v 0. 5m 
f vdv = f (40 — 50s) ds 
0 0 


8 = (40s — 255?) 5" 
5.24 m/s 


v? 
2 
v= Ans. 


F13-4. 


F13-5. 


F13-6. 


F13-7. 


F13-8. 


F13-9. 


F13-10. 


F13-11. 
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TF, = ma, (100s) N = (2000 kg)a 
a = (0.05s) m/s 
vdv = ads 


v 10m 
1 vdv = | 0.05 s ds 
0 0 


v = 2.24 m/s 
F = k(l — h) = (200 N/m)(0.5 m — 0.3 m) 
= 40N 


0 = tan (gn) = = 36.86° 
ISF, = ma, 
100 N — (40 N)cos 36.86° = (25 kg)a 
a = 2.72 m/s? 
Blocks A and B: 
SF, = ma; 6 = 355 d; a = 2.76 ft/s? 
Check if slipping occurs se A and B. 


LF, = ma, 6- F= $5 (2.76); 
F = 4.29 lb < 0.4(20) = 8 lb 
a4 = ag = 2.76 ft/s" Ans. 
DF, = m= (0.3)m(9.81) = m5 
v = 2.43 m/s Ans. 
+L EF, = may; m(32.2) = m(35) 
v = 89.7 ft/s Ans. 
150 [ (120)? 
+} EF, = ma, 150+ N, = (120) 
P  322NV 400 
N, = 17.7 lb Ans. 
Ł EF, = ma, 
- 
N, sin 30° + 0.2 N, cos 30? = 500 
+Î EF, = 0; 
N. cos 30? — 0.2N, sin 30° — m(32.2) = 0 
v = 119 ft/s Ans. 
DF, = ma; 10(9.81) N cos 45° = (10 kg)a, 
a, = 694 m/s? Ans. 
DF, = may; 
: (3 m/s} 
T — 10(9.81) N sin 45° = (10 kg) — —— 
= 114N Ans. 
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F13-12. 


F13-13. 


F13-14. 


PARTIAL SOLUTIONS AND ANSWERS 


=F, = ma,; 

F, = (500 kg) 5 m/s)" | SN 
à 200 m 

DF, = ma; 


F, = (500 kg)(1.5 m/s”) = 750 N 
F = VF} + F? = N/(562.5 NY. + (750 N}? 
= 938 N 


Ans. 


a, = #— r6* = 0 — (1.5m + (8 m)sin 45°) 6? 
= (—7.157 8?) m/s” 

LF, = ma; 

T cos 45° — m(9.81) = m(0) T = 13.87 m 

DF, = ma, 

—(13.87m) sin 45? = m(—7.157 67) 


0 — 1.17 rad/s Ans. 


0 = m|,-055 = (7/4) rad 
= Qat lass = m rad/s 


6 = 2m rad/s? 
r = 0.6 sin Olo=7/4raa = 0.4243 m 


+ = 0.6 (cos 0)Ôlo=7/4 raa = 1.3329 m/s 


f = 0.6 (cos 0)0 — (sin0)6"|p—2/4 rad = —1.5216 m/s” 


a, = P— r£) = —1.5216 m/s” — (0.4243 m)( rad/s)” 


F13-15. 


= —5.7089 m/s? 
ag = rÖ + 270 = 0.4243 m(27 rad/s?) 
+ 2(1.3329 m/s)(a rad/s) 
11.0404m/s? 
=F. = ma, 
Fcos 45° — N cos 45? —0.2(9.81)cos 45° 
= 0.2(—5.7089) 


ll 


EF = mag; 
F sin45? + N sin45? —0.2(9.81)sin 45° 
= 0.2(11.0404) 


N = 2.37N F=2.72N Ans. 


r = 50 |pan/6rad = [5087/9] m = 142.48 m 
? = 50(2e”6) = 100e” 0j... raa 

= [100e%/9(0.05)] = 14.248 m/s 
100( (2c) + e" (8)... raa 


= 100|2e?7/® (0.05?) + e7/9(0.01)| 
4.274 m/s? 


~: 
II 


F13-16. r = (0.6 cos 20) m|y—o° = [0.6 cos 2(0°)] m = 0.6m 
+= (—12 sin200) m/s|p=o° 
= [1.2 sin2(0°)(—3)] m/s = 0 
P- —12(sin260 + 2cos200?) m/s?) 
= —21.6 m/s? 
Thus, 
a, = #— rf? = —21.6 m/s” — 0.6 m(—3 rad/s}? 
= —27 m/s” 
ag = rb + 27 ò= 0.6 m(0) + 2(0)(—3 rad/s) = 0 
SF) = mag F — 0.2(9.81) N = 02 kg(0) 
F = 1.96 N Ans. 
Chapter 14 
F14-1. T, + XU, 5 = T, 
0 + ($)(500 N)(0.5 m) — 1(500 N/m)(0.5 m}? 
= 30 kg)v? 
v = 524 m/s Ans. 
Fl4-2. =F, = may; N4 — 20(9.81) N cos 30° = 0 


a, = $— r£ = 4274 m/s? — 142.48 m(0.05 rad/s}? 
= 3.918 m/s” 
ag = r0+ 270 = 142.48 m(0.01 rad/s”) 
+ 2(14.248 m/s)(0.05 rad/s) 


= 2.850 m/s? 
DF, = ma, 
F, = (2000 kg)(3.918 m/s?) = 7836.55 N 


EF = mag; 

F; = (2000 kg)(2.850 m/s?) = 5699.31 N 
F = VE? + Ff 

= V/(7836.55 N)? + (5699.31 N}? 

= 9689.87 N = 9.69 kN 


N, = 169.91 N 

Ti + XU aT 

0 + 300 N(10 m) — 0.3(169.91 N) (10 m) 
— 20(9.81)N (10 m) sin 30? 

= 3(20 kg)v? 


v = 12.3 m/s Ans. 


F14-3. 


F144. 


F14-5. 


F14-6. 


F14-7. 


F14-8. 


F14-9. 


Ti +F XU, 2 = T, 


15m 
0+ 1] (600 + 252) N as| — 100(9.81) N(15 m) 
0 


= 1(100 kg)? 
v — 12.5 m/s Ans. 
T, + SU. = T, 
3(1800 kg)(125 m/s)? — [G9999N 2000) (400 m)] 
= $(1800 kg)? 
v = 8.33 m/s Ans. 


T, + IUa = T, 

3(10 kg)(5 m/s)?+ 100 Ns’ + [10(9.81) N] s' sin 30° 
—4(200 N/m)(s’)? = 0 

s' = 209m 

s = 0.6 m + 2.09 m = 2.69 m 

Ta + EU4.g = Tg 


Consider difference in cord length AC — BC, 
which is distance F moves. 


0 + 10Ib( V (3 ft)? + (4 ft)? — 3 ft 


= 35 slug) vj 


Ans. 


Ug = 16.0 ft/s Ans. 


LEF, = ma; 
30($) = 20a 
V = V + at 
v = 0 + 1.2(4) = 4.8 m/s 
P-F:v-F(cos0)v 

= 30(3)(4.8) 

= 115 W 


a = 1.2 m/? —> 


Ans. 


AER = 
10s = 20a 
vdv = ads 


v 5m 
f vdv = f 0.5 s ds 
0 0 


v = 3.536 m/s 
P = F- v = 10(5)(3.536) = 177 W 


a = 0.5s m/s? > 


Ans. 
GC T)EE = 0; 
T, — 100 1b = 0 
C DEF, = 0; 
100 Ib + 100 Ib 


T, = 100 1b 


T,-0 T,=200lb 


F14-10. 


F14-11. 


F14-12. 


F14-13. 


F14-14. 
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P u = Tg: vg = (2001b)(3 ft/s) = 1.091 hp 


Pn fou i = 136 hp Ank 
XF, = may; N — 20(9.81) cos 30° = 20(0) 

N = 169.91 N 
È Fy = may; 


F — 20(9.81) sin 30° — 0.2(169.91) = 0 
F = 132.08N 


P = F-y = 132.08(5) = 660 W Ans. 
+) Ee, = may; 
T — 50(9.81) = 50(0) T = 490.5N 
Pau = T- v = 490.5(1.5) = 735.75 W 
P. Pout | 735.75 — 920 W ies 
E€ 0.8 
254 + sp=l 
2a, + ap=0 
2a,+6=0 
a, = —3m/s* = 3 m/s’ Î 
=F, = may  T4-490.5N = (50 kg)(3m/s’) 
T4 = 640.5N 
Pou = T+ v = (640.5N/2)(12) = 3843 W 
P= i = = 4803.75 W = 4.80 kW Ans. 


Ta + V4 = Tg + Vg 

0 + 2(9.81)(1.5) = 2(2)(vg) + 0 
Ug = 5.42 m/s Ans. 
(5.42? 

5 


+ TSF, = ma,;T — 2(9.81) = ( 
T = 58.9 N 
Ta + V4 = Tg + Vg 


Ans. 


imav? + mgh, = imgvg + mghp 
[5C kg)(1 m/s] + [2 (9.81) N(4 m)] 
= [$2 kg)va] + [0] 

vg = 8.915 m/s = 8.92 m/s 

+ TSF, = may Ng — 2(9.81)N 


- Qkg) (eae) 


Ng = 99.1 N 


Ans. 


Ans. 
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F14-15. 


F14-16. 


F14-17. 


F14-18. 


PARTIAL SOLUTIONS AND ANSWERS 


T,+V,=T, + Vp 

7 (2)(4) + 5 G0)Q - 1 

= 3 (DW - 2(9.81)(1) + 3 (30) (V5 - 1}? 

v = 5.26 m/s 

Ta + Va ES Tz + Vg 

0 + 5 (4)(2.5 — 0.5)? + 5(2.5) 
= i)o + 3(4) (1 

Ug = 16.0 ft/s 

T,+V,=T, + Vp 

imvi + mgy + 5 ks? 

= | m? 

[0] + [0] + [0] = [0] + 

[775 Ib(5 ft + s)] + [2(3(1000 1b/ft)s?) 
+ (1500 Ib/ft)(s — 0.25 ft)?] 

s = $4 = Sc = 0.580 ft 

Also, 

Sg = 0.5803 ft — 0.25 ft = 0.330 ft 


Ans. 


0.5 


Ans. 


+ mgy» d 5 ks? 


Ans. 


Ans. 


Ta + Va = Tg + Vg 
imvi + G ksi + mgya) 
= imo + (G ks + mgyp) 


1(4kg)Q m/s)? + 1 (400 N/m) (0.1 m — 0.2 mf + 0 


=} (4kg)vh + 1(400 N/m)(V (0.4 m)? + (0.3 m — 0.2 m)? + 


[4(9.81) N](—(0.1 m + 0.3 m)) 


vg = 1.962 m/s = 1.96 m/s Ans. 


Chapter 15 


F15-1. 


t2 


neice | F,dt = m(v), 


ü 

(0.5 kg)(25 m/s) cos 45? — » F, dt 
= (0.5 kg)(10 m/s)cos 30° 

I, = n = 4.509 N- s 


2 
(+1) m(vi)y + =f F, dt = m(v;), 


— (0.5 kg)(25 m/s)sin 45° + J F, dt 
= (0.5 kg)(10 m/s)sin 30° 
I, = [ra = 11339 N" s 


I= nz = V (4.509 N- s + (11.339 N- s? 


= 12.2 N's Ans. 


F15-2. 


F15-3. 


F15-4. 


F15-5. 


(+1) m(vi), + zf F, dt = m(V2)y 

tl 
0 + N(4s) + (100 Ib)(4 s)sin 30° 

— (150 lb)(4s) = 0 

N = 100 lb 

t2 
C) me), + x] Edt = mlo) 

ü 

0 + (100 1b)(4 s)cos 30° — 0.2(100 Ib)(4 s) 


— (150 

= (335 slug)» 
v = 57.2 ft/s Ans. 
Time to start motion, 
+ TEF, =0; N — 25(9.81)N =0 N = 245.25 N 


SSF,=0; 20 — 0.3(245.25N)=0 t= 1918s 


t2 
S) m(v)x + xf F, dt — m(2) x 
tl 


4s 
0+ / 20t? dt — (0.25(245.25 N))(4 s — 1.918 s) 
1.918 s 


= (25 kg)v 


v = 10.1 m/s Ans. 


t2 
(5) m(v), * sj F, dt — m(v)x 
tl 


(1500 kg)(0) + |4(6000 N)(2 s) + (6000 N)(6 s — 2 s)| 
= (1500 kg) v 


v = 20 m/s Ans. 


SUV and trailer, 
2 
m(vi), + zf Fy dt = m(v)x 
tl 
0 + (9000 N)(20 s) = (1500 kg + 2500 kg)v 


v = 45.0 m/s Ans. 
Trailer, 
12 
m(v)w F zf Fy dt = m(V2) x 
ü 
0 + T(20s) = (1500 kg)(45.0 m/s) 
T — 3375 N — 3.375 kN Ans. 


F15-6. 


F15-7. 


F15-8. 


F15-9. 


F15-10. 


Block B: 
(+1) my, + JF dt = mv; 


0 + 8(5) - T(5) = 35 (1) 

T = 7.95 lb Ans. 
Block A: 

(55) mu, +f F dt = mv; 

0 + 7.95(5) — ug(10)(5) = $501) 

ug = 0.789 = 


È) mawa) + ma(vg) = mava) + Mgs) 
(20(105) kg)(3 m/s) + (15(10%) kg)(—1.5 m/s) 
= (20(10°) kg)(v4)2 + (15(10*) kg)(2 m/s) 


(v4); = 0.375 m/s > Ans. 
t2 
C) m(vg) + xy F dt = m(vp) 
tl 
(15(10*) kg)( — 1.5 m/s) + Favg(0.5 s) 
= (15(10°) kg(2 m/s) 
Fg = 105(10°) N = 105 kN Ans. 


(5) Mp[(Vp) 1] + m[(V)i]x = (mp + m,)U» 


5[10($)] + 0 = (5 + 20)v; 


v, = 1.6 m/s Ans. 
T+V =T +V 

imava)? + (v1 = j m4(va) + (Ug)2 

3(5)(5)? + 5(9.81)(1.5) = 3(5)(v4)3 

(va) = 7.378 m/s 

(4) malva) + ma(vg); = (m4 + mg)v 
5(7.378) + 0 = (5 + 8v 

v = 2.84 m/s Ans. 
(S) ma(va) + mg(vg)) = ma(va)2 + ma(vp)2 


0 + 0 = 10(v,)2 + 15(vg); (1) 
hE u= DEV 
pma(va)i + 3mp(vg)i + (Vo) 
= 3m4(v4)5 + amg Veh + V) 
0 + 0 + 3[5(10%) |(o.2?) 
= 3(10)(v4)3 + 3(15)(vp)3 + 0 
5(v4)$ + 7.5 (vg) = 100 (2) 
Solving Eqs. (1) and (2), 
(vg); = 2.31 m/s > 
(vah = — 3.464 m/s = 3.46 m/s —— 


Ans. 
Ans. 


F15-11. 


F15-12. 


F15-13. 


F15-14. 
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(5 ma(v4) + mg(vg) = (m4 + mg), 
0 + 10(15) = (15 + 10), 

v, = 6m/s 

T, + Wu = T, + V 


a(ma + mg)i + (V); = 3 (m4 + mg)vi + (Va); 
145 + 10)(6) + 0 = 0 + 3[10(103) |s2,, 
Smax = 0.3 m = 300 mm Ans. 


(5) 00-2 mp Vp) — mu. 
0 = (20 kg) (vj), — (250 kg)ve 
(vy), = 12.5 v. (1) 


Vp = Ve ale Vp/c 


(Up) + (v5),j = ~vi + [(400 m/s) cos 30*i 
+ (400 m/s) sin 30°j] 
(vp)xi + (v;),j = (34641 — v)i + 200j 


(v5). = 346.41 — ve 
(v5), = 200 m/s 

(vy), = 320.75 m/s 

Up = V (05) * wp) 


= V (320.75 m/s)? + (200 m/s)? 
= 378 m/s 


v. = 25.66 m/s 


_ (va); — (vA) 


ys (va) — (vp 
(9 m/s) — (1 m/s) 
» (8m/s) - (-2m/s) ` 
(5) ma(va) + mg(vg)) = ma(va); + mgg) 


[15(103) kg](5 m/s) + [25(105)](—7 m/s) 

= [15(105) kg](v4); + [25 (105) (va); 
15(v4); + 25(vg); = —100 (1) 
Using the coefficient of restitution equation, 


= (vp); — (wa) 


a 7 (va). — (vB 
(vg); — (vA 
die 5 m/s — (—7 m/s) 
(vg) — (vA = 72 (2) 
Solving, 
(7g); = 0.2 m/s > Ans. 
(vah = —7 m/s = 7 m/s — Ans. 


690 


F15-15. 


F15-16. 


F15-17. 


PARTIAL SOLUTIONS AND ANSWERS 


T,+V,=T, + Vp 
imwa + mg(ha) = 4 mwak} + mg(a); 
X3 slug) (5 ft/s)? + (301b)(10ft) 

= (5 slug)(v4)3 + 0 


(vah = 25.87 ft/s €— 


(È) mawak + mg(vg); = ma(va)s + mg(vg)s 
(35 slug) (25.87 ft/s) + 0 

= (az slug)(v4)s + (335 slug)(v5)s 
30(v4)3 + 80(vg), = 775.95 (1) 


= (vs); — (Wa)s 


©) — (v4) — (gh 
_ (Vg)s — (wa) 
06 = 35.87 ft/s — 0 
(vg)3 — (v4), = 15.52 (2) 


Solving Eqs. (1) and (2), yields 
(vg)3 = 11.3 ft/s <= 


(v4) = — 4.23 ft/s = 4.23 ft/s > Ans. 
After collision: Tj, + EU,» = Th 
ii) — 0.2(5)(%) = 0 
(vah = 1.465 ft/s 
5) — 0.2(10)(;5) = 0 
(vp); = 1.794 ft/s 
Èm = Èm, 
33 (v4) + 0 = 35 (1.465) + 35 (1.794) 
(vA) = 5.054 
| (wsh — (vA) _ 1.794 — 1.465 
(Va) = (vg) 5.054 = 0 
= 0.0652 Ans. 


CET) mily = m[)aly 
[(vp)aly = [(vp)i]y = (20 m/s)sin30° = 10 m/s il 


FE [odil ~ Qi 
0- [whl 
Am (20 m/s)cos 30° — 0 
[(v)o]. = — 12.99 m/s = 12.99 m/s —— 


(%)2 = V [Go]? + wdd; 


= V/(12.99 m/s)? + (10 m/s)? 
— 16.4 m/s 


Ans. 


F15-18. 


F15-19. 


F15-20. 


F15-21. 


F15-22. 


F15-23. 


F15-24. 


_ TODA f 10my/s 

0 = tan d ZO Cos 5.) 
= 37.6? 

Em(v,) = ZEm(v), 
0+ 0= a5 (1) t 27 (va) 

(Vg), = — 0.1818 ft/s 

ZEm(v, = Xm(v) 

xi; (3) FD 

(vpy) = 0.545 ft/s 


Ans. 


11 
322 (Vpy)2 


(vg); = V/(—0.1818)? + (0.545) 
= 0.575 ft/s 
Ho = =mvd; 
Ho = [2(10)($) ](4) - [200)(3) ]@) 
= 28 kg: m^/s5 
Hp = Xmuvd; 
Hp = [2(15) sin 30°](2) — [2(15) cos 30°](5) 
= —99.9kg-m?/s = 99.9 kg- m?/s2 


(Hz + x fna = (Hi; 
5(2)(1.5) + 5(1.5)(3) = 5w(1.5) 


v = 5 m/s Ans. 
(Hi + x fna = (Hh 
4s 
0+ n (101)($)(1.5)dt = 5v(1.5) 
0 
v = 12.8 m/s Ans. 
(Hi + x fea = (Az)2 
358 
0+ P 0.917 dt = 2v(0.6) 
0 
v = 31.2 m/s Ans. 


(Hz + x fna = (Hj 


4s 
0+ I 8tdt + 2(10)(0.5)(4) = 2[10v(0.5)] 
0 


v = 10.4 m/s Ans. 


Chapter 16 


F16-1. 


F16-2. 


F16-3. 


F16-4. 


F16-5. 


0 — (20 rev) (25:0) — 407 rad 
o? = wé + 2a(0 — 0o) 


(30 rad/s)? = 0?  2a,[(407 rad) — 0] 


a, = 3.581 rad/s? = 3.58 rad/s? Ans. 
w = wo t Qet 

30 rad/s = 0 + (3.581 rad/s°)t 

t = 8.38s Ans. 


de = 2(0.0050) = (0.010) 

a = e$ = (0.005 6)(0.010) = 50(10~°)4? rad/s? 
When 0 = 20 rev(27 rad/1 rev) = 407 rad, 

a = [50(1079) (40 ] rad/s? 


= 9922 rad/s” = 99.2 rad/s” Ans. 
w = 49i? 
150 rad/s = 4 9? 
0 — 1406.25 rad 
dt = d 
t 0 
d 
jt das 
0 o 4812 
th = ie 
t= 46? 
t = (140625)? = 18.75 s Ans. 
w= g = (1.517 + 15) rad/s 
a= de = (3t) rad/s 
w = [1.5(32) + 15] rad/s = 28.5 rad/s 
a = 3(3) rad/s? = 9 rad/s”. 
v = or = (28.5 rad/s)(0.75 ft) = 21.4 ft/s — Ans. 
a = ar = (9 rad/s?)(0.75 ft) = 6.75 ft/s? Ans. 


w do = a d8 


w 0 
| w do = | 0.50 d0 
0 0 


efe = 0.25 
w = (0.70716) rad/s 
When 0 = 2 rev = 4r rad, 
w = [0.7071(47)] rad/s = 8.886 rad/s 
Up = or = (8.886 rad/s)(0.2 m) = 1.78 m/s Ans. 
(ap), = ar= (0.50 rad/s?)(0.2 m)|p—49 rad 
1.257 m/s? 


ll 


F16-6. 


F16-7. 


F16-8. 


F16-9. 
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(ap), = er = (8.886 rad/s) (0.2 m) = 15.79 m/s? 
ay = V (ap)? + (aps? 


= V(1.257 m/s?) + (15.79 m/s??? 


= 15.8 m/s” Ans. 
s) 
Og = aA| — 
TB 
= (4.5 rad/s? ($255) = 1.5 rad/s? 
wg = (wg) + agt 
cg = 0 + (1.5 rad/s?)(3 s) = 4.5 rad/s 
05 = (05)o + (wa)ot + 5 og? 
05 = 0 + 0 + 4 (1.5 rad/s’)(3 s 
0g = 6.75 rad 
Uc = oprp = (4.5 rad/s)(0.125 m) 
— 0.5625 m/s Ans. 
Sc = Opgrp = (6.75 rad)(0.125 m) = 0.84375 m 
— 844mm Ans. 


Vg — VA t € X l'gjA 
-vpj = (3i)m/s 

+ (wk) X (—1.5 cos 307i + 1.5 sin 307j) 
—vpj = [3 — w4g(1.5 sin 30?)]i — (1.5 cos 30°)j 


0 = 3 — o(1.5 sin 30°) (1) 
—vz = 0 — o(1.5 cos 30°) (2) 
w = 4rad/s vg = 5.20 m/s Ans. 


Vp = VA t @ X YgjA 
(vg) + (vg),j = 0 + (10k) x (-0.6i + 0.6j) 
(vg)d + (vp),j = 6i + 6j 
(vp). = 6 m/s and (vg), = 6 m/s 
v = V (vp) + (va)? 
= V(6 m/s} + (6 m/s} 


= 8.49 m/s Ans. 
Vg — VA * @ X YgjA 
(4 ft/s)i = (—2 ft/s)i + (—ok) X (3 ft)j 
4i = (-2 + 3oji 
w = 2 rad/s Ans. 
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F16-10. 


F16-11. 


F16-12. 


F16-13. 


F16-14. 


F16-15. 


PARTIAL SOLUTIONS AND ANSWERS 


VA = woa X YA 

= (12 rad/s)k X (0.3 m)j 

= [-3.6i] m/s 
Vg = VA + Wap X EBJA 
vgj = (—3.6 m/s)i 

+ (eAgk) X (0.6 cos 30°i — 0.6 sin 307j) m 
Ugj = [w4,(0.6 sin 30°) — 3.6]i + w4g(0.6 cos 30°)j 

0 = w4g(0.6 sin 30°) — 3.6 (1) 

Ug = c Ag(0.6 cos 30°) (2) 
vg = 624 m/s] 
Vo = Vp + Opc X Ic/B 
Ucj = (—601) ft/s 
+ (—wpck) X (—2.5 cos 30° + 2.5 sin 307j) ft 
vcj = (—60)i + 2.165wgcj + 125ogci 
0 = —60 + 125ogc 


wag = 12 rad/s 


Uc = 2.165 WBC 
wpgc = 48 rad/s Ans. 
Uc = 104 ft/s 
Vg = VA t 0 X YgjA 
—vg cos 30? i + vg sin 30° j = (—3 m/s)j + 

(—ok) X (—2 sin 45*i — 2 cos 45°j) m 

—0.8660vgi + 0.5vgj 

= —1.4142%i + (1.4142o — 3)j 
—0.8660vg = —1.41420 
0.5ug = 1.4142% — 3 
w = 5.02 rad/s Ug = 8.20 m/s Ans. 
v 6 
QAB = A = > = 2 rad/s Ans. 
TA/IC 3 
rcc = V1.5 + 2? = 25m 
$ = tan !(À) = 53.13° 
Uc = OAgrcjjc = 2(2.5) = 5 m/s Ans. 
9 = 90° — = 90? — 53.13? = 36.9? SG Ans. 
Ug = @MABIB/A = 12(0.6) = 7.2 m/s l 
vc = Ans. 
v 7.2 
wgc = oes 6 rad/s Ans. 
TB/IC 1.2 
Vo 6 

w= = — = 20 rad/s Ans. 

TO/IC 0.3 / 
rajc = V0.3? + 0.6 = 0.6708 m 
= tan ($3) = 26.57° 
va = orajjc = 20(0.6708) = 13.4 m/s Ans. 
0 = 90° — = 90?— 26.57? = 63.4°7 Ans. 


F16-16. 


F16-17. 


F16-18. 


F16-19. 


F16-20. 


The location of /C can be determined using similar 
triangles. 


05 — rete fcc 
3 = 15 rcjic = 0.1667 m 
Uc 1:5 
= = = 9 rad Ans. 
" eme 01667 ° /s T 
Also, TOJIC = 0.3 TC/IC = 0.3 0.1667 
= 0.1333 m. 
Vo = wrojrc = 9(0.1333) = 1.20 m/s Ans. 
UB @TBJA 6(0.2) 1.2 m/s 
rgjıc = 0.8 tan 60° = 1.3856 m 
2 008 _ 
Tcunc = eos60 — 1.6m 
Up 1.2 
= = = 0.8660 rad, 
TEC ame 1.3856 tad/s 
= 0.866 rad/s Ans. 
Then, 
Uc = WBC TC/IC m 0.8660(1.6) = 1.39 m/s Ans. 
UR = OABB/A = 10(0.2) = 2 m/s 
Uc = Gcprcjp = ecp(0.2) > 
rgjic = esp = 0.4619 m 
rcjjc = 0.4 tan 30° = 0.2309 m 
Up 2 
= = = 4,330 rad 
UBCT pajre 0.4619 mds 
— 4.33 rad/s Ans. 
Uc = @BC IC/IC 
@cp(0.2) = 4.330(0.2309) 
wcp = 5 rad/s Ans. 
v 6 
o =— = — = 2 rad/s 
raic 3 


ag= aa tax YB/A = OEB/A 


agi = —5j + (ak)x(3i — 4j) — 27031 — 4j) 


agi = (4a — 12)i + (3o  11)j 
ag = 4a — 12 
0=3a+ 11 
a = —3.67 rad/s” Ans. 
ag = —26.7 m/s Ans. 
ay = ag + @ X río — or, jo Ans. 
= 18i + (—6k) x (0.3i) — 127(0.3j) 
= {3.6i — 43.2j} m/s Ans. 


F16-21. 


F16-22. 


F16-23. 


F16-24. 


ay, = ag tax YA/B = 9 YA/B 
3i = agj + (~ak) x 0.3j — 20^(0.3j) 
3i = 0.3ai + (ag — 120)j 


3=03a a= 10 rad/s? Ans. 
aa = ag t @ X rao — wr Ajo 

= 3i + (—10k) x (—0.6i) — 20*(—0.6j) 

= [243i + 6j} m/s Ans. 
TA/IC 0.5 — TA/IC 

3 = I5 : fae = 0.3333 m 
VA 3 
ue P pass 
a, = ac + @ X rac Qt Alc 
15i — (a4),j = -0.75i + (ac),j 
+ (—ak) x 0.5j — 9*(0.5j) 
15i — (a4),j (05e — 0.75)i + [(ac)n — 40.5]j 
1.5 = 0.5a — 0.75 

a = 4.5 rad/s? Ans. 
vg = c rgja = 12(0.3) = 3.6 m/s 
wpgc = Tm = P = 3 rad/s 
ag = @ X rga — O'ER A 

= (—6k) x (0.3i) — 127(0.3i) 

= {—43.2i — 1.8j} m/s 
ac = ag t Ag X fcjB — OfcKC/B 
aci = (—432i — 1.8j) 

+ (agck) X (12i) — 3*(12i) 
aci = —54i + (12agc — 1.8)j 
ac = —54 m/s? = 54 m/s? < Ans. 
0 = 12ogc — L8 — agc = 1.5rad/? Ans. 


Up w FBJA 6(0.2) 1.2 m/s — 
rac = 0.8 tan 60° = 13856 m 

UB 1.2 
TB/IC 1.3856 


WBC — 


= 0.8660 rad/s 


ag = a X rgjA — © TBA 

= (—3k) x (02j) — 67(0.2j) 

= [0.61 — 7.2j] m/s 
ac = ag t ag X rcg — o^ rcjg 
ac cos 307i + ac sin 305j 
= (0.6i — 7.2j) + (agck X 0.8i) — 0.8660°(0.8i) 
0.8660aci + 0.5acj = (0.8ag¢ — 7.2)j 


FUNDAMENTAL PROBLEMS 693 


0.8660ac = 0 
0.5ac = 0.8agc — 72 


ac = 0 opc = 9 rad/s” Ans. 
Chapter 17 
F17-1. LZF,- m(ag)x; 100($) = 100a 

a = 0.8 m/s? Ans. 

+ EF, = m(ag)y; 

Na + Ng — 100(2) — 100(9.81) = 0 (1) 

G+ =MG = 0; 

N4(0.6) + 100(2)(0.7) 

— Na(0.4) — 100(2)(0.7) = 0 (2) 

N4 = 430.4N = 430 N Ans. 

Ng = 610.6 N = 611 N Ans. 
F17-2. SF, = m(ag),;  80(9.81)sin 15° = 80a 

a = 2.54 m/s? Ans. 

ZF, = m(ag)y; 

N, + Ns — 80(9.81) cos 15° = 0 (1) 

G+=Mg = 0; 

N,(0.5) — N,(0.5) = 0 (2) 

Na = Ng = 379N Ans. 
F173. G«ZM,- X(MQ)u 10(3)(7) = 3503.5) 

a = 19.3 ft/s? Ans. 

LEF,- m(ag); A, + 10(2) = 219.32) 

A, = 61b Ans. 

+1 ZF, = m(ag)y;_ Ay — 20 + 10(3) =0 

Ay = 121b Ans. 
F17-4. Fy = u,NA— 02N4 Fp u,Ng = 0.2Ng 


SER = m(ag), > 


0.2N,4 + 0.2Ng = 100a (1) 
+1 EF, = m(ag)y; 
N4 + Ng — 100(9.81) = 0 (2) 
G+=Mg = 0; 
0.2N,(0.75) + N,(0.9) + 0.2; (0.75) 

- Ng (0.6) = 0 Q3) 


Solving Eqs. (1), (2), and (3), 

Nag = 294.3 N = 294 N 

Ng = 686.7 N = 687 N 

a = 1.96 m/s? Ans. 


Since N, is positive, the table will indeed slide 
before it tips. 
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F17-5. 


F17-6. 


F17-7. 


F17-8. 


F17-9. 


PARTIAL SOLUTIONS AND ANSWERS 


(ag), = ar = a(1.5 m) 
(ag), = œr = (5 xad/s) (1.5 m) = 37.5 m/s? 


EF, = m(ag); 100 N = 50 kg[a(1.5 m)] 
a = 1.33 rad/s” Ans. 
=F, = magni; Tap Tcp — 50(9.81)N 
= 50 kg(37.5 m/s’) 
Tap + Top = 2365.5 
G+2Mg=0;  Top(1m) — T4g(l m) = 0 
Tap = Tcp = 1182.75 N = 1.18 kN Ans. 
G+2Mc = 0; 
D,(0.6) — 450 20 D, = 750N Ans. 
(ag), = œr = 6(0.6) = 21.6 m/s? 
(ag), = ar = a(0.6) 
+1 SF, = m(ag); 
750 — 50(9.81) = 50[o(0.6)] 
a = 8.65 rad/s” Ans. 
LEF, = m(ag)s 
Fag + D, = 50(21.6) (1) 
G+=Mg = 0; 
D,(0.4) + 750(0.1) — F4g(0.4) = 0 (2) 
D, = 446.25N = 446N Ans. 
Fag = 633.75 N = 634N Ans. 
Io = mké = 100(0.5?) = 25 kg- m? 
G+5Mc = Ioa; —100(0.6) = —25a 
a = 24 rad/s? 
w = wo + Qet 
w = 0 + 2.4(3) = 7.2 rad/s Ans. 
Io = imr) = 5 (50) (0.3°) = 225 kg: m? 
Ç+EMe = loa; 
—9t = —225a a = (4t) rad/s” 
dw = adt 
[2] t 
I dw = [a dt 
0 0 
w = (20?) rad/s 
w = 2(4’) = 32 rad/s Ans. 


(ag), = arg = a(0.15) 
(ag), = erg = 6 (0.15) = 5.4 m/s? 
Io = Ig + md? = i5(30)(0.9?) + 30(0.15?) 
= 2.7kg-m? 
G+=Mo = Ioa; 60 — 30(9.81)(0.15) = 2.7a 
a = 5.872 rad/s? = 5.87 rad/s? Ans. 


F17-10. 


F17-11. 


F17-12. 


SER, mac), 

*TZF = m(ac)s 

O, — 30(9.81) — 30[5.872(0.15)] 

O, = 320.725 N = 321 N 

(ag) = arg = o(0.3) 

(ag), = «rg = 107(0.3) = 30 m/s? 

Io = Ig + md? = £ (30)(0.32) + 30(0.32) 
= 4.05 kg m? 

G+2Mo = loa; 

50(3)(0.3) + 50(3)(0.3) = 4.05a 

a = 5.185 rad/s? = 5.19 rad/s? 

+1 SF, = m(ag), 

O, + 50(3) — 30(9.81) = 30(30) 

O, = 1164.3N = 1.16kN 

LEF = m(ac); 

O, + 50(5) = 30[5.185(0.3)] 

O, = 667N Ans. 

Ig = mÊ = (15 kg)(0.9 m? = 1.0125 kg m? 

(ag), = erg = 0 

(ag), = a(0.15 m) 

Io = Ig + mdóa 

= 1.0125 kg: m? + 15 kg(0.15 m)? 
= 1.35kg-m? 
G+>Mo = loa; 
[15(9.81) N](0.15 m) = (1.35 kg: m?)a 


O, = 30(5.4) = 162N Ans. 


Ans. 


Ans. 


Ans. 


a = 16.35 rad/s” Ans. 
*lXF = m(ag — O; + 15(9.81)N 
= (15 kg)[16.35 rad/s?(0.15 m)] 
O, = 110.36N = 110N Ans. 
LEF, = m(ag; On = 0 Ans. 
(ag), = arg = o(0.45) 
(ag), = «?rg = 6(0.45) = 162 m/s 
Io = im? = 4(30)(0.9°) = 8&1kg- m? 
G-ZMg = loa; 
300(3)(0.6) — 30(9.81)(0.45) = 8.1a 
a = 1.428 rad/s? = 1.43 rad/s? Ans. 
EF, = mag); Op + 300(2) — 30(162) 

O, = 306 N Ans. 
+1ZF = m(ag) O, + 300($) — 30(9.81) 

— 30[1.428(0.45)] 

O, = 73.58N = 73.6N Ans. 


F17-13. 


F17-14. 


F17-15. 


F17-16. 


F17-17. 


Ig = pm? = 4(60)(3’) = 45 kg: m? 
+E, = mí(ag)y; 


80 — 20 = 60ag ag -1m/s 


G-ZMg- Iga;  80(1) + 20(0.75) = 45a 

a = 2.11 rad/s? Ans. 
G+=M, = (Mk) a; 

—200(0.3) = —100a¢(0.3) — 4.5a 

30a; + 45a — 60 (1) 

dg = ar = a(0.3) (2) 

a= 4.44 rad/s? ag = 1.33 m/s Ans. 
alley oe = m(ag)y; 

N —20(9.81) =0 N — 1962N 

LEF, = m(ag); 0.5(1962) = 20ag 

ag = 4.905 m/s* > Ans. 
G - Mo = Toa; 

0.5(196.2)(0.4) — 100 = —1.8o 

a = 33.8 rad/s” Ans. 


G*ZM,- (My)as 

20(9.81)sin30° (0.15) = 0.18a + (20ag)(0.15) 
0.18a@ + 3ag = 14.715 

dg = ar = a(0.15) 

a = 23.36 rad/s? = 23.4 rad/s? 

ag = 3.504 m/s? = 3.50 m/s” 


Ans. 
Ans. 


+TXF, = m(ag)y; 

N —200(9.81) 20 N = 1962N 

LEF, = m(ag); 

T — 0.2(1962) = 200ag (1) 
C-EM,- (Mya —450- 0.2(1962)(1) 


= 18a + 200ag(0.4) (2) 
(a4), = 0 — a4 = (aa) 

ag = a4 t @ X IgA — Q^ tG/A 

agi = — a,j + ak x (0.4j) — e?(—0.4j) 

aci = 0.4ai + (0.40? — ay)j 

ag = 0.4a (3) 


Solving Eqs. (1), (2), and (3), 
o = 1.15 rad/s? ag = 0.461 m/s 


T = 485N Ans. 


F17-18. ,XF, = m(ag), 
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0 = 12(ag), (ag) = 0 
G*ZM,- (Mya 

—12(9.81)(0.3) = 12(ag),(0.3) — 1:(12)(0.6)a 
0.36a — 3.6(ag), = 35.316 (1) 
o=0 

ag = a4 + @ X rgjA — Q^ tA 

(ag),j = Gai + (~ak) x (03i) — 0 

(ac) j = (aai — 0.35 

a, = 0 Ans. 
(ag), = —0.3a (2) 
Solving Eqs. (1) and (2) 

o — 24.5 rad/s? 


(ac), = —7.36 m/s? = 7.36 m/s?) Ans. 


Chapter 18 


F18-1. 


F18-2. 


Io = mkó = 80(0.47) = 12.8 kg m? 
=o 
T, = ilo«) = 1 (12.8)? = 6.407 
s = Or = 20(277)(0.6) = 247 m 
f+ XUL. 
0 + 50(247) = 6.4%? 
w = 24.3 rad/s 
7 =0 
Ty = 5 mweh + $ Igo 
= ^ (35 slug) (2.5w2) 
+ 1 I slug)(5 tt? e$ 
T, = 6.470005 
Or, 
lo = imP = 1 (38 slug)(5 ft)? 
— 12.9400 slug-ft? 
So that 
Ty = 5 [pws = 5 (12.9400 slug - ft”)? 
= 6.470003 
T, EU -1 
T, + [-Wyg + M0] = T, 
0 + [7(501b)(2.5 ft) + (100 Ib-ft)( )] 
= 6.470005 
w = 2.23 rad/s 


Ans. 


Ans. 
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F18-3. 


F18-4. 


F18-5. 


PARTIAL SOLUTIONS AND ANSWERS 


weh = @IG/IC — (2.5) 

Ig = $ m? = $ (50)(5?) = 104.17 kg. m? 

T, = 0 

Ty = z mvo + 5 Igo 

= $ (50)[ (2.5) P + 5(104.17)w3 = 208.3303 
Up = Psp = 600(3) = 1800 J 

Uy = —Wh = —50(9.81)(2.5 — 2) = —24525 J 
T+ XU =T 

0 + 1800 + (—245.25) = 208.33o? 


w = 2.732 rad/s = 2.73 rad/s Ans. 
T = } mvo? + 5 low? 

= } (50 kg)(0.4w)? + 1 [50 kg(0.3 m?]o? 

= 6.25% J 
Or, 

T = j Ico? 

= 4 [50 kg(0.3 m)? + 50 kg(0.4 m)?]o*? 

= 6.250 J 
So = 6r = 10(27 rad)(0.4 m) = 87m 

T, + Ui = T, 

T; + P cos 30° so = Th 

0 + (50 N)cos 30*(8z m) = 6.25%? J 
w = 13.2 rad/s Ans. 
Ig = $ m? = $ (30)(3?) = 22.5 kgm? 

T,=0 

T, = t mvg? + 1 Igo? 

= 1 (30)[w(0.5)? + 1(22.5)o? = 15%? 
Io = Ig + md? = §(30)(3?) + 30(0.57) 
= 30 kg: n? 

Or, 
T, = $ Io% = £ (30)o” = 150” 
sı = Or, = 87(0.5) = 4r m 
$5 = Orn = 8m(1.5) = 127m 
Up, = Pys; = 20(127) = 240r J 
Uy = M0 = 20[4(27)] = 1607 J 
T, + 3U,-2 = T, 
0 + 1207 + 2407r + 1607 = 15»? 
c = 10.44 rad/s = 10.4 rad/s Ans. 


F18-6. 


F18-7. 


F18-8. 


vo = or = w(0.4) 
Io = mko? = 20(0.3?) = 1.8 kg- m? 
T, =0 
T, = 5 mvg? + 4 Igo? 
= 1 ()[o(0.4) P + 1.8)? 
= 2.50 


i, = wena E= a 
r 0.4 


T, + XU, 5 = T, 
0 + 2500 = 2.59 
w = 31.62 rad/s = 31.6 rad/s 


Ans. 
Ug = or = o(0.3) 
Ig = imr = $ (30)(0.37) = 1.35 kg- m? 
Tid 
T, = 3 m(v5)5 + 3 looh 

= 1 (30)[w2(0.3)° + 3(1.35)9 = 2.02505 
(V) = Wy» = 0 
(V,)2 = -Wy, = -30(9.81)(0.3) = —88.92 J 
T, +V=T,+ Vz 

0 + 0 = 2.0253 + (—88.29) 


€» = 6.603 rad/s = 6.60 rad/s Ans. 


Vo = orojrc = (0.2) 
Io = mko? = 50(0.3?) = 4.5 kg- m? 
T, = 0 
T, = 3 mvo} + ioo? 
= $60)|ex(0.2) P + 2 (4.593 
= 3.2505 
(V): —Wy-0 
(Ve) = -W y, = —50(9.81)(6 sin 30°) 
= —1471.5J 
T, + V, = T, +F V 
0 + 0 = 3.25w3 + (1471.5) 
œ = 21.28 rad/s = 21.3 rad/s 


Ans. 


F18-9. 


F18-10. 


F18-11. 


UG = org = w(1.5) 
Ig = 75(60)(3?) = 45 kg- m? 
T, = 0 
Ty = 5 m(vg)3 + 5 loo 
= 5 (60)[w2(1.5)P + 5(45)03 


= 9003 
Or, 


T, = 3 lo% = i (45 H 
(Ve) = Wy, = 0 
(V); = -W y, = —60(9.81)(.5 sin 45°) 
= —624.30 J 

(Ve) =3ksįi = 
(V.)2 = iks = 5 (150)(3 sin 45°)? = 337.5 J 
Gth th 

0 + 0 = 9005 + [—624.39 4 
@ = 1.785 rad/s = 1.79 rad/s 


60(1.57) 3 = 9003 


337.5] 
Ans. 


UG = org = e(0.75) 
Ig = $ (30)(1.57) = 5.625 kg m? 
T, 
T, = 3 m(vg) + 5 Ico 
= 1(30)[9(0.75)P. + 5(5.625)w3 = 11.252 
Or, 
T, = iloe$ = 315.625 + 30(0.757) |} 


= 11.2505 
(V): sa ue 
(V,)o = -Wyz = —30(9.81)(0.75) 
= —220.725 J 


(V)i = 5 ksi = 0 
(V)i = $ ks} = 4(80)(V2? + 1.52 — 0.5)? = 160 J 
T, -*VWV-T TV 

0 + 0 = 11.253 + (—220.725 + 160) 
w = 2.323 rad/s = 2.32 rad/s 


(vG)2 = e»rajic = 2(0.75) 
Ig = $ (30)(1.57) = 5.625 kg m? 
T, = 0 
T, = imo} + 3 Ico 
= 4(30)[w2(0.75)° + $(5.625)w3 = 11.2503 


Ans. 


F18-12. 
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(V,); = Wy, = 30(9.81)(0.75 sin 45°) = 156.08 J 
(v = -wz =0 
(V. = z ksi = 
(Vi = 5 ks} = 1(300)(1.5 — 1.5 cos 45°) 
= 28.95 J 
T.+YV=h+ Vz 


ll 


0 + (156.08 + 0) = 11.253 + (0 + 28.95) 
œ = 3.362 rad/s = 3.36 rad/s 


(V) = -Wy; = -[20(9.81) N](1 m) = —196.2 J 
(V3 -0 
(Vi = 3 ks} 


= } (100 Nim (3m) + (2m) - 0.5 m) 


= 482.22 J 
(V2; = 1 ksj = 4 (100 N/m)(1 m — 0.5 m}? 

eos] 
7-0 
T, = 3 14%? = 3 [3 (20 kg) Q my o? 

= 13.3333w* 
T, -*W-TL-V 
0 + [7196.2 J + 48222 J] 
= 13.333305 + [0 + 12.5 J] 

w = 4.53 rad/s 


Ans. 


Ans. 


Chapter 19 


F19-1. 


F19-2. 


t5 


C t Iooi + x “Mo dt = Tow 


ti 


» 
0+ n 3 dt = [60(0.3)? lo» 
0 


œ = 11.85 rad/s = 11.9 rad/s Ans. 


C+(Ha)i + x [Mad = (Ha) 


0 + 300(6) = 300(0.47)w + 300[«(0.6)](0.6) 


€» = 11.54 rad/s = 11.5 rad/s Ans. 


ty 
2 m(vi), * x F, dt — m(v»), 
ti 
0 + F(6) = 300[11.54(0.6)] 


Fy = 346 N Ans. 
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F19-3. 


F19-4. 


PARTIAL SOLUTIONS AND ANSWERS 


UA = O AT AJIC = € A (0.15) 
G-ZMo-0; 9— A,(0.45) = 0 


Cano, + x | Moedt = (Ho) 
0 + [20(5)](0.15) 
= 10[w4(0.15)](0.15) 
+ [10(0.2) Jo, 
w, = 46.2 rad/s 


A, = 20N 


Ans. 
1, = mk; = 10(0.08) = 0.064 kg m? 
Ig = mk} = 50(0.15?) = 1.125 kg: m? 


lg 0.2 
QA — TA wg 7 01 Wp = 20p 


ty 
C+ Ilwa) + s Ma dt = I,(wa)o 
f 


5s 
0 + 10(5) — i F(0.1)dt = 0.064[2(«5);] 
0 
5s 
I Fdt = 500 — 1.28(wg)> (1) 
0 


t» 
G +Iglwg) + xf Mgdt = Ip(wg)2 
ti 


5s 
0+ | F(0.2)dt = 1.125(w,p)> 
0 


5s 
T Fdt = 5.625(o5); (2) 
0 


Equating Eqs. (1) and (2), 
500 = 1.28(og)5 = 5.625(wg)2 


(wg) = 72.41 rad/s = 72.4 rad/s Ans. 


F19-5. 


F19-6. 


() [eo] + x f Fear = mfo} 


0 + (150 N)G s) + F4(3 s) 
= (50 kg)(0.3o5) 


C t Igo F sj Mg dt — Igor 
0 + (150 N)(0.2 m)(3 s) — F4(0.3 m)(3 s) 


= [(50 kg)(0.175 m)’ Joz 
w = 37.3 rad/s Ans. 
F4 = 36.53 N 
Also, 
Tic, d x [nic à = Tico 
0 + [(150 N)(0.2 + 0.3) m](3 s) 
= [(50 kg)(0.175 m)? + (50 kg)(0.3 m} Joz 
€» = 37.3 rad/s Ans. 


(+1) m(uc)i]y + 2 f Erat = moe) 
0 + N4(s) — (150 1b)(3s) = 0 
Na = 150 Ib 
C+ (Hic) + x | Mca = (Hich 
0 + (25 1b- ft)(3 s) — [0.15(150 Ib)(3 s)](0.5 ft) 
= [359 slug(1.25 ft)", + (335 slug) ws ft] ft) 
@ = 3.46 rad/s Ans. 


Answers to Selected Problems 


Chapter 12 


12-1. 


12-2. 


12-3. 


12-5. 


12-6. 


12-7. 


12-9. 


12-10. 
12-11. 


12-13. 


12-14. 


12-15. 


12-17. 


12-18. 


12-19. 
12-21. 


v= wt 2a,(s — so) 

a, = 0.5625 m/s” 

V = Vo + at 

t = 26.7 s 

v = 0 + 1(30) = 30 m/s 
s = 450m 


t=3s 
s = 22.5 ft 
dv = adt 


v= (61? — 26?) ft/s 
ds = v dt 


s = (26 — $P? + 15) ft 


h = 127ft 
v = —90.6 ft/s = 90.6 ft/s | 
v = 13 m/s 
As — 76m 
t = 8335s 
dt = zi 

a 
v= V2kt + wj 
s4 = 3200 ft 
a = —24 m/s? 
As = —880m 
sp = 912m 
As =2m 
sy = 6m 


Vavg = 0.333 m/s 
(Usp)ave = 1 m/s 
Vavg = 0.222 m/s 
(Usp)avg = 2.22 m/s 
d = 517 ft 

d — 616 ft 


h = 5t' — 4.905(t')? + 10 
h = 19.81t' — 4.905(¢')? — 14.905 


t' = 1.682 m 
h= 454m 
s = 1708 m 


Uyg = 22.3 m/s 
a|,-4 = 1.06 m/s 
va = (3? — 3t) ft/s 
vp = (40 — 8t) ft/s 
t = Osand=1s 
B stops 


12-22. 


12-23. 


12-25. 


12-26. 


12-27. 
12-29. 


12-30. 


12-31. 
12-33. 


12-34. 


12-35. 


12-37. 


t=0s 

t= V2s 
S$aglj-as = 152 ft 
(sr)a = 41 ft 
(sr)g = 200 ft 


Choose the root greater than 10 m s = 11.9 m 


v = 0.250 m/s 
v= (20e?) m/s 


a= (—40e~7/) m/s? 
s=10(1-e7)m 


== 4 gt kw? 
PUO gk 


sl-e, = -270ft 


v = 4.50 — 27.0t + 22.5 


The times when the particle stops are 


t=1sandt=5s. 


Stor = 69.0 ft 

= 20 -k 
s= p t) 
a = —kwe 


Distance between motorcycle and car 5541.67 ft 


t = 77.68 

Sm = 3.671(10% ft 
a = 80 km/s? 

t = 6.93 ms 

Vayg = 10 m/s —— 
ayy = 6 m/s? — 
ball A 


UA = v — gt’ 
E 


h = v(t' — t) 2 (t' 


Ug = vw — g(t — t) 
2v + gt 
t = —— 


2g 


t 
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12-38. 
12-39. 
12-41. 


12-42. 
12-45. 


12-46. 
12-49. 


12-51. 
12-53. 


12-54. 
12-55. 


12-57. 


12-58. 
12-59. 
12-61. 


12-62. 


12-63. 


12-65. 


12-66. 


12-69. 


12-70. 
12-71. 


ANSWERS TO SELECTED PROBLEMS 


va=żgt} 

vg — 5gt T 

v — 11.2 km/s 

v = 3.02 km/s | 

v = —30t + 15? m/s 
Atrest att = O andt = 2s 


Stot = 30m 
Vayg = 15 m/s 
sr = 980m 


a= ae sin $t 
Umax = 16.7 m/s 
v = 30 -6r+2 
a= 6t—6 
s[-oos = 1350 m 


s = (1?) mand s = (12t — 180) m 
a = 0.4 m/s? and a = 0 


t = 9.88s 

t'— 8.75s 

$/-875. = 272m 

v= ( V/O.1s? + 10s) m/s and 


v = (V-30s + 12.000) m/s 


s' = 400m 

s' = 2500 ft 
s= 917m 

s = 2r 

s = 20t — 50 


s = —t? + 60t — 450 
Umax = 36.7 m/s 


s' = 319m 
v = 4? and v = 26? — 18t + 108 
s = $? and s = $P — 91? + 108t — 340 


v = V O0.04s? + 4s ft/s 
v = V20s — 1600 ft/s 


t= 169s 

v = 0.8t, v = 24.0 
a= 0.8,a = 0 
v= (0.42) m/s 


v — (8t — 40) m/s 

t' = 1625s 

21625, = 540m 

t = 133 s,s = 8857 m 
v — 36.1 m/s 

a = 36.5 m/s? 


AY 


12-73. 


12-74. 


12-75. 


12-77. 


12-78. 


12-79. 


12-81. 


12-82. 


12-83. 


12-85. 


12-86. 


12-87. 


12-89. 


12-91. 


ay = 2ct 


x = +4r cos2t 
y = ~Ar sin2t 
= {—10 sin 2ti + 8 cos 2tj} m/s 


a 
a 
v 
a = (—20 cos 2ti — 16 sin 2tj} m/s? 
v 
a 
v 


= 16.8 m/s? 
= 10.4 m/s 
a = 385 m/s? 
v, = 3.58 m/s, v, = 1.79 m/s 
a, = 032m/s a, = 0.64 m/s? | 


rp = (2121i - 21.21j} m 

rc = (288i — 7.765j} m 
(Vac)ave = (388i + 6.72j} m/s 
s=9km 

Ar = 6.71 km 

Vavg = 4.86 m/s 

(Usp)avg = 6.52 m/s 


v= VOR +b 
a = ck? p 

Vy = Vy — 799 Vx 
v = 2.69 ft/s 


= eol 
dy = dy 200 (v sk xax) 


a = 0.0200 ft/s? 

Vy = Up [1 + (z c} cos? (z x)| 
vy = om (cosZx)[1 H (z c} cos? (z x) 
vA — 6.49 m/s 
t = 0.890s 

va cos 0 = 20 
vasin 0 = 233 
0 = 49.4? 

vA = 30.7 ft/s 
Ug = 76.0 ft/s 
0 = 57.6 

x = 222m 
y= 116m 

s = 8.68 ft 

s = 344 ft 


12-93. t 


12-94. 
12-95. 
12-97. 


12-98. 
12-99. 


12-101. 


12-102. 
12-103. 


12-105. 


12-106. 


12-107. 


12-109. 


12-110. 


12-111. 


12-113. 


12-114. 
12-115. 


1 
cos 04 
4.905? — 30 sin 04t — 1.2 = 0 
Solve by trial and error. 
04 = 7.19° and 80.5° 


04 = 30.5? va = 232 m/s 
h = 14.7 ft 

y=0 + vsin 4 + $(-g)ii 
y = 0+ vp sin 43 t; + 5 (-g)83 


x = 0 + v cos 01 ty 


x = 0 + vw COS 69 fo 
2v sin (0; — 02) 
g(cos 05 + cos 01) 


d — 94.1 m 

va = 76.7 ft/s 

s = 22.9 ft 

20 = 0 + v4 cos 30° t 

10 = 1.8 + v4 sin30°(t) + 1 (—9.81)(t)? 
v4 = 28.0 m/s 

d — 166 ft 


Since H > 15 ft, the football is kicked over 


the goalpost. 

h = 22.0 ft 

0 = 15sin 04 + (—9.81)t 

8 =1+4 15sin@,t + 1 (-9.81)2? 


04 = 51.4? 
d = 7.18m 
v4 = 182 m/s 
t = 1.195s 
d = 12.7 m 
6, = 25.0°% 
0, = 85.2° Z 


3 =7.5 + 0+ 5 (-32.2)t4 
0 = 7.5 + 0 + 4 (32.2) 45 
21 = 0+ v4 (0.5287) 


va = 39.7 ft/s 
Sy = (So)x + (Vo)xt 
s = 6.11 ft 
va = 19.4 m/s 
tag = 4.548 
p = 208m 
i 
7.5 = 200 
v = 38.7 m/s 
v — 632 ft/s 


a = 0.488 m/s? 


ANSWERS TO SELECTED PROBLEMS 


12-117. 


12-118. 


12-119. 


12-121. 


12-122. 
12-123. 


12-125. 


12-126. 


12-127. 
12-129. 


12-130. 
12-131. 


12-133. 


12-134. 
12-135. 


12-137. 


12-138. 


12-139. 


12-141. 


t = 7707s 

v = 5.66 m/s 

a, = ù = 0.8 m/s? 
à, = 0.640 m/s? 
a = 1.02 m/s 
v — 1.80 m/s 

a = 120 m/s 
a — 15.1 ft/s? 
As — 14 ft 

p — 3808.96 m 
a = 0.511 m/s” 
a = 0.309 m/s” 
a = 2.75 m/s” 


v= (25 7 41/2) m/s 
When the car reaches C 
t = 15.942 s 

a = 1.30 m/s? 

a = 0.730 m/s? 

a = 7.85 ft/s? 

p = 79.30m 

a = 843 m/s? 

0 = 38.2° 

a = 6.03 m/s? 

a = 0.824 m/s? 


v = (V400 — 0.25s?) m/s 
t = 2 sin! (35) 

When t = 2s, 

s = 337m 

a, = —8.42 m/s” 

à, = 5.84 m/s” 

a = 102 m/s” 

a, = 444 m/s? 

ag = 0.556 m/s? 

v = (30i + 6tj + 8k} m/s 
v = 18.8 m/s 

a = {6ti + 6j} m/s 

a = 134 m/s” 

p=S51.1m 

v = 3.68 m/s 

a = 4.98 m/s? 

v = 3.19 m/s 

a = 422 m/s? 

dv = a dt, v = 7.20 m/s 


à, = 1.037 m/s, a = 1.91 m/s” 
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12-142. 


12-143. 
12-145. 
12-146. 
12-147. 


12-149. 


12-150. 


12-151. 


12-153. 


12-154. 


12-155. 


12-157. 


12-158. 
12-159. 


12-161. 


12-162. 
12-163. 


ANSWERS TO SELECTED PROBLEMS 


d — 106 ft 

a4 = 9.88 ft/s? 

ag = 1.28 ft/s? 

a = 3.05 m/s? 

p = 449.4m,a, = a = 269 m/s? 
a = 0.897 ft/s? 

a = 8.61 m/s 

v4 = 2V s^ + 16 
sa = 14.51 m 

d = 170m 

(a4)4 = 181.17 m/s? 
(a„)g = 12.80 m/s? 


a, = 190 m/s 
ag = 12.8 m/s? 
t= 2.51s 

a4 = 222 m/s 
ag = 65.1 m/s? 
t= 1011s 

v — 47.6 m/s 


a = 11.8 m/s 

x = 0 + 6.128t 

y =0 + 5.143¢ + 5 (-9.81)(£) 
y = {0.839x — 0.131x7} m 


a, = 3.94 m/s? 
à, = 8.98 m/s? 
Vy, = 0 
v, = 7.21 m/s 
a, = 0.555 m/s” 
a, = 2.77 m/s” 
a 2 
Ümax p v 


9 = 2.554 rad/s 0 = 5.536 rad/s 


= 3.66 ft/s? 

= 30.1 m/s 

= 85.3 m/s? 
Up, = 293.3 ft/s 
ap, = 0.001 22 ft/s? 
v = 464 ft/s 
ay, = 43 200 ft/s? 
a = 43.2(10°) ft/s? 
a = 143 in./s? 
v, = asin0 b 
v = (b — a cos 0)0 


12-165. 


12-166. 


12-167. 


12-169. 


12-170. 


12-171. 


12-173. 


12-174. 


12-175. 


12-177 


12-178. 
12-179. 


12-181. 


a, = (2acos 6 — b) € + asin 0 0 
ag = (b — a cos 0)0 + 2a? sin 0 
v, = 0 va = 120 ft/s 

v = 120 ft/s 

a, = —48.0 ft/s? 

ag = 60.0 ft/s? 


a = 76.8 ft/s? 
v = 2a0 
a = 4a 
v = 2a0 


a = 2aV 464 + €? 

v = 0 wu = 400(6) 
0 = 0.075 rad/s 

a, = —225 ft/s 


dg = 0 

a = 2.25 ft/s? 
v, = 1.50 m/s 
Ug = 0.450 m/s 


a, = 0.410 m/s? 

dg = 0.600 m/s? 

v = {—116u, — 163u,} mm/s 

a = (—5.81u, — 8.14u,} mm/s? 
v, = 2.149 m/s vg = 3.722 m/s 
v = 4.30 m/s 

a, = —2320 m/s? 

dg = 11.39 m/s? 


a = 25.8 m/s? 
v, = 0 
Ug = 0.8 m/s 


v. = —0.0932 m/s 
a, = —0.16 m/s? 

dg = 0 

a, = —0.00725 m/s? 
v = 8.49 m/s 

a = 882 m/s? 


.F = (—200 sin20 6) m/s 


0 — 0.302 rad/s 


6 = 0.378 rad/s 

v, = —250 mm/s 
a, = —9330 mm/s” 
v, = 0 

Ug = 1.473 m/s 

v. = —0.2814 m/s 
a, = —0.217 

a = 0 

a,=0 


a = 0217 m/s 


ANSWERS TO SELECTED PROBLEMS 703 


12-182. a = 7.26 m/s” 12-203. vy = 1 m/s 1 
12-183. v — 4.16 m/s 12-205. 2v4 = vc 

a — 33.1 m/s? Up = 4vA 
12-185. v, = 5.405 m/s va = 1ft/s Î 

va = 5.660 m/s a4 = 0.5 ft/s? | 

v = 7.83 m/s 12-206. vz = 1 ft/s 7 

a, = —5.998 m/s? 12-207. vg = 12 ft/s Î 

dg = 38.95 m/s? 12-209. v4 = —2up 

a = 394 m/s 2c — Up + vg = 0 
12-186. v, = a0 t= 5.435 

vU, = a00 vc = 221 m/s f 

a, = —a00? 12-210. t = 1075s 

ag = 2a? v4 — 0.605 m/s 
12-187. v, — 6.00 ft/s Ug — 5.33 m/s 

v = 18.3 ft/s 12-211. 55 = 1.20 ft/s | 

a, = —67.1 ft/s? Sg = 1.11 ft/s? T 

ag = 66.3 ft/s? 12-213. yz = 16 — Vx} + 64 
12-189. v, = 8.2122 mm/s Pe X v 

Uy = 164.24 mm/s BT 4/2 a 

v = 164 mm/s mare 


vg = 141 m/s 1 
12-214. vc = (6 sec 0) ft/s > 
12-215. vgj4 = 11.2 m/s 


a, = —651.2 mm/s” 
dg = 147.82 mm/s” 


- 2 
a — 668 mm/s 6, = 50.3 
12-190. v, = 32.0 ft/s 12-217. vac = 18.6 m/s 
va = 50.3 ft/s 6, = 66.2° 


a, = —201 ft/s? 
ay = 256 ft/s? 
12-191. v, = 32.0 ft/s 
va = 50.3 ft/s 
a, = —161 ft/s? 
ay = 319 ft/s? 


vac = (7.5i + 17.01j) m/s 
(ag), —2 cos60°i + 2 sin 60°j} m/s? 
agic = [0.94861 — 0.14294] 
apjc = 0.959 m/s? 
6, = 8.57° 

12-218. v, = 19.9 m/s 


1800 . 600 . o 
12-193. v, = — 70 w=—6 AM 
T ur 12-219. 0 — 9.58? 
v, = —24.2 ft/s v, = 19.9 m/s 
va = 25.3 ft/s 0 = 9.58° 
12-194. v, = —306 m/s 12-221. —20 sin 30° = —30 + (vpya)x 
vg = 177 m/s ; 20 cos 30° = (vgya)y 
a, — =128 m/s UB/A = 26.5 mi/h 
dg = 67.7 m/s” 


0 = 40.9? 24 
—1200 sin 30° + 1333.3 cos 30° = (ag/,)x 
1200 cos 30° + 1333.3 sin 30° = (apj4), 
agja = 1.79(10°) mi/h? 
1 0-720922 
12-222. vg), = 26.5 mi/h 
8, = 40.90? 2 
agja = 1955 mi/h? 
0, = 0.767? SG 


12-195. vp = 6 m/s 7 
12-197. 2ug = —v4 
va = 4ft/s — 
12-198. vg = 20 m/s 1 
12-199. vy = 2.14 m/s 
12-201. 3v4 + vy = 0 
vA = 1.67 m/s 1 
12-202. vg = 0.5 m/s Î 


ll 
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12-223. v4), = 21.7 ft/s 13-23. v = 30 m/s 
0 = 18.0° 7 13-25. 2ac — ap = 0 
t = 3695 T=111N 
12-225. ay) = (2392.95i — 3798.15j) mi/h? B, = 1.92 kN 
agja = 4489 mi/h? A, =0 
$ =57.8°S A, = 2.11 kN 
12-226. v4), = 49.1 km/h 13-26. aj = 0.75 m/s” 1 
0 = 6127F T = 1.32 kN 
12-227. vw = 58.3 km/h 13-27. m, = 13.7 kg 
6 = 59.0° 5. 13-29. 12 — sp + Vs% + (12 = 24 
12-229. v4;g = (vsin0 — v)i + vcosj T — 1.63 kN 
vas = v V2 — sind) 13-30. T = 1.80 kN : 
12-230. V,m = 16.6 km/h, 13-31. a, = 0.195 m/s | 
j = 25.00% T = 769N 
12-231. v, = 6.21 m/s 13-33. F, = 4( VÀ + s? - 1) 
t = 114s v — 14.6 ft/s 
eV LI 
Chapter 13 "GUAE. vwm 
13-1. a= 0.6667 m/s? 13-35. (a), (b) ac = 6.94 m/s? 
Fag = Fac = 18.1 KN (c) ac = 7.08 m/s” 
13-2. a= —0.505 m/s? 0 = 56.5? 5G 
13-3. v = 224 m/s 13-37. Ncos0 — u, N sind — mg = 0 
13-5. 40.55 — F = 10a N sin + u, N cos 0 = ma 
F + 14.14 = 6a (= + ps cos ;) 
2 P = 2mg - 
a — 3.42 m/s cos 0 — pm, sin 
F = 637N 13-38. t = 1.08s 
13-6. ac = 2.5 ft/s? T 13-39. t = 42.1 min 
T = 162 1b Umax = 2.49 km/s 
13-75. F =85.7N 13-41. ag = 5.68 ft/s” 
13-9. F = 7.50kN aa = 21.22 ft/s* Ng = 18.27 lb 
a = 0.0278 m/s” 13-42. x - d 
13-10. a — 1.66 m/s? 7 kd* 
13-11. a = 175 m/s? Nm, mg 
13-13. a — 3.61 ft/s? 13-43. N = 0, then x = d for separation. 
T — 5.98 kip 13-45. a = (2.19 — 02v) m/s 
13-14. Tc4 = Tog = 27.9 kN v = 10.95(1 — e t^) 
13-15. s — 129m Umax = 10.95 m/s 
13-17. a4 = 32.2 ft/s? mg 
s = 64.4 ft 13-46. Vmax = Arc 
13-18. F = 13.1 1b ; To 
13-19. (a) x =0 13-47. v= Ja = tet = 2) 
13-21. Ng = mg cos 0 Tmax ~ 2gn — và 
-T + Npgsin0 = 0 NLIS 
mgY . 
T= (=) sin 20 D 2 3 3 
2 t = — (rha — rò) 


13-22. T = mg cos 0(sin 0 — up cos 0) 3ro V 2g 


13-49. 


13-50. 


13-51. 
13-53. 


13-54. 


13-55. 
13-37. 


13-58. 


13-59. 
13-61. 


13-62. 
13-63. 
13-65. 


13-66. 
13-67. 
13-69. 


13-70. 
13-71. 


13-73. 


13-74. 


13-77. 


13-78. 
13-79. 


v 


dii 

v — 10.5 m/s 

a, = —4.905 m/s? 
p = 188m 

v = 41.2 m/s 

N = 19 140.6 N 
Umax = 24.4 m/s 
Vmin = 12.2 m/s 
v = 9.90 m/s 

a, = 0 


a 


Tcp = mg sin 0 


T=2 
TN GM, 


0 = 78.1? 

T = 414N 

a, = —9.81 sin 0 
a,ds = v dv 


0 = 37.29 

a, = 3.36 m/s) Z/ 
T = 361 N 

0 = 26.7? 

p = 0.120 m 
T = 1.82 N 
Ng = 0.844 N 
p, = 0.252 
v= 

v= 

a= 


= T = 51.5 kN 
L- 
r= 
0 = —26.57° 
p = 223.61 m 
Fy = 111 kN 
N = 6.73 kN 
N=112N 
a, = 635 m/s? 
0-0? 
p = 100m 


a; = —9.81 sin 0 
v? = 98.1 m?/s” 


N = 1.02 kN 
0 = 112° 

Umin = 25.4 ft/s 
Ug = 12.8 ft/s 
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13-81. 


13-82. 


13-83. 


13-85. 


13-86. 


13-87. 


13-89. 


13-90. 
13-91. 


13-93. 


13-94. 
13-95. 
13-97. 


13-98. 
13-99. 
13-101. 


13-102. 


13-103. 
13-105. 


13-106. 
13-107. 
13-109. 


pa = 354.05 m 

v = 2222 m/s’, a, = 1.395 m/s? 
N = 193 kN 

v = 31.3 m/s 

Ng = 840 N 

N = 33.8 lb, a = 59.8 ft/s? 

a= 0 


ag = 42 m/s? 

F = 20N 

F, = -2N 

Fy = 16N 

F, = —2N 

Fy = 36N 

F, = 11.6N 

a, = —2.4 m/s? 
ag = 1.2 m/s 
Nz = 1.20N 
Es = 0.6N 

F, = 18.6N 
(F,)min = 18.6 N 
(F,)max = 20.6 N 
N = 17.34m 

a, = —14.715 m/s” 
b = 7.00 rad/s 

b = 5.70 rad/s 


r = 816mm 
a, = —8.928 m/s” 
ag = —0.5359 m/s? 


F =346N 

Np = 7.73N 
F=7.71N 

F = —0.0155 Ib 


a, = —4235 ft/s? 
dg = —1.919 ft/s? 


N = 0.267 lb 
F = 0.163 Ib 
F, = —131N 
Fy = —384N 
F, = 215 N 
N = 2.86 kN 
a, = 34.641 m/s” 
ag = 20 m/s? 
F = 7.61N 
N =12.1N 
F = 7.82N 
Fox = 12.7 N 
y = 84.3° 


a, = 12 m/s? 
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13-110. 


13-111. 
13-113. 


13-114. 


13-115. 


13-117. 


13-118. 


13-119. 


13-121. 


13-122. 


13-123. 


13-125. 


13-126. 


ANSWERS TO SELECTED PROBLEMS 


v, — 2.50 m/s 

Vg = 2 m/s 

N = 113Ib 

a, = —4r, cos 0 0 

0 -— tas (4) 
8 

N = 9.66 N 

F = 19.3 N 

N =104N 

Foa = 20.9 N 

ry = 11.1 Mm 

va = 1964.19 m/s 

Av, = 814 m/s 

vy = 7.76 km/s 

va = 4.52 km/s 

T = 3.35 hr 

vg = 7.71 km/s 

va = 4.63 km/s 

Vo = 6899.15 m/s 


vy = 7755.54 m/s 
Av, = 856 m/s 

va = 4.52 km/s 

vo = 23.9(10°) ft/s 
va = 7.30(10°) ft/s 
t= 1.69h 


J 66.73(10 ?)(5.976)(107^) 
Ug = 


(800 + 6378)(10°) 
7.45 km/s 
v = 30.8 km/s 


1 = 0.502(107!?) cos 0 + 6.11(107) 


re 


Ave JM (a Vite) 


The change in speed should occur at perigee. 


6(10°) 


13-134. 


6(10°) wz 
Up = 7.47 km/s 


. Va = 3.94 km/s 


t = 46.1 min 


. va = 3.44 km/s 
. h = 101.575(10?) m?/s 


rp = 14.6268(10°) m 
T =119h 

r 2 317 Mm 

r = 640 Mm 


(2eerao sena 


317 Mm < r < 640 Mm 
r > 640 Mm 


13-135. v4 = 6.11 km/s 


Avg = —2.37 km/s 


13-137. v =, [o = 5.16 km/s 


Chapter 14 
14-1. N = 1307 Ib 
T = 7A4]b 
Ur = 18.0(10?) ft Ib 
14-2. s-105ft 
14-3. v = 0.365 ft/s 
0.2m 
14-5. j(L5(4^) + |- n 900s? as| = 4(1.5)v" 
0 
v = 3.58 m/s 
14-6. d=192m 
14-7. 5 =7.59in 
14-9. 0 + 150 cos 30°(0.2) + [-5(300)(0.22)] 
+ [-3(200)(0.27)] = iQ)? 
v = 4.00 m/s 
14-10. s = 178m 
14-11. m, = 0.255 
14-13. F, = 3lb 
Fg = 3.464 Ib 
Ng = 1.54 ft/s 
va = 0.771 ft/s 
14-14. s = 341m 
14-15. v = 3.77 m/s 
0.05 ft 
14-17. 0+ | 1005!? ds — 20(0.05) = 
0 
v = 1.11 ft/s 
14-18. vc = 1.37 m/s 
14-19. h = 475m 
14-21. s — 179mm 
14-22. vg = 24.0 ft/s 
Ng = 7.18 Ib 
Uc = 16.0 ft/s 
Nc = 1.18 Ib 
14-23. vg = 7.22 ft/s 
Ng = 27.1 lb 
Uc = 17.0 ft/s 
Nc = 133 Ib 
Up = 18.2 ft/s 
14-25. vg = 30.0 m/s 


s cos 30° = 0 + 30.04t 


14-26. 
14-27. 


14-29. 


14-30. 


14-31. 


14-33. 


14-34. 
14-35. 
14-37. 


14-38. 
14-39. 


14-41. 


14-42. 
14-43. 


14-45. 


14-46. 
14-47. 
14-49. 


14-50. 


14-51. 
14-53. 


14-54. 
14-55. 
14-37. 


14-58. 


s sin 30° + 4 = 0 + 0 + 1(9.81)2 
s = 130m 

s = 1.35m 

Ug = 31.5 ft/s 
d = 22.6 ft 

vc = 54.1 ft/s 
F, = 1284.85 Ib 
k = 642 lb/ft 
v = 18.0 ft/s 
hy = 22.5m 
he = 12.5 m 

R = 2.83 m 

vc = 7.67 m/s 
N = 693.67 N 
F; = 173.42 N 
x = 2.57 m 

v = 8.64 m/s 
ly = 2.77 ft 

s = 3.675 m 

vg = 5.42 m/s 
F = 367 N 

vg = 14.9m/s, N = 1.25 kN 


v= er( = 2 cos 6) 
N= mg(3 cos 0 — 1) 


N = 125 kN 


6 = 41.4 

Pyyg = 200 kW 

power input = 4.20 hp 
sant 88 ft/s V 1 

P = 5200( 00( = sn )sso = 8.32 

v = 63.2 ft/s 

Pmax = 119 hp 

vy = 0.2683 m/s 

t = 7454s 

P = 12.6 kW 

Pmax = 1.02 hp 

t = 30.5s 

Pa = 19.5 kW 

a, = 0.8333 m/s” 

F = 3618.93N 

Pa = 113 kW 

(Pin)ave = 565 kW 

v = 223 ft/s 

v = 56.5 ft/s 

F = 1500(v%) 

v = 18.7 m/s 

Pou 42.2 kW 


(10°) hp 


ANSWERS TO SELECTED PROBLEMS 


14-59. 
14-61. 


14-62. 
14-63. 
14-65. 


14-66. 
14-67. 
14-69. 


14-70. 
14-71. 
14-73. 


14-74. 
14-75. 
14-77. 


14-78. 
14-79. 
14-81. 


14-82. 
14-83. 
14-85. 


14-86. 


14-87. 


14-89. 


14-90. 
14-91. 
14-93. 


14-94. 
14-95. 


v — 13.1 m/s 
a = 7.20 ft/s? 
2 Uc = Up 

P, = 2.05 hp 
e = 0.460 

P = [400(10)]] W 
T = 1968.33 N 
Up — 18 m/s 
P, = 35.4 kW 
P = 831t MW 
P=112kW 
F = 308.68 N 
v = 4.86 m/s 


power input = 1.60 kW 
power input = 2.28 kW 

0 + 6(2) = 0 + 5(5)(12)(x)’ 
x = 7.59 in. 


707 


v = 1.37 m/s 

v — 1.37 m/s 

0 + (2)(3)(50)[ V(0.05)? + (0.240)? — 0.2} 
= 1(0.025)? 

v = 2.86 m/s 

h = 416mm 

v, = 106 ft/s 

0 + 3(200)(4)? + $(100)(6)? = A(3) 

h = 133 in. 

v, = 2.15 m/s 

vc — 2.09 m/s 

final elastic potential energy — 103.11 J 
v — 6.97 m/s 

Uc = 7.58 m/s 

T = 1.56 kN 

T — 2.90 kN 

h = 245m 

Ng=0 

Nc = 16.8 kN 

vh — pes 


va = Vppg + 2gh 
mg 

Nc = —(psa + pc + 2h) 
Pc 


v = 323 ft/s 

k = 8.57 lb/ft 
Asp + 2As, = 0 
(vah = 1.42 m/s 
As, = 617.5 mm 
d — 134m 

va = 11.0 m/s 
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14-97. (V,)4 = 1103625 (Vj)g =0 15-22. v = 26.4 ft/s 
2 15-23. v — 8.07 m/s 
(V.)4=0  (V.)s = 1500(150 — lo) 9 = 481% 
lb = 141 m 15-25. 63 000(0) + 30(10°)(30) = 63 000v 
14-98. x = 453 mm v = 14.3 m/s 
14-99. vg = 32.1 a s 33 000(0) + Fp(30) = 33 000(14.29) 
14-101. (V); = (Z;2)m,?g (Vh = 0 Fp = 15.7 kN 
v = V2 Gr — 2)gr 15-26. v — 4.14 m/s 
14-102. x = fr 15-27. v; = 21.8 m/s 
15-29. v = 136.35 ft/s 
14-103. vc = Vigr FP. = 847 


avg 


15-30. Fg = 12.7 kN 
15-31. v, = 1.92 m/s 


T — 6mg 
14-105. v4 — 11 111.1 m/s 
Ug = 34.8 Mm/h 


14-106. s4 = 1.29 ft 15-33. v, = 0.5 m/s 
T, = 2025 kJ 
Chapter 15 T, = 3.375 kJ 
15-1. 355 (10) + (—5 sin 45°)t = 0 AT = 169 kJ 
t = 0.439 s 15-34. v = 0.6 ft/s 
15-2. v= 16.1 m/s 15-35. 0 = $ = 9.52° 
s = 48.4m 15-37. v4 = —vg + 2 
15-3. Z = 90.0 lb-s vg = 1.33 m/s — v4 = 0.667 m/s > 
15-5. (vg) =2m/s f t= 25s 
(va) = 127 m/s 15-38. v, = 2.31 m/s 
_ Smax = 163 mm 
(vs): edd miss 15-39. v4 = m/s 
15-6. F = 1944 kN "T - UP im 5 af 
T = 12.5 kN iie: fos 


vg = 2.62(10)) m/s 


15-7. Umax = 90 
Uae = 90 m/s tgp = 0.04574 s 


10s 
15-9. 0+ f 30(106)(1—e™®™!) dt = 0.130(10°) v dg = 104m 
Q 15-42. v = 0.720 m/s — 
v = 0.849 m/s 15-43. sp=0 
15-10. ¢ = 4.64s t = 0.408 s 
15-11. v = 21.0 ft/s 15-45. vc = 1443 m/s — —— (vy), = 2.887 m/s 
15-13. 0 + 2(T cos 30°)(0.3) — 600(0.3) = ($5)(5) sc = 0571 m — 
T = 5261b 15-46. (vj), = 0.800 ft/s — 
15-14. v — 4.50 m/s v3 = 0 
15-15. T = 520.5N 15-47. v, = 8.93 ft/s 
15-17. 0 + 12(10°)(3) - F(1.5) =0 +0 15-49. vg = 0.8660 m/s — 
F = 24 kN (vg), = 2.5 m/s 
12(105)(3) - T(1.5) = 0 t = 0.5097 s 
T = 24kN s = 2.207m> 
D 12 
iik gs og Am ANN 
"m "m 15-50. 136m 
15-19. (v,)2 = 91.4 ft/s — 15-51. vy = 0.178 m/s 
15-21. 40(1.5) + 4[(30)4 + 10(6 — 4)] N =771N 


[10(2) + 20(4 — 2) + 40(6 — 4)] = 40v; 
v; = 12.0 m/s( > ) 


15-53. 


15-54. 


15-55. 
15-57. 


15-58. 


15-59. 
15-61. 


15-62. 
15-63. 
15-65. 


15-66. 


15-67. 


15-69. 


15-70. 


15-71. 


(35)(0) + 0 = (S) 


v — 3.33 ft/s 

t = 0.518 s 

t = 0.518 s 

s = 0.863 ft 

t = 0.226 s 

v(1 — e) 
2 

v(1 + ey 

1 

2 

wch = ALL 

(vA), = 19.7 ft/s 

(vah = 9.44 ft/s —— 

(vg); = 15.3 ft/s <— 

sg = 9.13 ft 

h — 21.8 mm 

(v4); = 2.40 m/s 

(vg); = 5.60 m/s 

Smax = 1.53 m 

Fs = 1.68 kN 

(vp); = 0.940 m/s 

(v2), = 11.12 ft/s 

(vx)2 =8 ft/s 

v, = 13.7 ft/s 

0 = 543° 2 

h = 1.92 ft 

e = 0.261 

| Fdt = 1.99 kip:s 

(va)3 = 0 

(vg)3 = 13.9 ft/s 

Smax = 1-41 ft 

(vg) = 13.900 ft/s 

$ = 6.34° 

Vay = 11.434 ft/s 

t = 0.3119s 

Vax = 12.510 ft/s 

s = 1.90 ft 

va = 16.9 ft/s 

(v4)3 = a 2 e) VgL 

(vg)s = p 3 e) VgL 


0- cor = a 


8 


(vah = 


(vc)2 = 


e = 0.75 
AE = 9.65 kJ 


(vg); = 


v(1 + e) 


2 
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15-73. 


15-74. 


15-75. 
15-77. 


15-78. 


15-79. 


15-81. 


15-82. 


15-83. 


15-85. 


15-86. 


15-87. 


15-89. 


15-90. 
15-91. 


v = ( i tu, 

v, = e T Ja 

o = (Htm 

d= - = CEL — cos J 
16 

(vg)3 = 3.24 m/s 0 = 43.9° 

(v5). = 21.65 m/s —— 

(v), = 5 m/s] 

v5 = 22.2 m/s 

0 = 13.0? 

v5 = 31.8 ft/s 

(vah = 4.60 m/s 

(vg); = 3.16 m/s 

d = 0.708 m 

(vA), = 9.829 ft/s 

(v4), = 44 ft/s 

(vg); = 43.51 ft/s 

(vg), = 29.3 ft/s 

v'4 = 5.07 m/s 04 = 80.2? 5. 


v5 = 7.79 m/s —— 

(vg); = 2.88 ft/s 

(vah = 1.77 ft/s 

15v', cos p4 + 10v5 cos dg = 42 
v', sing, = 8 


vg sin $g = 6.4 
v, = 8.19 m/s 
$4 = 102.52? 
v5 — 9.38 m/s 
bp = 42.99 
v4 = 9.68 m/s 
pa = 86.04° 
v5 = 4.94 m/s 
bp = 61.16? 
v4 = 12.6 ft/s 
$4 = 72.86° 
v5 = 14.7 ft/s 
bp = 42.80° 


(vax) = 0.550 ft/s 
(vg,)2 = 1.95 ft/s 
(u4,)2 = —2.40 ft/s 
(vg, )2 = —2.40 ft/s 
(vA); = 2.46 ft/s 
(vg)2 = 3.09 ft/s 

v = 95.6 ft/s 

v = 3.33 m/s 
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15-93. 


15-94. 
15-95. 


15-97. 


15-98. 
15-99. 
15-101. 


15-102. 


15-103. 
15-105. 


15-106. 
15-107. 


15-109. 


15-110. 
15-111. 


15-113. 


15-114. 
15-115. 
15-117. 


15-118. 
15-119. 
15-121. 


ANSWERS TO SELECTED PROBLEMS 


v — 17.76 ft/s 
t = 0910s 
Ho = 6.76(10°) kg- m?/s 


Hg = 70.9 slug: ft^/s 
2s 
2[0.4 (3) (0)] + ri (6e 9?) dt = 2[0.4(3) v] 
0 
v = 6.15 m/s 
t = 1.34s 
v = 4.60 ft/s 
T, = 20.3 N 
v; = 0.7958 m/s 
d' = 0.414 m T, = 21.6 N 
v» = 0.9610 m/s 
v = 4.31 m/s 
0 = 33.2° 
v = 19.3 ft/s 
(v2)o = 45 ft/s 
v, = 45.1 ft/s 
Ur = 2641 ft- Ib 
v= Vw? + 2gh 
v, = 1.99 m/s 
Ur = 832N:m 
Ve = 552.78 m/s > 
vp = 594 km/h 
v = 86.3 m/s 
F; = 19.6 lb 
N; = 1741b 
v = 10.19 ft/s em — 0.9689 slug/s 
F, = 9.87 Ib 
F, = 4.93 Ib 
Q = 0.217(10°) m/s 
T = 40.1 kN 
Q = 100 ft/s 
v = 56.59 ft/s 
a = 0.2360 slug/s 
d = 2.56 ft 
F = 302 1b 
8Q? mg 
ned 202 
mdg 8pw Q 
F4 = 1696.46 Ib 


Fg — 1357.17 Ib 

V4 = Up = 63.66 ft/s 
dm, dmg 
dt dt 


= 96.894 slug/s 


15-122. 


15-123. 


15-125. 


15-126. 


15-127. 
15-129. 


15-130. 


15-131. 
15-133. 


15-134. 


15-135. 


Mp = 10.7 kip- ft 


D, — 5.82 kip 
D, = 2.54 kip 
F, = 19.5 lb 

F, = 1.96 Ib 
a= 16.9 m/s? T 
v — 330 m/s 


m = 10.5(10°) kg 
a = 0.0476 m/s? 
F = 22.4 1b 


time to empty the tank ¢ = 40s 

a = 0.125 m/s? 

v = 4.05 m/s 

a, = 241 m/s? 

a = 2.40 m/s? 

Fp = 11.5 kN 

m = 57.6(105) kg 

dm, 
dt 
a — 0.104 m/s? 
F=m'v 


= 1216kg/s 


1 
15-137, © = ( Jax 
v mx+ M 
m! = p 
M 
15-138. F = v p A 
15-139. Vmax = 2068 ft/s 
15-141. m = 37 600 kg 
Vpje = 0.237 m/s 
a = 0.1 
F = 3.55 kN 
Review 1 
R1-1. y — —0.0766x? 
vy = 2.4525 m/s 
v = 8.37 m/s 
8 = 17.003 
a, = 2.88 m/s? 
à, = 9.38 m/s? 
R1-2. p = 932m 
R1-3. As = 834mm 
v = 1.12 m/s 


a = 0.450 m/s? 


R1-5. 


R1-6. 


RI1-7. 
R1-9. 


R1-10. 


R1-11. 


R1-13. 


R1-14. 


R1-15. 
R1-17. 


R1-18. 


R1-19. 


R1-21. 


R1-22. 
R1-23. 


R1-25. 


R1-26. 


R1-27. 


R1-29. 


R1-30. 
R1-31. 


R1-33. 


(v5,4). = 3.692 ft/s 
va = 1.58 ft/s 
Up = 0.904 ft/s 
(vp) = 27.0 ft/s 4 
(wuh = 13.4 ft/s } 


s = 2.61 ft 
h = 4.82 ft 

480 = [800 + 2(300)]a 
a = 0.343 m/s? 

480 = (800 + 300)a 

a = 0.436 m/s? 

t=8s 

s = 320 ft 


vg = 3.33 ft/s T 

Upc = 13.3 ft/s Î 

v = dr/dt, v = 9.68 m/s 
a = dv/dt, a = 16.8 m/s” 


s = 0.0735 ft 
v, = 0.379 m/s — 
t = 0.669 s 
va = 4.32 m/s 
t — 0.790s 
va = 5.85 m/s 
Vga = 28.5 mi/h 
0 = 44.5? Z 
agja = 3.42(10°) mi/h? 
0 = 80.6? 4 
agja = 3.35(10°) mi/h? 
0 = 19.1° 
k = 360 lb/ft 
k' = 600 lb/ft 
v = 20.4 ft/s 
v = 0.969 m/s 
v = 1.48 m/s 
W v? 
LRL eS 3 ) 
v = 5.38 ft/s 
v = 5.32 ft/s 
0 = 11.95? 
N —2T!N 
F = 13.41b 
t = 2s for crate to start moving 
v = 10.1 ft/s 
v = 2.13 ft/s 
N = 24.8N 
F = 24.8 N 


t = 1.298 s,s = 7.127 m 
t = 7.702 s,s = —36.627 m 


ANSWERS TO SELECTED PROBLEMS 


R1-34. 
R1-35. 
R1-37. 


R1-38. 
R1-39. 


R1-41. 
R1-42. 


R1-43. 
R1-45. 


R1-46. 


R1-47. 


t = 9s,s = —30.50 m 

Stot = 56.0 m 

vl=9 = 10 m/s 

v = 14.1 m/s 

s = 5.43m 

0 + 100 sin 60°(0.5 — 0.3) 


+ 20(9.81)(0.5 — 0.3) — 1(15)(0.5 — 0.3) 


—4(25)(0.5 — 0.3)? = $(20)v2 


Uc = 2.36 m/s 
Uc = 2.34 m/s 
va = 1.54 m/s 
Ug = 4.62 m/s 
Va = V 2gh 


(vg); = $ V2gh(1 + e) 
(vah = 0.125 m/s 


F, = 4.90 lb 
v, = 75 m/s 
x=3m 
mg 
Umax — uk 


m T 
x= Twos 6, (1 x nt) 


m 
Xmax = g” cos 0, 


| m 
ye zs sin Oo t ale e 


2 


R1-49. 3sin 40° = = 
50 
v — 9.82 m/s 
a, = 2.30 m/s 
R1-50. vg = 27.2 ft/s 
Chapter 16 
16-1. w = 4rad/s 
v = 2 ft/s 
a, = 0.5 ft/s? 
a, = 8 ft/s 
a = 8.02 ft/s? 
16-2. vp = 48.7 ft/s 
0 = 8.54 rev 
16-3. a, = ar; 20 = a(2) 
w = 35.4 rad/s 
0 = 353 rev 
16-5. wc = wp = 80 rad/s 


16-6. 


Og = wr = 64 rad/s 


cg = 89.6 rad/s 
UA = Vg = 40 mm/s 
Vy = 34.6 mm/s 


a = 10.0 rad/s? 
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16-7. 
16-9. 


16-10. 
16-11. 
16-13. 


16-14. 


16-15. 
16-17. 


16-18. 
16-19. 


16-21. 


16-22. 


16-23. 
16-25. 


16-26. 


16-27. 


16-29. 


16-30. 
16-31. 
16-33. 


16-34. 


ANSWERS TO SELECTED PROBLEMS 


wpg = 211 rad/s 
cc = 47.5 rad/s 
cp = 31.7 rad/s 
Up = 18.8 ft/s 
wp = 0.75 rad/s 
t = 7.083 s 


w, = 266 rad/s 
a, = 18.8 rad/s” 


a, = 1 ft/s? 

a, = 84.5 ft/s? 
aa = 60.8 rad/s” 
w, = 256 rad/s 
wg = 64 rad/s 

t — 100s 

va = 70.9 ft/s 
Ug = 35.4 ft/s 


(a) 4 = 252 ft/s? 
(a)g = 126 ft/s? 
o = 11 rad/s 

va = 22 ft/s 
(a4), = 12.0 ft/s? 
(a4), = 242 ft/s? 
Ug = 22.0 ft/s 
(ag), = 9.00 ft/s” 
(ag), = 322 ft/s? 
cc = 224 rad/s 
aa = 39.27 rad/s? 
w, = 117.81 rad/s 
Wc = wg = 29.45 rad/s 

wp = 11.8 rad/s 

Uc = 21.2 ft/s 

ac = 106 ft/s? 

wpg = 528 rad/s 

05 = 288 rad 

(TB) max = (Ta) max = 50V2 mm 
(a)min = (FA)min = 50 mm 
(@g)max = 8.49 rad/s 
vc = 0.6 m/s 

cp = 784 rev/min 
wr = 484 rev/min 
w = 28.6 rad/s 

0 = 24.1 rad 

vp = 7.16 m/s 

(a,)p = 7.532 m/s? 
(a,)p = 204.89 m/s” 
ap = 205 m/s? 

Vo = (-48i — 3.6j 


1.2k} m/s 


ac = (384i — 6.48] + 40.8k} m/s? 


16-35. 


16-37. 


16-38. 


16-39. 


16-41. 


16-42. 
16-43. 


16-45. 


16-46. 


16-47. 


16-49. 


16-50. 


16-51. 
16-53. 


16-54. 
16-55. 


16-57. 


16-58. 
16-59. 


16-61. 


Vp = {4.81 + 3.6j + 12k] m/s 


ap = (—36.0i + 66.6j + 40.2k} m/s? 


x = 4cos0 y = 4sin0 
y = 1.5 cot0 
to 


w = — sim 0 
a 


wy% ; 
a = |—) sin 29 sin? 0 
a 


v = wr cos 0 
2 


a = —oX rsin0 

x = 0.6cos 0 + 0.3 V2sin0 — 
Uc = —3.00 m/s 

c pc = 10.0 rad/s 

"I 


( ) 
QO = [Á| —— ——2 19A 
X x-p 


B r(2x? — r°) j 
a xix? — py UA 


xc = 0.6 cos 0 m 
vc —3m/s — 
ac = 52.6 m/s —— 
wpgc = 5.45 rad/s 
Qgc = —21.0 rad/s” 
w = 0.0808 rad/s 
Xg = 3 cos 0 ft 
Ucp = 15 ft/s —— 
acp = 260 ft/s? —— 
Ver = 26 ft/s T 
agr = 1504s | 
b = 0.0841 rad/s 
s = V3? + 5? — 2(3)(5) cos 8 
15% sin 0 


4sin?0 + 0.75 


UB = 1 

(34 — 30 cos 6)? 

15(w* cos 0 + asin 0) 225 o? sin’ 0 
“P34 — 30cos60) (34 — 30 cos 0} 
Uc = 2.40 ft/s 
w = 20 rad/s 
va = 2 ft/s — 

w = 4rad/s 


Uc = 4ft/s > 

va = 9.20m/s > 
w = 3.111 rad/s 
vo = 0.667 ft/s > 
WBC — 0 

wcp = 3.00 rad/s 
wp = 12.0 rad/s 


16-62. 
16-63. 


16-65. 


16—66. 
16-67. 
16-69. 


16-70. 


16-71. 
16-73. 


16-74. 
16-75. 
16-77. 


16-78. 


16-79. 
16-81. 


16-82. 
16-83. 
16-85. 


16-86. 
16-87. 
16-89. 


16-90. 
16-91. 


wag = 330 rad/s Ý 


Ug = 330 in./s 
0 = 55.6° S 
TORR 


vA = (E&i ER 
va = 2.5 ft/s —— 
gc = 0.7141 rad/s 
OCDE — 6.90 rad/s 
vg = 41.4 ft/s T 

w = 0.577 rad/s 
vg = 1.15 ft/s 1 
va = 115 ft/s | 
Up = 4 ft/s 

wgp = 6.928 rad/s 
ODE — 0 

Up = Aft/s <— 
vg — 9m/s — 

w = 5.33 rad/s 9 
vo = 2.4m/s — 
vp = 1.65 m/s > 


vp = 0.07505 
«4 = 90 rad/s 
wg = 86 rad/s 
w4 = 53.3 rad/s 
0.075cg = 4.8 
wg = 64 rad/s 
cc = 30 rad/s 


vg = 8.00 ft/s 1 
(vp), = 4.00 ft/s 
(vp), = 4.00 ft/s 
wcp = 4.00 rad/s 
Uc = 2.93 ft/s | 
Uc = 2.40 ft/s 

Uc = 1.33 ft/s > 
YojIc = 0.8 m 

va = 9.20 m/s 

va = 2.5 ft/s <— 
vc = 1.04m/s — 
cpc = 10.39 rad/s 


vg = 7.20 m/s 
wap = 6 rad/s} 
Up = 4.76 m/s 

0 = 40.9° Sw 

vg = 6.00 m/s — 
Up = 29.7 m/s 


ANSWERS TO SELECTED PROBLEMS 


16-93. 


16-94. 


16-95. 


16-97. 


16-98. 


16-99. 


16-101. 


16-102. 
16-103. 
16-105. 


16-106. 


16-107. 


16-109. 


16-110. 


16-111. 


16-113. 


16-114. 


16-115. 
16-117. 


16-118. 


rAjc = 0.5657 m 
wag = 5.303 rad/s 
@gc = 5.30 rad/s 
Up = 2 ft/s <— 

w = 5.33 rad/s 

vo = 2 ft/s <— 
@gc = 0.300 rad/s 
wpgg = 2.00 rad/s 
vy = 18.0 ft/s 

ws = 57.5 rad/s Ý 
woa = 10.6 rad/s Ý 
ws = 15.0 rad/s 
cg = 3.00 rad/s 
Tgjic = 3.025 ft 
rcjıc = 0.1029 ft 
wpgc = 1.983 rad/s 
wcp = 0.0510 rad/s 
vc = 0.897 m/s 7 
vp = 0.518 m/s N 
FBJIC = 1.2m 

Tcjjc = 1.039 m 
wpgc = 2 rad/s 

vo = 1.04 m/s — 
Uc = 8.69 m/s 
0-229 7 

Up — 5.72 m/s 

0 = 362? & 

(ag), = 1.897 m/s? 
(ag), = —1.214 m/s? 
ap = 225 m/s 

0 = 32.6° SG 

0 = 2.02° 7 

ap = 10.0 m/s? 

a, = 4.83 m/s” 

0 = 84.1° & 

ww = 1.20 rad/s 
aag = 0.4157 rad/s” 
aw = 0.231 rad/s? 
w = 2rad/s2 

a = 7.68 rad/s” 2 
ac = 66.5 ft/s? — 
rgjic = 1.732 ft 
wag = 2.309 rad/s 
aag = 3.945 rad/s? 
a, = 13.2 ft/s? — 
ac = 6.96 ft/s? 

0 = 18.8° 2 
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714 


16-119. 
16-121. 


16-122. 


16-123. 
16-125. 


16-126. 


16-127. 


16-129. 


16-130. 
16-131. 
16-133. 


16-134. 


16-135. 


ANSWERS TO SELECTED PROBLEMS 


aag = 3.70 rad/s?) 
vg = 1.8 m/s > 
T'Buc 7 0.25 m 
Tcjic = 0.4330 m 
wpgc = 7.2 rad/s 


vc = 3.118 m/s 

apo = 347 rad/s?) 
ac = 165 m/s? 

0 = 66.9? 4 

aagc = 41.6 rad/s*5 
ac = 382 m/s 

0 = 39.4? 75 


ag = 1.43 rad/s? 
rcjic 7 0.4 m 
rgjıc = 0.6928 m 
wpgc = 5 rad/s 
wag = 11.55 rad/s 
apc = 160 rad/s? 
aag = 173 rad/s? 
vg = 40 > 

VA = 2V20 2 45° 


a4 = 0.500 ft/s? | 

ac = 63.5 ft/s? 

0 = 87.72 S 

Opc = 0 

Ug = Uc = 1.8 m/s 

(ac), = 3.6 m/s? | 

(ac), = 3.6 m/s’ > 

agc = 12 rad/s” 

(ag), = 10.8 m/s? 

aag = 36 rad/s? 2 

og = 7.5 rad/s” 

ag = 7.5 rad/s? 

ap = (1414agpi — 1.414o pj) ft/s? 
ag = (2.8280 4pi} ft/s? 

agp = —0.1768 rad/s” 

acp = 0.177 rad/s? 

agp = 0.177 rad/? ^| ayn = 0 
wcp = 1rad/s2 

acp = 10.9 rad/s” 5 

vg = (0.6i + 2.49} m/s 

ag = (—142i + 8.40j} m/s? 


16-137. (a,4),,. = (1.5i — 30jj m/s 
vc = {0.6i} m/s 
ac = {-1.2j} m/s 
16-138. vz = 1.30 ft/s 
ap = 0.620 ft/s? 
16-139. v, = (—2.50i + 2.00j} ft/s 
a, = (—3.00i + 1.75j} ft/s? 
16-141. vg = (—2.898i — 0.7765j) m/s 
Ocpg = 5 rad/s 
16-142. wcp = 6.93 rad/s 
acp = 56.2 rad/s? 5 
16-143. wcp = 10 rad/s) 
acp = 24 rad/s? 2 
16-145. gc = 0.720 rad/s 5 
Va/p = —1.92 ft/s 
ogc = 2.02 rad/s? 
agja = —4.00 ft/s? 
16-146. w 4, = 1.18 rad/s Ý 
aap = 15.4 rad/s? 
16-147. opc = 3.22 rad/s ) 
opc = 7.26 rad/s?) 
16-149. (ap); = 3 m/s” 
(ag), = 60 m/s? 
wag = 5rad/s 
(vrai) yz = —5.196 m/s 
aag = 2.5 rad/s? 
16-150. (Vre1) xy, = (27i + 25j} m/s 
(ae) = {0.6i ~ 0.38j} m/s* 
16-151. (v4). = (27i + 25j} m/s 
C = {2.4i = 0.38j] m/s 
16-153. w = {0.2k}rad/s 
o = (0.04k] rad/s? 
(Vrai) yz E {29j} m/s 
C = {4.3i = 0.25} m/s? 
16-154. (Vrai) yz E 1-31 i m/s 
(aa); = (7103i + 2.2j} m/s 
16-155. v, = (—172i + 12.5j} m/s 
a, = (349i + 597j} m/s? 
16-157. vg = (—10.0i + 17.32j} ft/s 
ag = (—39.64i — 11.34j} ft/s? 
Q = 1.5k 
0 = 0.4k 
vc = {—7.00i + 17.3j} ft/s 
ac = (—38.8i — 6.84j} ft/s? 
16-158. wcp = 0.866 rad/s Ý 
acp = 3.23 rad/s? 5 
16-159. w4g = 2.60 rad/s 
aag = 2.50 rad/s? 


Chapter 17 
l 
17-1. 1, | x? (p A dx) 
0 
l= i ml? 
17-2. L=ġmr 
17-3. k, = 57.7 mm 
h a 
17-5. 1, = " ipT (S) dx 
0 h 
i= ima 
17-6. L-imr 
17-7. L-15« 
17-9. m= 2 par 
"p 
heu 
DS n m 
17-10. 1, = imb? 
17-11. Ij = 118slug- ft? 
17-13. Io = 84.94 slug: ft? 
I, = 222 slug: ft? 
17-14. y = 178m 
Ig = 4.45 kg: n? 
17-15. lo = $ ma? 
17-17. 1, = £m (0.5? + $ m (0.5? — $ ms (0.25? 


17-18. 
17-19. 


17-21. 


17-22. 
17-23. 
17-25. 


17-26. 
17-27. 


17-29. 


17-30. 
17-31. 


I, = 5.64 slug: ft? 

I, = 0.402 slug + in? 

I, = 3.25 ¢-m? 

Io = [% (10)(0.45)  10(0.225?)] 

+ [3 (15)(0.2) + 15(0.55?) | 

Io = 527kg:n? 

Io = 0.276 kg- m? 

Io = 0.113 kg- m? 

Canister : a = 5.19 m/s? 

System : a = 4.73 m/s” 

Qmax = 4.73 m/s” 

ag = 16.35 m/s v = 111 m/s 
acceleration FAg = Fcp = 231 |b 

constant speed F4g = Fep = 200 lb 
70(9.81)(0.5) + 120(9.81)(0.7) — 2N, (1.25) 
= —120(3)(0.7) 

N4 = 568 N 

Ng = 544 N 

a = 3.96 m/s? 

Since the required friction Fy > (Fr)max = 
k Ng = 0.6(14 715) = 8829 N it is not possible 
to lift the front wheels off the ground. 


ANSWERS TO SELECTED PROBLEMS 


17-33. 


17-34. 
17-35. 
17-37. 


17-38. 


17-39. 


17-41. 


17-42. 


17-43. 


17-45. 


17-46. 


17-47. 


17-49. 


17-50. 


17-51. 


17-53. 


17-54. 


17-55. 
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Ng(4-75) — 07Ng(0.75) — N4(6) = 0 
N4 = 640 lb 


Ng = 910 Ib 
a = 13.2 ft/s? 
a = 17.3 ft/s? 


rear wheel drive t = 17.5 s 
All wheel drive t = 11.3s 
a — 333 ft/s? 

Ng = 2122 lb 

Na = 778 lb 

F = 23.9 Ib 

a = 96.6 ft/s? 

Ng = 9.40 kN 

Nc = 4.62 kN 
Np = 7.56 kN 

a = 0.8405 m/s” 
A, = 67241N 
a = 2.01 m/s 
Since c < 0.3 m then crate will not tip. Thus, the 
crate slips. 


A, = 285.77 N 


D, = 83.3N 
Fg4 = 568 N 
D, = 731N 
Na = 0 

P = 2.00kN 
Ng = 3692 N 
ag = 4.99 m/s 
T = 375 kN 
N4 = 114 kN 
Ng = 1.31 kN 
N4 = 174 kN 


250(1.5) + 150(0.5) 
= 1 (20)( haus) + 38(20)(1) 


hmax = 3.16 ft 
F, = 248 Ib 
NA = 400 lb 
amax = 20.7 ft/s? 
F, = 257 1b 
NA = 400 Ib 
a=4m/s* > 
Ng = 1.14 kN 
N, = 327N 
Nc = 613.7N 
Fo = 187N 
Fag = 122 kN 
Fcp = 564N 
Fcp = 9.17 lb 


(ag), = 32.2 ft/s? 
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17-57. 


17-58. 


17-59. 


17-61. 


17-62. 
17-63. 


17-65. 


17-67. 


17-69. 


17-70. 


17-71. 
17-73. 


17-74. 
17-75. 


17-77. 


17-78. 


17-79. 


17-81. 


17-82. 


17-83. 


ANSWERS TO SELECTED PROBLEMS 


o = 0.2778 rad/s” 
t = 6.71s 

Mp = 2.025 N: m 
Np = 7.38 N 

Vp = 3.75 N 

P = 39.6 N 

Na = Ng = 325 N 
a = 1.852 rad/s? 


t = 8.10s 

Fo = 6.14 lb 

a = 14.7 rad/s? 
ag = 4.90 m/s 
a = —3.6970 sin 0 
6 = 30.1° 

rp = 2.67 ft 

A, =0 

a = 25.13 rad/s? 
Tg = 1.21 kN 

o = 322 rad/s” 
FA = 70.7 lb 

t = 2.19s 

a = 1.30g/l 

O, = 0.325mg 
O, — 0.438mg 
F, = 219N 

A, =0 

A, = 289N 


a = 23.1 rad/s” 


C,=0 

C, = 5781 N 
Ng = 2.89 kN 
A, = 0 

A, = 2.89 kN 
Ng = 1.05 kN 
A, = 120kN 
A, = 951N 
A, = 45 1b 
Ay = 6.5 Ib 
Fog = 193N 

a = 19.3 rad/s” 
t= 311s 

a = 0.146 rad/s? 
A, = 150N 
A, = 253N 

a = 12.1 rad/s” 
F = 30.0 lb 


17-85. 
17-86. 


17-87. 
17-89. 


17-90. 
17-93. 


17-94. 


17-95. 


17-97. 


17-98. 
17-99. 


17-101. 


17-102. 
17-103. 
17-105. 


17-106. 


17-107. 


17-109. 


17-110. 


17-111. 


17-113. 


a = 12.57 rad/s? 


P=192N 

a = 142 rad/s? 
w = 17.6 rad/s 
Fup = 183N 
a = 164 rad/s? 
Nc = 44.23 N 
w = 2.48 rad/s 


a = 13.85 rad/s? 
(ag), = 2.012 m/s? 
(ag), = 0.6779 m/s? 
F; = 2012N 

N = 91.32N 


Since F; < (Fp)max = Ms N = 0.5(91.32) = 
45.66 N, then the semicircular disk does not slip. 


ag = 16.1 ft/s? 
a = 5.80 rad/s” 
a = 5.54m/s* Î 
a = 0.293 rad/s” 
F = 1.17 lb 

N = 29.34 ]b 
ag = 5.44 ft/s? 
a = 4.35 rad/s? 
0 = 46.9° 

ag = 12.9 ft/s? 
a = 2.58 rad/s? 
F, = 61.32 N 
N4 = 926.2 N 

a = 5.01 rad/s? 
a = 5.01 rad/s? 
a = 1.30 rad/s? 
a = 15.6 rad/s? 
ag = 624 m/s 
N4 = 981 N 

F, = 24.0 N 

a = 0.692 rad/s? 
a = 1.15 rad/s? 
N = 10.0 lb 

a = 125.58 rad/s? 
aa = 167 ft/s? 


ll 


a=0 

a = 0.309(10^?) rad/s? 
a = 73.27 rad/s? 

t = 0296s 

Nc = 67.97 N 


a = 5.66 rad/s” 
ag = 4.06 m/s 


17-114. 


17-115. 
17-117. 


17-118. 


17-119. 


ag = 0.755 m/s? | 
a = 7.55 rad/s” 2 
T = 45.3 N 

lemin = 0.0769 
(ag), = 2.5 m/s* > 
(ac), =0 

a, = 10m/s? > 
a = 35.4 rad/s? 

a = 9.60 rad/s” 
ag = 144 m/? — 
ag = 2.22 m/s* — 
a = 29.2 rad/s? 


17-121. a = 3.89 rad/s? 
ag = 1.749 m/s? 
N = 735.75 N 
F; = 131.15 N 
17-122. o = 9.51 rad/s? 
17-123. ag = 1.5 m/? > 
a = 3 rad/s? 
Chapter 18 
18-2. T = 283 ft- lb 
18-3. w = 1.88 rad/s 
18-5. 0 + (50)(9.81)(1.25) = 3 | (50)(1.75)? Jo} 
w = 2.83 rad/s 
18-6. w= A HEN 
kg m 
18-7. vg = 2.58 m/s 
P=141N 
18-9. sp = 16.67 ft 
w = 4.51 rad/s 
18-10. w = 0.836 rad/s 
18-11. 0 = 0.934 rev. 
18-13. s4 = 0.666755 
N, = 509.7N 
sg = 0.859 m 
18-14. w = 1.32 rad/s 
18-15. v4 = 3.52 m/s | 
vg = 1.76 m/s] 
18-317. Uy = 1722] 
Uy = -12.49J 
w = 3.62 rad/s 
18-18. vc = 16.9 ft/s 1 
18-19. vc = 11.8 ft/s Î 
18-21. Uy = 127.44J 
œ = 2.91 rad/s 
18-22. œ, = 1.25 rad/s 


ANSWERS TO SELECTED PROBLEMS 


18-23. 
18-25. 


18-26. 
18-27. 
18-29. 


18-30. 
18-31. 
18-33. 


18-34. 


18-35. 
18-37. 


18-38. 
18-39. 
18-41. 


18-42. 
18-43. 
18-45. 


18-46. 
18-47. 


18-49. 


18-50. 
18-51. 
18-53. 


18-54. 
18-55. 
18-57. 


vc — 19.6 ft/s 

Uw = 1387.34 N 

w = 10.5 rad/s 

w = 7.81 rad/s 
(onc); — 1.07 rad/s 
T, = 708.07 ft Ib 
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Uy, = 18.750 
Up, = —40.50 
0 = 5.18 rev 
Ug — 5.05 ft/s 
0, = 1.66 rad 
0 + 1500(5.629) — 1500(2.5) = 5 (S9) (us? 
va = 142 ft/s 
3a / wo 
(ajo = > (=>) 
3m Wo | 38 
(emm UE 
w = 2.83 rad/s 


0 + 2[15(1.5 sin 45*)] = 2[ (3(3:5)(3))ors] 


+ 3 (4)|6 — 2(3 cos 45°)? + 0 
wag = 4.28 rad/s 

va = 6.95 ft/s 

6 = 0.934 rev. 

a[3 (aon )(6)”|(2y? + 5 a2 — 2» 


= 0 + 1(12)(4 + 6sin0 — 2)? — 50(3 sin 0) 


0 = 25.4? 
w = 41.8 rad/s 
w = 39.3 rad/s 


0 + 4(1.5 sin 45°) + 1(3 sin 45°) 
2 
= Ait) (CE) als) +0 


Uc = 13.3 ft/s 
Uc = 3.07 ft/s 
w = 1.74 rad/s 


0 + 2[5 850) 6] 
- 0 + 2[$ (350)(x, + 1)?] — 50(9.81)(1) 
lọ = 299 mm 

k = 232 N- m/rad 
w = 3.92 rad/s 
(Vj); = 22.0725 J 
V, = —8.5725 J 

w = 3.09 rad/s 

w = 7.98 rad/s 

k = 10.5 kN/m 

Vz = Fk 

k = 814 N: m/rad 
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18-58. 


18-59. 
18-61. 


18-62. 
18-63. 
18-65. 


18-66. 
18-67. 
18-69. 


ANSWERS TO SELECTED PROBLEMS 


(@gc)2 = 0 
(wag) = 0.597 rad/s 
Up = 20.7 m/s 
As, = —4 ft 

s = 2.44 ft 

w = 1.82 rad/s 
wasg = 3.70 rad/s 
l = 7.727 ft 

w = 2.82 rad/s 
w = 5.28 rad/s 
wasg = 2.21 rad/s 


0 + 0 = 0 + } (k)(8.3541 — 1.5) — 98.1(15) 


k = 42.8 N/m 


Chapter 19 


19-5. 


19-6. 
19-7. 
19-9. 
19-10. 


19-11. 
19-13. 


19-14. 
19-15. 
19-17. 


19-18. 


19-19. 
19-21. 


19-22. 
19-23. 
19-25. 


19-26. 
19-27. 


vg = 12.64 ft/s 
L = 3.92 slug: ft/s 


y Mdt = 0.833 kg: m?/s 


w = 0.0253 rad/s 

Io = 0.78125 kg: m? 
w = 70.8 rad/s 
w, = 36.5 rad/s 

v = 5.48 m/s 

cp = 127 rad/s 
Tc = 140.15 Ib 

P = 1201b 

t — 5.08s 

rp — 1.39 ft 

Io = 0.02 kg: n? 
N = 49.05 N 
(vo), = 4.6 m/s 

t = 0.510s 

vg = 1.39 m/s 

w = 9.49 rad/s 

w = 116 rad/s 

c» = 0.0656251 

I = 79.8 N's 
yet 

w = 20 rad/s 

Ig = 0.75 kg: n? 
(vG)gc = (1.118) 
w = 9 rad/s 

Toe = 127 

v = 19.4 ft/s 
M = 103 lb-ft 


Tg = 359.67 lb 


19-29. 0 + | J F dlos) = 175(2.25)?(60) 
fra = 15.2kN:s 
19-30. vg = 0.557 m/s 
19-31. œw, = {—31.8k} rad/s 
19-33. (I4); = 19.14 kg: m? 
wp = 10.9 rad/s 
19-34. kg = 0.122 m 
19-35. w = 0.175 rad/s 
19-37. (1) = 3.444 slug: f 
(1) = 1.531 slug: ft? 
(w,)2 = 6.75 rad/s 
19-38. œ, = 5.09 rev/s 
19-39. w = 0.244 rad/s 
Um = 3.05 ft/s 
19-41. (1), = 98.55 kg: m? 
(1); = 81.675 kg: n 
@ = 2.41 rad/s 
wz = 2.96 rad/s 
19-42. o; = ioi 
19-43. v, = 0.195 m/s 
19-45. w, = 1.146 rad/s 
Ig = 11.25 kg: m? 
I, = 24.02 kg: m? 
@ = 1.53 rad/s 
19-46. v = 5.96 ft/s 
19-47. w = 26.4 rad/s 
19-49. w, = 3.431 rad/s 
wz = 5.056 rad/s 
w4 = 6.36 rad/s 
19-50. wœ, = 17.92 rad/s 
(vg), = 16.26 ft/s | 
h = 4.99 ft 
19-51. 0 = 17.9? 
19-53. (vp), = 7.522 ft/s 
Ig = 20.96 slug: ft? 
wz = 0.365 rad/s 
(vp)3 = 3.42 ft/s 
19-54. (vp) = 3.36 ft/s > 
19-55. 0, = 39.8? 
Review 2 
R2-1. v, = 6.667 ft/s 


wp = 20 rad/s 
Uc = 3.333 ft/s 
wp = 6.67 rad/s 
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R2-2. wp = 24 rad/s R2-33. ric. c = 1464 ft 
wp = 5.33 rad/s wag = 147 rad/s5 
R2-3. œ, = 3.81 rad/s a = 1.80 rad/s” 
R2-5. d= 2ft aag = 4.93 rad/s” 2 
c» = 6.82 rad/s R2-34. a = 2.66 rad/s?) 
Up, = —114 ft/s R2-35. o = 1.08 rad/s 
R2-6. a4 = 12.5 m/s? — Ug = 4.39 ft/s 


4g R2-37. T = 59166.86 N 
RE oa A SER) M =51.2kN-m 
R2-9. œ; = 40 rad/s ess kN 
R2-10. He - neon R2-38. w = 30.7 rad/s 
R2-11. a = 12.6 rad/s” R2-39. w = 0.0708 rad/s 


R2-41. t = 0.1945 


ida de — 5.00 rad = 5.00ft/s T = 2.00 lb 
vc = 32.2 ft/s wp = 5.00 rad/s vg = 5.00 ft/s T = 2. 
= R2-42. 0 = 4.45° 
Up = 32.2 ft/s : 
F=0 R2-43. a, = 56.2 ft/s? | 
= 2 il o 
R2-14. w = 0 ag = 40.2 ft/s 0 —533? F 


R2-45. o, = 5.236 rad/s” 
0s = 10.472 rad 
op = 2.09 rad/s” 
0p = 0.667 rev 

R2-46. wcp = 6.33 rad/s 

R2-47. t = 1045s 


R2-15. wpg = 132 rad/s 
R2-17. vg = 2.75 m/s 

t = 1.32s 
R2-18. w = 2.19 rad/s $ 
R2-19. wcp = 4.17 rad/s 
R2-21. a, = 1.20 rad/s” 


w = 7.20 rad/s R2-49. a = HE 
V4 = vg = 2.40 ft/s "d 
a4 — 0.400 ft/s? hn = 
ag = 17.3 ft/s? nd 
R2-22. vc = 12.7 ft/s w= — 
R2-23. s = 2. Qu, — or) R2-50. Ng = 297 N 
2ug A, = 344N 
R2-25. vp = 2 m/s A, = 163N 
wp = 6.67 rad/s | 
toran EI Chapter 20 
R(M + 2m) 20-1. w= o,i + oy,j + ok 
ra" j a = 0 + (oi + wj) X (wsk) 
M + 2m a = wy Osi — 0, sj 
R2-27. w = 3.89 rad/s 20-2. w = (5.66j + 6.26k} rad/s 
R2-29. 0 + 5(0.6)(4) = [(335)(0.45) + (35)(0.9)? Jo. a = {-3.39i} rad/s? 
€» = 12.7 rad/s 20-3. v4 = (—7.61i — 1.18j + 2.54k} m/s 
R2-30. a„ = 1.45 m/s? a, = (104i — 51.6j — 0.463k} m/s? 
ay = 1.94 m/s? 20-5. wœ = —8.944 rad/s 
5g sin 0 œw = (—8.0j + 4.0k} rad/s 
R231. ee Ir | (o»)xvz = {32i} rad/s? 
2g sin 0 a = (32i) rad/s? 


= t 
(och 3r 
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20-6. 


20-7. 


20-9. 


20-10. 


20-11. 


20-13. 


20-14. 
20-15. 
20-17. 


20-18. 


20-19. 


20-21. 


20-22. 


20-23. 


20-25. 


20-26. 
20-27. 
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v4 = {—0.225i} m/s 
a, = (—0.135i — 0.1125j — 0.130k} m/s? 


à = (Sf rg hio Ji 
4 hi rc hy + Tg hi J 


h 
«( rgh œ )k 
rc h + rg ħi 


w = {6j + 15k} rad/s 

a = (—90i + 1.5j + 3k} rad/s? 

vg = (—90i — 15j + 6k} ft/s 

ag = (243i — 1353j + 1.5k} ft/s? 

vg = {410i — 15j + 6k} ft/s 

ag = {293i — 1353j + 1.5k} ft/s? 

@ = (—8.00j) rad/s 

a = (640i) rad/s” 

v4 = {—0.905i} m/s 

a4 = (—724j — 7.24k} m/s? 

w = {-0.8i — 0.1j + 0.6k} rad/s? 

v4 = (—8.66i + 8.00j — 13.9k} ft/s 
a4 = (—24.8i + 8.29] — 30.9k} ft/s? 
0g = (5j + 5k} rad/s 

0g = {7.5j + 2.5k} rad/s 

va = {—20i} m/s 

a, = {—5i — 400j} m/s” 

vg = (—124i — 15j + 26.0k} m/s 

ag = (569i — 2608] — 75k} m/s? 

vg = {48761 — 15j + 26.0k} m/s 

ag = {1069i — 2608j — 75k} m/s? 

v4 = {10i + 14.7j — 19.6k} ft/s 

a, = {-6.12i + 3j — 2k} ft/s? 

Ug = 6.00 ft/s 

€, = 0.6667 rad/s 

wy = 0.3333 rad/s 

w, = 0.8333 rad/s 

vg = {6.00j} ft/s 

€ = {0.667i + 0.333j + 0.833k} rad/s 
ag = (—6.50j) ft/s 

a = (—0.722i + 0.889j 
Ug = 4.71 ft/s 
e Ap = (117i + 127j 
(cw Ag), = 1.667 rad/s 
(@ap)y = 4.167 rad/s 
(wag): = 3.333 rad/s 
Ug = —25 ft/s 

vg = (—20i + 15k} ft/s 
ag = (—1129i + 847k} ft/s 
vg = {1j} m/s 


0.278k} rad/s? 


0.779k} rad/s 


20-29. 


20-30. 
20-31. 
20-33. 


20—34. 
20-35. 


20-37. 


20-38. 


20-39. 


20-41. 


20-42. 
20-43. 


20-45. 


20-46. 


20-47. 


20-49. 


20—50. 


20-51. 


(m Ag), = —2.133 rad/s 

(m Ag) = 0.3902 rad/s 

(wag); = —0.3121 rad/s? 

v4 = {2.25k} m/s 

a4 = {-13.9k} m/s 

vg = {10k} ft/s 

Ug = 1.875 m/s 

€, = 1.50 rad/s 

w, = 0.225 rad/s 

— 0.450 rad/s 

ag = —6.57 m/s? 

€ = (1.50i + 2.60j + 2.00k} rad/s 

vc = (104i — 7.79k} ft/s 

wx = 0.204 rad/s 

w, = —0.612 rad/s 

= 1.36 rad/s 

Ug = 0.333 m/s 

@ gc = (0.204i — 0.612j + 1.36k} rad/s 
vg = (—0.333j) m/s 

@ zc = {0.7691 — 2.31j + 0.513k} rad/s 
vg = (—0.333j) m/s 
vc = (—1.00i + 5.00j 
ac = (—28.8i — 5.45j 
va = {—4.5i} m/s 
(Veja) xyz E {—1.8j} m/s 

Vo = (-45i — 1.8j) m/s 

ac = (19.35i — 27.9) — 21.6k} m/s? 
vc = (—1.79i — 1.40j + 3.58k} m/s 
ac = (0.839i — 3.15j + 0.354k} m/s? 
(Vay)xye = (120j — 1.60k} m/s 
(a4/B)xyz = (—0.320j — 0.240k} m/s? 


0.800k} m/s 
32.3k} m/s? 


v4 = (—5.70i + 1.20j — 1.60k} m/s 
a, = {-1.44i — 3.74j — 0.240k} m/s? 
v4 = (—5.70i + 1.20j — 1.60k} m/s 
a4 = {-7.14i — 1.94j — 2.64k} m/s? 


vc = {-2.7i — 6k} m/s 

ac = (—72i — 13.5j + 7.8k} m/s” 
(Va/a)xyz = {13.861 — 8.00k} m/s 
(@4/B)xyz = {17.581 — 17.54k} m/s? 


v4 = {13.91 + 40.0j — 8.00k} m/s 
a, = (—624i + 115j — 17.5k} m/s 
vg = (—520i — 1.44j + 16.5k} m/s 


ag = (5.75i — 109j + 24.1k} m/s? 
vg = (—520i — 1.44j + 16.5k} m/s 
ag = (5.75i — 110j + 23.1k} m/s? 


20-53. (Vzya)xyz = (—3j + 5.196k} m/s 
(aga) = {—4.098i + 1.098k} m/s? 
vg = (—17.8i — 3j + 5.20k} m/s 
ag = (3.05i — 30.9) + 1.10k} m/s? 


20-54. 


20-55. 


vc = (2.80j — 5.60k} m/s 
ac = (—56i + 2.1j} m/s 
vc = {2.80j — 5.60k} m/s 


ac = (—56i + 2.1j — 1.40k} m/s? 


Chapter 21 
21-2. 1, = $ 4a?) 
Iy = 5 QI? + 3a’) 
21-3. L-imÜ 
L, = % (r? + 3a’) 
pa^h 
21-5. m= 2 
ly = p a 
21-6. Iy = 4 
2177. Iy = mr’ 
ly = ME 
L = E mr? 
21-9. m, = m, = m; = 12kg 
I, = 80 kg: n? 
I, = 128 kg: m? 
I, = 176kg:m? 
L,-72kg:m* 
1, —24kg: m? 
I = —24 kg m? 
21-10. 7,, = 4.08 kg* m? 
1,, = 1.10 kgm? 
IL- = 0.785 kg: m? 
21-11. 1, = 1.36 kg: m? 
1, = 0.380 kg- m? 
I, —-126kg:mn* 
21-13. Due to symmetry y — 0.5 ft 
X — —0.667 ft 
I, = 0.0272 slug- ft? 
Iy = 0.0155 slug» ft? 
I = 0.0427 slug ft? 
21-14. I, = 125 slug: ft 
21-15. 7, = 3.54(10?) kg - m? 
21-17. 


Ixy = [0 + 0.4(2)(0)(0.5)] 
0 + 0.6(2)(0.3)(0.5)] 
[0 + 0.5(2)(0.6)(0.25)] 
= 0.330 kg: m? 
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21-18. 


21-19. 
21-22. 
21-23. 
21-25. 


21-26. 
21-27. 
21-29. 


21-30. 


21-31. 
21-33. 


21-34. 


21-35. 
21-37. 


21-38. 
21-39, 


21-41. 


21-42. 


21-43. 


21-45. 


I, = 0.626 kg: m? 
Tyy = 0.547 kg m? 

IL; = 1.09 kg: m? 

I, = 0.429 kg: m? 

T = 0.0920 ft - Ib 

Hg = {0.0207i — 0.00690j + 0.0690k} slug: ft?/s 
I, = I; = 1355 kg: m? 

Iy = 0.100 kg + m? 

w, = 2.58 rad/s 

H4 = 26.9 kg: m?/s 

œ = (—0.0625i — 0.119j + 0.106k} rad/s 

H, = 0.3375 kg - m/s 

H,-0 

H, = 1.6875 kg - m?/s 

Hg = (0.3375i + 1.6875k} kg - m?/s 

Ho = (21.9i + 1.69k} kg - m?/s 

T = 7&5] 
Ho = (21.9i + 0.5625j + 1.69k} kg - m?/s 

T —813J 

H, = {—2000i — 2500j + 22 500k} kg - m?/s 
I, = 0.3235 slug - ft? 

I, = 0.2588 slug - ft? 

I, = 0.06470 slug - ft? 

@ = (—246i + 5.40j + 7.20k} rad/s 

Ug = —0.233i + 0.583j + 0.778k 

€ = (—0.954i + 2.38j + 3.18k} rad/s 

u4 = —0.233i + 0.583j + 0.778k 

T = 0.0920 ft- Ib 

uo = {0.141j — 0.990k} 

Io = {8.57i}N-s 

@ = (—28.1j + 80k} rad/s 

Ho = {144i + 144j + 1056k} kg m?/s 

T = 3.17kJ 

=M, > (L Oy Ly Wy I,2@z) 

— Oy wy — Lye, — Dy wy) 

+ 0,U, @, — Lo, — Ly wy) 

=M, = l0, — 1,0, cy + L Oy o; 

A, = 9.64N 


B, = 9.98 N 
w = 0 
wy = —@ COS 0 


w, = wsin 


ùr = @ = @, =0 


3g tan 0 
e N LQ sind + 1) 
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21-46. 


21-47. 


21-49. 


21-50. 
21-51. 


21-53. 


21-54. 


21-55. 


21-57. 


21-58. 
21-59. 


21-62. 
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B, = —250N 
A, = By = 
A, = B,=245N 

L. " 
EM, = 73 UG 

d. 

= ELS 

2M, = pa UG 
=M, = 0 
(0.1 cos 30°)(2) — (0.1 sin 6¢)mp 


= (0.2 sin 0p)mp =0 


Op = 139° 

mp = 0.661 kg 
0r = 40.9° 

mp = 132kg 

M = 81.0N-m 
My = —218 lb: ft 
Mz = 0 


My = 100 lb: ft 
wx = w, sind 


wy = ws wz = wp COS 0 
Q, = —W, wp COS 0 
wo, = 0 
0. = 0,0, SIN 0 
M, = -i mE o, wp COS 0 
M, = i ml? wp sin 20 
M, = 
pE mp w1 W2 
: 12a 
Ey =0 
Ey = mL? o o» 
12a 
Ez = Fz = E 
F —30N 
N = 1.35 kN 
M —275N:m 


I, = 3.4938 slug: ft? 


I, = Ty, oy = a, = 0, 0z 


T = 21.0 lb-ft 
T = 23.4 lb-ft 
By =0 

Az = -412N 
Ay =0 

Bz = 139N 

a = 69.3° 

B = 128° 

y = 45° 


No 


6 rad/s” 


21-63. N, = 77.7 lb 
21-65. M, = [(335)(0.2)7](2)(100) = 12.4 Ib- ft 
M, =0 
M, =0 
21-66. AF = 53.4N 
21-67. w, = 3.63(10°) rad/s 
21-69. I- L- L- imr 
y 16g 
"T 
r cos o(16 cos?a — 26 sin? a + 1) 
21-70. w, = —4.905 rad/s 
21-71. w, = 13.5 rad/s or 3.00 rad/s 
21-73. v = 88.89 m/s 
c, = 222.22 rad/s 
M, = 2kN-m 
21-75. Hg = 17.2 Mg: m?/s 
21-77. $ = 12.8 rad/s 
21-78. Hg = 0.352 kg: m?/s 
iy = 35.1 rad/s 
21-79. Hg = 2.10 Mg: m?/s 
21-81. Hg = 4.945(10°) kg- m?/s 
0 = 66.59 
= 81.7 rad/s 
iy = 212 rad/s 
Since [7 [,, the motion is regular precession. 
Chapter 22 
22-1. y+56.1y =0 
B=01m 
A = 0.2003 m 
y = 0.192 m 
22-2. f = 4.98 Hz 
r = 0201s 
22-3. f = 2.02 Hz 
y = —0.2 cos 12.7t 
C=0.2ft 
22-5. B = 0.150 
A=-01 
x = —0.1 sin (20t) + 0.150 cos (20r) 
C = 0.180 m 
22-6. y = 0.107 sin (7.00r) + 0.100 cos (7.007) 
$ = 43.0? 
22-7. x = —0.0693 sin (5.77) — 0.075 cos (5.77t) 
C = 0.102 m 
22-9, f = 2.52 Hz 
ġ=0° C= 0.3795 m 
Tmax = 83.7 KN 


22-10. 


22-11. 
22-13. 


22-14. 
22-15. 
22-17. 


22-18. 


22-19. 
22-21. 


22-22. 
22-23. 


22-25. 


22-26. 


22-27. 
22-29. 


22-30. 


22-31. 
22-33. 


22-34. 


22-35. 


IL, = 0.2894mgd 


d = 146mm 
kg = 0.627m 
v = 0.401 s 
1 = 0.457m 
F,, = 28.80 
Ig = 0.7609 slug - ft? 
0 + 15.3760 = 0 
f = 0.624 Hz 
Mr? + 2mko? 
T= 27 
kr? 

= 1 [REI 

h 7-3 mL? 


Sap — (1 — lo) 7 Xo 


On = m 
E 1+ ko 
On 7 
m 
€, = 76.7 rad/s 
C = 230 mm 
o ga 
0+ 0=0 
IL? 
LaL [T 
d a 12g 
T [dg 
k, = —./= 
* 2m NL 
Tr g 
k = — pa 
* mNL 


imr? 00 + mg(r)(sin 0)0 = 0 


V = 50 
T = 0.192187567 
6 + 26.00 = 0 
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22-37. V - ik? 
T, = į Mk,26" 
F Mk? 
Ti — 27 k 
1 Jk 
22-38. f = —|— 
aN m 
k 
22-39. f, = ¢,/— 
m 
2k sin? 
za. $4,259 
T= 281s 
, Folk 
22-42. x = Asin wt + B cos o,t + — fa COS wt 
- 6) 
Fo 
22-43. y — Asin of + B cos w,t + | — — —5 |cos ot 
k — mo 
22-45. B = y 
v Fo/k 
a- 2 Molle 
On On 7 On 
wn = 8.025 rad/s 
y = (0.0186 sin 8.027 + 0.333 cos 8.02t 
— 0.0746 sin 2t) ft 
22-46. (Vp)max = 2.07 ft/s 
22-47. y = (361 sin 7.75t + 100 cos 7.75t 
— 350 sin 8t) mm 
22-49. k — 4905 N/m 
€, = 14.01 rad/s 
w = 14.0 rad/s 
22-50. (Xp)max = 14.6 mm 
22-51. (Xp)maxy = 35.5 mm 
22-53. w, = 18.57 rad/s 
MF = 0.997 
3Fo 
22-54. C=5 7 
3 (mg + Lk) — mLw 
22-57. F = 2cy 
|k 
Ce = 2m, | — 
m 
c « NV mk 
22-58. wœ = 12.2 rad/s 
w = 7.07 rad/s 
22-59. k = 417 N/m 
k = 1250 N/m 
22-61. w, = 8.923 rad/s 


wq = 8.566 rad/s 
Ta = 0.7345 


724 


22-62. 
22-63. 
22-65. 


22-66. 
22-67. 


22-69. 
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yp = 0.111 sin (5t—0.588) m 

y = 0.803 [e 95! sin (923r + 1.48)] 
1.550 + 5400 + 2000 = 0 

wn = 11.35 rad/s 

(cap), = 3.92 1b- s/ft 

y = |-0.0702[e2*"' sin(8.54r)]| m 

y = (—0.0232 sin 8.97t + 0.333 cos 8.971 
+ 0.0520 sin 4t) ft 


€, = 11.62 rad/s 


c, = 92.95 
wq = 8.87 rad/s 
A = 0.0338 


y = 33.8[e 75' sin(8.87¢)] mm 


22-70. 


22-71. 
22-73. 


22-74. 
22-75. 


22-77. 


y = Asin w,t + B cos a, t t7 OA 
(a ev) 
@ = w, = 19.7 rad/s 

F = 0.006470% sin wot 

k = 1800 lb/ft w, = 19.657 

wy = 19.0 rad/s or wọ = 20.3 rad/s 

Lq + Rq + (é)q = Eo cos ot 

y+ 16y + 12y =0 

Since c > c, the system will not vibrate. Therefore 
it is overdamped. 


1 
Lq + Rq+-q=0 
€ 


Index 


A 
a-s graphs, 24-25 
a-t graphs, 19-23 
Absolute (dependent) motion analysis, 
81-86, 103, 329-336, 392 
particles, 81-86, 103 
procedures for, 82, 329 
rigid bodies, 329-336, 392 
Acceleration (a), 7-8, 34, 36, 53-54, 68, 88, 
104-167, 313, 317, 363-376, 
380-381, 393, 394—453, 552-556, 
568. See also Angular acceleration 
average, 7, 34 
constant, 8 
curvilinear motion and, 34, 36, 
53-54, 68 
direction and, 553, 568-569 
equations of motion for, 105-167, 
409—453 
fixed-axis rotation, 317, 425-439, 453 
fixed-point rotation, 552 
force (F) and, 104—167, 394—453 
general plane motion and, 363-376, 
393, 440—453 
gravitational attraction and, 107-108, 
156-157 
hodograph curve for, 34 
instantaneous, 7, 34 
magnitude of, 36, 363, 365 
moments of inertia (7) and, 395-408 
Newton's second law of motion 
and, 105-106 
particles, 7-8, 34, 36, 53-54, 68, 88, 
104-167 
procedure for analysis of, 365 
rectilinear motion and, 7-8 
relative-motion analysis and, 88, 
363—376, 380-381, 393, 568 
rigid bodies, 313, 315, 317, 363-376, 
380—381, 394—453 
rotating axes, 380-381 
rotation and, 363—376, 380-381, 
410-412 
three-dimensional rigid bodies, 
552-556, 568 
time derivatives for, 68, 552—556, 568 
translation and, 313, 363-367, 409, 
412-425 
Amplitude, 633-34 
Angular acceleration (o), 68, 315, 317, 395, 
425-426, 551-556 
constant, 315 
fixed-axis rotation, 315, 317, 425-426 
fixed-point rotation, 551—552 
magnitude and, 425-426 


moments of inertia and, 395 
particles, 68 
rigid-body planar motion, 315, 317, 
395, 425-426 
three-dimensional rigid bodies, 
551-556 
time derivatives for, 552-556 
Angular displacement (d6), 314, 316 
Angular impulse and momentum, 262-276, 
297, 496—533, 589—592, 628 
arbitrary point momentum, 590 
center of mass (G) and, 590 
conservation of momentum, 268, 
517-520, 533 
eccentric impact and, 521—530, 533 
fixed-axis rotation and, 498, 532 
fixed-point momentum, 590 
general plane motion and, 499, 532 
moment of a force relations with, 
263-265 
particle kinetics, 262—276, 297 
principle of, 266—276, 297, 
501—516, 592 
procedures for analysis of, 268, 
503,518 
rectangular components of 
momentum, 590-591 
rigid-body planar motion, 496—500 
scalar formulation, 262, 267 
system of particles, 264—265 
three-dimensional rigid bodies, 
589—592, 628 
translation and, 498, 532 
vector formulation, 262, 267 
Angular motion, 314, 316-319 
Angular velocity (w), 67, 314, 316, 551-556 
Apogee, 160 
Arbitrary axis, moment of inertia about, 583 
Arbitrary point, angular momentum at, 590 
Areal velocity, 155, 161 
Average acceleration, 7 
Average speed, 6 
Average velocity, 6, 33 


B 
Binormal axis (b), 54, 131 
Body cone, 551—552, 622 


Cc 

Cartesian vector notation, 673 

Center of mass (G), 113, 590, 593 
angular momentum at, 590 
kinetic energy and, 593 
system of particles, 113 
three-dimensional rigid bodies, 

590, 593 


Central-force motion, 155-165, 167 
areal velocity, 155, 161 
circular orbit, 159 
elliptical orbit, 159-161 
gravitational (G) attraction, 156-157 
Kepler's laws, 161 
path of particles, 155-156 
trajectories, 156-162, 167 
Central impact, 248-250, 251, 297 
Centripetal force, 131-132 
Centrode, 353 
Chain rule, 677-678 
Circular orbit, 159 
Coefficient of restitution, 249—250, 297, 
521,523 
Composite bodies, 401 
Conservation of energy, 205-209, 219, 
477-489, 493, 645-651, 668 
conservative forces and, 205-209, 219, 
477-478, 645 
particle kinetics, 205—209, 219 
potential energy (V) and, 205-209, 
219, 477—489, 493 
procedures for analysis using, 206, 
479, 646 
rigid-body planar motion, 
477-489, 493 
system of particles, 206 
vibration and, 645-651, 668 
Conservation of momentum, 236—247, 268, 
296, 517—520, 533 
angular, 268, 517—520, 533 
linear, 236—247, 296, 517—520, 533 
particle systems, 236—247, 268, 296 
procedures for analysis using, 237, 
268,518 
rigid-body planar motion, 
517—520, 533 
Conservative force, 201—209, 219, 
477-478, 645 
conservation of energy, 205-209, 219, 
477-478, 645 
potential energy (V) and, 201-204, 
219, 477-478 
undamped free vibration, 645 
work by displacement of weight, 
201-204 
Constant acceleration, 8, 315 
Constant force, work (U) of, 171, 218, 458 
Constant magnitude, 460, 492 
Constant velocity, 110, 155 
Continuity of mass, 278 
Continuous motion, particles, 5-18 
Control volumes, 277—295 
gain of mass (m), 283-284 
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loss of mass (m), 282-283 D 
mass flow, 278, 282—284 
particle kinematics, 277—295 
propulsion and, 282-295 
steady flow, 277-278 


Elastic impact, 250 

Elastic potential energy, 202, 219, 477, 493 
Electrical circuit analogs, 661, 669 
Elliptical orbit, 159-161 

Energy (£), 174-192, 201—219, 300-301, 


Damped vibration, 631 

Dashpot, 655 

Deceleration, particles, 7 
Deformation, 177, 248-251, 521—523 


thrust, 282-283 
volumetric flow, 278 


Coordinates, 5, 35-39, 66-74, 81-82, 87-88, 


114-154 

cylindrical (r, 6, z), 66-74, 144-154 
dependent motion analysis and, 81-82 
equations of motion and, 114-154 
fixed origin (O),5 
kinematics of a particle, 5, 35, 66—70, 

81-82,87-88 
kinetics of a particle, 114-154 
normal, 131-143 
polar, 66-68, 70 
position (s), 5, 9, 81-82 
radial (r), 66-67 
rectangular (x, y, z), 35-39, 114-120 
relative-motion analysis and, 87-88 
tangential, 131-143 
translating axes and, 87-88 
transverse (0), 66-67 


Couple moment (M), 460-461, 492 
Critically damped systems, 565 
Cross product, 673-674 
Curvilinear motion, 33-39, 52-80, 


101-102, 299 
acceleration (a), 34, 36, 53—54, 68 
cylindrical coordinates (r, 0, z), 66—74 
displacement (A), 33 
normal coordinates for, 52-58 
particle kinematics, 33-39, 53-80, 
101-102, 299 
polar coordinates, 66-68, 70 
position (s), 33, 35,67 
procedures for analysis of, 37, 55, 70 
rectangular coordinates (x, y, z) for, 
35-39 
tangential coordinates for, 52-58 
three-dimensional, 54 
time derivatives for, 67—70 
velocity (v), 33, 35-36, 52, 67 


coefficient of restitution, 249—250, 
521,523 

eccentric impact and, 521-523 

impact and, 248—251, 521-523 

particle kinetics, 177, 248-251 

period of, 248 

rigid-body planar motion, 521—523 

sliding and, 177 


Dependent motion analysis, see Absolute 


motion analysis 


Differentiation of vector functions, 676 
Direction, 33, 35-36, 352-353, 365, 425-426, 


460, 553, 568-569 

acceleration (a) and, 36, 363, 365, 553, 
568—569 

constant, 568 

curvilinear motion, 33, 35-36 

fixed-axis rotation, 425-426 

frames of reference for changes in, 
553, 568-569 

magnitude and, 33, 35-36, 352-353, 
365, 425—426, 460, 553 

particles, 33, 35-36 

rigid-body planar motion, 352-353, 
365, 425-426, 460 

three-dimensional rigid bodies, 553, 


568—569 


work of a couple moment and, 460 


Directional angle (y), 144-145 
Directrix, 157 


Displacement (A), 5, 33, 314, 316, 459, 653 


angular (d0), 314, 316 
downward, 459 
particles, 5, 33 
periodic support, 653 
rigid bodies, 314, 316, 459 
vertical, 459 
vibration, 653 
weight (W) and, 459 

Dot notation, 35-36 


454—493, 536, 592—595, 628-629, 
645—651, 668 

conservation of, 205-209, 219, 
471—489, 493, 645-651, 668 

conservative force and, 201-204, 219, 
477-478, 645 

internal, 177 

kinetic, 174, 201, 219, 455—458, 491, 
592—595, 628-629 

particle kinetics, 174—192, 201-219, 
300—301 

potential (V), 201—204, 219, 
471—489, 493 

principle of work and, 174—192, 219, 
462—468, 493 

procedure for analysis of, 175, 206, 
463,479 

rigid-body planar motion, 
454—493, 536 

system of particles, 176-182 

three-dimensional rigid bodies, 
592—595, 628-629 

vibration and, 645-651, 668 

work (W) and, 174-192, 201—219, 
300—301, 454—493, 536 


Equations of motion, 105-167, 300, 


409—453, 535-536, 600—613, 629 
central-force, 155-165,167 
cylindrical coordinates, 144-154 
fixed-axis rotation, 425—439, 453, 

602—603 
free-body diagrams for, 109-111, 167, 
410-412 
general plane motion, 440-453 
gravitational attraction, 107-108 
inertial reference frame for, 
110-111, 167 
kinetic diagram for, 109 
moments of inertia (7) and, 440-451 
Newton's second law, 105-106 


normal coordinates, 131—143 
particle kinetics, 105-167, 300 
procedures for analysis using, 


Curvilinear translation, 312, 413 
Cylindrical components of motion, 66-74 
Cylindrical coordinates (r, q, z), 66-74, 


Dot product, 675-676 
Dynamics, 3-4 
principles of, 3-4 


144-154, 167 
curvilinear motion, 66-74 
directional angle (y), 144-145 
equations of motion and, 144—154, 167 
normal force (N) and, 144 
procedures for analysis using, 70, 145 
tangential/frictional force (F) and, 144 


procedure for problem solving, 4 


E 
Eccentricity (e), 157-159, 167 
Efficiency (e), 192-200, 219 
mechanical, 192-193 
power (P) and, 192-200, 219 


114-115, 132, 145, 414, 427, 441, 604 
rectangular coordinates, 114-130 
rigid-body planar motion, 409-453, 

535-536 
rotational, 410—412, 600-601 
slipping and, 440-451 


symmetrical spinning axes, 603-604 
systems of particles, 112-113 
tangential coordinates, 131-143 
three-dimensional rigid bodies, 
600—613, 629 
trajectories, 155-162 
translational, 409, 412—425, 453, 600 
Equilibrium position, vibration, 632 
Erratic motion, particles, 19-32 
Escape velocity, 159 
Euler angles, 614—616, 621-622 
Euler's equations, 602-603 
Euler's theorem, 550 
External force, 228, 264 
External work, 177 


F 
Finite rotation, 550 
Fixed-axis rotation, 312, 314—321, 392, 
425-439, 453, 457, 491, 498, 532, 
535, 602-603 
angular acceleration (a), 315, 317, 
425-426, 535 
angular displacement (40), 314, 316 
angular motion, 314, 316-319, 535 
angular position, 314, 316 
angular velocity (w), 314, 316 
equations of motion for, 425-439, 453, 
602-603 
Euler’s equations for, 602-603 
impulse and momentum for, 498, 532 
kinetic energy and, 457, 491 
magnitude of, 425-426 
procedure for analysis of, 319, 427 
three-dimensional rigid bodies, 
602-603 
Fixed-point motion, 549-556, 577, 590, 593 
acceleration (a) at, 552 
angular acceleration (a) of, 551—552 
angular momentum of, 590 
angular velocity (w) of, 551 
Euler's theorem for, 550 
finite rotation, 550 
infinitesimal rotation, 551 
kinetic energy and, 593 
rotation, 549-556, 577 
three-dimensional rigid bodies, 
549-556, 577, 590, 593 
time derivatives for, 552-556 
velocity (v) at, 552 
Fluid stream, steady flow of, 277-281, 279 
Focus, 157 
Force (F), 104—167, 168-192, 201—209, 
218-219, 221—224, 228, 263-265, 
394—453, 458-459, 477-478, 492, 
645, 651—653, 655 


acceleration (a) and, 104-167, 394—453 
angular momentum relations with, 
263-265 
centripetal, 131-132 
conservation of energy and, 205-209, 
219, 477-478, 493, 645 
conservative, 201—209, 219, 
477-478, 645 
constant, 171,218,458 
equations of motion for, 106-154, 
409—453 
external, 228, 264 
fixed-axis rotation, 425—439, 453 
friction, 115, 177-178 
general plane motion, 440-453 
gravitational (G), 107-108, 156-157 
internal, 112-113, 264 
linear impulse and momentum and, 
221-224, 228 
moments of a, 263-265 
normal (N), 144 
particle acceleration and, 104-167 
periodic, 651-653 
potential energy (V) and, 201-204, 
219, 477-478 
procedure for analysis of, 
114-115, 132 
resultant, 109, 263 
rigid-body planar motion and, 
394-453, 458-459, 477-478, 492 
rotation and, 410-412 
spring, 115, 172-173, 218, 459 
tangential/frictional (F), 144 
translation and, 409, 412-425 
unbalanced, 105-106 
variable, 170, 458 
vibration and, 645, 651—653, 655 
viscous damping, 655 
weight (W), 171, 201—204, 219, 459 
work (U) of, 168-192, 218, 
458-459, 492 
zero velocity (no work) and, 459 
Forced vibration, 631 
Forcing frequency, 651 
Free-body diagrams, 109-111, 167, 410-412 
Free-flight trajectories, 156-158, 167 
Free vibration, 631 
Friction 115, 144, 177-178 
force, 115, 144 
sliding and heat from, 177-178 


G 


General motion, three-dimensional rigid 
bodies, 557-558, 577, 602 
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General plane motion, 312, 329-336, 
337-350, 363-376, 392-393, 
440-453, 491, 499, 521 

absolute motion analysis for, 
329-336, 392 

acceleration (a), 363-376, 393 

equations of motion for, 440-453 

impulse and momentum for, 499, 532 

kinetic energy and, 457, 491 

procedure for analysis of, 329, 365, 441 

relative-motion analysis for, 337-350, 
363-376, 393 

velocity (v), 337-350, 393 

Gimbal rings, 619 

Graphs, rectilinear kinematic solutions 
using, 19-26, 100 

Gravitational force (G), 107-108, 156-157 

Gravitational potential energy, 201-202, 
219, 477, 493 

Gyroscopic motion, 603—604, 614—619, 629 

equations of motion for, 603-604 

Euler angles for, 614—616 

gyroscope (gyro) design, 617 

gyroscopic effect, 616-617 

symmetrical spinning axes of, 
603-604, 614-615 


H 


Heat generation, sliding and, 177-178 
Hodograph curve, 34 

Horizontal motion, 40-41 
Horsepower (hp), unit of, 192 
Hyperbolic functions, 670 


l 

Impact, 248-261, 296-297, 521-530, 533 
central, 248-250, 251, 297 
coefficient of restitution, 249-250, 297 
deformation and, 248-251, 521—523 
eccentric, 521—530, 533 
elastic, 250 
line of, 248, 521 
oblique, 248, 251, 297 
particle kinetics, 248-261, 296-297 
plastic, 250 
procedures for analysis of, 251 
rigid-body planar motion, 

521—530, 533 

separation and, 523 

Impulse, 220—297, 301-302, 494—533 
angular, 266—271, 297 
control volumes, 277-295 
diagram, 223-224 
external, 228, 236 
impact and, 248—261, 296-297 
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internal, 236-237 

linear, 222-235, 494—533 

particle kinetics 220-297, 301—302 

principles of momentum and, 
221-247, 266—281, 296-297, 
501-516, 532 

propulsion and, 282-286, 297 

rigid-body planar motion, 494—533 

steady flow and, 277-281, 297 


Inertia (Z), 110-111, 167, 395-409, 440—451, 


453, 579-588, 628 
angular acceleration (a) and, 395 
arbitrary axis, moment of about, 583 
composite bodies, 401 
equations of motion and, 440-451 
moments of, 395-408, 579—588, 628 
parallel-axis theorem, 400-401, 
581-582 
parallel-plane theorem, 582 
particle kinetics, 110-111, 167 
procedure for analysis of, 397 
product of, 579-582, 628 
radius of gyration, 401 
reference frame, 110-111, 167, 409 
rigid-body planar motion, 
395-409, 453 
tensor, 582-582 
three-dimensional rigid bodies, 
579-588, 628 
volume (V) elements for, 396-397 


Infinitesimal rotation, 551 

Instantaneous acceleration, 7 
Instantaneous axis of rotation, 551—552 
Instantaneous velocity, 6, 33, 351—362, 393 


Integ 
Integ 


center (IC) of zero, 351—362, 393 
particles, 6, 33 

rigid bodies, 351—362, 393 

rals, 671 

ration of vector functions, 676 


Internal energy, 177 
Internal force, 112-113, 264 


K 


Kepler's laws, 161 
Kinematics, 2-103, 298-300, 310-393, 


534—535, 548-577 

absolute (dependent) motion 
analysis, 81-86, 103, 329—336, 392 

continuous motion, 5-18 

curvilinear motion, 33-39, 52-80, 
101-102, 299 

erratic motion, 19-32 

fixed-axis rotation, 312, 314—321, 
392.535 

fixed-point rotation, 549—556, 577 


general three-dimensional motion, 
557-565, 577 

graphs for solutions of, 19-26, 100 

instantaneous center (IC) of, 
351-362, 393 

particles, 2-103, 298-300 

planar motion, 310—393, 534—535 

principles of, 3-4 

procedures for analysis of, 9, 37, 41, 
55, 70, 82, 88, 319, 329, 340, 353, 
365, 382, 569 

projectile motion, 40—44, 101 

rectilinear, 5-32, 100, 299 

relative-motion analysis, 87—91, 103, 
300, 337—350, 363-390, 393, 566-577 

rigid-body planar motion, 310—393, 
534-535 

rotating axes, 377—390, 393, 535 

rotation, 312, 314-321, 392, 552-556 

three-dimensional rigid bodies, 
548-577 

time (ft) derivatives, 67-70, 552-556, 
567—569 

translation, 312—313, 392, 535, 552-556 

zero velocity, 351-362, 393 


Kinetic diagrams, 109 
Kinetic energy, 174, 201, 219, 455—458, 491, 


592—595, 628-629 

center of mass (G) and, 593 

fixed-point axis and, 593 

general plane motion and, 457, 491 

particles, 174, 201, 219 

principle of work and energy for, 593, 
628-629 

rigid-body planar motion, 
455-458, 491 

rotational, 457, 491 

system of rigid bodies, 458 

three-dimensional rigid bodies, 
592-595, 628-629 

translational, 457, 491 


Kinetics, 3, 104-167, 168-219, 220-297, 


300—302, 394—453, 454—493, 
494—533, 535-537, 578-629. See also 
Space mechanics 
acceleration (a) and, 104-167, 394-453 
central-force motion, 155-165, 167 
conservation of momentum, 236-247, 
268, 296, 517—520, 533, 537 
control volumes, 277-295 
cylindrical coordinates, 144—154, 167 
efficiency and, 192-200, 219 
energy (E) and, 174-192, 202-219, 
300—301, 454—493, 536, 592-595, 
628-629 


equations of motion, 105-167, 300, 
409—453, 600—613, 629 

force (F) and, 104-167, 168-173, 
201—204, 219, 394—453 

free-body diagrams for, 109-111, 167, 
410-412 

gyroscopic motion, 614—619, 629 

impact and, 248-261, 296-297 

impulse and momentum, 220-297, 
301—302, 494—533, 537, 
589—592, 628 

inertia (I), 110-111, 167, 395—409, 453, 
579—588, 628 

Newton's laws and, 106-109 

normal coordinates, 131—143 

particles, 104—219, 300-302 

planar motion, 394—453, 454-493, 
494—533 

power and, 192-200, 219 

principle of, 3 

procedures for analysis, 114-115, 132, 
145, 175, 206, 224, 237, 251, 268, 
2779, 397, 414, 427, 441, 604 

propulsion, 282-286, 297 

rectangular coordinates, 114-130 

rigid-body planar motion, 394—453, 
454—493, 494—533, 535-537 

steady flow and, 277-278, 297 

tangential coordinates, 131-143 

three-dimensional rigid bodies, 
578-629 

torque-free motion, 620—623, 629 

trajectories, 156-162 

work (U) and, 168-219, 300—301, 
454—493, 536 


Line of impact, 248, 521 
Linear impulse and momentum, 221—247, 


296, 495—496, 498-533 
conservation of momentum, 236-247, 
517-520 
diagrams for, 223 
external force and, 228 
fixed-axis rotation and, 498, 532 
force (F) and, 221-224, 228 
general plane motion and, 499, 532 
principle of, 221—227, 501-516, 532 
procedures for analysis of, 224, 
237, 503 
rigid-body planar motion, 496, 
498-500 
systems of particles, 228, 236-247, 296 
translation and, 498, 532 


Lines of action, 352 


M 
Magnification factor (MF), 652-653, 659 
Magnitude, 6, 33, 35-36, 352-353, 363, 365, 
425-426, 460, 492, 553 
acceleration (a) and, 36, 363, 365 
angular acceleration (a) and, 425-426 
constant, 460, 492 
curvilinear motion, 33, 35-36 
direction and, 33, 35-36, 352-353, 365, 
425-426, 460, 553 
fixed-axis rotation, 425-426 
instantaneous center (IC) of zero 
velocity and, 352-353 
particles, 6, 33, 35-36 
rigid bodies, 352-353, 363, 365, 
425-426, 460, 492 
three-dimensional rigid bodies, 553 
speed as, 6, 33 
velocity (v) and, 6, 33, 35-36, 352-353 
work of a couple moment and, 
460, 492 
Mass (m), 108, 282-284, 620. See also 
Center of mass (G) 
axisymmetric, 620 
body, 108 
gain of, 283-284 
loss of, 282-283 
propulsion and, 282-284 
Mass flow, 278, 282-284 
Mechanical energy, 192-193, 219 
Mechanics, 3 
Moments of inertia, 579—588, 628 
Momentum, 220-297, 301-302, 494—533, 
589—592, 628 
angular, 262-276, 297, 496—533, 
589—592, 628 
conservation of, 236—247, 268, 296, 
517-520, 533 
control volumes, 277-295 
diagrams, 223-224 
impact and, 248-261, 296-297, 
521-530, 533 
linear, 222-247, 236—247, 296, 495, 
498-500 
particle kinetics, 220-297, 301-302 
principles of impulse and, 221—247, 
266-281, 296—297, 501—516, 
532,592 
procedures for analysis of, 237, 
268, 518 
propulsion and, 282-286, 297 
rigid-body planar motion, 494—533 
steady flow and, 277-281, 297 


systems of particles, 228, 236-247, 
264-265 

three-dimensional rigid bodies, 
589—592, 628 


N 
Natural (circular) frequency, 632, 634, 
645-646 

Newton's laws, 106-109 
body mass and weight from, 108 
gravitational attraction, 107-108 
kinetics and, 106-109 
second law of motion, 105-106 
static equilibrium and, 109 

Normal coordinates, 52-58, 131—143 
curvilinear motion, 52-58 
equations of motion for, 131-143 
procedures for analysis using, 55, 132 

Normal force (N), 144 

Nutation angle (0), 614—615, 621-622 


(0) 

Oblique impact, 248, 251, 297 
Orbits, 159-161 
Overdamped systems, 656 


P 
Parabolic path, 159 
Parallel-axis theorem, 400—401, 581—582 
Parallel-plane theorem, 582 
Particles, 2-103, 104—167, 168-219, 220-297, 
298-309 
acceleration (a), 7-8, 34, 36, 53-54, 
68, 88 
conservation of momentum, 236-247, 
268, 296 
control volumes, 277-295 
curvilinear motion of, 33—39, 52-80, 
101-102, 299 
dependent (absolute) motion 
analysis, 81-86, 103 
displacement (A), 5, 33 
dynamics of, 2-3, 298-309 
efficiency (e) and, 192—200, 219 
energy (E) and, 174-192, 202-219, 
300—301 
equations of motion, 104-167, 300 
force (F) and, 104-167, 168-173, 
201-204, 219 
gravitational attraction, 107-108, 
156-157 
impact of, 248-261, 296-297 
impulse and momentum, 220-297, 
301—302 
kinematics of, 2-75, 298-300 
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kinetics of, 3, 104-167, 168-219, 
220-297, 300-302 
Newton’s second law of motion and, 
106-108 
position (s), 5, 8, 33, 35, 67, 81-82, 87 
power (P) and, 192-200, 219 
procedures for analysis of, 9, 37, 41, 
55, 70, 82, 88, 114-115, 132, 145, 
175, 206, 224, 237, 251, 268, 279 
projectile motion, 40-44, 101 
propulsion, 282-286, 297 
rectilinear kinematics, 5—32, 100, 299 
relative-motion analysis, 87-91, 
103, 300 
steady flow and, 277-278, 297 
systems of, 112-113, 176-182, 206, 228, 
236-247 
three-dimensional motion, 54 
trajectories, 156-162 
translating axes of, 87-88, 103 
velocity (v), 6, 8, 33, 35-36, 52, 67, 
87-88, 110, 155,161 
work (U) and, 168-219, 300-301 
Path of particles, 110, 131-132, 155-156, 167 
central-force motion, 155-156 
curved, 131-132 
inertial reference, 110, 167 
Perigee, 160 
Periodic force, 651—653 
Periodic support displacement, 
vibration, 653 
Planar motion, 310—393, 394—533, 534—547 
absolute (dependent) motion 
analysis, 329-336, 392 
acceleration (a) and, 394-453 
angular components, 314-319 
energy (E) and, 454—493 
fixed-axis rotation, 312, 314—321, 392 
force (F) and, 394—453 
general, 312, 329-393, 440—453, 491 
impulse and momentum, 494—533 
kinematics, 310—393 
procedures for analysis of, 319, 329, 
340, 353, 365, 382, 414, 427, 441 
relative-motion analysis, 337—350, 
363—390, 393 
review of, 534—547 
translation, 312—313, 392 
work (U) and, 454—493 
Plastic impact, 250 
Polar coordinates, 66—68, 70 
Position, 5, 8, 33, 35, 67, 81-82, 87, 313, 314, 
316, 377, 567 
angular, 314, 316 
coordinate, 5, 81-82 
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curvilinear motion and, 33, 35, 67 
dependent motion analysis and, 81-82 
fixed-axis rotation, 314, 316 
particles, 5, 8, 33, 35 
rectilinear motion and, 5,8 
relative-motion analysis and, 87, 
377, 567 
rigid bodies, 313, 314, 316, 377 
rotating axes, 377 
three-dimensional rigid bodies, 567 
time (f), as a function of, 8 
translation and, 313 
velocity (v) as a function of, 8 
Potential energy (V), 201—209, 219, 
471-489, 493 
conservation of energy and, 205-209, 
219, 477—489, 493 
conservative forces and, 201—204, 219, 
477-478 
elastic, 202, 219, 477, 493 
gravitational, 201—202, 477, 493 
particles, 201—204, 219 
potential function for, 203-204 
procedure for analysis of, 206, 479 
rigid-body planar motion, 
477-489, 493 
spring force and, 202, 219, 477 
weight (W) and, 201—204, 477 
Power (P), 192-200, 219 
efficiency (e) and, 192-200, 219 
procedure for analysis of, 194 
units of, 192 
Power-flight trajectories, 158, 167 
Power-series expansion, 670 
Precession angle (4), 614—615, 621-622 
Principle of work and energy, 174-192, 219, 
462—468, 493, 593, 628-629 
kinetic energy and, 593, 628-629 
particles, 174-192, 219 
procedures for analysis using, 175, 463 
rigid-body planar motion, 
462-468, 493 
three-dimensional rigid bodies, 593, 
628-629 
Principles of impulse and momentum, 
221-247, 266-281, 296-297, 
501-516, 532 
angular, 266-276, 297, 501-516 
linear, 222-247, 296, 501-516 
particle kinetics, 221—247, 266-281, 
296-297 
procedure for analysis using, 224, 503 
rigid-body planar motion, 
501-516, 532 
steady flow and, 277-281, 297 


Product of inertia, 579—582, 628 
Projectile motion, 40-44, 101 
Propulsion, 282-286, 297 


Q 


Quadratic formula, 670 


R 
Radial coordinate (r), 66-67 
Radius of gyration, 401 
Rectangular (x, y, z) coordinates, 35-39, 
114-120, 590—591 
angular momentum components, 
590—591 
curvilinear motion, 35-39 
dot notation for, 35-36 
equations of motion and, 114-120 
procedure for analysis using, 37, 
114-115 
Rectilinear kinematics, 5—32, 100, 299 
acceleration (a), 7-8 
continuous motion, 5-18 
displacement (A), 5 
erratic motion, 19-32 
graphs for solutions of, 19-26, 100 
particle kinematics, 5—32, 100, 299 
position (s), 5, 8 
procedure for analysis of, 9 
velocity (v), 6,8 
Rectilinear translation, 312, 412-413 
Relative-motion analysis, 87-91, 103, 300, 
337—350, 363-390, 393, 535, 566—577 
acceleration (a) and, 88, 363-376, 
380—381, 568 
displacement (rotation) and, 337 
particles, 87—91, 103, 300 
position and, 377,567 
procedures for, 88, 340, 365, 382, 569 
rigid-body planar motion, 337-350, 
363-390, 393, 535 
rotating axes, 377—390, 393, 535, 
566—577 
three-dimensional rigid bodies, 
566—577 
translating axes, 566—577 
translation and, 87—91, 103, 337-350, 
363—376, 392-393, 535 
velocity (v) and, 338-339, 378-379, 567 
Resultant force, 109, 263 
Retrograde precession, 622 
Rigid bodies, 310—393, 394—453, 454—493, 
494—533, 535-547, 548-577, 578-629 
absolute (dependent) motion 
analysis, 329-336, 392 
acceleration (a) and, 394—453 


conservation of momentum, 517—520, 
533,537 
energy (E) and, 454—493, 536 
equations of motion for, 409-453, 
535—536, 600-613 
fixed-axis rotation, 312, 314—321, 392, 
425-439, 453, 535 
force (F) and, 394—453 
free-body diagrams for, 410-412 
general plane motion, 312, 329—393, 
440-453, 491, 535 
impulse and momentum, 494—533, 
537, 592, 628 
inertia and, 395-408, 579-588, 628 
instantaneous center (IC) of, 
351-362, 393 
kinematics of, 311—393, 534—535, 
548-577 
kinetics of, 394—453, 454—493, 
494—533, 535-537, 578-629 
planar motion, 310—393, 409-453 
procedures for analysis of, 319, 329, 
340, 353, 365, 382, 414, 427, 441, 
569, 604 
relative-motion analysis, 337—350, 
363—390, 393, 566-577 
rotating axes, 377—390, 393, 566—577 
rotation, 312, 314—321, 337—339, 392, 
410-412 
systems of, 458 
three-dimensional, 548—577, 578—629 
translating axes, 566-577 
translation, 312-313, 337—350, 
392-393, 409, 412—425, 453, 534 
work (U) and, 454—493, 536 
zero velocity, 351—362, 393 
Rotating axes, 377—390, 393, 535, 552-556, 
566—567 
relative-motion analysis of, 377-390, 
393, 535, 566-577 
rigid-body planar motion, 377-390, 
393, 535 
three-dimensional rigid bodies, 
552—556, 566-567 
time derivatives for, 552-556 
translating axes and, 566-577 
translation and, 377—390, 393 
Rotation, 312, 314—321, 329—339, 363-390, 
392—393, 410-412, 457, 491, 
549—556, 577, 600-604 
absolute (dependent) motion 
analysis, 329-336, 392 
acceleration (a) and, 363-376, 
380—381 
displacement and, 316, 317, 337 


equations of motion for, 410-412, 
600-604 

finite, 550 

fixed-axis, 312, 314-321, 392, 457, 491, 
602—603 

fixed-point, 549-556, 577 

general three-dimensional 
motion, 602 

infinitesimal, 551 

instantaneous axis of, 551—552 

kinetic energy and, 457, 491 

position and, 377 

procedures for analysis of, 329, 340, 
365,382 

relative-motion analysis, 337—339, 
363-390, 393 

symmetrical spinning axes, 603-604 

three-dimensional rigid bodies, 
549—556, 577, 600-601 

time derivatives for, 552-556 

translation and, 377—390, 393 

velocity (v) and, 338-339, 378-379 


S 
s-t graphs, 19-23 
Scalar formulation, momentum, 262, 267 
Separation from eccentric impact, 523 
Simple harmonic motion, 632 
Sliding, friction caused by, 177-178 
Slipping, equations of motion and, 440-451 
Space cone, 551-552, 622 
Space mechanics, 155-165, 282-295, 
579-583, 620—623, 629 
circular orbit, 159 
control volume of particles, 282-295 
elliptical orbit, 159-161 
inertia moments and product for, 
579-583 
propulsion, 282-295 
torque-free motion, 620—623, 629 
trajectories, 156-162 
Speed, 6, 33. See also Velocity (v) 
Spin angle (y), 614—615, 621-622 
Spring force, 115, 172-173, 202, 218-219, 
459,477 
elastic potential energy and, 202, 
219,477 
equation of motion for, 115 
particles, 115, 172-173, 202, 218-219 
rigid bodies, 459 
work of, 172-173, 218, 459 
Static equilibrium, 109 
Statics, 3 
Steady flow, 277-281, 297 
control volume, 277-281 


mass flow, 278 

particle kinematics, 277—281, 297 

principle of impulse and momentum 
for, 277-281, 297 

procedure for analysis of, 279 

volumetric flow, 278 

Symmetrical spinning axes, see Gyroscopic 
motion 
Systems of particles, 112-113, 176-182, 206, 
228, 236-247, 264-265 

angular momentum and, 264-265 

conservation of energy for, 206 

conservation of linear momentum for, 
236-247 

equations of motion for, 112-113 

linear impulse and momentum for, 
principle of, 228 

principles of work and energy for, 
176-182 

procedures for analysis of, 206, 237 


T 
Tangential coordinates, 52-58, 131-143 
curvilinear motion, 52-58 
equations of motion for, 131-143 
procedures for analysis using, 55, 132 
Tangential/frictional force (F), 144 
Three-dimensional motion, particles, 54 
Three-dimensional rigid bodies, 548—577, 
578-629 
angular momentum of, 589-592 
directional frames of reference 
for, 553 
equations of motion for, 600—613, 629 
fixed-point rotation, 549-556, 577 
general motion of, 557-558, 577 
gyroscopic motion, 603-604, 
614-619, 629 
impulse and momentum, 592, 628 
inertia and, 579-588, 628 
kinematics of, 548-577 
kinetic energy of, 592-599 
kinetics of, 578-629 
principle of work and energy of, 593, 
628-629 
procedures for analysis of, 569, 604 
relative-motion analysis of, 566-577 
rotating axes, 552-556, 566-577 
rotational systems, 552—556 
time (f) derivatives for, 552-556, 
568—569 
torque-free motion, 620—623, 629 
translating axes, 552—556, 566-577 
translational systems, 552-556 
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Thrust, 282-283 
Time (1), 8, 67-70, 552—556, 568-568, 577 
acceleration (a), 68, 552—556, 568 
derivatives, 67—70, 552—556, 567—569 
particle curvilinear motion, 67—70 
position (s) as a function of, 8 
relative-motion analysis and, 567—568 
three-dimensional rigid bodies and, 
552—556, 577, 568-568 
velocity (v) and, 8, 67, 552-556, 567 
Torque-free motion, 620-623, 629 
Trajectories, 155-162, 167 
areal velocity, 155, 161 
circular orbit, 159 
eccentricity, 157-159, 167 
elliptical orbit, 159-161 
free-flight, 156-158, 167 
Kepler's laws, 161 
parabolic path, 159 
power-flight, 158, 167 
Translating axes, 87-88, 103, 552-556, 
566-577 
particles, 87-88, 103 
relative-motion analysis of, 566-577 
rotating axes and, 566-577 
three-dimensional rigid bodies, 
552—556, 566-577 
time derivatives for systems, 552-556 
Translation, 87-91, 103, 312-313, 337-350, 
363—376, 392-393, 409, 412—425, 
453, 457, 491, 498, 532, 534, 600 
acceleration (a) and, 88, 313, 363-376 
curvilinear, 312, 413 
equations of motion for, 409, 412-425, 
453, 600 
impulse and momentum for, 498, 532 
kinetic energy and, 457, 491 
particles, 87-91, 103 
position vectors, 313, 337 
procedure for analysis using, 414 
rectilinear, 312, 412-413 
relative-motion analysis, 87—91, 103, 
337—350, 363-376, 393 
rigid-body planar motion, 312-313, 
337—350, 363-376, 392-393, 457, 
491, 498, 532, 534 
three-dimensional rigid bodies, 600 
velocity (v) and, 313, 338-339 
Transverse coordinate (0), 66-67 
Trigonometric identities, 670 


U 
Unbalanced force, 105-106 
Undamped forced vibration, 651-654 
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Undamped free vibration, 631—651, 668 
conservation of energy methods for, 
645-651 
conservative forces of, 645 
natural (circular) frequency of, 632, 
634, 645-646 
procedures for analysis of, 635, 646 
simple harmonic motion of, 632 
Undamped vibration, 631 
Underdamped systems, 657 
Unit vector, 672 


V 
v-s graphs, 24-25 
v-t graphs, 19-23 
Variable force, work (U) of, 170, 458 
Vector analysis, 672-676 
Vector formulation, momentum, 262, 267 
Velocity (v), 6, 8, 33, 35-36, 52, 67, 87-88, 
110, 155, 159, 161, 313, 314, 316, 
337-350, 351-362, 378-379, 393, 
551—556, 567 
angular (w), 67, 314, 316, 551-556 
areal, 155,161 
average, 6 
constant, 110, 155 
curvilinear motion and, 33, 35-36, 
52,67 
equations of motion and, 110, 155, 
159,161 
escape, 159 
fixed-axis rotation, 314, 316 
fixed-point rotation, 551—552 
general plane motion and, 337-350, 393 
instantaneous center (IC) of, 
351-362, 393 
instantaneous, 6, 33 
magnitude of, 33, 35-36, 352-353 
particle kinematics, 6, 8, 33, 35-36, 52, 
67,87-88 
particle kinetics, 110, 155, 159, 161 
position (s), as a function of, 8 
procedure for analysis of, 353 
rectilinear motion and, 6,8 


relative-motion analysis and, 87-88, 
338-339, 378—379, 393, 567 
rigid-body planar motion, 131, 314, 
316, 338—339, 351-362, 
378—379, 393 
rotating axes, 378-379 
rotation and, 338—339, 378-379 
three-dimensional rigid bodies, 
551-556, 567 
time (f), as a function of, 8 
time derivatives for, 67, 552-556, 567 
translation and, 313, 338-339 
zero, 351-362, 393 
Vertical motion, 40-41 
Vibrations, 630—669 
amplitude of, 633-34 
critically damped systems, 565 
damped, 631 
electrical circuit analogs and, 661, 669 
energy methods for conservation of, 
645-651, 668 
equilibrium position, 632 
forced, 631 
free, 631 
magnification factor (MF) for, 
652-653, 659 
natural (circular) frequency of, 632, 
634, 645-646 
overdamped systems, 656 
periodic force and, 651-653 
periodic support displacement of, 653 
procedures for analysis of, 635, 646 
simple harmonic motion of, 632 
undamped forced, 651—654, 668 
undamped free, 631—651, 668 
underdamped systems, 657 
viscous damped forced, 658-659, 669 
viscous damped free, 655—657, 669 
Viscous damped forced vibration, 
658-659, 669 
Viscous damped free vibration, 
655-657, 669 


Volume (V), moments of inertia and, 
396-397 
Volumetric flow, 278 


Ww 
Watt (W), unit of, 192 
Weight (W), 108, 171, 201—204, 219, 459, 477 
conservation of energy and, 201-204, 
219, 477 
displacement (A) of rigid bodies 
from, 459 
gravitational attraction and, 108 
gravitational potential energy (V) 
from, 201-204, 477 
work (U) of, 171, 459 
Work (U), 169—219, 300—301, 454—493, 536 
conservative forces and, 201-209, 219 
constant force, 171, 218, 458 
couple moment (M), of a, 460-461, 492 
energy (E) and, 174-192, 201—218, 
300-301, 454—493, 536 
force (F), of a, 169-192, 218, 
458-459, 492 
friction caused by sliding, 177-178 
particle kinetics, 169—219, 300-301 
principle of energy and, 174-192, 219, 
462-468, 493 
procedure for analysis of, 175, 463 
rigid-body planar motion, 
454-493, 536 
spring force, 172-173, 218 
system of particles, 176-182 
variable force, 170, 458 
weight (W ) and, 171, 201-204, 
219, 459 
zero velocity and (no work), 459 


Z 
Zero velocity, 351-362, 393, 459 
instantaneous center (IC) of, 
351-362, 393 
no work from, 459 


